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TRIGONOMETRIC IDENTITIES OF
SUM AND DIFFERENCE OF ANGLES
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Use distance formula to establish fundamental law of trigonometry

o cosfa-fi) = cosccosf + sinasinfl, and deduce that
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Prefine allied angles
Use Tundwmenial law and s deductions to derive irigonometric
eplinal solution eatios of allied angles

Lispress asind + b cost) in the form rsin{® +¢ ) where a = rcos g

il b= rsing

Derive double angle, hall angle and triple angle identities from
fondamental law and its deductions.

xpress the product (of sines ind cosines) us sums or differences
(of gines and cosines)

«  Lixpress the sums or differences (of sines and cosines) as products
(of sines and cosines) ; : 4
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10.1 1]: ?pmiuus class some basic I!r:xgonl::rn:iclfic ir.lr_:nt:'tijzslhmrc been Proveq
and applied to show different uigunuuim:ﬂc re:h_muns. Thl?dl.m |lt 1: 54 c;anununu._-,n
of derivations of different trigonomietric identitics. These identities play an
important role in calculus, the physical am_l life sciences Iaml economics, where
these identities are used to simplify complicated expressions.
We shall first establish the fundamental law of n‘ig.unonwn 50 25 10 be.

able to deduce other trigonometric identities. !
10.1.1 Fundamental Iﬁi‘l’ of trigonometry
cos(er— ff) =cos ereos f+sinasin f.....(1)

Alt0d a, i )
Bleos [\, wn )

D eoadr- ¥ Linu.;.l]
Consider the given unit circle with _" i
centerat 0. : S G

To establish the identity (1), we use the unit
circle shown in Figure 10.1. The angles a

- and B are drawn in standard position, with -
oA and 08 as the terminal sides of o and §,
respectively, ' Figure 10.1

‘The coordinates of A are (cosa, sin),

The coordinates of B are(cosp, sinfi). o

The angle (o—p) is formed by the terminal sides of the angles a and B. An angle
equal in measure to angle (a-f3) is placed in standard position in the same figure
(«£coD).

From geametry, if two central angles of a circle have the same measure, then the
mmtivc chords are also equal in measure, Thus the chords AB and CD are
equal in length. Using the distance formula, we can calculate the lengths of the
chords AB and CD.

The length of a line segment with end points (x,, y,) and (x, y2) is given by the
following distance formula v

d=|RE|= =5 +(y-y) .
We apply this formula to the chords AR and €D

*As | AB |= | €D |, s0 by distance formula,
\J(cos @~cos B + (sin @—sin AP = J[cu-s{a-ﬁ}-]]z + [sin(e - B)F

gquaring each side of the equation and simplifying, we obtain

o< 7+ 605 - a1 Lot
= cos’ @ —2 coscicos B+ cos® B+ sin e sinaesin B+sin* g

= cos’ (= 1) =2 cos(x— ) +1+4 sin* (e~ 5

= cos’a+sin @+ cos” -+ sin’ f~ 2cosarcos - 2sineesin B

= cos’ (= )+ sin’ (@~ B)+1-2cos(a— )

simplifying by using sin’0 + cos’0 = 1, we have

2—2sin aesin § - 2eosacos f =2 - Jeos(ee - ),

Solving for cos(ce—f), it gives us

cos(er— [7) =coscos F +sin e sin 7

We refer to (1) as fundamental law of trigonometry.

10.1.2, Deductions from the fundamental law of trigonometry

The following can be deduced from the fundamental law of trigonometry
which are useful and play & significant role in proving the other tfigonometry

identities,
i cos(—f)=cos i

By Fundamental Law of Trigonometry,
cos{or— fF) =cosacos J+singsin §
Letting ar=0, we get

cos(0— ) =cosOcos F+sinOsin §
cos(—fF) =1-cos B+ 0-sin ff

cos(— ) =cos

(ii) ms{% - B)=sin B

By Fundamental Law of Trigonometry,
cos(a— ) =cos acos f +sinasin

i L
Letting e = e get

i . T
cos(—~ fi) =ms~"2£ms f+sin—sin




¥ = i £=ﬂ.sin£=1J

:ws{i‘ﬂ}-ﬂ-mﬂﬂ sin [ e 2
cos(Z~ ) =sin f
(Hil) sin{gﬂx} =C05 ¢
By identity (i), msiguﬁ} —sin 8
Letting E:%m, we get .
ms(£ _[£+£]] =sin [Ed- R’J = cos(—¢r) =sin [£+ ch

