ﬁ"’i ¢ A TEXTROOK OF
'5‘1\{"-"
“MATHEMATICS

FOR GRADE XI

a+ b1

Tl

1|I yart [:ni Illll‘\ part

Khyber Pakhtunkhwa Texthook Board,
RN 4 Peshawar



yber pakhmnj;hwn'l‘exthmk Board, Peshawar.

with KB,

ot reserved . I
All g . e National Curriculum 2006 and nlft?rw;:db}
Developed piadroh & Teacher Education (DCTE), Abbatta
it ﬁgﬁﬁm.mmmmﬁcs ¥  Dated:02-03-2020
Anﬂ':‘ﬁf pr. Gulzar Ali Khan (Retired)
prof, Dr. Islam Noor (Retired)

Praf. Dr. Muhammad Shah

e

Review pgrﬂsmll:
Gf:ar Ali Khan, Director Curriculum and Teachers Education, Khyber
pakhmunkhwa, Abbottabad

Focal Person:
Zulfigar Khan, Additional Director, Directorate of Curriculum and Teachers

Education, Khyber Pakhtunkhwa, Abbouabad

Re-reviewers:
Nadeem Sultan Principal GHS Pawa Abbottabad
Majid Khan AP Maths GPGC Mandian Abbottabad
Muhammad Nasim $S GHSS Muslim Abad Abbottabad

Shakeel Igbal Subject Specialist TBB KP, Peshawar
Mukhtiar Muhammad Subject Specialist DCTE, Abbottabad

Editor:
Shakeel Igbal Subject Specialist Mathematics,
Ehyber Pakhtunkhwa Textbook Board, Peshawar

Printing Supervision:
Rashid Khan Paindakhel, Chairman
Saeedur Rehman, Member (E&P),
Khyber Pakhtunkhwa Texthook Board, Peshawar

Printed for academic Year 2021-22
Website: www.kptbb.gov.pk
Email: membertbb@yahoo.com
Phone No. 091-9217159-60

A Textbook 6f

MATHEMATICS

For Grade XI

Khyber Pakhtunkhwa Textbook Board,
Peshawar




Ieal part iumginm‘}' part

Recall complex numbier z represented by an expression of the form z=a+ih orof

the form (@, &) where @ and b are real numbers and § =q'r:i
Recopnize a as real part of z and & us imaginary part of z
Know the condition for equality of complex numbers
Carry out basic operations on complex numbers

Define T =a~ib asihe complex conjugate of 2=g+ib [
Define |z| = et +57 as the absolute value or modulus of a complex number ==a-+ih
Describe algebraic propertics of complex numbers {e.g. commutative, assockative and
distributive) with respect to "+ and =

Know additive identity and muliiplicaive identity for the set of complex numbers
Find additive inverse and multiplicative inverse of o complex numbsr =

Demonstrate the following properties

i

o ld=l-d=lf=|-z

L] e —_— 2 =
55, =47, —') =— %0
My 4 -

Find real and imaginacy parts of the following type of complex numbers

er_“:

ot

n X, iy \*
& (x+iv), L] —’—-a-:‘y—'-l'| o Kykfy, 20, wheren= %0, and+2
L 7 %+ 1,
Salve the simultangous Tinear equations with complex coefficients, For example,

Sz-(3+w=T7-i,

(2-0)z+2iw==1+i a
Wirite the polynomial plz) as a product of linear factors. For example, i
et = (zrim (s — i, 2 =3 4 s S = (s ) (2= 2=Diz=241)

Salve guadratic equation of the form p=* + qz + r = 0 by completing squares, where p,
@, rare real numbers and 2 a complex munber. For example:
Solve 2'-2z45=0 = (z-1 = 2) {z-1+2)=0=z=142i1-2{

Graph of Trigonometric and Inverse
'Il‘rigﬁnometric Funetions and Solutions of

Trigonometric Equations

]
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1.1 Introduction

numbers, there
jmportant role
ex numbers 1s
ially in

gamt that pesides the real

Such numbers play & very
The use of compl

In our previous class we |
other numbers called complex numh:;s. -

mathematics and other branches of sciene. S w
il;:lispcnsabtc in Physics, Aeronautical and Electrical Engineering BSp
the analysis of Electric circuits.

