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Solve right angled triangle when measures of
twao sides are given,
one side and one angle are given,
Define an oblique triangle and prove
the law of cosines,
the Taw of sines, !

the law of tangents, and deduce respective half angle formulae,

Apply above laws to solve oblique triangles.

Derive the formulae to find the area of a triangle in terms of the
measures of

two sides and their included angle,

one side and two angles,

three sides (Hero's formula)
Define circum-circle, in-circle and escribed-circle.
Derive the formulae to find
circum-radius,
in-radius, \
escribed-radii, and apply them to deduce different identities. *
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Linit 11 Application ol T
Introduction -
1Ll s 5 vanety ok 4R tics, science and engineering
Trigonometry has primarily mathEmEE '
ia 2 umber of academit fields, on used in the measurement of heighs

- erwise measured. For example,
Trigonomely, the earth. Even today, in

4 of ob . B
and distances 01 eed o find the distance uahie. \rigonometry is often used for

i il ; A
spite of more accurate mexhndila'i‘?;:i ?:;a,ding heights and distance of far-off
; : ulation:

plication. It is used extensively

s,

i ancient 0

ohjects. . onomelry is solving iriangles. Every triangle
One of the impaortant usﬂlisﬂf;:i‘;l“am called the elements (or parts) of the
ANEIEs,

has three sides and three & 2 solved when all six cismcnt:slurc knuwln and
triangle. We saY IMLET:;:;I;“'NCFI one is side, u.-ill_ be given and it will
listed. Typically l;u‘;: Th ¢c mha;‘ {hree elements using trigonometric laws and
be our task to I

definitions. ndard lettering for naming the sides and

: 1.1 we use Sid [ : v
As shown ﬁg&n‘:s:d: a is opposite 1 angle A; side b is opposite to angle

angles of a right triangle,  and side ¢, the hypotenuse, is opposite to angle C,

B, where a and b are the leg
the right angle.
A triangle is

usually labeled as shown in figure 11.1

Figure 11.1
The vertices are labeled A, B, C with sides opposite 10 these vertices ul‘;
denoted by a,b,c respectively and the measure of three angles are usually denole
by o, P and ¥ respectively.
1 We begin with, using the trigonometric functions to solve right H"%Im
mﬂ.ﬂgl{'.s. Later we will leam how to solve Lﬁﬂnglﬂﬁ' thal are not nﬂﬂﬂssarl]}' thl

angled triangles. We will also derive formulae for finding the areas of
triangles.

guch

Lni L. 11 |."‘"F““i."" Hap ol Triponoimogey

11.1.1 Solution of Right Angled Triangles

We can solve a right angled triangle provided thag eith ;
(i) two sides are givenor (i) one acute e i ET measure of
one side are given. We consider the cases as follows: B
il y Vhen measurg of 1w sides wry --i'l.slr‘-u B, =[5
E!ﬂll’liﬂ!l‘ 1: Solve the thl_ ang]fd lﬁﬂl’lgjc ﬁkB{:_ a=
imn which a = 15 c=17and ¥ =907, 4
Solotion: From figure 11.2, we have /i y
qinﬂ=i=l§:u33ﬂ e L———DC
e 5 Figure 11.2°
= o = sin " {0.882) = 61 80" = =
since  a+ fi= 90° 1
=»  p=W-a The side b can also be
=007 —61.80° = 28.11° " found by using
P Theorem
Now cosa = f’— t‘zﬁ:mm
= b =cema  =17c05(61.89°) b=c? -t = 177 - (I5F
=17(0471) sothath=8.
=8
Cos i I nensure of "||.-.'-"|:'-1.|-\-' i'I.|"|i'; BE chile fire "IE'L\-H.
Example 2: Solve the right angled triangle ABC, c
in which b = 12, @=70" and Y= 90 |
Solution: From figure 11.3, we have II
»_ @
En 70" = E [,;__, l
o a=12tanM" |2
= |2 (2.74T) » 4 |
= 32.97fi. i‘lr?ﬂ" {
To find the length ¢ of the ladder wehave A< s
12
. 12 -
il R Figure 11.3
or ¢ =12 sec 70°
=12(2.92)
=35.088 f1.
nd 42m from

Example 3: The angle of elevation of a tree from a point on the grou
s base is 33'. Find the height of the tree?

afathemanics-xt, 313
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Tt ] Abpeita e 0
1 of elevation =
Solution: Let the WS =
a'['l.d- [}ﬂﬂhl ﬂf the tree : _{:_
= 1nd3 =y

-

Then tan 6= 25

= p =42 tan 33® i s
= 77.28 a7m
Figure 11.4
is 27m tall.
Exam T:!IF ﬂu]?;hl house 120 ft above l_he sea, the angle
seship pﬂ'll'ltnf: pﬂ':l:{:f is 5°. How far is it from the light house to the
i boat
of depression of 8
e ion ] = -
Solution: Since the angle a[_dcpms-ff 5 = __,_._..—I —TF -
is th acute angle formed by the line of sig vl T
md :j..: horizontal ling’ passing tlunlugh the — . .
a.nm'tinn of sighting. Figure 11.3 indu:atﬁ:s the e ths
Eimaliun. The angle A must also be 5° i
measure. We have
b ¥

col A:i-;ﬁ or cot 5 = 0 |
= b = 120 (11.43)= 1372 f1, approx. ’xf |

Example 5: From the two SuCCessive y i
positions on a straight road 1000 meter /, |
apart, @ man observes that m; an_gle of - )
elevation of the top of a building directly LTIt i ’

ahead of him is 12°10’ and 42°35", How
igh is the building?

