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Find the domain and range of the trigonometric functions,

Define even and odd functions. e
i riodicity of trigonometric functions. _
gﬁ;ul:; Lhmﬁ P_ﬂm“m and minimam value of a given function of the type:
e a+bsing,
« a+heosh,
s a+bsinfc+d),

€ beos{ch + d) ,
alh: mdp{;u-cujs of above, where a, b, ¢ and d are real numbers.

Recognize the shapes of the graphs of sine, cosine and tangent for all ::ug_!:s.
Draw the graphs of the six basic trigonometric functions within the domain
from—2x to 2x. i
Guess the graphs of sin 28, cos 20, sin 8/2,cos /2 ete.without actually drwing
o : i hs of sind
Define periodic, evenfodd and translation properties of the graphs of SITE.
cos and tanB | i.c., sin @ has

« periodic property sin(B = 2x) =sin @,

« odd property sin(— 8) ==sin @,
sin(@—m) =—sind
sin(x-6) = sinf
Deduce sin( + 2kn) =sin § where k is an integer. aul
Solve trigonometric equations of the type sin 6 = k ,cos = k and tan =

= translation property

| using periodic, evenfodd and translation properties. e

|
|
g,
é‘f
|
|

s s5in@=0n Eonometrc Equations of iha type:
= cosf=g,
= tan 0 =20 whe

= Define the inv e )

EISE trigonomenri :
»  Find domains and ranges of TIC functions and heir domain and range.

= principal Itri.gﬂnnmel:lic functiong
" Inverse trigonometrie functions,
»  Draw the graphs of inverss trigo i

= Prove the addition ang subtract

: : 1on 1 i

+  Apply addition and subtractjon i g '
1o verfy related identities,

= Solve trigonometric

12 Introduction

Trigonometric functions are usually defined either with the help of a unit
circle or right angled triangles. We will also study their properties with a special
emphasis on their graphs. Rest of the unit is concerned with inverse triﬁunnrfnic
functions and solutions of trigonomieric equations, =

12.1 Trigonometric functions

. We know that the domain of the function defined by the equation y=f (x)
is the set of all those values of x for which the function attains finite definjte
values, and the range is the set of all those values which v attains. So far the
functions we have studied all had subsets of real numbers as their domain and
range. But the domains of trigonometric functions are the set of angles, rather
than real numbers, We can however, make the domains of the trigonometric
function, subsets of real numbers, by defining them on the unit circle, that is a
circle whose radius is 1.

Let @ be a central angle of the unit circle and P(x. ¥) be the point as
Shown in the Figure 121 then r = OP = | = |+ . and the six trigonometric

ratios also called trigonometric functions or ¢ircular functions of @ are defined
is fol |{'r'|.l,r_g;




5 X
cosine & = i

= (e2O)
fangent & ;{x

cosecant & = ':._ (y#0)
secantd = % (x#0)

cotangent & = ;‘- (y=0)
The trigonometric functions are abbreviated as follows:

()  Sine 8 assin @
(i)  Cosine & as cosf

y' Figure 12

Plxy}
1o

(iii)  Tangent & as tan &

(iv) ~ Cosecant§ as cosec g o

(v)  Seccant §assec a

(vi) Cotangent & as cotd
It can be seen that

i o5 8
=E£|Eundcutﬂ=c—,-
cosé sind

Since any real number can represent the length of exactly o
circle. If t is a positive number, we can find the
Arc of length t by measuring a distance 1 in
counter clockwise direction along an Arc of the
Jnit circle beginning at C(1,0). So we get /
ArcCP of length t.

. X
¥ W’P
. : \_.. t<no
If t is a negative number, we can find = 2

the Arc of length t, by measuring a distance t
in a clockwise direction along an Arc of the
unit circle beginning at the point C( 1,0).

" In each case, we get a.unique point

O e

J Gl

Y TFio
y Figure122

ne Arc on the unil
}-

mEtrie Funeiiog

P(xy) that corresponds 1o the req) number {, W

which subtends an angle § 4 yp,e centre of ciry e _‘*3’0 k]fmm that if = is an Arc

(@ in radians). € with radius.r, we have s=r@

Lets=t and r =1 then above equation

Thus we obtain - sin # = sip ¢
COSH =cos

lané =tany

redices to =g o Py
» COSECE = cogeq '
Y
s QO e =got

where @ is the angle measured in radigns andtisa
real number. i
Thus we can think of each trigonomergic e
expression as being either a trigonometric function Q—y
of an angle measured in radiape or as a
trigonometric function of & real number ¢ >
Thus the trigonometric functions can be

¥ Figure 12.4
thought of as functions that have domains - e

5 and ranges that are subset
numbers. | sets of real

12.1.1 Pomain and Range of Trigonometric Functions
(a)  Domain and Range of Sine and Cosine Functions
Refer to Figure 12,1, sin @ =y cosf =x
Domain of sine and cosine is the set of real numbers R. Since point P(r,y)

. is on the unit circle

-15y=£] and  ~1=xsl or -1Ssin @< 1 and-I<cos@ <],
Thus the range of sine and cosine functions are [-1. 11
(b)  Domain and range of tangent and cotangent functions

Refer to Figure 12.1. tané = &, x20.
X

When x#0, then terminal side OP cannot coincide with OY or OY": in
other words
E
g% (2n+l) ?:IIEZ

ortZ 47
2" 3

Therefore for the tangent function.

Domain = R- {l| t= {1n+1}f; ne 2} and Range = R (the set of real numbers)
2 J

T
F—ai or
2
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X
Sincecot & = ;
terminal side OP does not cowne

ide with OX or OX’ in othe,

when y=0 then

words )
g# naneZ

g20, 7, 2T e ar. i

Hence in case of cotangent function Domain =R [tit=n.T ]

R (The set of real numbers}

Range =
ang det and Cosecant functions

(¢  Domainand .
cosec@=—r y#0
Refer to Figure.12.1. comé‘—y ¥

If y 0 then as secn in the case of cot, & # NANE Z

Domain of cosec function = R-{tit= nxineZl.

Jr+y'= igure 12.1
Since | y | = J;,-I’_g P4y =l (Figure )

1
< l.or—21.
Hence Iyl £ 1 orl;.rl

& < | that i cosec 8= | orcosec g=<-1.

1
Thus either —21 or
¥ J

That is cosec @ attains all values except those which lie between —1 and 1.
1
Hence Range of eosec function = R— {t1-1 <1< 1).Now secf= o x# 0, Then

by
as seen in the case of tan@. = (In+1) 3 » ne 2.

T ;
Domain of secant function = R— [t ={2n+1) 5" ne Z}.

Also Id = JFE-.FII+_FI=I

MﬁlmizL

2

: 1 1 ;
Thus either —2 1 or —<-] thatis sec821 or sec@=<-1.
X ]

That is sec & attains all values except those which lie between —! and 1.
Range of secant function=R- {ti-l1 <t <].
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Tnain and range of trigonometric functons;
4510 symbolic notations: .

- e ——

We now give table of the dqg
which are written in words as wej
FuncHoen ___ Doma
y=sinx | All real numbers;

Hinge

~1'5 real numbers <1
y=cost | All real numbers; - oe < ye o ':il':ail e -11 =
= MU = |
=
-1=y<) &
y=tan x All real numbers exeept (2 I
P {-ﬂ+|}2,nez. all real numbers; 1
—sag YCen 4y {?n+1]|£,nez
2 . --w{‘j{-nq #
y=cotx | Allreal numbersexceptna,neZ. ' | all real pumbers:
—co¥<es 0 XE NE, ne’. TSy < on .

- | All real S _
y=SEC X real numbers mtptﬂrr,tji_nﬁzt all real mumbérs <] o1

T
—oo < Y es x#{!nﬂ-]‘.l:r,nez. y=lory= -1
y=cosec x| All real numbers exceptnz,neZ. all real numbers<—1 ar21
—soC X< 1 XFE IE,NEL, yzlory=-1

Example 1: Find the domain of each of the following functions.

(1) sec 3x (ii} t.'mé— 1 (iil) cosee % X

i i3
Solution (i) We know that the domain of sec tis —so <t <ee 1% (2n+1) 5+ 0e Z.

' x
If1=3x, then dom sec 3xis —s=<3x< o« 3x # (2n41) =« neZ

r
OF  —es<xgen, x#(2n+l) ik ne Z

o
Doim sec 3x = R~[xl x = (2n+1) ?‘-: ne Z}

t# (Zn+l) neZ

"

ta | =

()  Domaintantis —ee<t<en,

Mathematics-XI
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1
— xE NANEL
Z

1
dom cosec Ex = R-{alv = 2n7, nez)

1
3311 7 cosec — X
(iii) 2 cosec 3 X

mcos t, —1=cosl =1

' 1 - '-' Lk ,ﬂ ) M
Uit 12 o mogomomerc st 7
1 |
ift= Exthmdummn ;j-zls
| X o7
—m-::j-xr:w_ = x# (2n+1) 2 ,
aor oo X Ty J:at% (2n+1)- 7 .BE Z.
! =2 .neZ
dumlnn-gx=ﬂ—{1ﬁ—2{2n+l}£ neZ}
(i) Dom cosec Lis e L <29, t#ﬁx.nez
I -
Let t=%x then dom CcOSEC EIIS -w«:-i.n: -
or s xees, X 207, neZ -~
Example 2: Find the range of each function.
(i) cos3x (ii) 3 tan 2x
Solution: (i) We know that forall L & do
Let =3z then _1<cos Jx= 1.
Hence range cos 3x is the closed interval [-1, 1]
(i)  Since forall t € dom tan 1, —es<lan t<en

Unit 121%'””""“‘%--&!“%“: - -
Functiany snid Sotution of Teipnomotric Equations i

12.1.2 Even and Odg ctions

Even Functions "

A function f is even if for EYery x in the domai
main,

Even functions are symmetric about e

: flx)y=fi=x).
graph, the point (—x, y)is also on the gr:;:m‘ For each point (x, ¥) on the

The rﬂ“DWit‘lg are the E!‘&ph:i of even runctim

Figure 12.5

Figure 12,6

Figure 12.7

Notice that for any point (, y) on each graph, the point (.7 )alst i o e

graph. Therefore, for any x value in the domain, Flx)y= f(-x)

Odd Functions

A function f is odd if for every x in the domain, — f(x)= Fl=x)
Odd functions are symmetric about the origin. For each point ( x. 1} on the

graph, the point (—x

.—¥)is also on the graph.

—mae tan 2u<os

(iii)

Let t=2rthen

Hence —eo<3 tan 2x<es. Thus Range of 3 tan

Since for all t & dom cosec |
cosect < -1 orcosect 2 1

Let t= -I-x
3

2ris R.

1
Then cosec 3 r< =1 or cosec % x= 1.

Hence 2 cosec % x<=2 or 2cosec % x&d

Hence range of 2 cosec % x=R-{pl-2<p<2}.

Not For Sale
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The following are the graphs of odd functions.

4 I "

(x2)

i ()

— 5 /N few
{-xm E—x.—:-fwl ......... : N ; - v i

Figure 12,8 Figure 12.9 Figure 12.10
Notice that for any point (x,y) on each graph , the point [—x,-}-] also lies on the
graph. Therefore, for any x value in the domain, f(x)=— f{=x) orequivalently

=f(x)= f(-x).

-
o

bk
—




Wi‘.ﬂmm Solutivst af Trignomotric Equaion,
12| Geagh ef Trigonometric and taverse o
Ennlp. . 3: Prove that: (i) ;'(.:;:fis an even fupctio 23
le 3: : (@
(i) f(x)=x"isanodd !‘uncuon. 2
Solution: (1} flx}=x 3
: -
f=x)=(-x) y
=x! i L™
:'-f{x} 373 1 0] 1| 2 § 4 54
: = |
i i s 6 Figure 12.11
(ii) flx)=x : =
3
fl=0=(-%) 4
#F;J[ ) Figure 12.12
=—f(x
) is odd | |
Dt , riies of the trigonometric functions is that of being
One of the important prope
either even or odd.

We know from trigonometry that:

e |
cos(—) = cos &, tan(-&) = —1an &

sin(-&) = —sin 8, co-6) = ot

—cosech, sect-6) = sec6, s i
core) 2 —eme ’:ﬂ 8 are odd functions and cosf and sec are even
tand, ¢

Thus sin®, cosec,

functions. .
Example 4: Is the function f{x) = sinx

f(=x) = sin(-x) — cos(-x)

H o]
_posx even, odd, or neither?

= —§iflx — COSX
0
The sum of an odd

function and an even
i i 'en
function is neither gve

= — (3inx) + cosx
Because —(sinx + cosx) #-(sinx—cosx)

— (8inX + COSX) # Sinx — CO5X
s nor odd.
the function is neither even nor odd.