2 \2 2 2
=5 cos @ =sin ( gﬂz] (- cos(—ax) =cosa)
-‘-sim{g +a)=cosa

(i) (@) cos(+0) =-sinx (iv) {b) sin(-@)=—sina

By identity (ii)

By Fundamenttal Law of Trigonometry,
h
cns[g - ;’ij= sinfd

cos(ar— ff) =cos rcos §+sin ersin §

Letting .5='-§.wegtt

& Setting f=-a
cos(a—{- E}} =c0s§ o:cos{—gj +sin -:rsin{-;] " _
< nns(-z--l-a]: sin{—a)

="¢°ﬁ(ﬂ+§J =cos@0+sin a(~1)
By using(iv) (a)

ooy B G, e 0
[.ms( 2}_ﬂ"sm{-5}"-ij it )

x i
W UU‘SEE +ﬂ'} ==5IN ¢

(v)  cos(a+f)=cosercos f-sinasin il
By Fundamental law of trigonometry,
cos(a— f) =cos acos f+sin arsin i

Not For Sale :

Replacing Aby -5, we get
cos(a—(=f)) =cosacos(~ ) +sin arsin (- §)
scos(@+ fy=cosarcos f-sinasinf (- cos(~f) = cos §,sin(-F) = ~sin )

(vi) sin{a + ) =sin arcos § + cos asin §
By identity (v}, cosla+ ) =cosercos f—sinesin §
Replacing :r_hy%ﬂx. we get
7 [z NE: .
Eng[[3+a]+ﬁ]-msi2+a]c05ﬁ—sm{—2—+a]smﬂ
:ms{%ﬂanrﬁ}}=ms[%+ﬁ]cmﬁa—sin[%+a]sinﬁ
By using identities (iii) and (jv), we get
sin(e+ f) =sin cecos f+cosarsin i
{vii) sin{oe— [ =sin zecos §—cosasin §
By identity(vi), sin( @+ f) =sincos 8+ cosasin
Replacing Sby—F, we get
sin{a+(—f)) =sin acos(—f) +cosasin(-f)
= sin{a@ — B) =sina/(cos ) +cos x| -sin f)
(2 cos(— ) = cos B, sin(~fF) = —sin f§)
ssin(or— #) =sinecos i —cosasin f
(viti)  tan(-@)=-tané

sin (—8) - —sinf? i

Bl cos(—8) cosd

tan ¢+ tan

1-tanatan ff

sin(or+ sin gzcos 3 +cos asin

tan(r+ §) = S2EHD) sy
cos(er+ ff) cos & cos F—sinasin §

X)) an(a+ )=

Dividing numerator and denominator of R.H.S by cos grcos 8.




sing ‘:_“EE.IE‘E-E—SEE

msﬂrmﬁﬂ _ =
m{a+ﬁj=mﬁ—m
msﬂ'mﬁﬁ
sin gin
A r—
cos & cos
= sinﬂ'_ii.n_ﬁ
cosa cosfl
tang+tanf
tan (e+ )= oran B

_ tma-tmnf
(x) m{a'ﬁ]'_wmnmuﬂﬂ
. _ unattnf
By identity (ix), *“ifﬁm’j-malﬂnﬁ
Replacing fby—f we get
am(a+(-p) - st

1-tanertan(=4)

tan cz+(—tan ff) (- tan(~/3) =~ tan B)
1 -tan & (—tan )
tan r—tan ff
stm{g-f)s———
(@=4) 14 tan @ tan
Example 1: Find tan15° exactly.
Solution; We rewrite 15° as 45°~30° and using the identity

Ian[t;r-ﬁ}:%

= tan(a-f)=

singeos f | cosasin §
e e e e
cosacos i cosercos
cosgcos f_ singesin
cosacos B coscrcos

|
tan45° —tan30° l_E "ﬁ-l_S—-ﬁ

tan15° = tan (45" -30° | =
{ ) l+tan45’m30’_]+

V3

Example 2: Find the exact value of: sin42°cos12°—cos 42°sin 12°
Using the identity sin(@— ) =sin arcos f — cos @xsin B

Solution:

8in 42°c0s12°~c0s 42°5in12° = sin (42° - 12°) = sin 30° =
>

L LB 3443

. Gi ing =12 3
Eﬁﬂ[‘l‘lplﬂa- Given SII'H!—-E and msﬂ‘=.§i where ¢ and f are in the first quadrant.