hsﬁ?tllignm Let A gand B be the two successive positions of a man on the

such that | 45| = 1000m. CD denote the height h of the building and Jet BC =x

Fipure 11.6

road

e =-E'_ﬂ..= A :—h—*
In AACD we have tan 12°10 =—-=———r =—y
or x+ 1000 =heot12°10° =4.6382 h (1)
In ABCD we have  tan 42°3¢ <A
x
=x =hcot42°35 =1.088 h @)

From (1),(2) 1.088h+1000= 4.6382h
= h=2816Tm=282m

Now from (2) we get
+ % =3068 = 307m

Not For Sale &
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1. Solve the following right triangles,

(1) _~8 (1Y -l‘
~ 4 ftit) 1
" |a 125 I\
-~ A=—"" \a | %10
500 - — bl ;
Pl SN 1 | ==
A — B C € ll.H \.\.
P I AN

[ ]

Solve right triangles ABC inwhich =90" gnq
a=14, =% (i1} b=3.9.,ﬂ=2!.ﬂ*:::-| b=14,c=450

The angle-of elevation of the top of a post from a point on Jevel ground 38m
away is 33.23°, Find the height of the post.

4. A masjid minar 82 meters high casts a shadow 62 meters long, Find the
angle of elevation of the sun at that moment,

5. The angle of depression of a boat 65.7m from the base of a cliff is 28.9°.
How high is the eliff?

6. From the top of a cliff 52m high the angles of depression of two ships due
east of it are 36° and 24° respectively. Find the distance between the ships.

7. Tweo masts are 20m and 12m high. If the ling joining their tops makes an
angle of 357 with the horizontal; find their distance apart.

The measure of the angle of elevation of a kite is 35°. The string of the
kite is 340 meters long, If the sag in the string is 10 meters, find the height
of the kite,

7. A parachutist is descending vertically. How far Suexhe] bse uji;ll‘f;lrlun:. |
the angle of elevation changes from 50° to 30 which is © her:;“' round
point 100m away from.the feef of a parachutist Lo g .

||:.| A“ iBDS::EIE:S lriﬂng,l& has a \lgﬂ_'i_(.‘ﬂl Hﬂgle ﬂr ||:|:8' :],I'Id a hﬂse Eﬂ £m lﬁﬂg.

Calculate its altitude.

— = == 315
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Theorem {(Law of Cosines) Iy gy,

. 4o ansle, the triangle is called obj; ;
e is right ang "ue (@) @ =b P dboeosg T OBLe With usual laejling B

ngle of @ Lri?ﬂgi . oblique triangles.

of the & &5 aF Bl
g-uu:;:.rnﬁ'gmn.? both tna ) & =c"+a’~2cac0: g |
Jii) c'z-=a?-|.b:—2,-;¢cml.r
Proof: Case 1: All (he angles are acye. , |
UL A acute angle in figure 11 .8, ITh is the altgltd: =lt‘nl i
—— 17 o) vertex B, then in1 ABCD, we have, il !
@ ) 2 = by o |
| We see that an obligue wiangle bes f-'-lm";; i AR we e B a5
| 11.7(a)) or .
f . acute angles (figure cosg =2 4
i {!J Bl cute angles and one obiuse angle (figure 11.7(b)) St ?\
i PRI S . d triangles, however, in pites <)
he last section we solved right angled tnangles, OWever, in this and o=ty o
. an e blique triangles. Given three elements of a triangle we wij) Put (2) and (3} i @ n
section we will solve obligue ! ts. Thus; we have the follow; e u () '
find the remaining three elements. ’ wing ot ;
bcaskr-d_ t,ﬂ..1 a” =g —a )4 (b* - Db+ )
five Pgssjhlllllﬁ- " . - I LA e conce -]
s i H LW angle § b diiines
: When three parts of a triangle including at least ﬂ_m REe SR Case2: One angle is obtuse. « is obtuse here ° C
uniquely determined. The five cases of oblique triangles are nABCD  o* =t 4 (psp? 15 Obluse 3
giving =0t bt g o ) Figure 119 i
1. A.A.8: Given two angles and the side opposite (o 0ne of them In ABAD, COS (180°P=g) = & l
y : ; c
2. A.S.A: Given two angles and the included side 7 )
S E=CCOS(1B0P-a) =~ ¢ pos oY ()
3. 5.5.A: Given two sides and the angle opposite to one of them and et b
: =Rt
(3)

4. 5.A.5: Given two sides and the included angle
5. 5.5.5: Given the three sides

Pot (2} and (3) into (1)

- f":={i':—I:}+£=:+x:+‘.‘_‘I:l{.t] =ht et 1= cosa=plact .
In case of (S.5.A) there is not always a unique solution. Tt is possible to have no In both the triangles : g Tan Gt
solution for the angle, one solution for the angle, or two solutions—an angle and angles, we obtained o® =8+ - 2be cos e,

its supplement, By considering angles B and C in a similar manner, we can prove that |

In order to solve the above cases of obli i il
; oblique triangles, we develop speci 3 -
mathematical tools called the Jaw ofcosines, the | ;ir of si nef the law of tangents. b =a® +c* - 2accos § :
(a) The Law of Cosines ¢’ ma’ +b’ ~2aboosy |

In thi i - y e - 1 .
S u;‘ﬂ'ﬁ;qiﬂ;?m l;-fe Will derive the law of cosines and we use it to solve the }:" fearranging the formula we can express the cosine of the angles in terms of
angles, three lengths sides of the triangle.

