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" Deseribe determinant of a square mairix, minor and cofactor of an element

il bedlblebis

After reading this it heswdent
Recall the coneeptof

-~ amatrix and its noaton,

»  order of 0 matrix,

- Eguality of two matrices, _ .
DcﬂEE mwrnmui:. column matrix, square matrex, rectan gular ratrnx, zs.-n_;.fnull
matrix, identity mateix, scalar matrix, diagonal matrix, upper and lower Im:ulgul;jr
matrix, transpose of 2 matrix, symmetric matrix and skew-symmetric mairix,
Ean-yc;ut sealar multiplication, addition/subtraction of matrices, multiplication

of matrices with real and complex entrics.

Show that commutative property

»  holds undér addition.

o does not hold under multiplication, in general

Verify that (AB) = B' A"

af & meirix.
Evaluate determinant of 8 square matrx using cofactors.

Define singular and non-singular matrices,

Enow the adjoint of a square matrix.

Usz adjoint method to calculate inverse of a square matrix.
Verify the result (AB) " = B~A™",

State and prove the properties of determinants,

Evaluate the determinznt without expansion (ie. using properties of determinants).
Know the row and column operations on matrices.

Define echelon and reduced echelon form of a matrix,

Reduce a matrix to its echelon and reduced echelon form,

Recognize the rank of 3 matrix,

Use row operations to find the inverse and the rank of a matrix.
E‘?&Eﬁ:ﬁ:ﬁ;}*ﬂmﬂzﬂMﬂm and non-homogeneous linear equations

Unit ' | Matrices and Determinants

Solve a system of three homogeneous linear equations in three unknowns. |

'._' M

: hgﬂmnaﬁcs-}{-l

g

-

Define a consistent and inconsistent system of linear equations and
demonsirate through examples,

Solve a systemn of 3 by 3 non-homogeneous linear equations using:
= mairix inversion method,

o Giauss elimination method (echelon form),

s Gavss-Jordan method (reduced echelon form),

o Crumer's rule.

2.1  Introduction

The concept of matrices is a highly useful tool which is not only used in
mathematics but also in all branches of science, engineering and the business
world. Now-a-days matrices and matrix methods have widespread applications in
the operation of high speed computers.
2.1.1 (a) Concept of & matrix and its notation
In previous class we have taken a simple example for the concept of a matrix.
Here we take a bit more tricky example.
Suppose three colleges A B,C take part in an inter-colleges debate competition
where any participant can speak in either of the four languages English, Urdu
Pashto or Hindko. College A consists of 3 participants in English, 2 in Urdu, 3 in
Eashm ﬂ_ﬂd Lin Hindko, College B consists of 2 participants in English, 3 in
Erdu_. Lin F‘-Js{1tn und_ 2 in Hindko, College C consists of 4 participants in
'n::gl:shi 2 in Urdu, 2 in Pashto and 1 in Hindko.

e mformation given in the above i
example, can be Ay in ¢

bl fit o F P € put In a compact way in a

o=l

KT

2

3 b&!@_ =
3
2

Bod | = 55
= =

4
Now we wes l
e e data gi i
g Wwilie the data given in the above arrangement in a capital or small
§ Without any top or left heading as shown.

3
5 2 3 9 B I
4 2 ! 21 er 2 3 ] 2
2 2 1 4 7
2 2 1




e T

i 11 & matrix.
ed which we c "
d in large square brackets

information 1
a4 matrix array will be real,

i the
I e g 2 bers enclose

s n.sun: e Iﬂ'ﬂ}’_ﬂf ““":I nuriibers in

- “Tr'hlllnhu atherwise gpecified, @

ar parenthesis. _

For example, 3 2 A :

1 - 1 2

il b e ? 2 or rﬁﬁ ’ i 2 I
(2 2 | - ¥ -

3ls 2 : § T

£ 5% colummns
columns ;
brackets 1o denote

represents matrix. However, throughout we will use square
matrices. :
In the above matrix the horzont
the vertical lines of numbers are r.a!lcd_m
called an element or an entry of the matrix,
The above matrix has three rows and four culummf.
We are now ready to give the gencral definition of a matnx as fullrfws:
A matrix is a rectangular aray of mn elements &y 1= 1.'2'3"'.".
j=1.2,....n amanged in m rows and 1 columns. In writing down matrices, 1t 18

usual to denote the matrix by a capital single letter A (say) such that

al lines of numbers are called rovs and

funns. Each number in the amay is

m

@y ey,

iy gy onelly,

(b) Order of a8 matrix
The order of a matrix is given by the number of rows followed by the number of

columns, if the matrix A has m rows and n columns, and so is said to be of arder
m X n (read as m by n matrix}.
For simplicity and to convey the idea, the matrix A is an m x n matrix, unless
otherwise specified, -

In the matrix A, the ith row and the jth column are represented as follows:

= .'_l;—-..-.T. . 3 ' ' . - . NOI Fﬂ‘l‘ SHFB

Jth column

. :
ay, au,.,l"?l_,'} veelly
tsg oy o] Ba oor @y,

- A= :

ith row ""@I [ A I Y ﬂ,,,)
L'a-rl @iz +e a“ﬁ' ool .

The elements of the ith row of A are a;, a;5.. coesllifyer e, i 80 the elements
of the jth column of A areay .ag....aj,....a;. We see that the element @ oecurs in
the ith row and jth column of A. The elements in the ith row and jth eolumn will

usually be referred to as the (i,j)th element because of (id You K E}
L=

the two subscripts i and j,

We may also write the matrix A as A matrix is merely a
Asfag) ., or A=fag)ii=12,...m; j=12,...n, o e A
where a; is the (i,j)th elements of A, way of = :d?nn'u‘cmenl_:
i - i e recording certain

. i o malrices types of numerical values,
] Wi matrices /A =lay] and B = [by] of the it has no particular valpe
same order are said (o he digual when their n itself. !
comesponding elements are equal i e. iy = by; for all ¢
and jfwhere =1.2,..m: F=1.2....;n r
For example, if

P g
P P g
L -'FJ and B = L -VJ then A = B,

212 Typesar Matrices

(1} Row Mateix

i T3 L Fj
1" A6 Yoeclor

A matrix wi i
- % with only one row i.e. a 1xn matrix of the form 3y ap...a,]is
TOW matrix or a row vector.  For example, -1 -2 -3 ‘ ’

18 2 row matr i .
atrix
P 1 X having three columns. n
‘:{ihl:ln- mnirtx or Colunm veelo .
matrix wi : e ]
X with only one column i.e. an m x I matrix of the form | ¢ | js
a




vectar.

called a columi miatrix of & column

el
i ' ¢ TOWS
¥ i5 a columi matrix having fou

For example, |

d
o matrix are equal i.e. if m=n, then

nare matrix _
g ffqutw number of rows and columns 11t

the matrix of order mxn is called

a square matrix of order n or 1.

2 3 |
E ¢, l 5| are
is a square matrix of arder n and [al, [c 4 and : . ?
square matrices of order 1, 2 and 3 respectively. .

The diagonal of the square matrix A containing the elements a,,, a5
called the principal diagonal of A. It is also termed as the leading diagonal or
main diagonal of the matrix A. -

{d) Rectangular matrix o
If the number of rows and columns in a matrix A are not equal, i.e. if

m# n, the matrix is called a rectangular matrix of order m x n,
1 2 -3 0

1 =2 3
- 2
For example, [ a2 ] and |2 4 1
3 5 -4 3
are rectangular matrices of order 2x3 and 34 respectively.

e} Diagonal Matrix .
A square matrix is called a diagonal matrix if all its non-diagonal elements are 2610

Thus, the square matrix lajj] is a diagonal matrix if aj = 0fori#j

: 2 0
For example, [2], 0 3

are diagonal matrices,
i Scalar matrix

A square matrix is called a scalar matrix, if its non-
rerd and diagonal elements are equal.

(=]

and

X
woo o

=
o WS o

o0 MO

-
0
0
0

diagonal elements are

Thus, the square matrix [a;; | is a scalar matrix if

[k
0 k
Forexample |0
0 0
I 0 2
0 4 and 0
]

respectively,

i

alf'-

0

oo

k fan‘=j}
0 foriz f
o 1)
o 0
- 0| is a general scalar matrix of order n.