Maﬂmmaticr}ﬂ
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12.1.3 Periodicity of Trigonometric Functions
Periodic Function

A function £is said to be periodie if there exists a positive constant p such
fixtp) = fix) for all x in the domain of [ The smallest such positive
number p is called the period of the function..

All the six trigonometric functions are periodic functions, because they

repeat their values after their periods. This behavior of trigonometric functions is
called periodicity.

Note E:E} B A |

that

If fix) is a periodic function then affx) and flx) + b mh]supniddfé’ﬂhrﬁmﬁiml
and the periods of all these functions are the same. Can you ssywhy? =18
Theorem 1: Show that the period of sin® is 2x.
Proof: If p is the period of sinf, then
sin (8 + p) = sinB (1)
for all Be dom sing,
Since (e dom sin 8 = R, put @ = 0in (1), we have
sinp=sin(=0

Thus possible values of p are 0, + 1, +2x,,......

The first smallest positive value of p=n, for which sin{B+n) = — sinf
which contradicts (1. Therefore & is not the period of sinf

Mext put p=2a then sin (84+2%) = sind

Hence 2m is the period of sinf,

Theorem 2: Show that the period of cos is 21

Proof: If p is the period of cosB, then

¢os (8 + p) = cosd (1)

for all B domcost

Since Oe domcost = R, put 6=0in (1), we have

cosp=cos0=0

Thus possible values of p are 0, 27, Hr........ .
The first smallest positive value of p = 2n, for which cos (8+2r) = cosb.

Hence 27 is the period of cost.

Mot For Sale
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i n
Theorem 3: Show that the period of 14
Proof: If p is the period of tanf, then

g is 7.

1)

tan (8 + p) = tan® :

for all 8 dom tand

Put 8 = 0 in (1), we have

tanp=tan 0=0 PL Y, ' the: petiod  of secy
Thus possible values of 7 are U, f is the period of cog

The first smallest positive value ofp=m,
for which tan (B41) = tan B.ﬂ
Hence n is the period of tan 8.

Example 5: iod of 5 sin x. .
tion 5‘:&’?]}];:31 that period of sine function is 2.
Solution:

gin & = sin (x + 27)
inx=>5 sin (x+27) I |
N e 5&131 {zhm ¢ is increased by 2, values of 5 sin x repeats, hence
It means that w. _
i inxi as that of sin x.
riod of 3sin x is the same . i
Pa' F§is a triponometric function, period of cf (c constant) is the same as
"Thus if f is a trigo
i that of £

: Find period of cos Gu. =
::l“;'lg;e ¢ lWepkmw that period of cosine function is 2.
ution:

cos 6 x = cos (Gr+2m)
2z
= cos 6(x+=—).
;i ins the same; hence period of
is i / ¥ TEMAINS s 3
when x is increased by T value of cos fi
- x
€05 Gx is + or T

Thus period of cos 6x is equal to the period of cosx divided by 6.
This result holds for other trigonometric functions also

Thus, if f is a trigonometric function, then for any
Period of fi(x)
-constant &, period of fikx) = R

‘1— : R ——
-,,{ Unit 12!“"‘?” Mmmmmmn.mﬂumnwm i

These functions reach its minimum when both sing and cosé are at the minimum

Example 7. Find periog of each function,
M Lupa,

2 (ii) 3»::;%
Solution: (i) Period of 1. ap 3 . Periodof tany
- 3
=k Co i i
=3 «period of tanx is )

(i) Period of 3 sec 5‘ = Period of secx I
1
3
(= period of sec xis 2r)

|
'...-|—-_|'z|"l

=3 (2m) =6m.

12.1.4 Maximum and minimum values of certain trigonometric functions

In this section we are concemed with finding the maximum and minimum
value of a function of the Lype;

(i) a+hsind (i) a+beoss

{iii) n+.!:-:m[:.-ﬂ'+.-,z'} (iv) a+beas(ed +d) :

and the reciprocals of the above, where a, b, ¢ and ¢ are real numbers,

Before doing so, we recall that the term g in the above functions allows for
a vertical shift in the graph of the fanctions. The term b in the functions allows for
amplitude variation of the functions,
Now 10 find the maximum and minimum for sine and cosine functions we only
need (o remember that the maximum and minimum for both sin® and cosfare |
and =] respectively,

Consider types (1) and (i) above. These functions reach its maximum
when both sing and cosg are at the maximum ie. sin@=1 angd cosf=1,
So the maximum of 445 sing a+lb| (maximum of sing)

'—-ﬂ-rrial[[r i
=r:+|i|f ( !
Similarly, the maximum of a+bcos#=g + | ()

Le.sinf=—land cosd= —1.50the minimum of a+ bsing =4 +§b] (minimum of sing)

Mathematics-X1 4RG3}
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=a+p](=1
=a-p|
Similarly, the minimum of a+beos@=

Cons vl In
ider types (iii) and (iv) .
matter I:m:aulﬂ. rh:fc do not affect the amplit

1o eimilar Wi ﬂs{i}ﬂﬂd{iﬂ- ,
m-ulyp-ﬁs:nmmn!n: c}l-nfﬂ”'”"":‘“d}””’

(3)

a Flbil ':4}
hese types the values of ¢ and 4 do noy
ude of the function, s0 we treat these

| (5)

o the maximum valu S 4

and the maximum value of a+beos (c6+d j=a+| . o

The minimum value of a+bsnfcd+d)=a =|b| o
fa+hsin[r.'?+.d’}:n-|!.l| g

and the minimurm value o

Thus, we conclude that,

value and minimum yvalue of the
E-:fﬁﬂﬂfl and : .1‘_.'{_;'.-_1

d mbe pm value and minimum value of the

for m=0, M=0 and

if M and m respectively denote the maximum
function, then we have the following formulas.

Let M' and m'be the mixim : ;
¢ of the above functions, then clearly

reciprocal !
m<l, M<0 = -
e [‘“’w%
s E’il P Ty

Lo B and Jf.:- Bilas

and for m<0, M>0

Example 8; Find maximum and minimum values of the f
(i)  y=l+2an8 (i) y=3+2cos(30-2)
Splution: (i) Herea= land b=2
+ the maximum value of
=1+[2=142=3
and the minimum value of y =m =a-|
=1-fg=1-2=-1
{iiyHerea=3and b =2
M =a+[b|=3+ Ii=5 and m =u—i};l=3—lf—; =]
(i) Let ¥ =1+3sin{26-15)

: 1
(i) ¥ =?:55-|;{EF_"' ljd:l

y =M =a+b|

Mathematics-XI
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Then M =1+{3] =4 and m=1-j =-2

If M and =" are the maximum value and minimum value of y respectively, then
" ] | E
M= L )
Mo 4 and s = = =
0

Sincem=0and M >

1, Find the domain, rangé and period of each of the following function:

@ 3sin3x @y lnn%x (iii)  cosec 2x : |

(ivd cosdx (v} Gsec2x (i) %ml 2—’:‘: H J|

(vii) —lmnx (viii) >cosecx (i = |
: ) 'R X} secox

1

Find maximum and minimum of each of the following functions:

(i) y=—2+%sin[%£‘+2] {ii) ¥y =5—4sin(8+30)

2L, ] 1 1 al
iy —————— iV y=———o !
Y= 19 " 10sin (36— 43) )y = s a0 _ _i

122 Graphs of Trigonometric Functions

The graph of a real vatued function is the set of points in the canesian
plane, whose co-ordinates are the ordered pairs, belonging to the given function.
For example to graph a function y=f{x), we give a number of values to x, which
belong to the domain of the function, and find the comesponding values of ¥,
which satisfy the equation y=f{x). We plot these ordered pairs (x, ¥), join them by
smooth curves or line segments, the diagram so formed is the graph of the
function. .

In ease of triganometric functions the points are joined by smooth curves.
Since trigonometric functions are periodic, it is sufficient to draw graph over a
period, This information can be used to extend the graph 1o the right and the left,
because the graph will be identical over those values of x which form the period.



Fuscilony gpd Solations of Trignomotric Equsijgy,
ietric amd Inverse THEONDESE
1 Thest d?mﬂ;ﬁ in fact the main q.iut‘femnc::mlhmlhcf
= sin x and y = cos x 100 ine at (0,1). . ;
e graph starts at (0.0) and ‘Zﬁéﬂ degrees, and the cosine graph is essentially
W TR R y i
Baoth of TJIESEIEI“P:"EF::if:IE_?;ph—-iL'S heen ranslated ﬂl_':’“g t:wc;: ?_Isﬁ?} f}% A
a transformation of £3% S L e that sin x =08 (90=) A EERE = 313 47 =),
Thagoey. Thlnhnfhi -axis a1 0, and has an asympiole At 20, TS SN Topeats
= tan X CIOSses 3 :
every 180 degrees.

y= ginx
’ =
o 1E TR
1%
: y=cos X
I“_\
o e R 60
¥
y=1anx
|
"
9I|:|' 1 0 360°
J

Figure 12.13

1222 Graphs of six basic trigonometric functions
(a) Graph of y=sinx,- dxsxsls

Since sinx is periodic function of period 2 .
sufficient to draw a detailed graph over the interval [0, 2x]; portions ¥ of the
over the intervals [-2x,0], [0.27], [2x, 4x] and 50 on will be identical. .

Suitable values of x, and the corresponding values of y, satisfying ¥=
are given below in the form of a table.
Values of y for different angles x, can be found by use of trigong

7. whose domain is R, itis
graph

5L

mcmr:' identities.

Uﬂ“- ]I |¢HH of Trigonametrie and Inverse Triganaesstric Fenetions and Sajatlens l:ll"l'l’f.;l-;mnlrit-'ﬂﬁllﬂlll-

Take a set of reclangular axes, choosing a convenient length for 30° on the

x~axis and a c‘unvcnicnt length as 4 unit on the y-axis, We plot the points (x, y) to
get the following graph of y=sin x in the interval (0, 27)

-

g } % } 4 1
600 90° 1200 150 psef

L T L R, + —f=
2107 2407 2707 3007 3300 a0

¥ VRSN OGN [0.2x] Fl.gure 12.14

We note for all values of x, =1 < sinx< 1.
We often call the graph of y = sin x, 4 sine wave and the graph in the

interval [0,277] a eycle. Extended graph of sin x which is the repetition of the
griph in figure 12.14 is given in figure 12,15,

¥
F

y=sin x Figure 12.15
B

(b) Graph of y = Cos x, - 2rSr<2s.
| The cosine function also has a period of 24, and its range is [-1.1].
Values of (x, y), satisfying y=cosy are given below in the form of a table.

Mathematics-X1
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—y

g0 2107 240° 4700 3000 3300 3600

Figure 12.16

y &
Extended graph of y=cosx is shown in fi

gure 12.17.

.
&

1 i SR, ok

—2n g

v Yy =CO0sx Figure 12.1?
¥

(¢) Graph of y=tan x, 0sx< 7 " »
The period of tun x is & and the domain is the set R—{x| x=(2n+1) —2’ ne &1

: jon 1510
When .x={2n+l}£2. neZ or x=+90°, +270°,......; the tangent functio
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defined, at these values of x, it becomes very large,in other words it approaches .