Find in which quadrant docs (a+ ) lie,
Solution: Given thate , § are both in the first quadrant. Since cosine is positive in
he first quadrant and negative in the second quadrant, therefore, cos (& + ) will
decide the quadrant in which (e + 4) lies?

cos {a+ ) =cosacos F —sin asin § (1

p
.2 ; § Iz 144
As cos® &= 1— sin® e, putting sin® & = [—] = -t
» PURIRE 13 169

3 144 _ 169-144 _ 15
cos‘g=l——= =
169 169 1608

cosa = :tlj—].But cos e is+ve in the 15t quadrant,

eosa = b
i3

SR 9
putting in it cos® f= —

T NP o 1
As sin® fi=1-cos” §, 25

. 9 25-9 1
gin® f=l=-—=
P 25 25 25

But sin # is +ve in the st quadrant,

; 4
s.sinfi= 5

sin § and cos @ in (1)

[ﬁ]zts-ds=-_3§
65) 65 65

Putting values of sin a, cosa,

EN NG i] E]-
cos (a+f)= [ﬁ}[;] [13][5 &
Since cos(a+ §) is negative, it follows that (a+ )15 in the second quadrant.
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102 Trigonometric ratios of allied angles
10.2.1 The angles of measire i;-.tﬂ.rt& 34 9,20+ are called allied angles.
Thus the angles which are connected with basic angles of measure # by a right

angle or its multiple are known as allied angles.

allied angles
10.2.2 Derivation of trigonometric ratios u!' ;
All the following trigonomeiric ratios of allied angles can be derived from (e

fundamental theorem of trigonometry and thus has been left for the students pg an
exercise. -
i. dnf%—ﬁ‘]:m&? 0 m‘nfEﬂﬁj =5 i

il m{%—ﬂ}:sinﬂ i ms{§+ﬁ'}=-sinﬂ

i, un[g-a} =cotd |, la.n{%ﬁ} ==col #
cos{x-f) =—cosd
cos(r+6) =—cos#

tan (#+&) =tan &

iv. sin{x-@)=sind
v, sin (x+8) =—gin & ,

vii tnf{m-g)=-tang ,

i P | I
Vil Slﬂf?w']:-cusﬂ. cus{—?—ﬂ}z—sm&

Vil sin{-s-zi+ﬂj=—::usﬁ, cus{?-l-ﬂ}:sin&

. Ir
Lx. Hln{-zﬂ+t9}=mtﬂ‘i lan{jziw]l:-cntﬂ

X sin (2r-@)=—gin 9 cos (2e-F)=cosd
. sin(2r+8)=sing cos (2r+8) = cosd
Xil. tan (2r-#)=—tan g , tan (2e+8) =tan &

Note: L The above results also apply to the reciprocals of sine, cosine and tangent.

'ghcﬁ:e ﬁaﬂtie are (o be cjiplied_ frequently in the stud y of trigonometry.
aJ. obtained by using the following two-steps procedure:
Eirst quadrint
Setomnd quadiig = All are +ve
T hird quadsini _ | _sin j_s ive
Fourth quadning lan is +vc

b) If we have Z o3 in the formula, the i i
R » the formula changes sine to cosine and

cosine to sing, tangent to colangent and Cotangent to langent, secant to cosecant and
cosecant to secant, If we have 1t or 2min the formula, the function does not change.

Example 4: Simplify each expression, given that 0 < x <m/2,

() sin (W2 +x) (i) cos{m/2 +x) (iii) tan{3m/2 + x)
{iv)  cot(2m-x) (v} sin{m + x) (vi) cos(2m +x)
(/2 + x) is in the second quadrant, so sin (W2 4 x) = cosx

Solution: (i)
(it) (/2 +x) is in the second quadrant, so cos(m/2 +x) = —sinx
(i) (3m/2 + x) is in the fourth quadrant, so tan(3n/2 + x)=-—colx
(iv)  {2m—x) is in the fourth quadrant, so eot(2m-x) = —sinx
(v} (m+x) is in the third quadrant, so sin{m+ x) = —cotx
(vi) (2m+x)is in the first quadrant, so cos(2n + x) = cosx

Example 5: Simplify €08 (90°+x) + sin(270° - ) + sin (180°—x)
cos{—x)—cos(360°—x) + sin(90°+x )