- -

0

0| are scalar matrices of order 2 and 3

-2_1

®  Unit matrix or Identity matrix
A square matrix is called
Zero and diagonal elements are g

Thus, the square matrix [

a unit matrix if its non-diagonal elements are
Il equal to one (unity),
ay | is & unit matrix if

| for i:j}

ia, =
Such g matrix is denoted b}. ¥ {ﬂ foriz i

! 0..
P LI
0 0

B O O o




i ch as
Wehnveunitnmﬂicbsufdlﬂ'mﬂtnrd]ﬂ';u

: 100 01

=F 0], =0 1 o) L= 0 0

0! g 01 0 0

o mamxm sero is called a 2Cro matrix or null matrix.
3 ar simply by O if there is no

o0
00 and so on.
10

i ﬂ i

{h)  Zeromatrisor N .

A matrix all whose eleme ;

amns, we denote it by O wein

If it has m rows and 0 col .

ambiguity about its number of rows and number uf cu!umns
Following are s0me examples of zerd of null matrices:

0 0o i 0noo
a‘[ﬂ.u 2 000/
0

(i}  Tropspose of o malrix _
i Let A=fa;] be an mxn matrix. The (ranspose of A denoted by A', is an

nxm matrix obtained by intérchanging rows and columns of A. Thus A'=[hy]

[o] , [000] .

where by = a; for i= 120 =12, i

By O
For example, if A is 2 3x2 matrix given by A = | @y, 4y, |,
Gy Ay

then its transpose A’ is a 2%3 matrix
A= ['ﬂu 5 'ﬂjl}

Ay fAp fy

(i)  Upper triangular matrix
A square matrix A=[ag],,, is said to be upper triangular matrix, if all the

elements below the principal diagonal are zero that is ;=0 for all i > J.

2 3 ] ; 2 3 4
=1 .
Bor cxample; 01 4 =2 a5 2 f are upper triangular matrices:
0 6- 3
0 0 1
0 0 o0 1

Lower triangular malrix

A square matrix A=[ag] __ is said to be lower triangular matrix, if all the
elements above the principal diagonal are zero, that is #y=0foralli<j s

2 0 0 ; @ 90
i 1 0 o
Forexample. [=4 5 0 |and : .‘
5 & 3 4 -2 3 gl lower triangular matrices.
I 9 § 2
Iy . Triangular matrix N
A square matrix A is called a
triangular matrix, if it is either upper * It is obvious that diagonal matric
triangular or lower triangular. are both upper triangular and Inw::
For example, 1 0 o ;LF 1"‘.5“13_1"
i - 15 nangular, then |A| = produ
2 -3 4 2 0 0 o of diagonal elements. 5
0 _ y
: {4: I] and g 5§ dre tnangular matrices,
1 0 3 2

The first matrix is upper trian i
gular while the second i i
(m)  Symumetrie mateix Ei e
A square matrix As=la;] of is sai
_ . =[ay order n is 5 ymmetric i
iy ot S i aid to be g etric if 4'=A, that is,

23 %
For exampl i o
ple, the matrix A=|3 =3 | is symmetric, since Af = 31 =5[=4
6 -5 4 6 -5 4 3

(n)  Skew symmetric matrix
A square matrix A [ ) of ymime:
. =lay] of order n is sgj
o bt ; 1 is said 0 be skew i i
s c]e;;f-‘], if A" =—A  that 15, if & =-a; for i, j=1 2 n e S
o nts on the principal diagonal, we have 0
<, :;;"4; 205=0= a;=0 forj = 1.2.....n
" _ i = | il
ements on principal diagonal of skew symmetric matrix are zero
i
_— 0 2 13
rexample, the marrix A= =2 0 -4(isske
2 - & sKew symmetrie,

-3 4 o0




(¢}  Scalar multiplication

If A=[ay] is a matrix of order mxn and k is any scalar, then the scalar

o = -3 O & : A
wggialg =g A=ER = M
since § 4 0 3 4 0
' fces - i ltiplication etc
it 21 ﬂ.lgfbl'- ﬂfmtr ions ofﬂﬂdlu““- sublraction, mi p
[n this section vanous operil
: imed. .
- ;ZTL;;“ m::ld'm of matrices pid You Know . 2

. i of
If A={a;] and B=[by] *“ﬂr"""“ "m'm': .l If the sum of two matrices is
their sum A+ 15 5 o0 o0 we say that the wo

the same order muxn, then
defined as a matrix C=[cy] of the same order 85 | urices are conformable for

ts are obtained bBY  addition.
A wi.B 100 i A « The sum of wo malrices of

. o fAand B
adding the comresponding elements 0 different order is not defined
together. =X that is, they are not conformable

Symbolically, we wrile C=A+B whose elements ¢ idinon.

ey =agby for i=12,..m; j=12,...0. 3 4

: 1 2 3 _ 3 )
For example, if A=[ﬂ i J mrff B—L 2 3]~ then

1 2 3] [34°5] 143 244 345| (4 6 s}
C=A+B=lo 1 2/"]1 2 3)7[041 —142 243
(b)  Subtraction of matrices _

If A = [ag] and B = [by] are mawices of the same order m x n, then
sublraction of matrices A and B is obtained by subtracting the cormresponding
clements of A and B respectively, The difference of A and B (or the subtraction of
B from A) is a matrix D =A-B whose elements are dij=ag— by 7= 12,0000
71 [ A .

1 2 3 345
If A= i
[ -1 2J o B_[l 2 3] thee,
[1 2.3 [-3 -4 =5
oS
0-112]|-1 -2 _3]
r~3 <4 3-5] [ -2 =2
=1 =1=3-2-3]7|<1 =3 =i

1.1 &

D=A-B=A+(-B)

multiplication KA of the scalar k and matrix A is defined as a matrix each of
whose element is the product of k and the corresponding elements of A j.e ’

kA = klagl=[kagl; E=l2, . ..omp f=12.. o

| 2
For example, if A=[ ] Note
3 4 r:---__: E

and k is any scalar, then * Clearly kA is a matrix of the same order as he

g Evcnn'muixz\,
] k% *A+A=2A A+A+A=3A and;
k.ﬂn—k[g -IJ_LJ’: 4#}’ ifnisnpositimin:egcr.jﬂmu R

A+A+...+A=nA
(d} Multiplication of matrices ety
1 r:: mntnccls A and B are said (o be conformable for multiplication giving the
product AB, if the number of columns in A is equal to the number of rows i
i i inB.
. Suppose A = [a5] is matrix of order mxp and B= [bj;] is a matrix of orde
; , r
pxn. Then their product AB is a matrix C=ley] of order mxn with element
5 Cij

dehﬂﬂd ias “FC 1 [ Fu g
A. ﬂ“d lhe Hh CEIIIJI]I i Df B in'—u

ci=a, b,_r-l-n'rg !Jh. +

The following illustrates the expression for ¢
i

_fi;‘f coltmn

T

£ s ﬂl.u1 |_bll (TR

e w, | fay g
ith row |’ ; . :
e —

G &

i

CITR - S

- a,, | _E.rﬂ 'b.!-‘.




2 . .ae of order 2>3 and
wo matrices of OF
3l z}am' p={31 are !
Furcxﬁmpluf‘ﬂ"'[g 13 5.3
i ned by
ﬂunmuprudtrlc:AEiszﬂmam’-dﬂﬁ
352 respectively: - (axl+1x34+2%2 3x2+|:<l+2x3]=[1n 13]
S0 2 3432 ax2+1x14+3%3 11 14
C=AB=1, 4 3 o lz:-:lﬂx
; <o conformable for the product D=BA defined as

; d B are al
Thwmaihe 7 38

Ba-il*f[“z-#”"g
s 213) 583

23
Candﬂar:mauic:sofurd:rm:mdhﬂms

2.2.2 Commutative property 3]
2

Lﬂﬁ:[l =2 3]ann'ﬂ= -1 2
3 2 - | 4.3

Here, A is a 2x3 matrix and B is a 3x2 matrix. So, AB exists and it is of order 22
ra 3]

1 =2 3 13
'M.a:hav:.ﬁB- 3 2 -1

pactiveli’-

 Find AB and BA and show that AB £BA.