In lhc interval [0, 7 Jas we approach 90° from the left, the tangent becomes
larger positively, that is, it 1ends to +eo; and when we approach 90° from the
right, it becomes larger negatively, that is it tends to —s, Table of values (x, )

satisfying y=tan x on [0, 7] are given in the below table. The graph is shown in
figure 12.18,

'l

00 60 9 1200 150180

B, L8 &
+ ; Figure 12.18
¥ y =1an x on [0, 2x]
Extended graph of ¥ = tan x is given in figure 12.19.
] .
PoA o : !
| L/
: ; L ox '
i = | Jer |
i !
L E r E .
i i Figure 12.19
¥ y=lanx

(d)  Graph of y=vot x ~ #SXST.
The period of cotangent is also T




h#ﬂmsﬂpﬂﬂl al Trignomodric Equatios,
Un‘t II]W ‘INMMHM Trigonams!* i ™ I Uﬂit IZIGﬂPﬁ of Trgenorsrtric und lavirs Trigsnemutrie Functisas snd Sabatssn of Trignsmotric Equatians |
HE ow, while graph i
Table of values (x, y) satisfying y=cot X O [0, 7] i5 BIVEX e (e) Graphofy=secx,-2r<x<2n,
panii 1220, & Wi::knm;;hm period of secant is 2=, table of values (x, y) for y=sec x on
_ - [ “} ’SI given below. Graph is shown in ﬁgum 12 31
2t : '
o] i i\\
13 i '
, bk E L R i
Yo—1 P - g 1507 1 ; : ¥
| . i |
2 L % W e e B0 2 s e e i
- ': i o
Y - 1 i
y=cotronfon]  Figure 12.20 a E \ i
1 i, | -2 i !
Extended graph of y=cot is given below in figure 1221, which is the repetiion ': \
iven i 12.20. L | i .
of the graph given in figare 1‘ y=sec x on [0,25 Figure 1222
| I | i ! ‘ Extended graph of y=sec x
| ‘ \ i Y
| 27 | | 3 | T .
i i | it H i I
] | ] ! 1l i i i
i T i i. | IAAT .
! I . i : i |
x“ i | 1 Ny -5—-—-PK i i 1 i
: o\ | \ X ' ] —X
-IH n I' 1 | - -: it 4 i 2x An
i ! | 4 | ;
IE T | | ' i : :
i i i !I 1 =21 J 3
1 ) 1 I i : -
| | | 1 1
i I i . . -
l Y ' : ! ¥ y=S8C X Figure 12.23
y=cotx Fimare 12.21 Not For Sale
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_Ix<xsin
f values

() Graph of y = cosec X,
” Period of cosec is 21 table 0

i5 as follow

(x, y) satisfying y=cosee x on [0, 2x]

___|___|-—-l——'|—-_'-_+_hk
* ay 60" 0DO° 120° 150" 'I..'il\'.'l‘ np° B 20 w3500 '.'.'6'0
...... — ; : ....*1_1
X © y=cosec x on [0, Errj Figure 12.24
Repeating the graph in figure.12.24, the extended graph of y=cosec X 18 obtained

as given in the figure below ¥

Unit lzlﬂn@hdm,nm e i : = =

12.23 Graphs of sinA® and cosA® where A is a positive constant.
In figure 12.26 the graph of v = sin® is shown,

T AT

-1
Figure 12.26
We see that the graph of y = sinf has period 2, 50 the constant A in
y = sin A8 indicates the number of periods in the interval of length 2m. If y = sin8,
we notice that A = 1. This means that there is only | period in that interval.
For example, if A =2, then

y =sin20
means that there are 2 periods in an interval of length 21 as shown in figure 12.27.
The graph of y = 5in28 is the compressed version of the graph of y = sinfl in the
x-direction.

AAAAA%\A Af ;
VAVRVA'LYAYAYAY: |

Figure 12.27

If A =3, then v = 5in30 indicates that there are 3 periods in the interval of length
21 as shown in figure 12.28. The graph of y = sin36 is more compressed version
of the graph of y = sin 0 as compared to the graph of ¥ = sin20.

NARAANANAND.,
NNmmmwwvwvw

Figure 12.28
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Uit 12| Graph of Trigsaametric sad Lverst Trigemest
E ns that there is only half a

|
oL then y =g ? MRS

On the other hand, if A
27 as.shown in figure 12.29. The graph of

period in the interval of lengt
= sin-L.9 i the expanded version of the graph of ¥ =1 8
|

in the x-direction,

Figure 12.29 |
gimilarly, multiplying 8 by 2 positive constant has the geometric effect of
compressing or expanding the graph of y = = cos0 in the x~direction.

n 1 compresses the graph of sin® or

Thus, multiplying 8 by a number greater tha

cosd in the x~direction and shore
nember less than 1 expands the graph an

period is given by Peri 2k ~

ns its period. Multiplying 8 by u positive
d lengthens its period. In this case the

_A
Example 8: Without drawing, guess the graph of cos- i-' Also find its period,
frequency and amplitude.
Solution: Here A = -_% <1, 50 the graph of cm%ﬂ is an expanded version of the
graph of cosB.Also in an interval of 5
length 27, there is one third of a pcﬁnd.ﬁ“ You Know =
We have Period = 2% (i) - Theperiod is also called the wave length.
A (i) The reciprocal of the period is called
- Pericd of cos g = p=6x ﬂ:c{mquzn:y of the functipns. Thus
3 1
3 Froquancy = —’
= A (i) The maximum distance betweent the
Fi =4
RN graph of the sine or cosine and the horizontdl
i axi is called the amplitode of the function.
" Frequency of cus—a = Thus, the fonctions v = sind and ¥ = cosd have
o lmpli:ud: 1. Tn general, the amplinade of
Amplitude of Lin | periodic function s half of the differente
mprk s m’?ﬂ' =1 )  between the maximum and minimum values.

Mathematics-X1 ZRAZ
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e b and Translation Properties of the Graphs of siné,

Insection 12.2,
we draw the graphs of all six trigonometric functions, 1f we

Cxﬂmi11¢ e Lmi] 5 'I}I snd, cosdan lang, w Iy =
'h g h s d N h}?“ 111! h ve many
. 4
‘:‘r : : ; Oth e 1 L }'

* In this secti  Are CORE i
gl sections we are concerned with the periodic, even/odd and translation
properties of the graphs of sing, cose and tan g

1. Ssmnwlrj* properties of the graph of Sing
The graph of sing is reproduced in figure 12,30,

N A o
Y IR,

Figure 12.30

{m}  Periodic Properties
We see that the graph of sing keeps repeating itself after a period of 27

units. Therefore
sin(@+ir) = sind

This property possessing by sing is called the periodic property.

(b Even/Ddd Preperty
The graph sing is symmetrical about the origin. This means that if we

replace # by —#, the graph is changed. Therefore
_sin(-@) = =siné
This shows that sin@is an odd function whi:hl is in conformity with the
results in thearem of section 12.1.2. This property possessing by siné is called the
odd property.
&)  Transation Properiy
If in figure 12.30, & is decreased or increased by . then the sign of f{g) is

changed. Therefore me——




Fanctitnt ud Selut

the ransiation property.

Unit 12|com ol Trigonametric and 121¥00%
gind is called

This property possessing lled the tF2
Using the odd and transiation propetics: wlr. ha =
[—{E—JH ~ —ginl#-71= —(~sinf) =

T

sin (xr—8) = %0
i.e. (ST .:::.—-n_«- L} 185
Thuﬁ-EE- ﬂ;'ﬂph of ;n g possesses the following properties:
& andic Pmpeﬂ.ﬂ: Hil'ﬂ =&néf

[—-F} = —S-'il'lﬁr

. Ddd Property:

gin |
sin
‘;sil‘l w_‘]. = —sinf
Transiation Property: on(x-8) = sind

PI{IFI'E‘E of the

2 Symmetry Graphs of cos?
The graph of cos@ is reproduced in figure 1231.

L]

@)= coefl

)

L] 1 .Inl'l
7 x

Figure 12.31

rod of 28

(a) Periodic Properties

Like sing, the graph of cos@ al
R B2 = oxe
is called the periodic property.

so repeats. itselfl after a pe

This property posscssing by cos ¢
®) Even/Odd Property '
The graph of cos# is symmetrical about the y—axis, This means that if W&
ceplace @ by =8, the graph is unchanged. Therefore ‘cos(—0) = cos 6
This shows that cos @ is an even function which ié also in conformity \‘-"“rh
o5 8 15

the results in theorem of section 12.1.2, This property pusseasing by ¢

called the even property.
(¢)  Translation Property
If in figure 1231, @ is decreased or increased by mu

f(g) is changed. Therefore [EOS(B=7) = —cosd,
Cu. T el

nit, then the sign of

Mathematics-X1 364
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:,

This property i
possessing by cosd i

R T mqls_c:}!lfd the translation property.
ie. lcoslw=10)==tosd o

'}"hus, the gf:tplh of cosé possesses the following properties:

Periodic property:  cos(#42x) = cosé

. Even Property: cos(—@) = cos @

cos(f—m) =-cosd

™ Translation Property: {
: cna{n’—ﬂ} = =05

Symmetry properiies of the graph of tanB
The graph of tan8 is shown in Figure 12.32.

+ fi&
[ iEy=tan @
2 K A [ ¥ T [P Ix
Figure 12.32

The symmetry properties of the graph of tan® can be obiained in similar
d cosf, However, it is pertinent to nate that in the

fashion as in the case of sinf an
present case the period of 1ané is & Therefore. the translation property of the

graph of tanf equals its periodic property-

Not For Sale
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Unit 12| raph st eigonometric *2 - ven as below:

e P (0 ) o
P L

Aoy mpﬂpﬂﬂ o (un@-m=wn?

:I. » 5 méimm?mpﬂw tm(ﬁ,‘.ﬂ'} = —tané

v A . and periodic properties of the cosine, 1o establish
tric

Example 9: Use {he symme

. . £_ ~ dnd
the following identty. ms[z ﬂ] sin

Solution: R direction of the ositive B-axis
" ¢ ® nits in the directid p axis
By translating the graph of cosf by 5 VT

the graph of cosB becomes the graph of sinfl

e Foo +
That is L":IS{E-?] = sind

T i
H : T_gl= g——
But the cosine is an even function, 50'3“’{1 ﬂ] "m[_ :]

Thus, :n{% —E] = gind

EXERCISE2:2)

i. Draw the graph of the followng functions in the indicated interval.

(i) y=2sinx 0<x£2n (i), y=cos2x D<xsin

(iiiy y=—Hsinx 0OsxsT {iv) y=-cotx ~MESXER

X 4
(v) - y=2cosec2x 0<x<in (vi) y=sec 5 a<xsln

2. . Without drawing, guess the graph of each of the following function
find its period, frequency and amplitude.

: (i) = cos 2 b)) y=sin6d
SRR U W y-so

Mathematics-XI 360
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41 Use tl st ikt i :
: e _11: symmum:l and periodic properties of the sine, cosine and tangent
unchons to establish the following identitics.
: .3
i) ilﬂ% E*E"J = ol (it m{iq-ﬂ'] = —zind
L -z
(it} sinfr—4) = sing (i¥)  codw—#8) = —cos@
(vl wnlr=6) = —ung (viy  wnf2x-8) = ~@and
4, For any integer k, deduce that
() sinff+ ) = sind fiil  cos@+2ke) = cosd
(itiy o+ 2tx) = Emg (iv)  cotlgs2kr) = cot§
(v} secl@4 2k} = wecf {vi :

cosec(@+2kx) = cosecl

123 Solutionfgraphical solution of trigonometrie equations
An equation involving trigonometric functions is called a trigonometric
equation.

There is no gencral procedure for solving all trigonometric equations.
However, we can solve many trigonometric equations by means of algebraic
methods such as rearranging equations, factoring, squaring and wking roots and
by using the basic trigonometnc identities already proved in earlier units.

12.3.1 Solution of {rigonometric functions of the type sinfl=k, cosf=kand

tmi=k
The simplest trigonometric equations are of the form
sinf = k (h Did You Know 2
-k 3
cosh = k (2) An identity is an equation
tan@ = k 3 which is true for all values of
' the variable.

where K 15 a constant.

In this section, we are concerned with to solve these equations, using
periodic, evenfodd and translation properties.

In section 12.1.3, we noticed that the sine functions and cosine functions
are periodic and both have period 21, i.e. they repeat their values every 21 units,
Thus, if we want to find all solutions of (1) and (2) then we simply add and
subtract integer multiple of 771 1o the solutions in the interval 0 <f< 2w We also

Mathematics-X1 LY




Wﬂ'l‘ﬂ;mnlm. Equatinng

Trigab Fﬂ“l’llﬂ
e T2

3 spdic having

poticed that tangent function is als® Ff':nd ibiehS e

all solutions of eguation (3), we

in the interval () <B<R.
p jutions of such T
jength 15 €4

its pn:l'iﬂd. Thus to fing
multiple of 7 W the

Unit 11\::”1-«1#»!"'“"““““"

:onometric equations, first of all find
mE

solutio aal 10 i1 periods and then find the

the solution OVEr the inte
formula for all solutions

ol
Solvalheaqualmns; . "
; e @ =-—. SInce sing i

£ _ 1 go the reference angle is : .

he equation has WO solutions in the

Example 11 2’

Solution: We have sin = = 7

1 ﬂ1 50 e
oo i quadrant T and quadean : 1 e
!“‘:: muq-c:;c oxt. one in quadrant | und the other in quadrant 1
intery = ¥

T — -
a= —ﬁ-— ar g=x & I
equation, we add and §

, BE ar
f the ghtract integer multiples of
i o
Mow to find all solutions

im

- x
an to the spiul‘l.nns = or z

I
r = _'E_,_',_rf;_ £.+4.i".'. . L RS
35—6".—{:‘41:5, = 5 & ,
5= T
§5 S o 3B oy g — R
ar H‘-——T.T"'M- 3 x, 3 6
These solutions can be written compactly as follows:

3:5-}'13 n or =%+1§T” for n =0kl £
i

. 1
Example 12: Solve the equationcos & = —-

. g5 X Thus, e
Solution: ~ We have m&% = % so the reference angle is 8= Thu
= and the

equation has two solutions in the interval 0 <B< 2m, one in quadrant |

. s
nthcrinquadrantll ie. ﬂ=f§— or ﬂ=M‘"§_:T

: fan
To find all solutions of the equation, we add and subtract integer multiples °

to the solutions % or 5’%
Not For Sale
Mnmemntic&-}ﬂ

TUnit 12 |Graps of Trigossmeiric and Taverse = AT o

3 3 =AE, — A,
s = L
o = =, = 5#
) 3 3 + —‘-'-'Iﬂ'.—]-+4 S—H—Iﬂr ...........
Thus, @=2+2Tn or 6= L
: =T +txn For n =DEL L. A 1

solutions of the equation.