. eos(90%+x)+ sin(270° —x)+ sin [180°-x)
Solution:
€05 (~x)~cos (360°=x) + sin (90°+x)
_ —&inx—cosx+ sinx _ ~rosx iy
COSX—COSX+COSX  Cosx
Example 6: if e, B, y are the angles of A ABC. Prove that
i) tana + anf + tany = tana tanftany
S T -

nl t.'mE I:anE+tan— fan—+ lan —tan
2 2 2 2 g 2

Solution: Asa, 3, y are the angles of AABC ~a + [ +y = 180°
i} a+f=180"-y

tana 4 tanfl
= tany

tan (e + B) = tan (180° - y) 1-tan tanf

=> tana+ tanfi = — tany + tena tanf tany

S tane 4+ tanfi + tany = tano tanf) any

i) As o+ 4y =180 ::-E+;+E

SL‘IP-:- +-I3-= T
2 2




a,. B B ¥ I
tan— -+ tan &= 1 i _?:m_"__mn—:]:—lﬂ.ﬂ—laﬂ—
2 > Lﬁ=c—al-;—r= — '—'“‘"’_flﬂn?._'- 2 22
g W tan <
1 umztilﬂ2 2

a B . 4 £lan£=1
mnilmt-i-rmn-z-tmzﬂﬂﬂz 2

10.2.3 Writing a sin@ + beos@ in the form rsin(8+#) where.a =rcosg

and b= r sin ¢
Writing a sin#+ bcos #in the Form rsin(8+¢). Do)

Let P{a, b) be a coordinate point in the plane and let & .
be the angle with initial side x-axis and terminal side ;
the ray OP as shown in Figure 10.2. A

y Figure 10,2
We can express a sing + b cos@ in the form rsin(#+¢)

where r = Jai+5 and ¢ is given by the equations rcos¢ =a and rsing = b.
The method is explained through the following example.
Example 7: Express 5sin@ + 12cos# in the form rsin (#+¢ ), where the terminal
side of the angle of measure ¢ is in the Ist quadrant,
Solution: Identifying 5siné + 12cos 8 with rsin{ #+¢) gives
Ssind + 12 cosd = reosg sing + rsingcos ¢ (1

50 S=rcosg lund 12 =rsing
A r=Jarl = JER ) =

J35+144 = 69 = 13

and reosg = § = 3cosg=35 = cosg = 3’
1
rsin# = ]2 = I35m¢=]2 = 5&“¢|=E_
Thus, from (1) we get 13
Ssind + 12 cose= |3[—:;- lnﬂ+-|3cm6'}
I3

n

13|50+ cosgl2le
[EIIJ5'|3+ cnsﬁ'-ﬁ = r (sin#cos g+ cos Bsin )

rsin {5‘*?} where S.[H_ﬂ = %1 CDS¢:% and r = 13

1.

LM

f.

Write each of the following as a trigonometric §

(1)5in 37" cos 22" + cos 37" 5in 22°

(iii) cos 19" cos 5° —sin19” sin 5°
tan 20” + tan 32°

unction of a single angle,
(1)cosB3" cos 53° +sin83° sin 53°

(iv)sind0® cos ) 5 - cos 407 sin15°

) A (vi) tan33" —tan 2"
1 —tan 20" tan 32 1+ tan 35" tan12°

Evaluate each of the following exactly.

. - S i
(i) sm-l-; (1) tan75% (i) 1an 105 -;w;mn% ‘(vicos]s" qtirsin%

; 3 ; 4
If sinu =; and sinv =-§ and u and v are between 0 and J—;— . evaluate

each of the following exactly,

(ivcos(u+v)  (iytan{u—v) (ii)sin(u—v) (iv)cos(u—v)

il’mm-—— and cos § ﬂ%, a in Quadrant Il and # in Quadrant I1,

find the exact value of: l
sin{e-=p2) (1) cos{e+f) (i) tan{a+B)

If tan =§- ,8ec fi= ]—5% , and neither the terminal side of the angle of

measure e nor § in the first quadrant, then find:

(i) sin{a+8) (i) cosle+f) (i) tan{a+f)
Show that:
(1] cosa=2cos’ % ~1= I-Zsin:%
(i) sin(a+8)sin(e-F)=cos’ f—cos’ &
Show that: (i) cot (e+p5)= cg:::;ﬂ; (il ::T;ﬂ; = fana+ tan §
1 / r _ cosdesing y K _gy_ I-tné
Prove that; u]mn{;-&-ﬂ}_m 1] t:ln[ )= i
i...}lnn{ahﬁi‘; n’ g—tan’ § Ffﬂﬂﬂmﬂ*ﬁ m&{ﬂ+¢}
i = < =
> cot{i— ) 1-1n’ @mn- g l+tan6|;an¢ ms{ﬁ @)
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g '%ﬁﬂiﬂf? secdd s :
. Is]- g —acos (210080
sinl s
fa shﬂ&ﬂ"*-ﬂ}l:ﬂﬂfm
Ifa, B, 7 arc the angles of a triangle ABC,