Not For Eai
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§£.5.5. and 5.A.8,
possibilities could be
tackled by using cosing”
law, However in 8.A8,,
where two sides and
included angle is piven,
it s necessary that the
given angle must be
less than 180%.

Jest angle of 2 triangle whose sides measure

Example 6: (S55): What is the smal

25, 18 and 21117

lution: If 7 represent L e. then ¢ (the side opposite) ¥must be
Solution:

he smallest angl
b - _ (S +Q) 08 oo

the smallest side, so ¢ = 18. Then cosy=——" ==Zmman

s y=cos '(0.707)=45

Example T: (SAS.): Find ¢ wherea =52, b= 8.3, ¥=38.5"

Solution: 7 is the angle included between @ and b.
=gt b =2abeos ¥
= (52) +(28.3)7 - 2(52)(28.3) cos 385
=t 018.355
=¢ = 30.30 unit
Example 8: A body is acted upon by
95°35" with each other. Find the magnitude of the resultant of the forces.

the forces 10N and 20N making an nngle

Solution:

L L e —
 omall>d ? iy == _/-.'_ % Ié‘lﬁid't.m[l]t":'}';_‘?ﬂ fri
e . Tl & e .

U_ﬁit' “- i Application of Trignnnmey "

The forces of 10N and 20N are representeq by sides of parallel
Ogram.

Figure 11.10 (k)

The resultant R is the diagonal of parallelogram ABCD, Hence
R = (100 +(20)° = 2x 105 20 cos(180°- 25° 35)
=860.TEN =R =203 N.
Eximple 9: An equilateral triangle is inscribed in a circle of radius Sem.
Find the perimeter of the triangle.
Solution: Let O be the centre of the circle. Join O
with vertices B and C.,
In the equilateral triangle ABC, we have

ZBOC = ZA0C FAAGB=%GED“}-|.W
05[] s

Using cosine law
B o8] ] 28] oo

=5%4 5% — 2w 5% Sens120°
=+/75 Each side is Ji5em.

Hence perimeter of AABC =475 + =% 475 =W75=153em

(b)  The Law of sines ‘
% In the last section we discussed the two possibil
angles
: Illsl‘i?s. ssc‘zion we will consider the fourth case ASA or AAS which is one’
case because knowing any two angles and one side means knowing all Ii!; three
angles and one side, The law of cosine does not work where at least two sides are. |
needed, We state and prove the law of sines for this purpose.

ties of solving oblique

A athematies=Ad
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ABC with psual Jabelling

mis A sin ¥
Theore Siﬂasslnﬁﬂ‘_'_'_

11.12

gwn in figure
g as sh .

[ upx
(i) Y is obiluse
(i) s acute } Figure 11.12(b)
1.12(a : L
lfi;ur:fllh: u:angl: with base CA. Then in figure | 112
Let h = hieight

AR | Solving for )
sinﬂ=£‘~lﬂﬂ5'“?‘3 i :
c *
,'m—.*n:.‘as'i:l'li.'lrl".lllj h=asn} .
dngz ST (1)
Thus ¢ sin@=asisy = =

b= a sin(180°-7) = asin ¥ and h=csine

In figure 11.12 (b)

Hence ¢ sina =a siny

Simjlarly if we draw perpendiculars from the other two vertices on opposite sides
1

of AABC we get -
sing _sin @
a b
g Snf_siny (3)
b €

Combining (1), (2) and (3) we have

U_Iii'l 1 1 Application o CTriponamen

Example 10: For a triangle ABC, given a =

; 30, b= - ;
Solution: Using law of sine 70 § =85 Find .

sin &f _sing
i ]

gL sin £5°
— sina = 3 x T =04269 =, ao=25"6725"

Example 11: From 2 point A the angle of elevation of the 1 -
1 Cips op C of a tower is 28°,
From a mnd point B.’ which is 2200 fi closer to the bage {:I:Iht tower, the angle
of elevation of the top is 66°. What is the height h of the tower? '
" 7

-
' = R ey
D B 2200 fi A
Figure 11.13

Solution: For AABC, AB = 2200, £ ABC = 180°-66° = 114° and £ BCA=38°,
Applying the law of sines to A ABC, we have

§in38" sin 28"

200 e
Thus a= 1678 ft, approximately.
Now for A BDC, we have

sin 66° = x - .ol
a 1678
Thus ] = 1678 sin 66° = 1533 fi, approximately.
Using The Livw of Sines for SAA Trisngles
B5*
AW00 - (03 ¢ 503
AmAS 7 a

Al henuaticel
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ation of Trigupomee:

Uinit 11| Applic

- : in which .
12: Solve the triangle In ROk im0 igaa i |
Example g, f=12 and a=120 . and sin —=sin g = 260 zﬂ mazﬁ £
F m"‘ - we ggl !
Solution: Since a+f+ J":J o 21° Use the law of sines to get b | :
y= 180°-121"- ath _ §
.= a=bh =2
S-iI'IF T osing 11212 |
o ot g _. bp=20x f:._‘."nl_:m;.. = 28 approximately,
R l—— 1
sina . 3 ; n=(y- ’
g | Use the law of sines again but this ime using a.' :rnm gel Similarly and |EEESS sy
g . a s =0 xm“ﬂ =116 =12 uppmximm;y_ i | 1 'hi?}-ﬁ?
i e = 8 =g —— N AT sin 38° i ;
! }1 siny  sin@ sin @ I'hese three relations are known as the law of tangents. Note that the
I‘i interchange of lengths a, b result in the interchange of angles &, §. Henece if
fi (c)  The Law of Tangents ' bxa then it is better to use the tangent formula in the form.
IR ; I
' Thearem: In any trlanglﬂlﬁﬂ':r show that Ll bra _ B3 : :.
@ ath _ tia2 (41 (ii) bre =+— b :un-:;{_,ﬂa-a} .I
i —= bt oL : 2
a=h tan-lilﬂ-ﬁ} l.ui?t.ﬂ ¥ Example 13: Use the law of tangents to solve the triangle ABC in which :
a=925 c=432and § =42°30'.
|
1 P tan = (& =)
) ;M Solution: L S _%__._
“1' 7 s hll‘i‘ﬂ"i‘”

R unlz{:-f-m
ines i ; Buta + 3 =180"- 8 =137°30" = L(a + 3)=68°45
Proof: By the law of sines in any triangle ABC g == (o + y)=68

i

|

|

| . = b = .L- =

' sina  sinfl "o 10 Hence
1

1
ing sinf  siny ; 915-432 _ Bgl@-p) !
sin sin PN 5 = —2i_
We have . / \ " 25+ 4I3? 1u.n{{;$ 457 i
a=Dsinand b=Dsin J a/ Therefore :;.ﬁ.zm_?ﬁ%x 25?15:“-9'3:?‘%{:!—}1 =43°7 = a-p=86°6"
, a+b=D(sing +sin §) (1) . 3
| [ ow + 3 =137°30
|- a-b=D(sina —sin ) @ ¢l —— ! i
| From (1) and (2) ; e -y=86%
| ath _ sing+sinf Figure 1. By addition 24 =223°36
| a=b  sing-sinf a =111°48
sin@ + sin f = 2sin MEQ‘EE-—‘E ' y =25°42 ||

2 2 |
Ak Alaihematic-xl 323
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ines
To find b, WE use the 1aw of sl

c

b B
sin B sin _____“'..?.‘.2__..- 5in4_2°3ﬂ' — 673
b= _£_sinf = Guasa? )
siny

mulag ar rf i when th
H’“wh“ eful to solve 2 triangle ;
@ half angle formul ﬁ;" l{i-m and mo angle is known. The
The ang en ¢

cosine ides

of Half the Angle in Terms of Sid

a ke triangle ABC, show that | .\

Theorem: In any = | |
2

[ S{S_'uj cos—= = \
c‘ﬂ:—is —'—'_'EIE -

|
¥ Eﬁ_:ﬂwmfcssim-rhu}
mﬁ_’fs ab

it £ \
'ws=l{ﬂ+b+=’} 7 .T) B _— :
" 1

Uﬁng the law of COoSines i
pract-a’
e

cosa = 2he

[
Butcosa =2 Cm1—£~1

F
praci-a
. a ., _
Hence EDD‘S!-E-'I— ._-Ebf._-_
2 2
10 _ hlq-c:_a'! o =|:ﬁ+f} a
= 00 E_- be be

sritten as
The numerator being difference of two squares, can be Wil
L [{b+c’]+n][{b+c}-—u!
. _EE e
Since a+b+c=13 :
and b+c-a=28-2a=2S5-a)

e
1@ _ S(S-a)
e - or

Hence 2 ml%z

(it LA HplEatinn of Trigbnomeiry

&

Asn £ 5 15 ameasure of acute angle, the value of cos & will be positive.

2 - J8¢=a)
Hence, jeos > _,JT

gimilarly we can prove

g i ]
sz JT

e

N
ab

@)  Thesines of Half the Angle in Terms of Sides
Theorem: In any triangle ABC, show that

(1

-

b

. f{.‘:.'—ﬁ]{.!l-‘-c]
Sll'i—_"?'= b"{ -
i [G=aS-a)
2 ac
sin-§= w,wﬁtms:%fu+ﬁ+c} ,":i:)
Proof: cos& = 1-2sin’ % u/ |
"t Fd
Henece 2 sin® % = l—coso / E‘
) PO e . e Ui 2 L2 : LV
- 2be Zbe Figure 1116
_ (a=b+c)la+b-c)
- 2bc
Since a+b+c=28
50 a-b4c=25-7b=2(5-1) and a+b-c=25-2c=2(S-¢)