Example 13: Solve the eguation tan 8=- vl

STy, g gle E .
Solution: We have tan ’; = *.‘.1—. 50 the reference angle is 8 = _%_ The tané

is negative in the quadrant II and gquadrant TV, however, in the interval 0 sB<m,

the equation has one golution in the quadrant Il ie.8 = m- X .2
fi 6

Thus, all solutions of the equalion are given by

A
g= 'ﬁ£+2}r nforn=02L+2 e

12.3.2 Graphical Solution of some Trigonometric Equations

Recall that the graph of a function is the set of all points whose
coordinates satisfy that function. If the graph of two functions intersects, then the
coordinates of their intersection points represent a pair of numbers which satisfy
both functions. The points of intersection are called the solutions of the given
functions. These facts can be used to solve trigonometric equations by graphing.
In this secticn, however, we are concemned with the graphical solution of
trigonomelric equation of the type:

e

. sin ff = —

2

» sl =8

L on @ = 28
; ! T 5

in the interval — < # £ —.

2 2

The method of graphical solution of such equations is illustrated through the

following example.




nl‘Trlgmmnu%

of the r.':qualmn cosB —0=0in the

7 oqn be written & cos8 =6
ation
glution: The ea¥

« set of coordin
Lety= cosf and ¥ = [+ - unctions O the same seL 0 inate axes,

 solution of the given equation.

Figure 12.33
' e - dway betweed
We see that the graphs intersect al point A. The point lies about midway

0 and % Thus, we estimate this solution as 8 = fi' :

- . : in
Verification. Substituting the value of 8 in the original equation, we oDta!

Mamnmaticﬁ‘}d

Graph of Trigonometric and Inverse Triganametrie Functions and Solstiony of Trignametric Equations
Unit111 s - : o
3.4
0T =——= & =
- . 0 [ x =?:3.14 {Apprm‘.j]
= 071=-079 =0

= —008 =0
This agreement seems quite good for a graphical approximation.
Note 1

{1) If the graphs intersect ai more than one point, the other solutions of the
equation may similarly be estimated.

(2) We could have estimated the solution a$ coordinate pair (g,y). However, the
variable y does not appear in the original equation. Hence, we are .
interested only in values of the angle that satisfy the equation.

(3) A process of successive trial and error with use of trigonometric tables or
scientific calculator would give the ¥—coordinate of the intersecting point
Ii'nccurnu:ly as desired. ‘e

(i) :usﬂ-——% (k) tanﬂ:ﬁ

1
i1 sinfd =-—
2

{ivy cosf = iv) tan@=-1 [ wik s‘-mﬁ'=--%

wol=

124  Inverse Trigonometric Functions

12.4.1 Inverse trigonometric functions and their domain and range

We know that if f: x— ¥ is ong [0 one and onto, then there exists & unque
function g: y — x such that glyy=x, where x € X is such that ¥ = fix). Thus, the
domain of g = range of f and range of 2= domain of f, The function g is called the
inverse of fand is denoted by 5

Thus, fix)y=y= I"{!F} =X




bl |
I
I, el
]

]

Unit12

Mmﬂ“

lw-"*"‘“"”"d'm

The Inverse Simé F“nﬂll'ﬂ!'!l!
Reproducing the graph ©

=17

Figure 12.34
ine test that any line ¥ = b, where b lies between -1

y=sinx infinitely many tmes. Hence the function

{ the domain of y=sinx W the

1t follows from the horizontal |

and,+] intersects the graph of

However, if we resinc et

is not one (o one. 8 3
[FZ.Z], the cesiricted function y = sif % ~gSx = represented by bold
pn;iin-n of the curve in Figore 12.34 is one-to-onc and hence
This new function with domain [-£.Z] and range [=1, 1] is son
¢ denoted by Sinx (with capital S).
i@ the inverse of the

will have an inverse,

netimes called

principal sine Fanction and i
The inverse sine function denoted Dy Sin™"
function and defined by:

y=Sin"xif and only ifx=Siny, =
That graph of y = Sin'x can be obtained by
restricted portion of y = Sin x about the line y = x.

principal sine

T
| gxg 1, -2gysT
7 2

reflecting
the
The reflected graph of y = Sin~'x is illustrated
in bold portion.

n
T

L& PR ST

| Eﬂ E_-[buﬂ-.m;iusm]wmsinc 15X
I .

The superscript =1 that
Ln.ﬂr.punﬂm ie Sinlrs—0o:.
[ spe Sins

iny=Sinrkisnot’ »

172
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Inverse Relation of ﬁ'muﬁ] Sine I - .
unctions

Generally y = sinx gi
X BVes the relation defined by

y = sin”x if and only if y= i y
for-l1<x51,vem ‘

The various values obtained for g particul
ar x

the angles for which 5

r=5iny g
; _ nd are called the
o J : ] !
inverse values of general sine functions. Since th
5. & 1

domain of siny i i
is mot restricted, sin~y i
s BN 35 not itself a Iun:liui
L0

This can be proved by vertical line test
Sin (1) !
3 3

Example 15: Find the values of
M s (L i
s i (i)

Solution (i): Figure 12.36 shows the graph of

y = sin"'x for y € R. The line x= 1 cuts the

graph at more than one point shn'-zving thut sin~'x
is not a function. However the infersection of y = sig™'x

| s
ond k= _ i in™
= provides the vanous values of sin™ (=)

b -

Henee from the graph in Figure 1236 the solutions
of y=sin"! (L) are
2

yY=— 4+2km . keZ or y:%dhﬂ.ket

-k

: T s
ie.yve | -E+'2LZJT.RE z) U | %ﬂ.k:r.ke Z]

(ai i
i) Only one of the above numerous values satisfies the equation

o | :
¥ =S8in™ (= J; thut is. the value which lics in the interval [~ E- z |- Looking at
: 7'

o L in”’
the erph ngain E is spch a value. Henee }":Sm. ) .;i. == £ A
2 ]
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amd Sotutient of Trignomairic Enuatlans
ctiont

e Ful

i wid TVt
Uniﬂ;l““"“ - Himes gsed for sin~'.
¥ i5 SO ! .

4 1 ith caFl“"l A) I8 s iAVETSE functions
Thenoto! A gl values of the following ! .
Example 16: Find the ex _ . ...-:'_r:’*_] (i) Sin {HE]

4 i 1.m {if) Sin L 2
o) =i jations.

p snding jnverse 1€
-1 (1), we seek

after evaluating thieir ¢o . sine function sin(y),

{i'] Lﬂ}’:ﬂiﬂ
FL
{. Theyare | 3

for the gener
Solution: o
{he values of y Whose gine 15

Chat of these values , the golution of

o
y=sint() & el

SR |
w21

3
a .1..'\_._ ﬂI’E
=sin" (— )

(i)  Similarly the solutions of ¥

x
E£+?.nn, neZ} U {13 s, ne Z
3

However, ¥= Sin

e
fiii) The general golutions of y=3m {- ..';.] are

ix
ye 4-% sanx, neZ) U (-== +2n7 )

o oo =
However y=3Sin '{—E‘]y:ckds g

. -1 oy = x that hold for
Important Results. The relationship f/~ I(y)=yandff (=%t
every inverse functions gives us the following important vesulis.

Sin~' (Siny )=y if-'% sg,-s-g-

Sin(Sin"'x)=x if ~15xs]

Mathematic

Unit 11|thbﬂ1dmmw& nd 1
b MEESe Trigsmametrie Fusciiong nud elose %
" Mﬂulﬂdﬂmﬁim-u
Example 17:  Find (i) Si .__3'” o 1
() Sin [lan{ 5 3] fii} Sin"[m%]
Solution: (i) We know that l:mH
.

-

=]
Let y=Sin[ian %
& ¥ = Sin [tan 3 ].lhr:n y=8in™" (-1}

By definition Siny=-1, iE-.Es; vs o
3 £

Thus y 18 an angle in the interval [“%. E;—] whose sine is - L itfollows y = . 4

v o =
e L I[m 3 ] £ %= V3 and B¢ [-1,1) L

Hence no values of y exist which satisfies y=5in™"( \.EJ

Thus the solution set of y = Sin ""Lmn % 118 empy.

() The Inverse Cosine Function
In figure 12,37 we reproduce the graph of the function o
fry) | y=cosx, xe-1Sy%1)
Because every horizontal line y = b, where b lies between ~1 and +1 intersects the

graph of ¥ = cosx at infinitely many points, it follows that cosine function is not

one-16-one, ‘ri

(]

!
Figun: 12.37

However if we restrict the domain of y = cosx 1o the intervad [0, 7] :1_3 ilima:mli:d

by the bold portion of the curve in figure 12.37, we obtain a decreasing fu_nctmn .
that takes on all the values of the cosine function one and only once. "l'l't13 ;ﬂw |
function is ealled the principal Cosine function and is denoted by Cosx{capital C).
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1y i[’mld anly it
cxs 1,and
ction, Using

y= Cos
y = Cosy, for =1
o Arc cosifte fun

ﬂ;yﬁﬁ

seneril i'rl'l:l]’!t'.‘.l‘ﬁth'- of inverse
(-

This is also referred ¢

i wif-lsxsl,
functions, W an-““CﬂEJ 1= Cos (AI¢ coay) =4 if=1
Sl =y if0SYSA.
Cos™ (Cos y) = Arc €0 (Cosy) =¥+ 1 { 6FCosx
e : oed instend O X
cost (Capital A) s SOMEUIES e 4 by reflecting the bold
Thapomatitn ACEE0 osine function can be found D) A
The graph of the e :, line v = The resulting curve ol ¥= Cos  xis show
. . 12.38 in the lme 7= y
portion of Figure ’
in Figure 12.39 in bold poriion
¥
A
v = Omr

’_'r el - T

—ciapt psasm
2 +

Graph of Cosx and Anc CoS X

!.‘igu]‘f ]1]9

Figure 1238 & GraphofCosz

ralues of -
Example 18: ﬁnﬂﬂm:xai:uliu ) l} u - ‘Fllr_qi}
(i) Cos™ 0 (i) Cos {:E} (i) Cos (- 5 7

Solution: (i) Let y=Cos™'0, we know that
y y = Arc cos (0) if and only if
cosy=Dand ye[0, 7]

"

Consequently, y= £1 and Arc cos (0) =

]

, 376
Mathematics-X1

+ Whose cosine equals .

Cosy= { 5
Thus Cos™' E-Iﬁ]

S |
i) Lety=Cos™ -2y v

3 ) owe seek the angle whose cosing equals _l The
reference point in the first guadrant isE 2
Hence for negativ

¢ sine we go 1o 11 quadrant by finding supplementary anple

& _Ix
}I=E_E=TE“1H[
Henge C{’SF:—;:-_-.-;!—'E
Thus (:{:};'L{_l]= g-’f
2° 3

{iv) By definition,
y= Cns"{—?}, if and only if

-
Cosy =—3;131and{=£y £

: { x £ = a a
The reference angle (1st quadrant) is 5 But for negative cosine, v lies in the

second quadrant (as 0 <y = 7).
Thus y=n- L EE.
6 6
5m
2 6
Exmnp]u 19: Find (i) Arccos(Cos2) (i) Cos (Arc cos 0.5)

Hence Cog ™! f_ﬂ )=
3

(iii) Arccos (Cosd)  (iv) Sin {Arcsin 2463 (v) Arccos (cosd)

where the angles are measured in radians.

Mathemnatics-X1 JREE




LF

m'.ﬂ'rﬂlﬂmlrk Egaailam
the ranges of

Solutiom When finding thes We T e functions.
i i i d their Ve _ -
e mgn:umu;nlz:‘iu:::g:;ﬂ;: {Pﬁmipa]} are inverse functiol and 2 radians
(i) Since Arc cOst .
is between 0 and 1. Hence

Arc cos (Cos2} = 2 radians
iy Let@= Arc (Cos 0.5), then

Cos 6 =0.5 and by substitution

Cos (Arc cos 0.5) = Cos (0)=03 ) N
(iii) For Arc coS {cos 4), we see that cosd {general function) has the angle 4

d therefore ©

radians in the third quadrant an .
cosine (inverse function) of a negative value will be a second quadrant

osd is negative. The Arc

angle.
Hence Arc cos (cosd) = Arc cos (-0.653644)
) « 2.2832 radians.
defined, since 2463 is not between ~1 and +1.