13 L
¥ _ cot—cot —-col
ME.I.mg--j-Dﬂl-z—rfﬂtzcm 2 2 B
2 ¢ cotacotf +cotfeoty +cotycota =1
g in the form r sin { #+¢) where terming) ray

show that

fFa+ py=180", show tha
Express each of the followin
of 0 and ¢ are in the irst quadrant.
() e gy 3008l
(i) 2sin g -5 cosd:

(i} 15sin & + 8 cosg,
.' (iv) sin@ +cosé,
=X : |
10.3 Double, Half and Triple Angle Identities
In this section we derive formulaclidentities for sin2 &, cos2 & and tand g

for s:in-l—qs"| cns—l-ﬂ and tan-%&;md for sin3 @, cos3 # and tan3 # called
2 2

double angle, half angle and triple angle formulae respectively.

10.3.1 Double Angle Identities
We know that. sin (a4 #) =sinegcos f+ cosasinf (1)

and  cos (@+ ) = cosecos f- sinasin § (2)  Putting f=a in(l).

sin{e+a) =sinacose +cosa sina
| sin2a =2sinacosa (3)

Now putting f=a in (2)
cos (e+a) =cosacosa ~ sinasing

cos2a=cos’asin'a (4)

Putting cos® & = 1 - 5in? o in) (- sinla + coster = 1)

cos2a=1-sin g -gpl,

(652 = 1= 2sin g (5)

Now putting sin® @ = | —cog? in (4)
cos2a =05’ @ — (1 —cos? a)

cos2a =cos” —1+cos’ o

cos2a =200 a1 (©)

We also know that tan ( @+ g) = na+ian i Pulling § = &
I=tan g tan F
LN ¢+ tan

tan (xda) =
I—1an & tas &

2tan o
1—tan® o

]

tan 2a =

Example 8: Given that tanf = -%r]ﬂd fis in the quadrant I, find each of the

following,
i) cos 28 i) cos 268
i) tan28 iv)  The quadrant in which 28 lies
Soultion: By drawing a refernce triangle as shown,
we find that
sim?:% And msﬂ=§
) 4,30 5
Thus we have the following. 3 4
i) sin 28 :Zsinﬂmsﬁ'=2~§-{"%)=—% ) ;
Figure 10.3
i i , P 5 1 i | RO
1} ma?.ﬂ:cusrﬂ—sml&":[—%] —(-{] =55 35125

(4

2tan @ L4 _E

Hf) lan 28 = — &= s

" I-tan* & |“["'§] I—i 27 7
16




é&‘%’!‘ﬁﬂ ————

more easily in this case simply as

d
Note that tan2 & could have peen foun

following: 24

- mositive, we know that 28 isi
Since sin2 @ is negative and cos2 4 is positive, We kno i

iv) ince

quadrant Iv.

10.3.2 Half Angle Identities

infa=1-cosle
ms?:a_I-Esm a= 2En" & 1-co

5 We have
d 2 1-cosla
i = sina= —-—2'—‘

Sn2 l—msia ' (&)
e e

! Now pulting & = % in (8).

8
2
| ! E:t 1=cost (9)
2 Z

If g lies in the first or second quadrant then we will write the identity (9)

1=cosd

¥ 2
‘f‘: lies in the 3rd or 4th quadrant, we will write the identity (9) with the

with the positive signie.  sin % =

negative sign i.e.

a8 e
R L T
Also wekmwmal
cos2a=2cos’ @ -1 = 2eos'a=1+cosla
1, _ I+esla g
= ete=ET o cmn:ifﬂﬂ_ Putting @ =3
2
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1+m5{2-£’j
> --_2.2_

g 1+cozd
== — lﬂ
Lﬂii : 7 ( }

sin—

From (%) and (10), we havetan &= — 2 -4 [1=C056
EQ}HE l+cos@
s
& {l=cosd
i 1
s 2 1+cos# (11)
Example 9 Find tan (w/8) exactly,
Solution: ’ S ;
an = tan »J?. J I“I'_{‘ﬁ D IE V2
8 241 V2@ V2+2

g

2-42 2-42 _ [4-22-22+2_ [6-42 _ ;575
=J2+\E'2—~J’E_J 4~2 N 22

The identities that we have developed are also useful for simplifying
irigonometric expressions.

Example 10: Simplify cach of the following.