6-2-4 O+4+35 0

_[2+2412 3-4-15] [16 -1&]

| Flo s

Again, B is 2 3x2 matrix and A is 4 2x3 matrix. So BA exists and it is of order 3x3
2 3 =

Now,BA=|-1 2 [; '; _31
4 -5 -

249 446 6-3] [11 2 3
=BA=-1+6 244 -3-2|=|5 § -5
4=15 —8-10 12+45] |-11 -18 17

Clearly, AB # BA
However, commutative property w.r.t. addition clearly holds if both matrices are

conformable for addition and is explained below:
Commutative property w.r.t addition, ic, A+ B=8 + A,

abe k!
Let A= (d e f| and B=|m n 0| betwo 3 x 3 square matrices,
ghi pgr
abe ik at+j b+k c+l
Then A+ B=|de fl+|mne|=|d+m e+n f+o D
ghi pygr g+p htg i+r

ik abe
ad B+ A= |mno|+ |def
rpaqgr Ehi

Jta k+b l+¢ a+j b+k e+l
=|m+d n+e o+f| =|d+m e+n f+o el

Ptg q+h r+i g+p h+g i+r

Since addition is commutative in I&. From (1) and (2, wehave A+B=B+A

s 2 5
Example 1: =
plel: If A=14 ~1|and B=|—1 4 » then show that(A + B)' = A7 +
6 1 I | -

Solution: Since
A+332253+22+55?
=(4 =L+ -1 4 |=|4-1 —144 =3 3 .Su{ME}‘:F 36 X
1] [0 3 |6+0 143| |g 4 7 3 4

N{}Wﬂ'=[3 4 613\,': 2 -1 0
2 =11 5 4 3/




e S oS Kl

ey

_1 6+0
i ]=
3.4 “]*[52 41 3]=[z+5 yxa 193] 1T 35
2 -11 f=A'+ B
. (A+B) =
1) and (2), we have
From ( gt
223 Veriication of (AT
-1 ify (AB)' = B'A'
fy (AB)
| 2|mam<f2 -1 ver
Example 2: A= 2 (i1
3
=
Solation: A= | 2 and B=[-2 -1 B
3
-1 2 1 4]
~AB=| 2|[2-1-]=|—4 2 -8
3 -6 -3 -12]
2 4 —6- )
=(AB) =1 -2 -3 h
4 -8 -12]
1 o) 2 4 -6
Also, B A'=[-2 -1 ~4f|2|=|-1[[-1 2 3]=[1 2 3] (D
3 . 4 -8 -12

From (i) and (if), we observe that (AB) =B'A

EXERCISE 2.1
1.  Express the following a5 a single matrix.
10 22 ' W 5
@12 42014 @i -2 3o 2 a2 57
01 26 - “eiae i

TEL

w [ Qo] w20

2 -5 1 1 -2 -3 LR
= . B= =

Find 2A + 3B - 4C,

g X
f] and C=| y |, verify that(AB)C= A(BC)
¢) |z

,.1H_.13|3-2]_3d 3 =15 .
(i) =11 4l'®=lo 4 = an C_:Z : u].venfylhat:

(@ A(B+C)=AB+AC (b)A(B-C)=AB — AC

b B~ -

a
3. (i)ifA=[x y z]. B=|h
g

| 4 4]
4 LetA=/4 1 4|+ show that -]~A’—2A-9]=CA
4 4 3
I_
[ﬂ 2b 2
5 MamxA:LP. 1 3 | is given to be symmetric, find values of dandb,
. |

6. Solve the following matrix equations for X,

(i) X—3A=EB.iI"A:[ § & FTNERS
221 3 -14

@ 2x-my=pira=|! 2 2 B> B &
: 3 -1 2| 0 -4 2
o 1 0 =1 2 2 -1 3 |
- I A=3125and3=13-|4,
0 -21 ¢ ¥ 1. 2.9

then show that (A+BY =A"+ 5"




The associated determinant of A is denoted by

ay e LS
dy By e iy,
|.4 |= i (23 |

a,; a

0 Vam.rﬂmt{ﬂ-ﬁ]" =B' A ir‘I 2 0 1 Some determinants of hi
A Lt £ ANLS
2 -1 3 2| (i) A= 9 ]-B.—- 2 3 | B of higher order can be evaluated ‘only ‘after much
f (i ‘a'_[l P I]' =12 = . 11 4 | -2 fedious cnl;u‘inilf.rns. 'I“hc mn.m cn.ﬂculnlmn is involved, the greater the chance of |
|} 31 0] ;:'ur, pur 'nm; l::ld !hm}f-:t;un is 1o c!r:scrib-c a procedure for evaluating the '
i ! s 6 7 erminants of order n 23, However, this procedure will be greatly simpli .
i F =1 M s B =6-3 3 the introduction of the following. o ROy o=
As =3 2 =5 |an ] :
! o, Let 3 B 73 1 ,:2';31 :::!nﬂrm:‘d Cﬂulm’ of an element of a matrix or its determinants |
| - _ i Minor of an Element Let A be a square matrix of ord ; '
; ! is symmetric. ; : er n i
Verify that A and B are symme(ne- Also verify that A + B s symmelee (1) above). The minor of the element a;; of A, denoted by My is lhe{ ilscf:ri;;d 1:‘
] e L 3 . an
0 1 -2 o -6 11 of (n~1)x{p—1) matrix obtained by crossing out the ith row and jth column of A (or LAL).
1, LetA=[{=1 0 3 andB=|6 0 -7 oy Ay
e 0 =11 7 0 If A= @y My |y then
Verify that A + B1s skew-symmetric. & G B
3 2 1 ; i a an. ....H'-I-.....,ﬂ
minorof a,, = =t = n . £ i
12 If A={4 5 6, thenverify that oay=My PR et TR
2 31 i e
=23 4 ﬂ:'t| iy il
2 4 51 |
; e . ; i . .
() A+Ais symmetric (i) A=A is skew-symmetric. miot of a. = a.. < |1 % : Gy Gy Gy
{3 If A is a square matrix of order 3, then show that: A | obtained as @y ay—g,,| and so on
(i) A+ 4 issymmetric (i) A- A is skew-symmetric. ( b = ﬂ" ﬂ )
Romember i1] | 13
P 23. Determinants = 1)
. ; . From th i
Consider a square matrix A of order n giv . e formula A, =(=1)""M_ i :
* n given by | integer, then ¢ i =DM, Lk clear that if the sum i+ is an e
he cofactor equals the ] ven
b W e Wy odd, the cofactor js s e minor. On the other hand, if the sum i+ is
. the minors may be best re negative of the minor. The signs accompanying
A= Cmo a5, M the main diilgﬂ'nuls_ membered by the rule of alternating signs with +'s on
: ' =%
- 4 =
+ = +




and
o i rindrhcrniﬂ-nfs H”nMu:Mu
6 5 . F
789
matrix A
E We have |
it 'i=5-t—23.'=2ﬁ.

i A gs_ga=13M; =

| nr,.FE s““ e e
i s =.I 34:9_!'-_--—11.
g | H..-”f j=4s—35=:3, M==ls

@iy  Cofactor of an element f order n. The cofactor of
| denoted by Ay, is defined by A=l

i

F

o

i tion:
L{—___ . Solu

airix o ;
Al Enm 1) My, where M is the minor of i

ay Oz

ThusifA=|ay @g. 8| then

iy a;]: a3 - , I s an
lx'fal:[mﬂfﬂ'“'—_-ﬂ|=|:-“ M“ _{_ :I . ﬂn

= I_Xi:d.nﬂ'n ‘_ﬂﬂﬂ};}
= 8yllyy = Gyfn

A TR

cofactor of @y, = A, = {"UMMH =(-1)

ity
= —1% (@8, = 8,8y

= ~(a,,a,, —,,88;,) and 50 on.