(iv)  (Arcsin 2.463) is not
ween 0and 7 .

(v)  Principal function Cosd is not defined as 4 does not lie bet
Hence Arc cos (cos 4) does not exist.

(¢) The Inverse Tangent function
The graph of tangent function shows that every horizontal line intersects

the graph infinitely many times,it follows that tangent function is not one-to—0ne.
b
A& ] 4.
|
N r i f
1
| / A
: i | I|
K| =) = ! i
2 2 O %1 3; . X
' i
l &
Figure 12.40
Not For Sale

Mathematics-21

The reference angle in the first quadrant is J—:-.Sinee tan (- 6) = — tan8.

= i ) i
F—Ianx~—-<x<.’£ 2 2]"hﬂmmﬁadfumtinn

is o

BE-10-0ne and hepee has an iny i
. S ) erse. This js
e ion of inverse tangent fun
mverse tangent function Tag-!

called the prinei

pal tan
leads 1o the defi de
3 noted by y = Tanx ;

: % (Capital T), Thi
ction as follows . Thig
is defined b )
" Y¥=Tan"ri ;
=Ty, whete e <xco ¥ : an " x if and only if

——gyg —
FRELES

The graph of Tan ™' x can be obtained as before b
¥

I ; reflectin g
function in the line y = x as shown below: ” g the principal Tangent
Example 20: Find the exact values of “ T s
. ) « T
(i) Tan™'(1) (i) Tan™" (=4/3) - 7 {:#_uTm";
{iii) Tan (E;} _ : ;y i
- - f..f-
bﬂh“lﬂrﬂ L,e'[ y= T“n =i "l:l R __-“_.ffl':fﬂw e
7 L %
We zeek the nng'c, Y- 'J_':'-_{ y< £ _-'J,:-':l.
272 ‘71[{.. g
whose tangent equals'1, i.e., ¥y
Y=z ;
Tan'y =1 _for _f{}rqﬁ ; Figure 12.41
2 9
n o s
= !r’: —_—
Therefore y =Tan “(1)= il
4

(i) Let y= -1
t y=Tan f—\'@ ). Weseek theangley .,;,,-hcm,_i:h <y<

b2 |3

whose tangent —J3. that is

-

Tan y=-4/3 , -% -:].-{E

Mathematics-X1




: pirkc Equathons
Saluthant of Trigmom
Fanetipos #0d

Unit 12 [Gupn O Trigomometiic an
i Invereg Trigondenetric Funerions and Sul
utlazs of Trignomatric Equations

is the angle in the closed interva) (% &

J_ 3 7' _?'.] such that
Al J3)y=—% . 5 g
=Tan" { o - Sin v =1 .
Hence ¥ T L incipal tangent function xists only for ¥ = = y= E
inl
{.-} where Tan represents P T ar Hence Sec(Sin~! | n 2 Wz
(i) Tan = T cince — € {_-E,“;)- e (Sin 1y=8ec(Ey= _283
the Fange between g 2 ) $ 6" 3 3
e -
gt (iv) Asinpart (i) Tan™ (yy = %
B
¢ Tan (-'} is not defined.
- : lue of Here cos0 is the general cosine function,
{ val
21: Find the exe¢
EMP]' : J'-i F g l'[‘;_q_n" {"1:}] Hence cos [Tﬂn (=13] = cos :-___} ] L ii-
{“} Cﬂ' '
@ sinCos” ) £ 3
I - r[,m 1 =) {d) The Remaining inverse trigonometric funclions
(i)  Sec (Sin”™" ‘} SO The inverse cotangent, inverse secant and inverse cosecant are not used
; We first find the angle, ¥ € o, &) such that very widely. However, we list their definition as follaws:
Solution: (1) G (i) y=Cotx, where 0 <<= is called Principal Cotangent Function
Cosy= '2— which is one—to-one and has an inverse,
0 o e E 10 7] y = Cot "' x means x = Coty , where 0 <y <nand
or Y= Cos {T ) G . St LI
By _ sinty) | (i) y = Sec.x, where 0sxsx, == is called the Principal Secant
5 =t Xy = Sinl y \ 3
Now Sk (Cs . } Function which is one-to-one and has an inverse.
-Si1'|+'.£}=l : ¥ =Sec™ x means x=Sec y where
- 6 2

X

TR D<y<m, y#= and x| 21

R 25 for which U=y oY

(ii) Lﬂ:.r:Tﬂ.ﬂ_l {—]].Wﬂﬁﬁlﬁaﬂkthﬁ angel y € ( Tl )1 : 2 .
n Ir} [ (iii) = (Cosec x where —%S; <=, x#0 is called the Principal

Tan}l:—l:ﬁ}'-— E{. 1 ) = -

Cosecant Function, which is one-to—one and has an inverse.

0s is the
Nug. Cos (Tan™ (-1)) = Cos (y) = Cos {——] is not defined because COS 15 R SIS {F {_ L
prmcipﬂ Cosine function whose 1‘-“85': must be in the interval 0 o 7 12.4.2 Domains and ranges of principal trigonometric l‘unr:tlnn and inverse
trigonometric functions
Sinm—zﬁ [0, ], hence Cos ("E} is not defined e e ocsali i s 80 e N

ition ¥ "
(iii)  For Sec (Sin™ %_} ylet y = Sin™ 11:‘51“ y= 2~ then by defimiti® functions and their inverses are listed in the following table.

Mathematics-X1
Mathematics-X1 ;




snd Solutlons O Teigaomitric g,

S = i Fanstot

T 7
1€ [—E - —E'HU'I
T T
- 1 -=,=1-{0
|xs-1,x2 ye | > 2] {0}
-_-________ .
' =-1,yzl
eln, s]~l5i-} ys-l,yzl .
=], x2l ve [0, J‘!J—[E}
xe (0, ) ye IR .
1 R ye (0, )
Example 22: Evaluate: (i) Arcsec2 {ii} Arc sec (-2)

(iii) Arctan(3.5) (iv) Arcian {—2..3?}
Solution: (i) Let @ = Arc sec2, which is an inverse function. By definition,

Sech =2, where fe lﬂ,ﬂ] - % }

We Knowthat  Sec g— =2 =0= %E [0, 7]

il ; e Oy
(i) Let6 = Arc sec(~2). This is an inverse relation not a function- There

PR ance A8
there are infinitely many values for 8, Since sec is neguli\"-‘- the referenct

He bohin the quadrants (1) and (1) which are. @y = 71~ = 3

lb.-'i:a,thvz:rnai.im'rJlﬂ

Unit 12[Graph or Trigonomerrie ol Toverse — —

Hence, adding the multiples of

m
{BE";"PEHK . —11;3{ +2n 7

periods of sec e, 27 m, we get
n is any integer,

(iii)  Arc Tan (3.5) is an inverse function whose solution must lie in ( EZ i

2

Since exact values for Arc tan(3.5) are ‘not known, we Pt callieg T cadtan

mode, to gel
Arc tan (3.5) = 1.2025 rad.

{iv) By definition of inverse tangent function —Z < Arc Tan <= Using a
caleulator we have, Arc tan (-2.3) ~ —1.16 2

Example 23: Evaluate: (i) tan Eccr;'l{——l-zj] ' (i) tan [Cos™ {~‘1*lll
2

(iii) Tan [cos™ {-%}] (iv) Tan [{:m'l{_.lz.}g
Solutlon: (i) For ¢m"{a% ), we seck an angle whose cosine is [—-%j.
The reference point is % . But cosine is negative in the II and T quadrants.
Hence the required angles are (7~ g J and (;r+£;~ ). Adding the period

Ina we gel, -::m"f-é-)e {%ﬂ“ﬂ}ul%}rﬂ“]*“z

MNow tan {EE:‘E +2nm) = mn{?:l:rﬁmd 1an{4—:~+1nir}=lﬂnﬂ%ﬁ}=+ﬁ

4
‘. lan {cus“:}%}j:iun -E;E U {tan —:‘ = l*ﬁ""‘ﬁl

g
(i) Cux"{—l)=m;: Cos{-%}:?:re {0, 7] But W{T}:'ﬁ
2

Therefore tan I{CCIS_I'{—-%}} = {—\E } only




4
ap L 2F onp ) U(—+207)
(iii) Again '[—-E]l—{ 3 +n7) 3 :
2 xR AR
But since —3-#.:{—-, EJ and nlm 3 el 2]

could be the argument of principal tangent fanceion. Thus

2T 4r
. Meither 2 il 3

Tan (cos” {--}',I does not exist.

. S
= defined.
{iv) Similarly Tan [Arc cos{——JI- Tan ( 3 ) is not defi

i aluate
Example 24: Evalu s “ » E}
(i) Arc sin{sin—;—] (i) Arcsin (sin 3

I 297
(i) Arc cos (cos —E-E;E'} (iv) Arccos(cos —=)

£
Solution: (i) As Eﬂia [—%-.—2-],“ follows that

12w, 12m
AmSin{mn—E-}*—S'

s S
However, since sin {%J =sin[27+ = ]=sin—

: 5
and% € [-;E1 i +%}. we find that
r. 2r
Arc sin (sin %j = Sin™ (mn—‘_i: =
(ii) By definition of inverse relation of sine function
A 3in (sin EE; 2 %

(i) Are Cus{cm& ) ; 32_"’

becuuse% el0, 7.

Mathematics-X1

goomatric Equations

29 4y
Arc cos {cos __Ir—x ) exists when
Arc cos (Lusz—gi Y= 29’7 i -
| 7 T Do >
Exampte 25 Find the value of sin[Tan™ (-x)), x being i i
a positive number V14324
Solution: Let Tan" (-x) =0, Then tan 8 = g b

B cos 295 X T x

t =cos Sk .

P 7 Fr)mcess mize(on

Hence Arc cos (msz_?rnj =
7

(iv) By definition of inverse relation of general sine function, we see
that

it lies between —m/2 and 0. If angle © 15 constructed
in standard position, as shown in F'.gmv; 12,42, then sinf is found to be
Hence, sin[Tan '{(—x]=

1

T

1."1+ x*

N3 EXERCISE 12.4
1. Evaluate the fulluwmg.invnrsc relations of general mgonomﬁﬁc

(i arcsin (1) (i) arccos {m-‘?} (i) ntc-i_ﬁn{:_"'
2, Compute the following expressions *

(i) arc cos ‘tan}:".‘_] (i) SEnETan"l‘.‘—}gﬂ
(i) .'_ﬁn[drc cus[:;ﬁ]jl ) L&n[mms{:;;]] i :

3. Find the exact value of each expression.

V2

i} Cos {sm‘lT] (i#) Tan [c*as"

B, mm[ﬂm'

{iv) Cosec [Tan'()] () Sin [Té;ﬂ"(.—I}j .l:



12,43 Graphy of Inverse trigonom

mTﬂmﬂﬂ“‘ﬂﬂ Identitles
I t, Arc cosecant, or Arc cotangent functions,

3 to evaluate Arc secan
It is hard to ince most of the calculators or computers

i t values are not known, st . :
whcnn:h;; :xac i functions. For this purpose we introduce the inverse
arc m TATTLTY

of the reciprocal functions. The procedure is summarized by the following inverse
identifies:

. 1
g e s A=
k. Eosm"x=55n"{,l?]-xﬂ} 2. §ec”x=Cos {x}'mﬂ

1
| | iy = p+Tan™ (=), ;
| 3. Cotlx=Tan {}—}_x:-!} 4, Cot"'x = n+Tan {x} x=0

5. Sin'(-—x)= ~Sin”™" (%) 6. Cos '(-x) = n—Cos ™ (x)

7. Tan™'{-x)=-Tan"'(x) 8 Sin"'(x) = % — Cos™'(x)

Proof. (1) m;r:Sin'[i.#ﬂ m
1
Siny
= Cosecy=x = y=Cosec”'x (I

= Eiﬂ}':liﬂﬂ = =X
x

From (I) and (I} Sin"[ﬂ:ﬂum"x

Similarly (2) can be proved.
To prove (3), let
y=Cot'x  where x>0 (TI0)

=  y=Col'z, O<y<nf2 =Cotx=y, 0<y<n/2
= UTanx=y, Ocy<xf2 =Tanx =1ly, O<y<nf2

Mathematics-X1

% and Solutians nmwithc Equations

= x=Tan ()15
(11y) where x>0 (V)

From (M and (IV)  Cot'x=Tan"' (L 450
x ¥

To prove.(5), let
y= ~Sin"' (z) W
= ¥y=SinT'(x) = x=§is -y}
= x==S8in(y) = Siny =-x
= y=8in"(=x) (VD)
From (V) aT_id (V) Sin™' (~x) == Sin"' (x)
Similarly (6) and (7} can be proved. Finally to prove (8)

let E=§ - Cos™'x (VITy

) 4. X prs
Le, L0877 = = < B=0x =Cos(5 - @), for l.".l*_:%—ﬁs:r

Fra T
Now l=— -8 implies —— = in thi i i
3 = & implies > = 955 and in this range for 0, SinB exists,

Hence from (5) x=Cos ( i;——E} = Sin 8, where fe [~
2

Y

]

1
el

Now x=8in0=8=Sin' (vIm)
Substituting @ from (VII) in (VII), we have Sin~'r= & Cos™'x
)
Example 26: Solve the equation  2Sin~ x ~ Cos ' x =
Solution: The given equation can be written as

2Sin"x-Cosx+ o A X
2 2

b | 3

=
ie. 28in~ x4 Sin ial
Sin"'x+ 8in"'y= g ['.'sm ‘.tzia—cns“zj

or 38in'x=nx

> Sin'x=X = .t=5'1u3;£=




Unit ﬂlw of Teigomomeiric and umw-f-mwmw}m of Trigsomire Equationg
¥ 3
Example 27: Evaluate Cos (Sin™' g +Cos™ E} without tables or a calculator.