Substituting these values in the above equation

g @ AS-b)x2AS-c) o fl{S—bHS-*r}
2 sin -E == ——Zbc =311 ] 3 __'_-_bc

to 2 i B S
Again sin % is measure of an acute angle sin = 13 always positive

Hence @  [6=DX8=9) y
e E111] ) e T be




plicalith AT Triaonemetes
P i

(S-S —al
mfé..s “55-B

T5-als—b)
m.-:s -_-E-I:"S_.'_EJ_'_

B3

1
~{at+b+e)
where s = 3

|=

&in

o
Proof: 7

(5 -c)§-b)lbe
= m.n-z- - S{S—lﬂf“

L]
8
3| &

=]

..ak i (5—.11.5-!:-‘:
B (§-cH5 =8| and |50 a |
o ae
2

gle jn Terms of the Sides

-
¥ (§-b)}5-c)

= Bao= %
| = ¥

. e (S—c)S-a)
imilarly 2 S(5-=b)

e 5(5-¢)

e
Yoo (5 —a)(§ &)

Now

i (3-q)

Denoting |5 =9X5~

}

|

BHS=0) b . we get

A
"
AN

Figure L1.17

A

(by (1) and (2))

(3

, i e gel
if we multiply and divide the right hand side of (3) by {E=a s
a1 [G-alS-bXS—0)

Example 14: Solve the triangle ABC wih ¢ fhe o
bt oo b 5:;1 usual notation for its sides given that

- =] 1
Solution: 5= 3 la+b+c)= E{qu. 55+ 50)

=90
S0 S—d‘:!}ﬂ_?j:]‘i
S-b=90-55=35
S—c=9%-50=40

Using half angle formula

a _ [st5-a) _ [9005) _ |
2V ke Y (55)(50) =0:700649 i

cOs

- =453 or =912

g S5-I G035
== |— = | =
ARG SOk = Juxsu 900

a

2

B~ 2 — 4o
= 2—2.3 5, f =471

Hence y=180"—(a« +4 )= 180°-138°17 =41%4%
QEXERTISER2

L. Solve the triangles with dimensions.
() a=209,b=120,c=241 (il @=120,b=240, y=32°
i) @ =100%c=345, 7 =564° (iv) a=245,c=438, f =112°
W) b =16, ¢ =32a=1000 (Vi) f=39"30",y=34°10",a=240
Vi) @ =35°, # =70°, c=115 (vii) @=37.5, b=124, §=T0°
ix) b=125,c=23,@=38°20 (x) a=168,c=319, A=102

Find the angle of largest measure (Using half sine law).
i a=74,

b=52 and ¢ =47
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Unit 117 Application ofTrigdnometes

i)y a=T, b=9 andc=7

(i) a=23, =15 andc=2.7 . |
. 3. Solve the triangle for which length of mﬁ'dﬂ"ﬁﬂ'““-msmg alf cosine

AW

Iii])asﬂ. b=7 andc=3

(i) @ =L.2, b=9 andc=10

(iii )a =6, b=% andec= 12

4. Tins diagonal of a parallelogram is 20cm long and at one end forms angles 200

and 40° with the sides of the parallelogram. Find the length of the sides.

Two planes starl from Karachi International Airport at the same time and fly

in directions that make an angle of 127° with each other. Their speeds are

§25kmv/h. How far apart they are at the end of 2 hours of flying time?

A city block is bounded by three streets. If the measure of the sides of the

block are 285,375 and 396 meters, find the measure of the angles of the street

make with each other.

7. ‘The diagonal of a parallelogram meets the sides at angle of 30° and 40° If the
length of the diagonal is 30.0cm, then find the perimeter of the parallelogram.

8. Use the law of cosines to prove

(b+e+a)b+c—a)

(1} 1 =

; T Zbe
@ jecma=i=ttelatb-d
¥ 2

11.2  Areas of Triangular Regions
To find the area of a trdangle ABC
we discuss three cases SAS, SAA and 555

separately as follow | .

(a) Area of a tdangle when two sides v

and their included angle is given, ,j’ o i
From elementary geometry we know A - G B
that the area of a triangle is equal to Figure 11.18

Uit ILLAeptication of Trigonuineiry

one half the product of measure of the
11.18 for the triangle ABC. Lct h be the nzﬁuﬂfnf“;‘g of altitude. In figure
¥

Then arca & is givenby A = -1. [ABYR)
. = A
But since AB =c and 5 =Sin & orh=bsin e

A=

B[ =

hl =l 1
c{bsin ) 2 be sin o (1)

Also hcnnbcwrir.;ten as %=5inﬁ orh=g gi_“ﬂ'

gp that A becomes: A = — {cj (asing) = —ﬂcsm,ﬂ
2
Similarly by taking other md:s of the triangle ABC 45 base
We have A= ; ab sin ¥
Hence the area A can be found by either formula
1 ¥ 1 =~

A G ab sin y = = acsm,.!_l'=-|£bcsintx

This shows that the area of a triangle is

‘Dnzhalfmepmductuf themaumnftwomﬂmdﬁ. ;

(b} fﬂxrea of a triangle when ﬂ'u: Teasure nf one side and measure of two
angles is given (SAA).

. i ;
If in the formula 5 4c sin # of the area of a triangle one of the sides say ¢ is not

known we can replace it from the law of sines.