‘1,1.1 Complex Numbers

In 1832, Gauss (1777-1855), a
complex numbers a5 numbers of the fo

cian gave the concept of

German mathemati
eal numbers.

rm a+bi, where a and b are 1
number b is called the

The number a is called the real part of g+bi and the

imaginary part of a+hi.

For example, the complex number —3+2i has the real part a = -3 and the
imaginary part b= 2.
' = g + 0i = ais a real number. Thus every

Ina+bi,ifb=ﬂ.ll‘ll:na+hf
real number @ can be written as a complex number by choosingb = 0. lfa=0
and b#0, then a+ bi =0+ bi=biis called a pure imaginary number.

For example, ia‘ and i are pure imaginary numbers. Usually, the

complex number a + bi 15 denoted by z=a + bi

Accordingly, z,=a,+b i, .= & + Bl...
The set of all complex numbers is denoted by C
may also be defined as ordered pairs of real

thatis C={a+biza b e R].

Complex numbers
numbers. Thus a complex number z is an ordered pair {a, b) of real numbers

o and b, written as = =(a, b). The first component « is called the real partof Z

and the second component b is called the imaginary part of z denoted by

Refz) and Im(z) respectively i.e. Re (z) = a and Im (z)= b.

The ordered pair (0,1) is called the imaginary unit and is denoted by i = {0,1).
The set of all ordered pairs of real numbers is the set of complex numbers

denoted by C. thatis C = [{a b): a, b are real numbnlrsl

= IR » IR where IR is the set of real numbers.

Mathemangs-xi

Sinlr:e i==ln simple consequence of the definition of i is that all’

powers of { may be expressed in terms of £ 1 and %,

= ¥ ample, i' =i, Ff=-1, P=fi= ==/ andif we continue
in this way to obtain higher powers of f, we obtain the values /, {, =/ or —i

Similarly, for negative powers, we have
b ( Note ﬂ

e e Ll
o] i In Example 1(e) we see that 0
| can be ex ressed as g .sum of o
3 o 1 real and an imaginary number and
hence is & complex number.
. Such a complex number whose
‘ 5 = T = ;f:!ﬂ :L:::I ir;;aginnr}r parts are
; , is called zero complex
s 1 ) 1 1 - number. .
ol i [_'IJJ =1 Similarly in Example 1(d), 1
can be expressed as a complex
Fuml:_her with real part 1 and
numbers in ordered pair form, ::::rugl:::n; p;n g’“’lg: E::inmlt.-
() & (b) 3 (10 (d 1 (&) 3=y= : !
Solution: I =I5 empamete
:':I 6 = 6+!:}|f = (6,0} (b'5i = 0+ 5f =(0,5)
€y 0=0+0i =(00) Al =1+0 =(10
() 3-y-0 =3-ih0 =3-3i=(3,-3)

Example 2:  Find the value of

SSWE |, 890, . %
R T TS L S L LR

S0, 50 L5 -
R

Solution: Given expression

Example 1:  Write the following complex

-1

LT . "

= i I:j ke f +‘.5'-'H 3 i:ﬂl'i i.;?_ _} m
50T , - e -1=i" =

P 50 TR RTe T bl

=() =1 = (<1f'~1=1=1=-2

l"‘?riq“““t}’ of Complex Numbers
i “:; anp_]“ nlul_nbers are said to be equal if and only if their corresponding
parls and imaginary parts are equal, ie g+ ib=r+id e g=candb=d
ie. g =5+ Re(z) =Re(z,) and Im(z) = In(z,)




Campled % pabiers
. o
tion: Ifx+iy=3-4l then x'=3 gnd ¥ =
[Muostration:
ber 5
1.1.3 Conjugate of a complex num T .

The conjugate of 8 complex numbe

is defined as £ = x=1)

Miustration: () Letz= §-3ithen T =5+ 3
(ii) Let z = 2= 2+0i, then F=2-0i=2

(iii) Let g = 3= 0 +3i, then T = 0=3i=-3i

1.1.4 Basic algebraie operation on complex numbers

(i) Addition — ‘ I )

For two complex numb=r§1 :
=4+ fb, and z, =a,+ (b, their sum 15 S Gt o e G

Selioed Jab=vab is wue only when at
= = +i(b+by) least one of a and b is either zero or
=g+ =(a+a,)+i(b+b ey