B 1 =2 5§

Exampled: Let A=|3 0 —I| Find the cofactor A, and A,
5 20
30
Solution: WchaveA,,={-I}"”M“={-1]‘5 2=Ix(3x2—ﬂ><5]l=ﬁ1
-2 5

ad "":Ff-l}"'frf:u:{'l}]' 2 0

M, of the

the element o,

‘=*]H{-—2xﬂ—5x2}=-"fﬂ-

232 Determinant of a square matrix of order n 23
Let A be a square matrix of order n(z 3) given by

@y @y e E” LT <
My Wy i Y a,,
A=l : : ()
Gy Op o By wen Oy
a4, '. S a,, |

The determinant [Al of the matrix A is defined to be the sum of the
products of each element of row (or column) and its cofactor, that is

lAEa,A, +a,d, ... +a Ai=L2.....0 (2)
or Ala A +ay A+ va AL f=1L2....0 (3)
If we puti=1 in (2), we get
IAl=a, A, +a A, +oa A . This is called the expansion of 1Al by first row

{or w.r.t, first row),

Similarly, if we put j=1 in (3}, we get

lAk=ay Ay +a, Ay +.....+a A . This is called the expansion of 1Al by
first column and 50 on. Thus, if A is a square matix of order 3, that is

Iﬂ-l I “JJ Hn

A=lay a, ay |, then by (2) and (3), we have

P dy
IA":“H'J!H +H|!'4.l] +ﬂ.}"11!: ‘:=]'E'3 [-Ir}
or | = H :
Al a A, tay A, vaA G j=1,2.3 (3%

For example, ifi=2. then by (2), we have

h"l = t‘gl "ll-q; + ﬂ!!d:: =+ ‘!:_1‘4:\- Thi:S, can be “"l.'.i“ﬂﬂ as

lAEay (-1 }MMH +any (<1 My 4as, (-17M

A ﬂl.‘.[

y, Oy

23
R y

~ sy

iy Ay




= diyy (2 ™ ) }

= @y 3
uy]"'ﬂﬂ'{ﬂl'aﬂ. U ﬂ!! +ﬂual:ﬂ”

~ 28T
= ifljtlaj

=dp "a;-!ﬁll

= =ty fﬂudﬂ
+ 4 dgyflyn ayy =ity 033 iy

dy e
! B L 1y — 1 2152
. -k ]
=00 + ity es of i and J.

1
we can find [Al for other ¥4 ¥ be remembered

(4)

by the following

' s
i ']S';::in:pinsiun of Al in (4) ean also

' A after the third column and
i {he matnx

write the first two goluming af

= i .ifAisaS:Smaﬂ'iL
use the following diagram .
&y 3
i . I' ¢ the three products having a
paﬁﬁwT;;nnf:;:Iﬁcﬂ::f pdn:ﬁﬁ:ﬁ::rdmﬁcmnt the three products having
a negative sign. )
3 -1 2
Examples: If A=[3 1 0} then find 4|
1 0 =1]
3 -1 2
Solution: 14l=13 1,’ 0
1 0 -1

We expand the determinant by using the elements of the first row, w? have
| Al a, A, +a, A4, Hayd,

: I :}1
But ‘d'u =["‘1}" 'Hu = Mll =

0 -1

=21 3
Ay =(-1) M|:=_Mu=_!| _?1

1
0

Putting these values in (| ). we obtain

" 3
Ay = {"]J'I }'Hrl = Mg |!

Mot _l_-for_ Sale
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0
1

3 0 3 I -
-{mll}l __1’+i2} ‘1 0‘

= @)[(1x=1=0x0)]=(=D[B3x—1-0x )]+ (2)[Bx0~1x1)]
==3-3=2= -'_S
We now expand the same determinant by using elements of the third
lAlEag A, +a,A,; +a, A, (2)

{iJ ( Note : {lﬁ

We get the same result, no matter
”l

1
1Al=(3) ‘ﬂ

column, that is

Now 3
Ay = (=1 M =M =JI

which row or column is used o
expand a 3x 3 determinant,

3
A = (-1 My =-My = "]
The determinant of the square matrix

: 4. el A of order 3 in the above example can
Ay = =1 M, =M, = X I| also be evaluated by the two simple
Putting in (2), we get Sieia i
3 1 3 -1 3 =1
[AE=(2 -0 -
”‘1 0 II of " ”[3 !

=(DBX0=1%1) =030+ 1%1) 131+ 1x3) =-2-0—6 =8,
233 Singular matrix and non-singular matrix
A square matrix A is called a singular matrix if it

Iﬁl o matrix s determinant is zero, i.e.
=0, otherwise, it is a non-singular matrix. '

1 2 3 1 2§
IfA=4 5 6/.then |A|=]4 5 6/ =1(45-48)~2(36-42)+3(32-35)=0
7809 789

Therefore, A is a singular matrix
234 Adjoint of a square matrix

Let ‘A Squs i
A be a square matrix of order n. Let A denote the matrix obtained by

replaci i
S.d?ui Tlng each c!{:ment of A by its corresponding cofactor. Then f' is called the
ntof A and is usually denoted by adj A i.e.

adj A=A’
This. & fy ay L Au "‘.I'I: Ay
"V A=lay ay ay) thenn=|a, A, A,




‘ Py T

£ Tl . ,qn Ag An Ay A 0 I

!} ; 1 -| ﬂ 3 —t =
.I|.' . ) | _.1 .-I
i A= 1 2 then f= ;
| le, irA={ 1 S 8
j: For exampie s o5 5
3 =1
I andsuadjﬁ'i:.ﬂl= -1 =1 2

-1 =1 -2
lculate inverse of a square matrix

235 Useadjoint method to

Let A be a square matrix of order ™
= ig the mu
such that AB=BA= I, where I; 15 1 : k
then B is called the multiplicative inverse of A and 15 denoted by A7,

Thus AA~'=A " A=L,. ,
It may be noted that inverse of a square Mairnx,

a1 J
A is 2 non-singular square matrix of order n, then A™'=——adj A.

If there exisis a square matrix B of order n
Itiplicative identity matrix of order n,

if it exists, is unique, Moreover, if

] =23
Examples; Le A=[0 lhri . Find A

-1 2 0
Solution: Since A“=|—;|E-i adj A, we need to find adj Aand| Al

First we find co-factor of every element of A.

I -2 -
Ay ={-II'“} I =1(0+4)=4, i 2|=—1-{{}—1J:3
2 0 0

Ap= (=" ‘

2

. 1 L
A"={‘””t1 2' SLO=L A=) L\=—1-E“—i?='
Sl

1
2+l - 1. Ll 1-‘1_I —'2
An=C1 /-1 u} i An=(C1)° j—l 2‘:-1{24;:9

-{—u-‘”_l I| =1(4~1)=3 saft 1
Au = 1 -2 =2 A= 0T _zlz—l-{—z—cr]:z

W -2 |
A= J =1:(1+0) =1
4 2 3
So adidA=(2 1 2

1 01

Next we find IAL

Since lAl=a,A, +a,A,+a, A,
=L{4)=2(2)+ 1)
=4-4+1=120, 2|

. 4 2 3] [4 2 =

This A7 s—gdid=1.
5 Iﬁiﬂd}"lﬁl 21 2i=lz 1 2
| 0 1 1 0 1

24 Properties of determinants

We sh
all state some of the useful properties of determinants which

ji::P,HrF the evaluation of determinants,
iperiy |
thenE ty L. :;;:}ery element in a row or column of a Stjuare matrix A is zero,
& Ay Gy ay
A=lay a, a,| and every element in the first row is zero -
e Gy Gy ay |
[0 0 o
A=|g

31 @ dy

i1




+UATJ+{':A-"J;U'
rawurc

2 her plumn is zero,
th

alement of 2 o

onding TOWs and columns of a square

o

+ of the resulting matrix is equal to
an

. i e are always same,
are interchant f 2 square Matrix and its ranspos
terminant of 3 &, Gu S

a, ey %0 od B=|as % ay, |+ then

4 gy aﬂ"

an exercise.

(3 MNow 1Al= aya +""1:_-’1|= +da
I* wﬂgﬂﬂgmmﬂufcwf}'
f the cormesp
IF all elements & ;
ix A 2 ged, then the determin
matrix
(Al That is, the de
|
’I If A=|ay 6z 9
| ay Og O
Bl = IAl. Proof is left as :
I ! m- 3. If any two rows Of two m]_u_mns in-
| . terminant of the resulting matnx

i then the de
:‘u::;md'::ig::'mnmls are additive inverses of each other.

ay Mz

If A=(ay dp fn

a, Gy Oy

matrix obtained by interchan
iy iy
1Bl=|a, ay dy
ay gy g

= a,, (ay, fyy =yt — By (8 @3y = 0y, ) + iy (@ — By y )
Ayt

n a square matrix A are
is =LAJ, In other words,

a, @y Gy
and B=la, @ @18 the
dy Oy
ging the first and second row of A, then

= iyl gy =y Byl — Byl By + Bpplyyflyy + oyl Oy —
= = 0y 0y = Oy By — o0y g F B Gyl + 0y By — a5ty by, )

== Al
Property 4. If a square matrix A has two identical rows or two identical columns,
then [AI=0
My Gy Gy iy @y iy
If A=lay ay a,|and B=|a, a, a,| isamatrx
T Gy fyp dy

obtained by interchanging the first and second rows of A. Then by property 3
IBI = ~{Al. But the first and second rows of A are identical, mean A=B and S0

|Al=iBl Hence Al=-
any two columns are identical.