We have
a b ; asin
e —] _" — c= ",—'—'t
Eine sin 7 sy SN

So that the arca is now £iven by

2 A= 2 sina} s
A 1 a sin,_Ei’s:inr (2)
2 sin &

Aathemeakics-N



Using ball k'::rmF};T_H Jﬁﬁ' ~ JS(S—-aNs -5 =c) (3)
e ®
as Hero's formula (alternatively known as Heron's
fmown
This formula is :
the above mentioned formula,
formula). f a triangle by using LIS il b

now find the area
E::mpl: 15: Find the are

A -_-—I'hcsi-“

o of the A ABC where a=18.4°
= -{154}f111}{5in 18.4%) = 5128.349
Solution:
decimal pla{::s the area is 51
le 162 Fi dlh:amaofarrmng
E"F;::il; the ﬁﬂ“nmgla is 24 inches long. ]
Sotion:  Leta =20% 8 =30 =110
Now b is given which is 24 inches
Hence the area Ais

_| 1$|ﬂﬂ3m?
A= smﬁ

L (o4 2sin20%sin110° _ 120,83 square inches.
2 sin 50°

Example 17: Find the area of a triangle having sides of 43
Solution: Since three sides (but none of the angles) are known,
formula to find area.
Let a=43,b=89and c= 120, then

§= %{43+39+11ﬂ; =126

28.35 square fect.
fe with angles 20°, 50° and 1107 if the side

fi, 89ft ;md 120t
we need Hero's

A = 1260126~ 43)(126-89)126-120) ~1523.70
To two decimal places the area is 1523 square ft.

|
ic

Application -_.|"|'1.-ji._.!,r_m”h_‘n

Example 18: What is the vertex ungl:uf an isosc

are 13ft long if the area is 50 fi* eles triangle whose equal sides

c
solution: Area A ABC= —z-ub sin ¢
50 = % (13)(13)(sin c)
. 3 13
sinc= s =0.5917 )
c = sin""(0.5917) = 36.3° b
= 36°18 Figure 11,19 "

S EXERCISEM.3

1

. Find the area of the triangle ABC in each case

{1) a=15 b=280 y=18°
{ii} b=14 c=12 =82
jiiiy a=30 g =500 y=100°
{iv) b=40 = 50° = 60°
(¥ a=10 b=8.0 e=20
vy a=ll b=90 c=80

i b=414 c =485 a=49°4T7
viii) a=32 f=47°24 ¥=T70°16"
(i) b=47 a=60°25"  y=41°35
(x) e=57 a=23"24 B=71°36"
$.4] g=0925 c=433 ﬁ:ﬂ“f?’
(xii) a=92 b=T1 y=56°44"

2. The area of a wiangle is 121.34, [fa=32°25), f=65°6S' then find c and angle 7.

lﬁ
3. One side of a triangular garden is 30 m. If its two comer angles amzlipnd
1® .
8. 2+ find the cost of planting the grass at the rate of Rs. 5 per square meler.
4. A new home owner has a triangular-shaped back yard. Two of the three sides
Measure 53 ft and 42 ft and form an included angle of 135°, To determine the

Mathenratice-Al
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[rioonomelrs

ymnlication of
] 4, the owner has to know

L pit 1]
nearest square foot.

e

yard to the

—— with Triangles )

113 Circles Cﬂnﬂ:‘-:ih: A circle passing through the vertices of any triangle
1131 (a) Clrnl ircle, The measure of radius of this circle called
iz called _thﬂ :i“d i< denoted BY R. The center of this circle is called
circumradius

m::;mr is the point where the right bisectors of its sides meet each

e ci
other. a triangle and touching its sides is called

ipcle: A circle drawn inside gle

:II:: incirl:?l:;tswcial:d with the iriangle. I8 radius 1
is called incenter.

The student knows

which internal bisectors of the angles of a

(c).. Escribed Circles: A circle, W

Htt?ﬂalljf, and the other two sides internally when pr

le.
circle u;iﬂ u?:m E-un:;ccirclus. touching the sides a, b and ¢ externally. Each
circle is associated with the side of the triangle it touches externally. The ma&?lﬂ_ﬁ
of the radius of the circle opposite to the veriex (touching side emmﬂj,ml;
denoted by rand measures of the radius of the circles opposite 10 Y

and C are denoted by ryand 7, respectively. The centres of U

g called inradius and its center

from elementary geometry that incenter is the point ot
triangle meet each other.

hich touches one side of a triangle
oduced is called eseribed

ex-centres are similarly denoted by 1, , T;and ;.

The ex-centrel, with respect to the vertex A i
the external bisectors of angles B and C and internal bisector of ang

s the point of 1N
le A

hese circles called

gersection of

Uit I Anplication of Trigonaim ey

11.3.2 (a)To find circumradiusg
for any triangle ARC

(i) To find R, the circomradigs
a side and its opposiic angle, i FiApgle ABL S Jerms:of imchsmre ol
Let O be the circumcenter of the trign

meet the circle at D, Join C and D gle ABC. Join B and O and produce it to

; _— ‘. &
A P A
.-"-:_."I. ] ™ "-.__. :_.r' L ::;-_ o ,/" // i % : ",
B & 0\ * [ B"'}"'F = i ™ 1ll
|_: — ""_.l‘ I.'"__ ::.. O 5] B_- i S—— —ic
o o - 2 . ’ !
i) ) {II}I e . ....___‘#_/

' (iii)

e , Figure 11.20
Figure | 1.20 (1), (n) and (i) depicts the cases meas
obuse and right angle respectively. S Sl
Now measure of 8D is the diameter of ci i
e circume
<l meircle. Hence
mBc =a

In figure (ijm < BDC = a<Z
2

‘ Hence —— =sin £ BDC =sin @

mB

So =g
T I ix (0

[ s o y
n figure (ii) £BDCand Za are supplementary angles because they are made
by the same chord BC i i BAC

same chord BC in two opposite arcs BAC and BDC.