Nlustration: If z =4 + 57 and z, = 2~ 3i, If both a and b are positive real

then 2+ 2, =(4+2)+(5-3)i=6+2i numbers, then the calculation
I

Example 3: Add the complex numbers v=ay=b=, "'“H—bj =vab

Yy=3+4ignd,=2-7i iswrong, The cotrect calculation is

Solution: L+L=3 +4) +{2-7i) a2 e 4 el
= =(3+2)+@d-7i= 53 V-avb=(V-1Va)(V=1b)

(i)  Subtraction =(iva)(ivb)

For two complex numbers z, = a +1b =f,{d§£}={_]}(@)=_ﬁ
and 2, = @, +ib, , the subtraction of % :

from z,is defined as: V23 = 2) (=) = J6
42 = (6~ G)tifb- by) is wrong. The correct result is
Dlustration: If z=1-iand z;=5 + 2, Eﬁ=f‘ﬁ}(lﬁ‘]

then e 3
=i"|v2 43 |==+/6
4=, = (1-i) ~(542i) = (1 —i }4+(=5-21) t [V ‘-"r"} W

=(1-5) +i{~1-2) =— 4 -3

Thus, the calculation

Mathemalids-X1

Uit | .E_‘“rﬂll.f@"x:ﬂ'u_r__ui;r.-r;

Exampled: Let 2 =2+4/and 2, = 1-3/. Compute 2,-32,
Solution; Putting values of z, and z; in the given expression,
=3 =(2440)=3(1 - n
=2+4i-3 40 ==] + 13/
(i)  Multiplication
Multiplication of two complex numbers
G=a+iband 2, =¢+idis defined as
Z%=(a+ib) (e+id) = (ac=bd) + i(ad + be)
Mustration: If & =4 +3iand 2 = 3= 2/, then
fifr= (4 430 (3= 21
=[4%3-3 X(-2)] +i[4x(-2) +3x3] = 18+
Example 5: Find the product of 2—3i and 7+5;.
Solution:  (2=3i)(7+5()=2(7+ 51)=3i(7+5i)
=14+10i -21;-15"
=I4—I1:‘-I5{—!} (=i
87 D =14-11i+15 =20 11,
i mm:;::ﬂ;livtaiz:;i c::: ;{;mp@x number l::'ry another cfumph:x number can m.:t
ey oo by g e T s T
conjugate of the complex number f?: tli d “”“‘f“-‘rﬂmf “-“d_dﬂﬂﬂmmﬂfl_!r i 5
sl [ enominator. This process is called
Fationaiientiog
Wehave =L _ 8+bi _ a+bi c—g
c+di

= C+ﬂ':‘xc____ﬂr,' (By rationalization)

h, {a+bft[’c-m’} _ ac—adi+ bt - bdj®

(c+di)(c—ai) = ¢ +4d*
_ (ac+ba) ~(ad —be)i |
T T ——_ (R
L i E

- Ac+bd Bo_gd
R~ P g —'Hm i 'T'Iur:.-,—f—t— =
c 'i"{f' ol +ah I

wlithematies.




+y) (2-3i)= 4 +1, where * and y are real.

tlon: Solve (x
mm::n- Wehave,  (x+iY) @-3)=4+i .
Solutlon: d+i 44l 2+3% (8- N+i(1242) _ 5+;4r'ﬁ+ﬁf
R T |
sxsh=r 3775 208 2-0l)
S ol s
regp @ P

- hi.
. 27— in the forma+
Example 6 Write 270

Solution:

342 342 4430

4= 4-3 4- -3 4+3J 2
{3+ze}{4+3¢} N 12+ 90 +8i 46"
T (4=3i)(4+30) 16+12-12i- 9"

64171 _ 6 17,

e +_

25 25 25
1.1.5 Absolute value or modulus of a complex number
Let z = (a,b) = a+bi be a complex number. Then absolute value
(or modulus) of z, denoted by Iz, is defined by [¢|=</a® + 57
In the adjoining figure P represents a + bi. PM is a perpendicular drawn on oxX
W

Therefore OM =aand PM =b. In the
right angled-triangle OMP, we have

(By rationalization) -
_12 +17i+6(-1) Ceit=—)
16-9(-1)

by Pythagoras theorem Pl b

o < o
[EJ_” =+a'+b* =1z Thus, the o & M

modulus of a complex number is the distance

+ [W]i =a’ + b

Figure 1.1

from the origin to the point representing the number.