3
Solution: 'Lctx=Sil1'l§ and y = Cos _'E then

L]

Sinx= 2 and Cos ¥ =§ Where x and y are in st quadrant,
5

We have Cos .{x +v )= Cos x Cos y — Sin x Sin y.
We know Sin x, but need to find Cos x, where

p Cosx = 1—5in’x ,as Cos x is +ve in 1st quadrant

_fl_E_E
J 25 5 v

Again we know Cos y but need to find Sin y, where

Siny= 1-Cos* y, Siny is +ve in Quadrant |
e || 9 4
e ]m———
§ e 5
: . a4 41
Therefore Cos | Sin §+Cus = = Cos (x+Y¥)

=Cos x Cos y — Sinx Sin y

Example 28: Evaluate Sin{Arc tan % = Arc cos -5—}

4
Solution: Let u = Arctan-;— and v=hmms§.

1
then Tanu = 2 and Cosv =

Z
o
F3
T T SRR
As Tan v is +ve, and u.e [-5 ,-2-] hence u must be positive i.c. 4 I
ue [0, %]. Similarly Cosv being positive means v & [0, % ) "
4

Figure 1243

L | g

We wish to find Sin (u - v). Since u and v are in the interval

n . Mathematics-X1

These triangles show that

Sinu = e 3
V5 5

2
Cosu=
:fs-. etg,
Hence,
Sin(u - v =Sinu Cos v - Cos u Sin v

o& 2. 3% 4.6 w9
=X e = "'.__-EJE
55 5T SE TSR e

Example 29:  Write (i) Cos (Sin™' x)
(i) Cos (sin™ x) as an algebraic expression.
Solution: (i) To simplify, let v =Sin~'x Then Siny =x for ye I_f. ET
2'2
We wish to find an algebraic expression for Cos (Sin™'x) = Cos y

. T I
Since ve [w?,E]. it follows that

Cosy= +-‘||I|—Si'.l'lzj_|' = ofl—x
Consequently, Cos (Sin™"x) = 4/1-x°
(ii)  Let y= sin™x, ~1<x<1 which is an inverse relation
=X = sin y is not a principal function. Hence its argument y is any real

number of the set IR . Consequently. Cosy=+4/l-sin’ y = +41-5"

or Cos(sin'v)=+1-1°

E‘.mmpte 30: Express tan (Arc sin x) as an algebraic expression in xif -1 <x< L.
Solution: Let y = Arcsiny = x =Siny, ye [ug-.%}

Since tan {-%] and tan (2-) are not defined, we seek to find

Mathematics-X1 J#EEM




i'._- Aoy : T -. : lﬂ. v lﬂm“ﬂ:h‘“jg“.ﬂ“lﬂmﬂmﬂmﬂm

T T X - &Y Py}
_E Zye 2,27 for which —15x<]
tany for ye ( 2.2};[2 2] or whic x
x L] L
(i} If xispositive then ve {U.—i}- ¥ i
i . o x> s
Figure 12.44 (i) shows the triangle for y. a e
¥
{ii)  If x is negative, then il \
ye (- % 0 mid the triangle for v is shown in Figure 12.44 {ii) | s

g .
s # # 2 * }I* 4 F'Igllrﬂ 12.44
From each of the triangles. Payt=r [51“-"=?="‘}

=]

BARGE s it gﬂﬁiﬁwif x i5 positive’and |
ye©,2) or ye-2,0) negative if x is negative,
9 e L : ;
f ¥

o -u'-"

tan i.e. tan {Arc sin X} =
Thos tany = - E"i_x -2

Example 31:  Verify the identify

1 =1 4 (1=
= 2} = Tan
5 o5 X

for |x|<1
+x =

—
Solution: Let y = Cos ™' x, we wish to show %}':Tun" I-x

\- l+x
: ||I—~C '
By half angle formula Tan -i— = Iﬁ

Since y = Cos ' x and |x|<l, it follows that | Cosy|< 1 and ye (0, & )

Consequently -;'E [0, %] and thus Tan %.}{]

We may drop the absolute value, obtaining Tan% =

JI_CUS}T L =

1+Cosy ‘|,J!+J:

; Mathematics-X1 SRR

P S B St Y Y § B
i { ( Remember !-!.__ )
r=r'l-x%as 1 is positivein ° . . .

tan(Arc sinx) itself is

2 S A Be sm-'(,aﬁ-aa”ﬁ;m:

} : Sabutlont of Trignometric Equations
U R ) ‘

Thus 5 = Tan \m » @5 required

1244 Addition

and Subt
Addition raction Formulae of Inverse Trigonometric

In this section we aim at 1o Prove some import
ant

formulae of inverse trigonometrie functions, addition and subtraction

T T T

1. [El‘n”;if-l-sm"g._ an&r\.-_ —

Let x=Sin"'A ~ = Siix
2 = A =
al'ld"r-..Sm B = Siny = B

Since Cos"x +5in"x =1, 50 Cosx = i*"ll—Sr'n"'x =+l 4

For Sin x = A, domain is |-Z &
272, in which Cosine is positive, so

Cosx =1-A*. Similarly Cosy = w.l"il_:ﬁ_ We have
Sin(x +y) =5inx Cosy +Cosy Siny '
Sinf{x+ v) =5in xCos y+ Cos xSin ¥

= Jin(x+y)= Ai-a7 A +BY1- ]=-.r+y Srrl"{du'l-— A+ By1- B)

= Sin"'A + Sin” lB—‘.nur"(A 1-A" - By1-B°

e

F'muf of this fm‘mula is simmilar to (1), so is Jeﬁ as an exercise

Lad

Ca.s ‘A+Ca.s"3=(;‘gg'L(,,43_" =

e B

LEL x=Cos'A=>Cosx=Aand y=Cos'B=Cosy=FH
We have sinx=+/1-Cosix = #4/1- A? )

For Cos x= A, domain is [0, x] in which Sine is positive,
So Sin x=+1-42 Similarly Sin x=1-8’

Now Cos(x+ y)=Cos xCos y~Sin x Sin y

= Cos | 1+1]-,.ig_ - A 1= B = x+ y=Cos (,.15_,}'-,4*,,!]*3:}
= Cos”'A+Cos~' B = (_’,‘m"{dﬂ—ﬂ] — AN Ez}




~ﬂlﬂt11|chhqwr—mmmwmmm

4.
5.
l x=Tan™ ‘-.-1. = Tanx=A and y=Tan'B=Tany=E. We have
: A+ B
Tan x+Tan ¥ £ —-'-—F = Tan A+ Tan ' B=Tan™ ——
=————=»Tauf,r+_1-':l- i AD
L S 1=Tarx Tan ¥ _AE
6.

Proof is left as an exercise.

Example 32: Show that 2Tan"ﬂ=Tnn"!—:;F

24

Solution: Put B = A in the inverse trigonometric formula

A+B
Tan ' A+ Tan ' B=Tan™ —" we have

A A

A+
-1 ly= A =Tan” —=
Tan A+ Tan™ A=Tan A A

_,E il

-1 - =
E+Tan 5 Tan ) a1

Example 33: Show that Tan™

Solution: Using addition and subtraction formulag for tan™, we have

43 R T g 3
Tan™ %+Tau 1-5--—?':111 'ﬁ=[]'"an ":1—+]‘au ’;j}—fﬂﬂ T

i3
] Z{‘; =1

=| Tan 73 = Tan ﬁ
|-=x—
4 5
15+12

i 8

=| Tan lf‘ui =Tan™ I-'_EI'-
20

Salutlons af Trignomeiric Equatlens

L -2? 8
= 2 e
Tuul_."l-]"an —=Tgy 1119
ah 1 27 .. 8
-I-TI:..,:,.;!I_g

Sk3-gg

Find x, if
" P ! 1 T
Show that
{1] Sin .Ix +‘Cﬂ5 2 X= %r- {in

(i) sec (Arctanx )=+1+2* {iv)

Evaluate. (i) Sin [—-Cus": {a1)

Show that (i) Cos (Sifi'x— Sif'y) =+/(1—2)(1— }r}-t-:qr '

(ii) Cos (2Sin"'x)=1-28, “1 <e<+1
(iii) 2 Arc Cos x= Arc Cos (2x%-1),0=x=1

; 1
(1v) Cos (Arc tan x) = ;l.—fm: =0
1+2°

Express the following in terms of Tan™'(x)
@ Sin~'x (i) (iii) Arccotx
Verify that:

T

@  2Tan '{-} + Tan™ ¢~—} = "I

Arc cosx

(&) Sin"{E}-Sin"{ghﬂﬂs"[ﬁ? et e

- ; LY

Sin [Arc ms-'g-uré] :




= Unit Izi?mhﬂmﬂnmuamm '
. e Fenctvss ayd ety o

Sﬂcﬂx.'_sm_z:[}
(secx 42) (seex - 1) =
secx=-72

COsX = = /2

OF seck = i
: Principle of zero products

2 OF Cosx =1 ys e
*=20/3, 4n/3 orx= "8 the identity cosx =1/secx
Al hese Teliee E]mf"' k. The solutions jn [0, 2%) are 0, 2213
Example 34: Solve . 2 sinxcosx- sipe=( " and 4n3
Solution; 2 sinxcosk— sine= ()

e .: =  sinxf2cosx- 1]=0 :ﬂ'
[E T an Ly AL _ i ) o~ i)
7 Equating each factor o zero, we gei

12,5 - Solutions of General Trigonometric Equations _ =0 -

Recall equations thal contain trigonometric .funcimns are n:a_llcd _ i (i)
trigonometric equations: These will generally hau;. an mﬁmllc :::mher ::.[ snll._m;:n:; or Cosx = 3 (iv)

iodici i i tion. For example the equation sinf= S )

due to periodicity of the trigonometric function. For examp eq | e ccuation () = 016 satiica e e

= i 425, +3m,... which can be written as: 0 = k7, |
8 = 0, 4, +2x, H3n (2 ) U {2k, m+7 ), where k, k, e Z,

has the solutions:
where k is an integer.
angle itself. For example in cos(2x+1) =
{2x+ 1).and the function is cosine. We first use the definition of nverse

- trigonometric function to get the angle (2x + 1) and then solve for x to arrive at

In a trigonometric equation, the unknown may not be the

0. the unknown is x while the angle is This is all even multiples of 7 (2k;7r } and 0dd multiples of 7 {(2k s
|

which can be simplified to {kr, ke Z).

The values of the x satisfying (iv) in the interval [0, 7] are:f—and 2r- E}— e
3 g

" thesolution of the equation. ]
When a trigonometric equation contains more than one trigonometric function, g o s . I " 5,r
trigonometric identities and algebraic formulae are used to transform such e solution of (iv) cosx= a 1§ {"3: +2kx U l'?:' +2kr).keZ

trigonometric equation to- an equivalent equation that contains only one

C ini - b ¥ = s f
rigonometric function, ombining the two we get the general solution of the givien nquagnn (i) as

12.5.1 Techniques for Solving Trigonometric Equations k7 7 s
Many trigonometric equations can be solved by methods already known. The U {2k + 3 FU{ 3+ 2k |, where ke Z
" following examples illusirate by these methods. 2. Using trigonometric identities
ric iden

1. Using Factorization,
Example 9: Solve tan’x + secx— 1 =0 in [0, 2m)
Solution: We have, tan"v+ secx—1 = 0 . ; ISﬂ]I.I“'I'!I'I: We cannot factor and solve this q;mdm:ic equatinn until each term
"volves the same trigonometric function. If we change the cos” x in the first term

Example 35:  Solve 4 cos? x + 4 sinv—5 = 0,0sx<27

Sec’x 1— 1+ Se?cx— 1 =0 using id&t}r 1 + tan’x = sec’x,
el 01~ sin” x, we will obtain an equation that involves the sine function only.