Hence
mBC ? &
" sin < BDC=sin (n-@)
=5in & (2)
In figure (i) o =%

Not For Sale
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ol Trigonomeirs

Unit 11 Application

Hence in this cas¢ A ]
—-----""E =1=sin F _gin i 7 = si0
BD .
mﬁw three situations jead 1o lha ccmcl_n;snm s
Hﬂ'ﬂﬂﬂaﬁ -'-'R’:__E-_—: —_—= 7
m=-2— o [REgiaa" 26nf
sin & )

f sides of a tria
4 the measurements o ngle
5 jus in terms of
Circumradi ved that

i)
® We have already pro (E-bN5-€) 4 {5_.__{5 =..
Z-2 '—"_'E_-_- be

-
Sin-ﬂ ::25"] Emz

— S BNs-c) _ 24
_ WSE-alSTR = = 0

be
R el
R=-—""%T4

- FE-a6-hE-9 _ . |
where [-‘5 i ;:nd IZ:H circumseribing radius for a triangle whose sides are 3,5 and g,
Example 13

Sﬂ!llﬁﬂg:_ ath+e =_:!_'L5_tﬁ.=7

Sz 2 45

abe = Juixb 9% _ A 3 Cioodon
e 4J5(5—a)S-bNS—¢) T 410 456 2456
(b) Tulludlnm&lm‘rmunruhngie&ﬂ{:
_ |(s-a)§=b)S~€) .
We shall prove i e X

where S = %{a +b + ¢) is the half perimeter.

. Let the internal bisectors of a triangle ABC meet
at the point O which is the incenter. Join O with
vertices A, B and C, We obtain three triangles
OAB, OBC and OCA. The altitude OF, OD and
OE respectively of these triangles is a radius of
the inscribed circle. The bases of these triangles
are sides of the original triangle. Then from

figure 11.21
Area AABC = Area A AOB + Area A BOC+ Area A AOC

l ““ 1L Applictog of Ttie

BOT i 61

Hence r= ——

If we write. & for the area of wriangle ARG
[l

=4 S

r=—=
o e 0 )
L S

Example 20:

7, 24 and 25.

Solution: We must firs calculate the hal
Sm Tthte_ 7424425 36

F d [ i i
I 1 f 1 E 1n Ed mai & EI h’ﬂ
Iy I‘L‘:Il[ Uus o Hl: cle mljh TIangie w 3&5{|E,5ﬂm

f perimeter S,

: ==
Then r= [B-TNB-2W2B25 ' fieams !
1|| 7R ___'.HI_T= vi=3

Example 21: Prove that i 1 .
In any triangle ABC r=4R sin % sin £ s

Solution: R.H.5 =4R gin g §in -'g sin X :

2

N -
= Hobe) (5 S-0) o [G-akS=0) , [G=aXs=h)
¥ ae T

b3 |

44 be

[ (8 —aVirs—hiire —mid
;i{"ht'? _I{-‘s a) r51 b5~

a'b'c

(abe) % S-S —bNS—c)

1
A

[}

1
LS S . 1 - A
38 ARG~ = TRk

A &= §(S-a)§ -b)S~c) .

(€) To find the Radius of e-circle of a triangle

Let O be the e-center opposite to the vertex A as
shown in Figure 11,22

Let LM and N be the points at which the e-circle
touches the side BC externally and touches the sides
AB, AC when produced respectively.

Then from elementary geometry OL, OM and ON
ire perpendiculars 1o the side. 5C and sides AB, AC




1ol rimnomet s

. Jaljeatine
Unit 111Aeene o the e-center O with A, B and C.

Joi
uced) wgpecllvbl}'
pl‘Dd =m oN="H

(when
OC - Area A BOC

m OM =
Clearly moL = i
Arca AAB o A AOB + Ared
2 - ‘?m Ihr——ﬂr-iq{c-rh.,m
oCgTgT R
1 _::r+b+::
ﬁ-l—r,{zﬂ-?.ﬂ}whcres-_.—-—-
2 -
i BC s
Thus the area A of u‘mng,[-::,ﬂ«;‘th

A=g(S-3)0Ni" 54

i the e-circle touches side b directly but sides a, ¢ yhy,
o 1
+ Similarly ﬂ

produced. . n
; d with vertex C is given bylp= .8
The e-radius r; of escribed circle associate b=

i ith measures of the «
i . and r forthe triangle wit Sies
Example 22: Find R.r, R I
5, 12 and 13.