BN xcosx e
B). m—— b) 25m'5+msx

—cos2x ;
2
sinxcosxy 2 smxmsx 2sin xCos X

—Lcnslx 2 lcns?x coBLx
2 2

Solution: a)-

_SIn2Y_ an2y  (usingsin2x=2sinxcosx)
cos2x

3 -3 s I=cos. P 2.0
b 13'm'§+¢;}5,r=2[1 ;ﬂax}-l-cﬂs_t[uﬁlﬂgiﬂﬂ;zi 5 . OF 50 5 2

=]—-cosx+cosx=1L




cos Fasing
10.3.3. TrlpH .uub ] o
_2sinta )sing (By (3) and (3) )

sita (7 gin? +costa=1)
nim—

= Jsina — dsina

- sina( -site) s~ 25
_nsinta +sina = 2800

i (12)

ms?a-m{!n+ﬂ}
=52 @eosa— sin2asing -

:1:‘:05:&— 1) cosa = — Jsin@cosasing {(by (3) and (6) )
;Ima’n—cusa ~ Jintacs &
=Jcosta-cosa -2 (1 —cos? @ jeosa
=Jeosta —cosa — 20058 s+ Joosta=deosta — Jcosa

T e T >

(-~ sin® + cosla =1}

2lan &
=T sune
T anla+tane _ |—tan’z (By (7))
tande =tan (Zata e £ N tan & e
1—tan®a
2tan g+ tan e (1—tan” @)
L 1-tan’g __Stanaf-tanlfx
1-tan’ @—2tan* & 1-3tan2a
| —tan 3z
(14)
Example 11; Prove the identity ~ 02X _0S2x _
sinx  cosx
Solution: F’iﬂ—zf-ﬂs_lf=.2_sl'n_ﬁ'ﬂ cos’ x—sin® x , o
Sinx  cosx smr o ( using doublc )
g angle idnetities

¢os” x—sin’ x
T R - (simplifying)
2!:1:-5 x=cos® x4sin’ x
€05 X — (taking LCM and simplifying)
_ o8’ x4sin’x |

=2oosx—

cos ¥ rosx it 115 4
We started with the left side and obtained the right side, so the proof is complete
Example 12: Prove the identity
sin’x tan*x=tan® x—sin® ¢,

Splution: For this proof, we are going to work with each side s-.-pmarlely
We try to obtain the same expression on each side.

i 2 | Em X sin® x
sin’x fan*x =sin" x = .

3 T il L)
cos’x) cos'x
= g AT ) i S inx
tan® x—sin” x = —=——sin’ x [-;mx:” ]
COs5° X CO8 X
sin® x—sin® xcos® x
= r (Taking LCM)
cos’ x
Sinll{l—cﬂﬁz x} .
=-——————=~  (Factoring)
cos” x
sin® xsin® x
=—————— (Recalling the identity 1- cos’ x=sin" x)
cos” x
o
sin” x
=—. .2
cos® x

We have obtained the same expression from each side, so the proof is complete.
Example 13: Find the exact value of cos 105°.

Solution: Because 105° =%{2‘|(}°} we can find cos 105° by using the half-angle

identity for cos @2 with & 210°. The angle a/2=105lies in Quadrant 11, and the
cosine function is negative in Quadrant 11, Thus cos 105%< 0, and we must select
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s And Diference o Ansles

) : 7 " Prove the following idmmjﬁ_‘l i tal‘tE‘H:‘}'LE= i
: ; WA e () BR57" 27 sing
(i) eds g-sin’ 0= 5028

(iv) cosec2f—cot28 = tani)

1+c0s 20 _ %9

i m L osin3f  cos3f o
sin3p _cosif g W) "Gp T sma 028

{i'l, -_-Si.lllllﬁ' m;ﬁ .
i a _
i - in28 iy 2C0S T _ 2 cos O+5in 20
 gosfi—sin'd _ 2+sin vl —/—— =2 sin
{vii) ——-m'“ 2 1—sin @

I = 2
Lix) m{‘lﬂ=£( EF:GLEJ

i sina+cosa , SNASEL =2 an 2a

{ Wl :
! (2} cosa-sing cosa+sing

! i . @ sind {xif) mswﬁ—cﬂtﬂzcu“cﬁlmg_ﬂ-
I (%1) LA —== =" I+cos 1

| 3 ldcosa o

| 5 !—I:Inz—

(i) con? 2 = 2252 (v} ——== wona
A 3 222008 |+::mzi

(xv) sin20-4 sin’) cosf =5in26 cos20 _
8 Write co' in terms of the first power of one or mote cosine functions,
9. Prove the following identities: {—tan’ 28

i cot’ 8-3cot
{11i) m!ﬂa‘:—:m—:ﬂ_—l—'—

10.4 Sum, Difference and Product of sine and cosine
10.4.1 Converting Product to Sums or Differences

We know that

sin (0 8) = sin o cos § + cos sin 8 (1)
and  sin (o 8) = sin o cos § - cosa gin g (2}