Prop¢
multiplied by the real number k. then the determinant of the resulting matrix is

Kk [-all yy iy
If -J’l=[ﬂn B

I ¢
fy Dy iy, Ay iy

kay, ka, ka,
and B=|a, a, a, |isthematrix

obtained by multiplying first row of A by k. Then

J't"“:r
I1Beja, 4y @, =ka A, +ha, A, +ka A
Gy Gy Oy zk{ﬂ”'ﬁ” +ady +a;d,)
=kiAl
A similar result is obtained if any other row or column is multiplied by k.
Property 6. If every element of a row or column of a square matrix A is the

sum of two terms, then its determinant can be written as the sum of two
determinants.

ka,  kay,

ay i | a,+b, a; a
If A=la, a, a,| then, |Al= a,, +b,
&y ay ay
Expanding by the first column, we have
lAl= (a, +h)A, +(a,, +&,)A, +la, +by,)A,,
=lay Ayt a Ay +ay A, )+ (b Ay + by A, +b,A,)

13

[~

n Oy
ay, + by, iy, a

n

LI f1'|2 a, “}I i :]'_I 2 4y

=g
I A T iy,
a
Gy ay| by a, a,,

Pry

mmg;:'ﬁj 7;) ; If E‘-’E:}f element of any row or column of a square matrix s
a real nu : :

OteSpOnding ele mber k and the resulting product is added to the

determingn, of the

Matriy. resulting matrix is equal to the determinant of the original

IAl=—lAl or 21A1 = 0 or Al = 0. The same result is obtained if

rty 5. If every element of a row or column of a square matrix -A is

ments of another row or column of the matrix, then the,




LT : ] .
is the
a; o i hen B=| by O Ty
en B=| %
As=|ay 2 iy % phay O iy
ﬂJ" B fthe second columi af A and thep
ol ery element @
ned by ruu[:tpﬁm;-.*.wl}' st column of A, then
matrix obdal arresponding element of the 1 =
the < b g B |
adding 1 % . ay s iy [ ( ) h}r pmpeny iR
LT lley @ s tlha, @ T
o il i % | lkay, @ %2
5 ;IH:E-_.. dy M dy i ay| [bn % )
G o, G | (% i 4
l 8, An|tkis O ay,| by property i)
=iy U T
ay f Ta g; T %
ay Mz By .
- ﬂ.l 8, Gy + k(0 by property (4]
=idy dn "
ay G O
I‘}II ﬂl: "J:
=la, dn On =| Al

131
L. i A=|-12
2 0-2
p
1 20
(i) 1 0j=0
-]2
I 3 -4 0 3
(i) =k 3t 13
21 4|21 4

(ii}

tyy

Without evaluating state the reasons for the fellowing cquilities

1 2. 3
-8 4 -12{=0

2 -1 3
320 3 2
1 1 =-3|=-3p 1
2 4 -6 2 4

0 |then find A, A;,, Ay, Ayps A s Ay Alsofind 1Al

==l =1 0 (v

3 2 1

g Let A be a square mafrix of order 3, then verify 1A 1AL

4. BEvaluate the following determinants.
0 1 3 3 4 -2
(i) o )y (2 4 -5
o2 G | -4 2 0
31 2 2 1 -3
(i) |6 -5 4 { 10
5§ -7 -2 3 &
5 Show that
a b ¢l la ¢ x |a b € |lab
@ fom n=p m oy () 1-30 2-3 3-3c=h 2
x ¥y zlle n z [4 5 6 : 4 5
. [+ 1 1 be ca ab |1 1 1
i) . 2
1.I a b ¢ |=0 {ivi la b el=la® ¥ r:'
b+e c+a a+b| -
a b | ja* b ¢
6. Prove th | R
a=b b=p =y
(i) b-c c-g a-bhl=0.
c=a a-=b h—p
| i al
(i) 1 ]
| b b =la=b)(b=c)(c-a)(a+b+c)
£ 1"




+ Multiplication of 1 row R; by a non-2ero scalar k is denoted by kR,

o+ Adding k times R; 10 R, is expressed 5 Ri+kR;.
n matrices

(b Column aperations o .
operations performed on matrces a

The following three
column operations:
() Interchanging of any two columnsi.c. C, <€, .
(i)  Multiplication of a column by any non-2ero scalar kie, kC,
(iii)  Addition of any multiple of one column 1o another column i.c C +kC, .
where €, .C; are any two columns and k is any non-zero scalar.

If A fs an mxn matrix, then an mxn matrix B obtained from A by
performing a finite number of elementary row operations on A is called row
equivalent to A. Symbolically, we write BEA to denote B is row equivalent to A

Similarly, we can define a column equivalent matrix that is replacing the
ward “row” by “column" in the above definition. We write BEA 10 denote B is
column equivalent o A.

re called elementary

P 2
Example 7: Let A=| 3 5 | Perform the following elementary row and
-1 -4

enlumn operations on A,
(i) R, & R (i) G e, (i) R+2R (W) C,=C (VIR —4R,.

I g
Solution: A= 3 5
-1 -4
[-1 -4 2 1
(i) ReRy 3 5 (i) CeCils 3
2 -4 -1
[ 2 1 2
(i) Ry+2R 3+2)  S+2| =|5 9
| -1 -4 -1 -4

1 24(=1) 1 1
(ivi €-Ci3 S+=3 |=|3 2
-1 —d+(==1n| |-1 =2
L+ (=4(=1)) 2+(—4(-4) 5 18
(v} R —4R,: 3 5 =8 5
= -4 -1 -4

252 Echelon and reduced echelon form of a matrix
(a1 Belielon form ol g malriy
An mn matrx A is said 1 be in (row) echelon form {or an echelon
matrix ) if it satisfies the following properties,
(i) In cach successive non-zero row, the number of zeros before the first non-
zero entry of a row increases row by row,
(iiy  Ewvery non-zero row in A precedes every zero row (if there is any).

2 3 -4 1 D 2 3
For example, the matrices |0 1 5 3| and |0 0O =35 |are in echelon
(0 0 0 6 0 0 0
fo o1 2
form, but the matrix |0 1 2 3| isnot in echelon form.
0 0 0 1

(b Redneed eohelon Foron of 5 matrix

An niaxn matrix A is said to be in reduced (row) echelon form (or reduced echelon
matrix) if it satisfies the following properties.

(i) It is in (row) echelon form,

(i) The first non-zero entry in R, lies in C | is | and all other entries of C; are

ZEro,
010 2 N g o
For example, the matrices [0 0 1 3 |and 0100 ace in o)
00 0 0 0001
000 0

Mot For Sale




are not in (row)

0

3

reduced echelon form b 0
0

Qn—-ﬂ
P

ol
ilo 0O
oo

reduced echelon form.
1.5?3 Reduce a matrix to jts echelon and reduced echelon form

7 3 -4
Example 8: Reduce A= 3 1 -1} w echelon form and then © reduced
| <2 =8
echelon form.
7 3 -4 1 =2 -5
Solution: |3 1 -1 R{3 1 -} by R, 2 Ry
1 -2 =5 % 'k =4
-2 =5 f1 -2 -5
glo 7 1alpy R,-3R RO 7 14|by R,-2R,
2 3 -4 0o 7 6
-2 -5 [ =2 =5 |
glo 1 2|wir, R0 1. 2|W R,-TR, (1)
“lo 71 6 o o -8
-2 -5 10 -1
glo 1 2|by -% R, R[0 1 2[byR+2R;
0o 0 1] 0 0 1
10 0 .
R0 1 O|by R, +R,andR, -2R, (2)
o o 1

The matrices in (1) and (2) are in echelon form and reduced echelon form of the
given matrix A respectively.