- Not For Sale
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TrigneomHris ﬁmmmﬂ‘rﬂlmﬂm Equations

ulﬂﬂlwgﬂmmﬂmr.m-
4 cosix +4sinx—3=0 . |
d{i—sinzx}+4sinx—5=ﬂ cos® x =1 —sin’x |

. Distributive property .

4_4gin3x+4sinx—5=0
_dsinix +4sinx—1=

; 4sin’x-4sinx+1=0
@ sinx—1)" =0 Factor
ggine-1=0
sinx =%
= /6, Snf6

; 1
Example 36: Solve sin?x cosx + Cos2x SINX =7

Solution: We can simplify the left side by using ;
' sin2x cosx + cos2x sinx =75

-3x=§+2!m or 3x=7 +2kx
_r  2kn _=n  2kn
gty 0 FRETTS

Example 37: Solve sinfl - cos=1,if0=B<2n

Solution: If we separte sind
square both sides of the equation,

0 ° Add4and-5
multiply each side by -1

— cosP on opposite sides of the equal sign,
we will be able to use an identity

gt factor to 0

the formula for sin{A+B)

k is any integer

Divide by 3

and then
o write the

equation in terms of one trigonometric function only.

ginfl —cosh =1
sinfl = 1 + cosf
sin" = (14 r:::-sB}1
sin“ = 1 + 2cosh + cos’d
1—cos = 1 + 2cos0 + cos’0
0 =2 cosd + 2 cos’d
0=2 cosh (1 + cosh)
2 cnslﬂ =0 orl+cosfb=0

Add cosf to each side
Square each side
Expand (1 + cosO)’
sin?0 = 1 - cos’0
Standard form
Factorize

Set factors to 0

Mathematics-X1

o e Taise both sides of an
DU of introducing extraneous
In our origing| equation,

,_-,qusxliun to an even power, we have e -
solutions. We must check each possible m]uli"iﬂss:b:l:
on

Checking # =n/2 Checking 0= 5
sinn/2 — cosm/2 =1 sinft— cost = | _ Checking § =3z
!—t::: O-(=1)=1 Sn3n/2 - cos3ni2 = |
= 3 1TU = -1- n-_.—
7izas i " 1=1 « lrue 5 :
p=n/2 is a solution 8= is a solution ~1=1  false

0= ;
3, Using Quadratic Formula ™2 is not a solution

Example 38: Solve cos2x = 3(sinx—1 ) for all ea] values of
Solution: cosx =13 (sinx - 1) - give i
I -2sin® x=3si ¥
: Sm:s;n.l- ; qij sinx — 3 double angle formula
siny -4 =10 quadratic equation
e -3+ H-@RN-4 s
Y use quadratic formula
. _ =347
sify = -2Vl
mux &

sinx=-2351or H,ES—I 8
The first answer, — 2.351, is not a solution, since the sine function must range
between — 1 and 1. The second answer, 0.8508, is a valid value.
x=gin" 0.8508 + 2kn, x=mn—sin" 0.8505 + 2=
In radian form,
¥=1-0175 +2kn  x=2.124+ 2kx
Example 39: Find the general solution of the equation,
2sin*x + 3sinx-2=0

Solution: The equation is quadratic in sin x, we get

-3+/9+16

N _ 345
4 4

Mot For Sale
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A Te wwiwﬁ'wrﬂ“;‘-”'“““ of Trignemntric Equniian

SRSt lﬂ_ﬁ'ﬂ'ﬁ'

1
iny=—, =2
= 5l 2

1 1 |
1,1], it follows that sinx=— hasa golution but sin x=—2

-2 ¢ [-1,1).

sinx € [~
has no solution because

k is satisfied by the reference an

1~£andf£i h
ﬂlc:qualionsith':E L é n the

interval [0,2r]. Thus the general solution set of the given equation is

51 "
{E +2n%) U {— +2nn}, where ne Z

6 ]
o A Reduction Identity : _ _
Applications of inverse trigonometric functions are Very useful in
graphing to study the behavior of some wave functions and also in caleulus and
space sciences. It involves an identity to reduce the form of a trigonometric lincar

Function i.e. acosf +bsinf =¢

where a, b, c are constants, gither a=0 and b#0

Example 40: Solve the equation.
ﬁcus&—sim‘? =0 (i}
Solution: Compare the given equation with the expression
a siné+beos@ we get, a=-1, b= NE

Let —siné + 3 cosd = rsin (6 + ) (ii).

i :
We know that r=+a?+8?, cosar = =, SN = —pe—
at+b® Jar+b*

I ..
i = r=2 cost=-_ SN0 = E
2 2
The reference angle for ot is — but since sin o is positive and cosot negative, the
]

angle x lies in II quadrant.

This & ={n’—%}+2mr= %ﬂzu #. neZ (iif)

Substituting (ii1) in (ii) gives
= —sind +43 cosf = 2sin (8 + o)

=2sin(6+ 2%, _,
3

= O=kng-2%
o =T nez

in

or 8= 2%
1 tTmMT, mez

n
={-= Lk
.S.S. { 3 +m.1'r.n'||sZ}_{__.3 +mn

mEZ )
. Solve each equation giving general solutions -
. V3 '
(i) cosx=— .
3 (i) sinx= %
(iii) tanx=—/3 (iv) cos(28-%
3 1==1
sec—=-72 ;
(v) > {vi) 4cos’x-1=0
2. Solve each equation. Use exact values in the given interval
(i) {sin x) (cosx) =0 ; 0< x<360°
(ii) {zin x) (cotx) =0 : y Osxs2x
(fii} (secx—2)(2sinx=1)=0 i DEx<2n
{iv) (cosecx—2)(2cosx-1)=0 |, 0sx<lx

3. Find the solution sets of the following equations.
(1) cosh = sinf) (ii) tanf = 2sind (iii) sin® = cosech
() 4‘:“;{%' =3=0 (v)sinx cosx =£ (vi) sin28 + sinf =0
4. Solve the following equations. !

(i) 2sin’x—3sinx+1=0 (i) coskx sint=12

2 el ] ;
{ll.l'!l COs X=s51mx=s5nx {1',..-] c0s 2x -+ COsX +1=0

(v) 1-sinv=2cos*x (vi) l.anzx=5w::g:

(viii)sing + cosé = 1
Not For Sale 2
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(vii) 3 —siny=cos 2x




ANSWETS

Uﬂﬂ 12 I'-?ﬂlii of Trigoaometric snd Taverse Triganametrie Funcrioas and Solationt of Trignomairic Equationy

REVIEW EXERCISE 12
(,‘hnase the correct option. ;
ey “(i}Solve sin 4x cosx + cos 4x sin x= -1 for all radian solutions.
FrAIT vl 0 3r

e T 2n T 2r ! f@ﬂ . =
o — kb — _k -4 —k (d) —+—k 0 A%.
'J‘r'flln'!','l;.- 17 - {EI.] + 5 ': .:' lﬂ + 5 fﬂ_} 2 3 ! } 3 + 3 - n ol 1L I % II g 2

Wil i Taw '.F Sec! (=2) is equal to “A 1+12i D ®
;:':'.i": ‘. e la) % (b) —=/3 (c) n/3 (d) 2m/3 X D ) kit
.;;;.j"l?'_' '.'_,.. | L .:F' ':a":‘—'j'i'b‘: Tt i {
'f_-"r'.*,ﬁ';‘-?'iﬁi} If Siri'x =y, then m — 2o @ 23147 |
¥ kol el

a 5 b)-nf2=y<afl (c)O<y<n (d) -2y <m/2 e :
S0 ; ? mO-17-i Do @ g
{iv)  sin {Taji' = ]xl < 1is equal to — — —_ |

F:.-_u .' I s 1 . 1 x g J'::: . ! 1. {,1%‘5._3 1
Stk il (i) (b) = c) = (d) = ¥ e 5t U ————i
fea AT Ji- 2 V- [' 14+ % J+ 2 == % ——65 65 53 53 Q =8
= . LT 6 8.1
{vy Tan™ [i]— Tan"[x F] is equal to _., ¥d b 65 il E+-1—:
¥y x+y 3
@ 3 ®) 3 (@5 (@) 3 |
2. Find the period of each function.
; T i
(i) - ~2cosec m x (ii) Gtanmx  (iii) Euusi ~—X
3. ' Solve the following equations. ¥ IR | : e TeeTT
: (i) sinix=cosx (i) sin‘x+cosx =l (iii) coecx = [F+cotx } = —— —
% 4. Prmﬂmfn!l;wing, ; a F (4] —5-2i. %_%j o (=, g}[?}ﬁl%]
. s =1 o= = =5 L4 il —_—
{1) 21‘ ~3—=5:|.11 1% {ii) Tanl i— +Tan = z ~Tan=% 19=4 e i 5
i . 4
3 u r =} F 1 o Al ey i
(1ii) Sin -"L+ 5 % 1_5. {iv) Tﬂl{ﬁ+Taﬁ%=Tﬂl{%Tﬂn—é “ - ?9+3gr Real part x= > . Imaginary part y 2
5. Prove the follo £, 1
:-t ey o -'%—lf. Real part :r=—1.!umgiuﬂn‘ party=-
% r; Cos'A ~Cos'B = Cos'(AB+/A%+ BY) = 2 2 -
-\._ I
i} T#A S E Tail (A~B) ; ‘ﬁ\‘ —:II—%I, Real }'.Jm':.!.':-—%.J'mﬂgf'"‘"'.“Pﬂ”-" =3
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Yorswers

- ~4 ab

4ﬂ1 -bz dabi =A4a’ =8 i imaginary part = —=22__
@a+b) f4tz‘+.b‘} Gy Realpart (da’+b’) (da’+b"Y

: , — 1 Realpart x=—1and imaginary part y=0

? Q T3 3-08 i, Real = 533 and imaginary prm=£’-§
e
E

T T e—
EXERCISET.30 S _

Iﬁ :dku= -, -l‘!'lu'"‘ﬁ.ﬂ:?- =0, -{"-J| ==3 ﬁu=—],ﬁu=5‘|p~|=_14

'j'-_'_izx-i-r-ﬂ‘f, w = 2-6i @ Gl @z= ot EE @ =12 9 o Q <] Q -1 Q‘E Q i}
- Q[’HEJ (z—1 + 3i){z~1-3i) @ Az +\TD(B2=T0) I @Singulur & Non-singular ﬁﬁingﬂtﬂ: E A=0,+-2
@ -2 @ -aevie- Bt @01 @reoos

——

[ b,
-'ch it is-a solution - @—?i ﬁf} ']‘:t ,,— [15 -10 =21

¢ 1+ - @ +2i [ @ +—+—:~f_ B —2,1i3 2 2
8 8
cunehsccuimeennnny. 3R N

go]—d ml
|
v

- EXERCISE 2.3

Mathenniics=X1 :-jE*l’v?f?
: eI

i3




S @ 13i-21f @mﬁ'-mf Q.ﬁ O 55 |
Srn B OO T,;_i‘
| @* £T-i}' p=-4,q=1 -2+421

Length of AB =2~J’E.unil vector in the direction of AB= —5—-:' + \J—%— i

=78 . |
m ~-1~4 Q components; 3. =3, magnim&e}fi
6 components; 4, 2, magnitude 25 Q components;3-2, 1, magnirudw"ﬁ

Q components; — 1,—6, -3 ,magnitude Ji6 Q %=1,

5




———————

Answers :
,P{_ﬁ 6 2 o, 21.-5}@ pa.2.8) I 27 -47+4k - % -
o | B Eer G s |
(10 | ;,,.E,.,,uy-%hu;'_; +-3|i.' Extemally—37+3% IR 0 - E 5 14 g ’|
Qﬁfﬂ?j. No real value of & u z=-3 m Yes,they lie in a plane: n ? %3 Q] Q%‘
5 :
o O “QIQ-I B

mo & 0.8 . ——
il me .. @a? 9 ®. 0.9

13 13 13
o @ y Q g* r |
. 0 o Q 73 (approximately 99° (approximately) B 2<5u=27 B I._hr = ;‘i " A 8
~ 130 n 7 .
27 = 7B [
21 g T 7 )
m =Ty ¢ _E -,_; Sqliﬂl"ﬂ' Lirirs. “ J5336 square units.