Adding (1) and (2) we oel

Haihemati.ﬁﬁ'ﬂ.

gin (ce+ #) + sin (o- ) =2 sintcos g

2 2 sinoeos § = sin (o4 B + 5ip (a— 59

MNow Subtracting (2) from ( &

sin (o+ ) = sin (0= ) = 2 cosee sin g

2 cost sin f = sin (o4 7 — sin (a-8) @
We also know that;

cos (o4 f) = costicos £ ~ sinosin § {5)
and  cos (o= 0) = cosocos § + sinosin g (6)

Adding (5) and (6) we have,

=2 cosceos F = cos (0 ) + cos (o= ) (T
Subtracting (6) from (5) we get,

-2 sinatsin f = cos (o+ F) = cos (o= )

o 2sinesin § = cos (o~ 8) = cos'{ o+ §) (8)

So, by converling products into sums or differences we get the following four
identities:

2 sincrcos F = sin (o §) + sin (o= 8)

2 cosee sin # = sin (o+ ) - sin (a-8)

2 cosorcos § = cos (o 8) + cos (o— )

2 sinotsin f = cos (-4 - cos (o+ §)
These identities are usually called the Product-to-Sum formulae.

Example 16: Write the product 2 sin 5 fcos 36 as a sum or difference of sine
and cosine, )
Solution: Using the identity 2 sincwos # = sin (et 8) + sin (0-§)

We have, | ,
2sinSfcos 3 @ =sin (50 +38) +sin (56-38)=sin § @ +sin 28

Example 17: Express sin10#cos 44 as a sum or difference.
Sﬂiutiun: USiI‘Ig the tdﬁﬂiit}" 2 gsinoicos § = sin {0+ ﬂ.] +sin (- §) -
We have, sinocos = % [sin (o + f)+ sin (2= A)]

2 [ ;
sinl0gcos 46 = % [sin (108 +48) +sin (108 -48))= 3 (sin 14 8 +sin68)

e — T e T Rt =




a5 a sum or difference,

7 cos 45° ¢0s 157

have

; ' ct - + B+ cos (o-
A 1 wmejwi};j:w 2 cosocos B =008 (%+4 £
8 Using the

; Solmtion: ’

g w': i 5 - :Hn = 08 {455+15°} + CO% (45“ = J'Sﬂ}

45%¢ alisi
& '300'5 scmﬁr}u-“m}uﬂ'
Products

i |ferences 10
5 104.2 mv:rﬂnlﬂllm'"”:n
il Letatf =@ e
:ff. ﬂ"rﬂ:#"' N 4
P
I

Adding (1) and (2), W€

Suhlrac-ung {2} from (1), we have

-2 in the four identities of section 10.4.1,we gt

) _2=¢
Substituting & = -—"' and f ==

-

i3 g 6—¢
‘ ' ~ mﬂmf-ﬂm—*i cos ——

o2 L

’%m#+m¢ Zm—z—‘I oS :
Wﬁ#ﬂﬁ!é;-!m‘g—zg sin —?E

B

These identities are usually called the sum—to-product formulac.

Example 19: Convert the sum sinl6” + sinl2° into product.

a-¢
Solution:  We know that,sin 8 + sin ¢= 2sin E—EE oS =3~

sin 16° +sin 12° = 2 g 1674120 cos 18120
2 R

'3 U
=1 sin %—mi—

=2 sin 14" cos 4°
Example 20: Express cosd8.- cos26 as a product,

Solution: We have

cosB-cos g =24 E%*i:inﬂ-i
2

N —

2 cosdB - cos26 =2 5in 40+20 4ﬂ‘+2ﬂ o d6-20
g 2

LT
==2 sin —lrsm% =-1 gin 38 sinf

cos-=cos . 1
simermp | hge-f)

e a-_-ﬁ ; ¥l
LHS= o5 = cmlﬁ '-;ssn_z._m_ﬂ_'zﬁ-' ¥ -
sina+sin istnf;_ﬂmﬂ iy 2

Example 21: Show that

Solution:

1
- lan 3 (e~ ) =R.HS

Example 22: Show that sin 58 + 2 sin 38 +sinf =4 sin 38cos* #
Solution:
LHS=5in58 +2sin38 +sind =(sin 58 +sin38)+ (sin 38 +sinf)