Solution:
Let a= Eb.-]".l';m-dl.-m

g= _[5+12+]3}:

2- o —
A = JS(S-a)S-b)5-€) = JIsx10x3=2 =130

(abe) _ 5¥12x13 _ ¢ 5

:.‘45 430
A 30
r=}§'= E = 2
15
Jh = o0
T%5-a " 15-5
. 30 ’
om0
"=50 T 1512
_ A 10
T 15-13

+2:3
§ i a l r R -l
Example 23: Prove that for any equilateral tnangle e h . denotﬂd by ¢

Solution: Let the measure of each side of the triang
§= CHete _ 3

2 2

Uit 1 Apnilcaiionr Teiginamee
. %

Area of the triangle js given by

ide 3
ﬁ=~T=:1_r_____‘__¢r
3 a
Nz
4
r= E— "Iﬁc: 2 [
=s=2r ki,
¥ 2.
\".;:
L .
Now =—— =-4_ o 33 2 5
1 | L 4 =
A ¢ 3
2
- o
Hence r:Rin=-S... €. A%
23 B2
=

Example 24: Find the area of the ineec i
i & inscribed
measure 7, § and 9 unit, kihikp

Solution: Here § = 1+8+9 =12
5 — =12

of the triangle whose sides

Area of triangle with sides 7, 8 and 9.

A = {S(S-a)f5-b)S~c) = JiTxsndn3 =2683 it
A 2683

r = E: ---t-_’— =224 it

Area of inseribed circle =t = (3.1416)(2.24 ¥ = 15.76 unis®

& EXERCISE A

. Compute the in- mdlus {l‘.'l' and circum-tadius (R) of the wiangles 'u-hnse
Hldes arg ““"Cl‘.l

(1) 3,56 (i) 21,20,29

2 F:ind the area of the inscribed circle of the triangle with measures of the
sides 35m, 25m and 70m.

3. The measures of the sides of a triangle are 20, 25 and 30 decimeter. Flnd
the radius of the described circles

(it} Opposite to smaller side

(i) Opposite to larger side

Alathematics-N1




(i1) abe(sin e +sin B +sin Fi=44,

A
s Show that (i} 2% = :
v ﬁ1|1.| R = 3 -
< ngle AB ) 3
5 i‘m-.re that for any triang 4R it) b rary 1 = 82
(i) T]|"|'":+r-'~ ]
fiii}rrl'*",;*;; r
Show that S =Stan-£ ) remSiaaZ
" san— N 2 -
C (i K= - .
f . :;Ic are in the ratio 3;7:8. The radius of the inseribeg
. ridn :
7 The sides of a o <hiha tnan_gte

008 he correct pption. o : _
3 Chf“nc]t :1 Lm, iriangle ABC, find bifa=2,¢ 5, a:ﬁ_l =
fi)y In fﬂ? fh) 3 2 | H%ﬁ_-h
a) | ent store makes an angle of 457 with the
o mul}latirl:::; ifi:l?:r;:::n}amr if it carries people a vertical distance
ground. HO :
24 feet? s
;' @ 1242f 2142 1t 83 fit i
. 1fin an isosceles triangle, 8 18 the length uﬂ_l}r: base an
s ;ifnugll;nc:f?gnc of the equal sides, then its arca 15

a-b =
e

b =
a H) = 2 .3
() ‘4_1,||4b2—-32 b 4 4b'-a

H -1' I
ivi If Heron's formula is used to find the area ::_r!' trii*ll'l:ilf
- a=3 meters,b = 5 melers, and ¢ = 6 meters, W

l’}
shows the correct way to set up the formula® | /]E

P
@ a=7J10)(12)(13) (A= J4)(2)(1) G\ﬁ/
(¢) A=\[1(3)(5)(6) ) A=J7(4)(2)(1)

o
(v} Inthe adjoining figure, the length of BC is

(a) 24/3 cm ()33 cm 30
(e)4+/3 cm {d) 3cm

e ABC having
of the following

.

(vi) If the angle of depression of an’oh

lhfzn the distance of e object fmmj?;lc {;‘;::ig SR g v 30
{vii) i‘;;zspnﬁ;rgf Ct:-j 50 43 m 758 m () 150 m
triangleis et CrEY Of W right bisectiss of the sidec-of & :
1) Im= .

Wimc::::‘; nmatig?:tf-;i:lir (1 Circumeentre. (¢ Centroid .
A Al abe A
2. Solve the triangles, = abe ]
(i a=07, ¢=08,f=141"30 a=34, b=23, =58 .
(ila=156, b=18, y=35°10 a=48, b=, p=s571° |

M b=35c=37, 2223225

la=584, B =372° y=100° {
ye=13.6, =30°24", § =72°¢'

- Find the measure of the smallest angle of the triangle whose sides have

lengths

4.3, 5. and 6.3 3,42 and 1.8

Find the measure of the largest angle of the triangle whose sides have lengths
29,33 and 4.1 6.0, 8 and 9.4

The sides of a parallelogram are 25¢m and 35cm
long and one of its angles is 36°, Find the lengths
of its diagonals. '

e

sm,
A man is flying a kite. He has let out 50 m of [}
string, and he notices that the string makes an angle _ j -
of 60° with the ground. How high is the kite? ® 3

- A robin on a branch 40ft up in a tree spots a worm at an angle of depression of

147, From a branch 15ft above the robin, a crow spots the same worm at an
angle of depression of 19°. How far is each bird from the worm?

The angle of elevation of a building is 48° from A and 61% from B, If AB is
20m, find the height of the building.