254 Rank of a Matrix

Let A be a non-zero matrix. The rank of the matrix A is the number of non-2ero
raws in its (row) echelon form.

Unit2 | Matrices and ]fiﬂ_:lrgﬁnlnb_,_

255 Using elementary row operation (ERO) to find the inverse and the
rank of o mntrix

{a) To find inverse of a matrix
Let A be o non-singular matrix, If we perform successive elementary row
pperations on the matrix [A | 1], which reduce A 10 1 and I 1o the resulting matrix
B i.c. if [A 11] is reduced to [L1B], then B is the inverse of A written as A™.
Similarly, if we perform successive elementary column operation on the meatrix ;
[A | 1), which reduces A to I and I to the resulting matrix C, then C is the inverse A

B -1 £
of A written as A . 7 3 |1
Example 9:Find the inverse of thematrixA=|5 4 2
2z 3 1 -1 2 =2 £
Solution: Since |5 4 2
S Rl =
la 2| |5 2 |5 4 , .
=2 | -3| | +1] (expanding by first row) s
P, S W TS R | 3

So A fs non-singular and A" exists.
2 03 1|1 00 -1 % =F10 01 #*
Nowls 4 2|0 10|gr[s 4 2 01 0|ty &R,
5y =ml g 2 3 11100

2100 =1
RIS 4 2(01 0 byl-DR,
23 1|10 0f -

[1 2-210 0-l

!_f 014 -8 !i} 1 5 hyR;-SR.aru:iR_-—]R. i
0 7 2311 0 2
1] 2 uzi 0 0 -1
= l 5 1
0 =4 - L
RIO 1190 @7 W by ;3R
¢ 7 =31=1 0 =2 ]




=1
1 03 T
-4 L, o 2R, and Ry-TR:
Rﬂ'l_{ ﬂ'ﬁﬁh}fﬁrﬁldj.
=X
G

=T :
o 0 =3| -1 6
= 4 =8
108l 5 T3
2 = _l -Ii E H+iﬂﬂ
R o1 0 = ? T b}"R|+?R3'1T'Ld- R
N
¢ 01 i 12 18
5 -4 -
A I
Thus A~ = L
; 3 8 18
=
3 18 18

{b) To find rank of a matrix 4

5 6]
|
Example 10; Find the rank of A = 1k 3
' 7 89
1

4 5 6 2 3
Solution: A={1 2 3|R|4 5 O by R Ry
T 89 780

1 x 3
RI0O -3 -6 byR,4R, and R,-TR,
0 -6 -12
L2 3
R|0 1 2| byR,-2R, Thelast matrix is the echelon form
00 0 of A having 2 non-zero rows.

Henee the rank of A is 2.

1. Reduce each of the following matrices to the indicated form
1.3 -1 23 e
(i) |2 1 4 |Echelonform {ii)|1 -1 2 -3|Reduced echelon form
g =3 1 10 -2]
git|lt 1 2| Reducedechelonform () |2 1 1 | Echelon form
4 1 7 3 %2 3 g
Z, Find the inverses of the following matrices by using elementary row 1__.;_'
Operation. g- X
4 =2 § 3 -1 6 1 2 -3 1. 2 <1 LR
i 12 1 olay |1 3 4|Gpjo 2 0fjaw|0 -1 3 %
-1 2 3 -1 5 1 -2 =2 2 T S Tk
3 Find the ranks of ench of the following matnces. -
1 0 -2] 301 -4 b
|2 2 1 @rlo. 2 1 "o
)
-1 2 3 1 =1 =2 b
4. Find !
by

RANK OF MATRIX N

AR4

matrix |
1l 12 )

5
6
7

o H WwN
nobBow
= ohounm B



26  System of linear equations
261 Homogeneous and non-hom
. Consider the equation ax+ by =

wherea # 0, b # 0 and k= 0. The equation (1) is
iables (or unknowns) x and y.

linear equation in two var . .
E?Inw consider the following two non-homogeneos NEar euations in twa
variables x and y,
ﬂ11""'b|:|"=£:| } o
ayxtiyy= ky

ggeneous linear equations
i

called a non-homogensous

These two equations together form 1 system of non-homogencous linear

equations in two variables x and .
Tf we take k = 0 in equations { 3, then it takes the form
and is called a homogeneous linear equation in two variables & and v 1E we take

k, =k, =0in(2), then

ar+hy=0 ()
ax+by=0

ai+by=0 (3

is called a system of homogeneous linear equations in the variables x and y.

Similarly, the following equation

- ar+by+cz=k, where a#h, b#£0,c20, and k # (¥ (5

is called 2 non-homogeneous linear equation in three variables x.y and = wnd

the following three non-homogeneous linear equations in three variables x,) and =,

axt+hy+az=k

ayr+hy+oz=k (6)
aa+bhy+ez=k
together form a system of non-homogeneous linear equations in three variables
x,y and =
If we take k=0 in (5}, then axaby +cz=0 {7

is called a homogencous equation in three variables x, y and =
Ifwetake k, =k, =k, =0in (6) then

~ Not For Sale
Mathematics-X1 0

o

ax+hytez=0
x4t y+e,z=0 (8}
ayx+by+ez=0

is called system of homogencous linear equations in three varigbles x, y and z.

An order triple (1, ty, ty) is called a solution of system (6) if the equations are
ruefor k=1 ,y="h and z =1, The solution set is denoted by S={(t,, 3, 4))-

In the case of system (8), we see that it is always true forx=1,=0,y=1;=0
and 2 =t,=0, o the order wiple (1, Ly, t,) = (0,0,0) is a solution of the system.

Such a solution iscalled the trivial (or zero) solution and any other solution, if it

pxists, other than trivial solution is called a non-trivial (or non-zero) solution

of the system. Consider system (6). Since
[a;x + by + ez] [a & &f]*
ax +by + ez|=|a by e ||¥],
ax +by + ez] |& b, & |2
then system (6) may be written as a single matrx equation
[a, b ¢|[x] |k

a, b oo|y|=|k @ (Did You know ¢2)
lay b & ]|& k, Inwﬁtingm!:augm:nwd '
w ax- oo [
q kg x ky variable is missing in
where, A=|a, b, ¢ |,X=|y| adB=|k “l“"i".“-fi:i‘?"h'f" R
o bog z k is zero. f

A is called the matrix of coefficients, X is the column vector of variables and B
is the column vector of constants, If we adjoin the column vector B of the constants

1o the matrix A on the right separated by a bar or g vertical line, that is
|—ﬂl bl G | 'i‘ll
l"“ﬂh = ‘;'?1 L5 Jl'-: P
| &
the new matrix 5o obtained is called augmented matrix of the given system.

a, Iy g

—=
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262 Solution of three homogencous linear quﬂms in three unknowns
Consider the following system of three homogeneous linear equations in three

unknowns X, T, %

@+t + 0% =0 @

% +0n% +ay% =0 (if) (1)
ayf Fapt T aph = 0 (fid)

which is equivalent to the matrix equation

a4y Gy Gy n 0
ay dy  fdy L |=|0]or 5'imp]:||',-\}{=[}1

iy Gy Ay X f
o, dy a4y X 0
where A=la, @, an JA=x and O = |0
dy Gy Oy 5 0

If IAl0, then A is non-singular and A™" exists.
Wehave A” (AX)=A" 0= (A" A)X=0=[X=0=X=0,thatis

x 0
x| =9
I 0

orx, =0,x, =0andx, =0. This shows that the system has only trivial solution.
Thus, we may conclude “A systiem AX = O of three homogeneous linear
equations in three variables has a trivial solution if A is non-singular i.e. 1Al # 07,
Next we find the condition under which the system (1) has a non-trivial solution.
Multiplying equations (i), (ii) and (iii) of the system by the cofactors A, A ,, and
Ay of the comesponding elements a,,, a,, and a,, and then adding them up, we get
(o, Ay + ay Ay + 8y A )3 +ap Ay +an Ay +ap Ay x, +

(@34 + andy +aydy ), = 0.

From this, we have |Alx, =0. Likewise, we can have |Alx, = 0 and IAlx,=0. The

system (1) has a non-trivial solution if at least one of the variable Xy, x, and x, i8

different from zero, Suppose x, # 0, then IAl x, = 0 =IAl= 0. Thus, we may
conclude: “A system AX = O of three homogeneous linear equations in three
variables has a non-trivial solution if A is singular i.e. IA1=0"

Example 11: Show that the following system has a trivial solution.