_26 _27
- 4 _ !m-—ﬁ m_SS

215'” QT n uwurk funits 12 uniis
EXERCISE 3.4 =5 :

1. 8 Q 3i Q -3i-2f Q —i+36j+22k
5 :j?%{—H?jﬁk:l Q ﬁ{-ﬁiﬂjﬂﬂk} ' ’ 314
‘@“1@1 i 2 (R €3.2.3,2. 3@ 33555

4.3 Q ~19i-2j+9% i —3i+6+3k 9 38i+4 18k
= O o
- 2 15 Q Jio m ﬁ‘ 1+1+34+5+7+8 Q -1+2—4+3-]52 E+§?+§+?+m i
i+ 4k TL2T _14L e NP : 1 3 :
[+ | :-ﬁtﬂﬂk Q 2i+3j-12 [l 0 Si-j+3k 6‘ 1+[§£}+[3) +£?::‘] v [ 9 1.5.10,10,5.1,0,0,0,.:.
= 35 = VO -

5:+ﬁ_r+2k
Q 10="pe= o , AT
e ’ o 0 1,6,15,20,15,6,1,0.0,0, 0 1,8.28,56,70,56.28,8,1,0.0.0

2
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nel

o « BN EE - B2 Bl e
5.7

m L--— the sequence is 13. 19,24, . _':,25

(0. JEN 10. JEIEE (11 ] 45”“‘"53

Q QuTII Qa +b° B Q % éu%
3.: E

5
Qnﬂ):d,‘#ﬂ 9 n=|5;.rf=§ s g, =0 m 12375
P s.0206:16,12.8 [ 2.4.6.8:8.6.4,2

Rs.280, Rs.260, Rs.240, Rs.220

B -4 R 21978

66 115 801
[N sicfeet BN Rs.d65 3140 T AT laaiT)

-3 !'—_1- 2%

§
ﬂ: 13 :20,10,5 EQEQEW—EQEQ%M—% &+ 77

QDD&SMEM[“QIE 3”'”"'@-? L Ly ) ?1%

4'8'716'32

= '@ 3(2"-1) € EE @wsz@ 65 9‘””_9 192

B O n-15-0 -@ n=9.4,=255=511 € a=3n=6

R l i- y = L E .1.’} ﬂ ﬁ ...4-.!...
By s O €7 95 5
EE: [N~

18,12, 8org, 12,18

24,2 27
e 293—2_.&

[7 Rs. 16384; Rs. 1073741823 m =
E‘lﬂm

Dl @ 2 oy 41 1

Y om— L) — e 1 B —— —— == ——

T % ¥ &' ERTyTTy g meeg
s A=2.925.H =291,G6 = +2.92 44?!‘3—-}1! H =-11.68,G =36
/':'\ }1:.":-'.62'5IIJ':-Z‘P:.H=I-_1I- B - R 16.24
T

% E—EEE mtiandl’l: 12and4 QI 3dnd12;12and3

L

23 31 39 47

ERCISED =
m-_\‘;f;\"-c ”'**b x’%‘.! @b @ @ @b @b
& b \‘* d "} c E @ I, =89—-n

n
@ K=t @gﬁim—u},smﬂs

— e




- 19 " 5.11,17..... and nth term is 6n-l - 156375
n="18or

and 18 (or) 18, 6. and 2 [ 25 BEE 196575 foey

o O O
'@ Znin+1(2n+1)

-Q {411}in’ii'_}_{_"_—2—} b i x

Q n{?.n’-—n]l 0::{]6!15-16:15-2!#5} - A3 100 =101
-_".1_[\"_;_})— - %l{lrr:+3;:+?]|

n(n+1)(2n+1)(n+3) 7. 1 n(n+1)(n+8)(n+9) 4. 4 (320 + 54n+125)
4 4 3

-0—;-{:&1 {n 4+ 3m+1) 0 Al —4-|;|:n+ﬂ|[;r —— |)
EXERCISESIQi i e
1={3n—2)2" .1'{' -x" l}

n+]
-QIH"_EH € T u-a

_ P 50x333
(0|

s M .'En—l 1= (6 —=35)-x)" - E"’-'“—E—-ﬂ""]
¢ Q 2+4(1-1.) 0 =3 ot

(1-xy I.r

- ]+?x+Sx “9-1‘2“-9 ‘]1

A= (-2

EXERCISESIS ==
| K +l:%.n{2n’+3u+3:} Bl 37 ninin+1)
i - +3u aln+1)(n+5) [ 3 2 Lﬁ-ca" ~1)+2n

o -t [ s

+27; iﬂ'a_—l +27n

Mmhemaﬂcs }{I 410

e —

\mwrru

]
Q 2n+] ¥ _é. Q_HIE

m —H["Hl}m"'z} —HI:H+U{H+4}[H+5} u 12 - ”ﬂ -

3 e {1-x)

e nin +dnt +4n-1) n(n+1)(3n" +5n+1)
B 5 B (D gy
Aﬁ'_». n:{ri-'-lf F o nin+1)(4n+11)
R s T I B | @ —_—
—_— 4 1{‘ ) — [

l ; -
éﬁ!” 12 n{n+1)[3n" + 230+ 34) @ %[4;;“ -1y m Q %{HI +3n+5)

23D -5 -y
EXERCISE 6.1

M ».6 i T S mmde Ho

e |, — (= ’er 2 -{” 1! e g

I‘ & 70 r‘%wsﬂé% 360 - A-n Do ds

n 40320 ::.'5-"-_ 5040 {388 120, number of even numbers is 48 n 0 125




=2 Q 335095040 Illazs
H EEE 37500 € 1512
EE 2 B

SEQ 664> 2203 o

Qﬁ.‘o*’—"—lqcs r=:n- 211 .
S O 6. Q unﬁumg 0.98
n'ﬁm - 360 HOE <7 1 I 4‘5'3’4

41’ 1
H-

= @‘ TR 3 ".T"'“i‘
@ 1+ Tay+ 215"y +35°y 4352y + 217y + 7250 + 07y

@ —1J=.-1:f+5}'2+1l.1}'+1{1+5+~-1~5}
e ¥

¥

@sw H-triey P mg.zasgms
c, [HE € 190 @ e @ 2
27
15
(550 @ 70a*b* @ 3TD?1” and 2102 s ﬁ -252:"y°

16

@ There is no constant term. “ 9?24 Q 242
@ 24" +20a°b* +10ab* T, = -885735 [Nl To=—""c.12"4'

u@ 1+ Ql—it+1t!+LI}+
—+ +—6'l: i GEPEY TEF b

@ 4+4.u-_r1+:,1.-‘+.,. 95.0999 1.0{11&5.(}13311
3
nl—‘uﬂv%rr--f -l ’-"11 lﬁ'“‘in



Answers

O o- )" 2, pa)=12. (Y)-7 @7
mo: O O & +5
: ©°

Domain f=R Rangef=R

x+3
9 Domain f=R~ (—4,4) Range f= [0, ®) QT

@ 35 O & - = @ /(=1 O v

®

; S 1}
Dom( _r‘"_l.=R~—{3} Dom(f™)=R {
_ g Range{fj:ﬂ-—{f} Q Rt:ngf{f]IR-{3:>

EXERCISE 8.2

T

I
1
r
It

cesistat

[
1
|

|

T REREE T

Y NS

& R
— __:L‘H 1 I I I -I—I I
FEA R

T s S

By changing the values of b in the quadratic function, the axis of symmetry of the
graph moves in the x-direction

B A5 Vertex: (0,0), y — intercept: 0, x — intercept : 0, Axis : 0, opens upward

€D Vertex: (0, 8), y — intercept: 8, x — intercepts: £2, Axis: 0, opens
— downward

4@&, Vertex: (3, 4), v — intercept: — 5, x — intercepts: 5 and 1, Axis: 3,
— opens downward

'@Wr[m: - 1,-1), y — intercept: =3, x — intercept: 1, Axis: 1, -3,
=~ opens upward

B o) D 0 —0) D ----tn}ﬁ—-~tﬁﬁ---(ﬂ)
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Q"’ Qmﬂ

_ {_"ﬁsa{.ﬂ E
i
H ]
.
.
[ ]
[ ]
4

~
Bl
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o: 0

o
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Lnswers

¥ =i ll%f‘?ﬂ‘ﬂ

(6,-2), (3,0, (4,0); unbounded

& x_

D20 _%\.
-2 k

SR SR R

| (i.il:munﬂﬂd
"\aafl\22

= oare DL -

u"x-lzuhuul'.nius-}.l__ ;

ANSwers

P St

3 Y 4 10
, ,u,r—.al.[-. -—J.{a,z;
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_ @ Maximum value is 12 at the comer point (6, 0).
@ Maximum value is 20 at the comer point (0, 4),

B Maximum value is 50 at the corner point (10, 0).
—— Minimum value is 4 at the corner point (0,2).
Maximum value is 84

at the corner point (0, 43,
—= Minimum valye

15 7 at the corner point (1, 0),

Maximum profit of Rs, | 140 1f 16 bicycies of model A and 10 bicycles
of model B are produced. :

Maximum

profit of Rs. 14000 if 200 units of product A and 400 units of

Product B are produced.




MESEES and 24 lamps

{ of Rs. 1760 if & lamps of model L,

produced
REVIEWIEXERCISE 9.

mo. O O DO

24 and {5 4
- Maximum value of =i5 24 attwo different comner peints | <= o= J )

B Rs: 112, when x=2kg Y=4kg
- Mnmmum vaIue of zis 600 atA(120,0) and R (60,
EXERCISE 10.1
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N —
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S ercise

EE f‘?’* a=3, b=3./3 f=60° A& a=52.7, ¢=136.6, @ =227
@ =550-575 0245

@a ﬁﬂﬁ“'-??i'ﬂc-ﬂlﬂf'%*a 8822°, f=178° ,a=44978

ERE 24 50m [ 52.9° BB 36.3m [ 45.3m [ 11.43m
H 189, 3m% 61.4 feet . ?'Jﬁacm

P D o= 62, b=7.44, c= 1556

u@ﬂ G0° ﬂ‘ 3{}{.-?, 90°

™ o =25° f=123°c=152

i

::@ a=408 b= lﬁﬁ,ﬁ =23.6° ® & =23, y=45°, b =576
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Q a=068b=112 y=15° Q Mo trangle possible
Q 5= 1531, f=30°26", 1= 111014
Q b= 400.00, a=22°39", 7= 16059 R Q a=96°37

& st @77 QT IO I
Q a= 40, f=3167 y=1444° Q p=1264° f=364° y=117.2°
Rl 79cm, 14.8¢m i 1379k apart

B =417 [=64°26, y=T12°1T “ 72.9cm

EXERCISE 11.3

The answers are in Square units,

Q 369.42 Q %3 Q 680 Q 564.7 Q 6.4 ﬁ 355 @‘mﬁﬁz
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@ y=17.5% 0=7.05,b=133 |l Q 27 € s PR 25
ﬁ%} 83.03° [l 57.1cm, 20.84 em PANE 7. | 1155..53_-“ 578 m

EXERCISE 12.1
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] =
. = Amplitude 1 .&\\
@ Period 2, Frequency - . - Sin'x = Tan™ J_ , =l<x< |
l .
9 Peiod4,  Frequency - Amplitade | @ Cos'x=Tar' V=¥ |, g<x<
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, 'QI{E'-FMK}U{EH#} k is any inleger. Q {?’T-b.ﬁ:m}.k eZ
LA 6 6
Q 8= == 4 krr , k any integer.

. Q EE{—-+~.#:#.#EZ}U{~9—+ELJH:EZ}
£ 4

g Q {—+2.uz "EZ}U{f{f+g"m,,Ez}u-{-zjf+2.rm.:IEZ}U{T-r—EM.nEZ]r

3 " 3 L 2

- = T 3:r £ X 08 5=
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Q { k;:'}U{SB +2££}U{~;E+?,k1r}. keZ

: LS ?ch} U{%r-f 2k n’} , k any integer.

o
& {%Hk:r}U{-leM%ﬁ}U{%+MR}U{%’E+4M}.-’cEz
o

Q {%+ Z.rur} U{nﬁﬁf + Zn:'r} UJ[STE+ Enﬂ'} . nisany integer.

i :

Q {E+2mn‘}» g {Iéi-i- ZF’JW}U{I L-’r 1,;;;.1-} m is any integer. . ~
I 5 " o

;@ 'IE +1kx}'U{—,:—r +2.‘:z}. k is any integer. ;

@Ng real solkion. @ { +2krr}'u{ 2kn }, k is any integer.

REVIEW EXERCISE 12
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