_ o [56438)  (se-38) . . (30+8) [36-8
_?_sm[ = )msi E ]+23m[ 5 ]ms[ 5 ]

=2 5|ny-ms-'3 +2sin 4: ms%:ismdawsﬂ + 2 5in 28cosd
2

_(4g+20) (48-281]
=2 cos @ (sin 4&+5in2ﬂ}=2w&ﬂ[lsm[ 3 }ms[—i—”

=2 cosd (2sin 30c0sf) = 4 sin 3pcos’ 8-=R.HS.

sin 38 +sin f cmﬁ+cnsﬂ]="=mlg
sin 30 —sin 8 }\ cos 38 -cos &

Example23: Show that [

Solution:
sin 3¢ +sin 8 [ cos 38 +cos 25in20cos @ 2cos28cosd
RS = Gnaas =\ 35inBo0s 28 )\ 2sin205in 6
sin 3¢ —sin @ )\ cos 36 —cosd 2sin fcos

)
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] _.;"n:‘: 'r;?r-—-p--.- 1..

Solution:
LHS. = C0s

et

0P cos80°]
5607 + cos20™) 2 cos Rn‘]]

o 2 =t [cosEU" + 2cas80" cusnzn“]
=14 [(1/2 + cos2 +msw°j=',&[r:053““+¢m“3‘3 ‘E‘Jﬂhmsmn]

20" cosd
mﬁﬂ“.—.‘ﬁ[‘i Cﬂb:z
mnms;i:sz&“} 2 cos 80°) = %4 [0

= 14 [{2 cosd s 80°

— 14 [cos80’ + cos100”
14 [cos 80°-cos80’ + 4]
-3 (1/2]=18=RHS

- cos (180%-8)=— cost

ms or differences.

i u
Express the following products as S - -
© @)  2sin6asinx (i)  sim55°cos1Z3
Pyg . P-0
(i) sht%icnsﬁ%q- {iv) cos “_; cos—=
Convert the following sums or differences to products:
cos36° —cos82°

i sin37T +5in 43" (ii)

A+ B A-B
P-@ (y) cosT—— +cOS

-
2

(i)  sinE2-sin

Prove the following. ; : :
.. cosT5"+eosld® _ A (ii) 5’“33_°"E____U$GBD =3/31anf®
w snfs-snls® cos 689+ sin38°
Prove the following identities: ” 3
i i cos +cos3f+cosIF _ 5 3
@ Rarndd_ o SRAret el
cos &+ cos 9o sin ff+sin 3 +sin

(ifi) sifi28-+sind6+ sin 68 = 4cos fcos 28sin 36

(iv) sin 56 +sing + 2 sin39=4 sin 34cos ¢
{v) sin30 +sin58 +sin78 +sin9¢ = 4 cosg sin 66 ¢O3 L

(¥1) €050 +¢05 25 4 con 5 = eas 2 (143

cos3 )

5. Provethat (i) c0s20°cosd40” cos6 coeggr = | . ¢
16 - '

(i) sinl0° 5in30° 5inS0° sin70° = L
16

{ii‘mini.n'n I—H.n'nf m;i{=l
9 9 16

1. Choose the correct option
(i1 cos50" 50’ cos9” 10/ - sin 50° 50sing® 10 =
{a) 0 (b) —?1.'- fe)l iy V3 !
2
i) 1f tan15° =2—+/3 , then the value of cot® 75% s
(@) T+d3  (5)7-243 (cj7-4+3 () 7+4-3
(i} ]I‘[anLa+[i}=1-"1.m1dlanu=lf3,ﬂmn tanfi = ..
(). Li6 (b} 117 €)1 (d) 16 |
(iv) sinfcos(90" - 8) + cos® sin(90° -B)=___ . i
| 2 cid (il
iv1 Simplified expression of (secB + tanB) (1 - sin) is
(a) sin’@  (b)cos’® {c)tan’® idicos @ |
f
{vi) sin| .1'-£]=? |1
N2 | §
() siny {b1—ginx icicosy l1i=C0sK

(viil A point is in Quadrant-TI and on the unit circle. If its x-coordinate is—i;f-.
whiat is the y-coordinate of the point?
(W3/3 (by-=3/5 S (513
(viii) Which of the following is an identity?
{a) sin {a) cos (a) =(1/2) sin(2a)  «b)sina+cosa= 1
{c) sini—a)=sin & {1 tana = cosa / sina
Prove the following identities:

28inBsin2h
2. m= tan2@tang 3

sin10a-sinda _cosTa
sl =
" sinda+sin2a  cosa