Jx+ y-z =0 (i)
x+ y—z =0 (11}
r+2y+2z =0 (iii)
Solution: Since
21 - po 0 ,
lal=1 1 —1! =1 1 -1] =1 IE u; = 242 = 4+ 0, the system has a
102 2 2 o2 -

irivial solution, Subtracting equation (i) from (i), we get & = 0, Subtracting
equation (iii) from (i), we have y = 3z. Putting x=(0) and y=3z in equation (i) we
obtain z = 0, and therefore from y=3z, we get y=0. Thus x =0, y =0,z =0 and
the system has only trivial solution.

Example 12:5how that the system ha non-trivial solution

X+ y+22=0 (i)
_j.';.p}l - z= 0 f"}
~x +5y+dz=10 (ii)
Solution: Since
1 1 =2 1 o o
5 3|
M=|2 1 -1l =2 3 3 =t| g =18-18=0

=15 4 =1 & 6
Thus the given system has a non-trivial solution.
Adding 2 times equation (i) to (ii) we have y =—=
Subtracting equation (ii) from (i), we get x = —= putting x = = = y in equation (iii)
we have —(—z) + 5 (=z) + 4z = 0 which is true for any value 1 of =. We get that
¥ == y=~and z = satisfy equations (i}, (ii) and (i) for any real value of ¢
Thus the given system has infinitely many solutions.
Example 13: For what value of A the system has a non-trivial solution. Solve the
system for the value of 4 .
x—y+2z=0 '
2x+y+dz=0
Jx+v+2:=0




- 1 -1 2
Solution ={2 1 4|
£ ﬁrstwcﬁndmevaiu::uf,l,wt:hmﬁ RN
1 -1 2/ 00 l o s
-y = =-12-4{41-4 =4 —d A
so A=l 1 A=( 34 ql Ll _4\ (A=—4)
5 J 3 4 -4

We know that the system has nnngn'ivinl solution if |Al=0, that is 444 =0 or 4 =1

Substituting the value of 2 into the system, we have

,x—y-l-?.z =0
Zx+y+z=0
Ix+y+2z=0

Now solving the first two equations, we gel x = =2, ¥ = 3. Putting these

values in the third equation, we obtain _3=4z2o=0 which is true for any value t
of z. We see that x = —, y =t and z = f satisfy all the three equations of the system
for any real value of f. Thus the given system has infinitely many solutions for
A=l i
2.6.3 Consistency and inconsistency of a system
(a) A system of linear equations is said to be consistent if the system has only
one (i.c. unique) solution or it has infinitely many solutions.
(b) A system of linear equations is said to be inconsistent if the system has no
solution.
Consider the following three systems of lincar equations in three
varables,

2x42y—z=4

.t'-E}I'+Z=2 EIJ'
x+y=0

x=2v4+z=2

=x—-y+2lz=1 (m
r=5y44d4z=35

x=2y+3:z= 1
2x+5y-ds=-2 (IIT)
x—d4y-z= 5
We solve these systems now by performing the elementary row operations on the
augmented matrices of these systems to reduce them to (row) echelon form. .
(i)  Consider system (I}. the augmented matrix of the systems is

2 2 -1| 4 1'=2 1] 2
[4iB]={1 -2 1| 2| R|2 2 -1| 4| byR, &R,
1 1 %] 0 1 1 00
[1 =2 1] 2
R|0O 6 -3| 0| byR:-2R,
1 1 o] o
1 =2 1| 2
R0 6 -3| 6 | byR,-R,
0 3 -1] =2
1 -2 1 2]
R|0 6-3| 0| by-2R,
0 -6 2| 4
1 =2 1 2]
RO 6 -3| 0| byR,+R,
0 0 -1 4]

The system (1) is reduced to equivalent system,

X = 23'+.?_1:'2
6}’-31"Izﬂ
I z:4

The system is ; in tri i

Sﬁivadjj % cqua::t:: gzz}l::lilil:;l?:“' In this form the system can be easily

iubstir.uling the value of z in equation (ii) we get y = 2.

SuT::i:Ef:’T;:::g .the 'l..-'iliues of y and =z in equation (i), we get x = 2. Thus the
ystem is x= 2, y =2 and z = —4. Since the system has a solution,




5o it is consistent.

i m 1%
" (i)  Consider system (11). The augmented matrix of the syste

p <3 3| 2
5 [ R
1 -5 4| 8 )
1. [t =2 A
then I—I .j. 'Ii'. ? rlo -3 3| 3|byR,+R,andR,-R,
1 -5 4| s] lo-3 3] 3
F =4 $:%
rlo -3 3| 3|byR;-R,
“lo o o] 0
1 =2 1] % |
E ] —I 1 | b}’ERE.
0 0 0 O
The system (11} is reduced to the equivalent system
x-2y+z=2 (i)
oy +z=1 (i)
0z=0 (iii)
Equation (iii) is obviously satisfied for all choices of z. Equations (i) and (i) yield
- x=2+2-z {iv)
=z-1 vl

Since z is :lrbumr!.r from equations (iv) and (v) we can find infinitely
many values of x and y. This is equivalent to saying that the system has infinitely
many solutions. Thus the system is consistent,

(3)  Consider system (IIT). The augmented matrix of the system is

1-2 3|1 1 -2 3] 1

i =% Ejpid
-2 5-4| -2 |then|-2.5-4] 2 (R0 1 2|0
1-4-1| 5 1-4 -1] 5 0 -2 —4| 4

byR,+2R and R ;= R,

=

1 3|1
RO 1 2| O|byR, +2R,
0 0 0] 4
The system (I1I) is reduced to the equivalent system
x=2p+3z=1 (i)
¥y +2z=0 {ii)
=4 (iii)

We see that the equation (iii) has no solution. Therefore, this system of
equations has no solution. Hence the system is inconsistent, '
From the above, we note that the system of linear equation$ may have no solution,
have only one solution, or have infinitely many solutions.

2.6.4 Selation of 2 non-homogeneous linear equations
A system of non-homogeneous linear equations may be solved by using
the following methods,
(@)  Matrix Inversion Method i.e. AX=B=X=A"'B
[{2)] Gauss Elimination Method (echelon form)

() Gauss-Jordan Method (reduced echelon form)
(d) Cramer's Rule,

(@  Matrix Inversion Method
Consider the following system

of three non-homogeneous linear equations
in three variables x,, ¥ and x o

A+ X, +ay,x, =k, !
Gk tapx, ta,x =1, h
Aty + Xy +atyx, = &y

This system is equivalent 1o the matrix equation,

Ay oy ay X k,

a8y ay | 5, 1=k, lor AX = B, where
O ay Ay, X &y

ay a, a, X, k,

A=|a, Ay ay | X =|x, land B= &, |

A @y ay Ay ky



= exi e

£ A is non-singular, then & | exists. We hsw_1 .
‘B#A"‘[ﬂ}sﬁ"ﬂﬂm"ﬂ}1=ﬂ B= -

B ¢ is now determined as the product © :

Thus the matrix of variable the solution of a system of

ssed above for finding

The method discu T a;mau-ixinv«‘:rsiﬂﬂ method:
homogenous liear VAT ix inversion method
ﬁmph f:: Solve (he system of equalions by matrtft mve
x-2+n =1
24425 - % =4
[t =0
Solution: Since -
: 124 p1 o 1[:{:-\1 A
ARz 2 -%=-2 2 - ==z 0 —Lr 13 1
1 10 1 -2 1 1 -3 1
So, A~ exists. -
1 Ay Ay Au | (Did You Know 42)
fl:LMAg__ Ay A A The matrix inversion method for m!\-i:ng
1Al Al e
Ay Ay a system of non-liomoegencous
equations is applicable unly‘when Elw
F LR coefficient matrix A is non-singular 1.c.
=l—-l -1 3 1Al # 0.
2 0-3 6
[1 1 0]2
But X=A"B,m.h"=-;- -1 -1 3|4
L0 -3 6]0
(1% 2+ 1%4+0x0 6 2
I% —1x2=1x%4+3x0|==| =6 |=| -2},
|0x2-3x4+6x0 =12 |4
X 2

thatis | % [=|-2|. Thusx,=2,x,==2 and x,=-4.

x| |~4| Which is the solution of the given system,

Gauss elimination method (Echelon form)

We are already familiar with the method of reducing the augmented
matrix of a system of non-homogeneous linear equations to echelon form. We
now apply this method to find the solution of a system of non-homogeneous

linear equations. The procedure is called Gauss Elimination Method (Echelon
Form).

Example 15: Solve the following system b}; the method of echelon form.

(b)

2+ 25 —x =4
S

NF+ X ={)
Solution: The augmented matrix of the given system is

2 2 =1] 4

I =2 1| 2[.By2.6.3 (i) the echelon form of this matrix is
| l 0l 0

I =2 12

0 6 -3 .

0 0 -1| 4

From R;,we have xi=—4,

From R;,we have 6x,—-3x,=0

Substituting x, = — 4, in this equation we get x;=-2,
From R, ,we have N=2xy =2

Now putting x,= -2 and %y =—4 we obtainx, =2

Thus xy =2, x) =2, x5 =4 i the solution of the given system.

() Gauss-Jordan Method (Reduced Echelon Form)

Consider system of equations in example 14 above and the echelon form
1 =2 1 12

0 6 -3 0] ofits augmented marix,
0 0 -1 4




o 1| 2 o
:J' : 3| 0] toreduced (row) echelon form, that is
the matrix = i
We reduce 5 i 4
-2 1| 2
§ =% 44 1 1 g and(-DR,
uﬁ~3."“ 5| %
o 0 -1[4 o 0 1| -4
1 -2 0] 6 1
Rlp 1 of -2iby R - R, and R=+ER"
o o0 i -+
1 0 o) 2
Elo 1 o] -2|by R+2R
o 1l -4

The equivalent system in the reduced (row) echelon form is
x =2.x =-2, % ==4

which is the solution of the given system. The procedure illustrated ahﬂv:‘: of
transforming a system of non-homogeneous linear equations into an equivalent
system in the reduced (row) echelon form is called the Gauss—Jordan Method
(reduced echelon form).

{dy Cramer's Rule

Consider the following system of three Cm-d You KW 4 ?)
non-homogeneous linear equations in three

variables, Like matrix inversionmethod,
. e Cramer's rule is also
Gy e b =k, g;iicab]a n:n;;Iwhen 1AI#0
Gk gk tagn =k (1) 'Cramer's rule is simpler than
ayi it tagn =k mutrix method for finding
which is equivalent to the matrix equation 'solution of the given system.
AX=B ()

a; g oty x k,
where A=|a,, e, a,| X=|x land B=|k, |
Ay dy ay Xy ky

If 1AEO, then A~ exists and (2) can be written as X = A™'B.

Since A =$m{fﬂi ywehave X =A"B= [r%iﬂ‘ﬁ“"]’g
| A Ay A& Ak + Ak + Ak,
:m ﬂ.” A., Al.‘! -i:? :m Aukl +A”k] +.'q._13k-,
Ay Ay Ak | Ak + Ak, + Ak,
Ak + Ak, + Ak -I
g 1Al
b |
that is X (= —“-'———A”k'-'. Ay Ak
- 1Al
4 Ak + Ak, + Ak,
Y i
K a, 3
ky ay a,
Thus %= kA + kA, +k_1.4_1._ _k ay ay)
Y R
ay ko,
ay ky ay
%, “hAL kAL +k, e _ [0y Ky ay
LAl TR
ia,, i, Kk
Oy ay k,
I]=k,A_‘+k1Aﬂ+k_,‘_r_'l£= i, K,

[Al |'J'i

This method of finding the solution of

the system is called Cramer’s Rule.



ing system.
's rule to solve the following
mh 16: Use Cramer’s m

x-2+y =2

- -0
i =% ‘1
= =3#ﬂ
Solution: We have 1Al=]2 2
S

(Expanding by third row)

N Tl We observe (hat
ay ky ay| |2 4 =} the solution of
0 i 3 he given syslem
xz-_ﬂf“ k ay =I g { Expanding by third row} mejg!:ﬂd by any
4] of the aboye four
2 1 methods are the
4 =1 b SRIMC.
= 3 = 3 ==y,
1 <2 2 1 3 2
% % & 2 0 4 {Expanding by
ay iy k) (2 2 4 o
1 0 0 2™ Column)
andxj=a31‘ﬂ“k1-t 8]
| 3 3
2 4
1 0
=13 ==4
3

1. Solve the following sysiem of equations by matrix inversion method.

(i)  dx=3y+z=11 (i} x+y+z=1
2x+y=dz=~1 x+y—2z=3
x+2y-2z=1 x+y+z=2

2, Solve the following system of equations by the Gauss elimination method
and Gauss—Jordan method.

i r—y+4z =4 (i) 2x+dy—z =0
x+2y=z =2 x=2y=2z =12
Je=2y+3z=-13 —Sx=8y+3z=-2

% Use Cramer’s rule to solve the following system of equations. '

(i) x—2y=—4 ity x-y+2= =10
Jx+y=-5 a+y—2zr=-d
2x4z2=-] Ix+y+z =7

4. Solye the following system of homogeneous equations,

(i) X=xy+xy =0 {ii) X+x,+2xy, =0
on+2x,—x, =0 22+ x,-x, =0
2y, +x,43x, =0 =X+ x,Hx, =0

5 For what v

alue of 4, the following system of homogeneous equations has
i non-trivial solution. Solve the system.

Xy+dx,43x;, =0

5.¥,+x2—ﬂ‘,_::_,‘ =0

L +2x,4 Ax, =0

| e e

Sclutions of Systems of Equations

K Y

|/

e Solutian Ho
| Saluton
I : It wdutaos.
a Ereect 3l 1 poird Paraliel :
oevkisbend Independend It ’:: Line I




" Unit 2 | Matrices and Determinants

} vy SIS S e S

2 1 3 4 0 -1

- 4. IfA=|0 4 6|andB=| 2 0 3| .Find [24-B|
Choose {he correct options : 7 2 1 -1 2 4
.L a-5b 3¢ hich one of the following 15 correct? ;
m Y : =0, then wht 5. Using properties of determinants, prove that
-1 £
~3c=5b a +2a 2a+l 1
. =5h (b l4a
(2} ‘j“kk 10b (d) 1da+10b=3c¢ 2a+1 a+2 1= [nul}’
() ldatic=
3 3 |
a, 8p ) : fa_ inA. Then the :
" fA=|8y 3p %n mdﬁmmﬁmwfammo g 3 . | = |
{ii} 1 6. HA= 5 . then show that AA" and A'A are both symmetric.
a;, fy fa 0 =
A| is given by 4 3 3
value of | l & e (byay Ay gy Agy + 25 Ay -l
() Ay Agy + 3z AT 03 (), Ay + 8y Ag + 3y Ay 7. ifA=|=1 0 =1|,provethat A=A
(c) 3y Ay + 8 Az + 8 A o 4 4 3
a 2 3| he value of o i3
i and|A’| =125 then the ; 4 3
(i) WA [2 u] 1 t Dk 8. WA= _ b then find A+1047
13 = Fi
@=z1 (b x2 . 9. § i X+ prz= 4
) = 47, then find | A - . Solve the system y+z=
" E?EM 1:147 {I-a:] :Jl1 (d) Cannot be determined Zx—3y+2= 2
() Tfdet(A)=>5, then find det (15A) where A is of order 2x2. ey =p=l
(2225 (b1 75 (c) 375 (d) 1125 | by using the following methods:
" ) . [ (1) Matnx Inversion (it} Gauss Elimination
(i) u‘ﬁ=[n 3]. then find A, {Whﬂﬂ-‘-n = ] | (111} Gauss Jordan fiv) Cramer’s Ru];
0 Ehmlu!lmuEuﬂ = ., ; & I
o {by % 9 (c) 3" ; (L P . = Fiamcts
(a) 0 0 3 01 | 1. interchange of two rows P
: 551 07
2123 [
1

5 13 34
5 1[4 5 ~ ) O
1

x34] B
2. Compute the product | 6 -1 5 6 |1 5 2 multiplication of s row by a nen-zers number L
=2 0

L '[1::4] 1
: 213233 |___> 5
i, 3 4 ! : 22 1

3. Provethat A=|2 I 2 | satisfies A* —4A-51=0. ; :H;m:-:-mmnlmmu -
2 2 1 [1 !
5§

[T
&
O