Mathemntics-x1 _;"'I L
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Umit 1 | Comples Nambies:

Example 7:

Solution:

( For Your Information

‘Compute the absolute value of the given complex numbers:

(ay { (1) 3 fe) 2-=5i
(n] Letz=iorz=0+1,
Then by definition

gl= (0 +0) = =7
(h)Letz=3orz=3+0i. Then lzl = \.II{E}Z‘I‘{{]}: =9 =3

() Letz =2~ 5i. Then Iz} = y/(2)' +(=5)’ =J4+25= 429

q—' ) ¥ :‘: /__‘I'{:.r}

The complex number 2 = x + iy and its Fal
conjugate T=x—iy are respectively _r-"; |
represented by the points P (x, ¥) and Xe— = — X
Qix, — ¥). Geometrically, the point )
Q(x, - ¥) is the mirror image of the point .
{x, ¥ the x-axis d -3 i L ] o
P ) on the x-axis and vice versa 2 Q=)
T rE
5||'I‘t|1'|li'v'ﬂt: ]ulluwu'lg
(i) 7+t (i) (= - (iii) (=1)2 (iv) {_J}Jf

Prove that /%7 4 12 4 p22 83 g
Add the following complex numbers

(i) 3(1+28), =2(1-3) (ii} E-Ea 3 &—%; (iii) ( 2 l). {J.x@}
Subtract the second complex number from first

() (@ 0) (2-b) (i) (=3 364 3 G 3N3-5VT, FeavTi |
Multiply the following com plcx numhcn

(D8i+11, =745;

(i)3L2(1-)  (iDVZ+v3i, 22 -3

Pcrﬁ:}m the indicated division and write the answer in the form a+5i

s s 1 Al _ Gi
3450 {ii) =y (iti) T3 (iv) _.'i

Mathematios-X1 ,.f"'.




« Sumhers

(el

= 2430 evalunt®

Fratoie " 2
o]+ 2iend B (iii) l'f’f\ _

(i) tl.lzll

. [l} .. lzr+='1 "
ol ’ + i
5. Express the following in the sandord 017 2 u #i)
: l_:—-i-._—— {ll-:l 5- = 4+3!
':1} 2+ 3+1F iy = !\I”-’l

, (3-2 {2'1'3"} 10, Evaluate ti“ +[-{j
6. Find the conjugete oF “T9i)(a )

i Letz 29i, gy = - 2+ifind
: g A
(i) Rﬂ[%) (i) [sz':]

2 erties of complex numbers
: Lf;urpnperﬁu of complex numbers with respect to addition and multiplication
Like real numbers, properties of addition and multiplication also hold in complex

numbers.
(i)  Properties of Addition
.&"1 ﬁﬂdi!l’ﬂﬂ. iﬁ cﬂmmuiﬂﬂ'-"e i-C. EJ +E= -'-1}* E_r

Ifzy=a + biand z, = ¢ + di, then
7 + 2, =(a+bi] + {e+di)

= (a+c) + (b+d)i
= (c+a) + (d+b) i (by commutative property for addition in IR)

= (c4di) + (a+bi) = 1, + 4,

Thus 4 +4L=5%%

g =1 +3imdzy, =3-5i then g 4+2,=2,+%

g, +12, = (1 +3i) + (3 =5i)
=(1+3)+(3-5)i=4-2i

and z1+z|,={.-l—5f}+ﬂ+3i}

=(3+1)+(-5+3)i=4-2i
Hﬂ]’lﬂﬂ I}+£2=Zz+z:

Example 8:
Solution:

Mothemptice=x

A-2 Addition is associative Le. 2, +(5,+3) = (4, +5) + g
Ifz, =a+bi,gy =c+diandz; = ¢ + fi, then
g + (5+g) = (a+bi) + [(c+di) + (e4fi)]
= fa+bi) + [(c+e) + (d+i]
= a+{c+e) + [b+ (d + fi]i
= (a+e) + ¢ + [(b+d) +f]1 (by associative property for addition in IR
= ffate) + (h+d)i] +e+fi
= ffa+bi) + fe+di)] +e+fi
=(g+5) + 4
Thus 4 +(5+5)=(3+5) + 3
Example9: If 5, = 1+ 2i, 5, =-2+3iand g, = =3 =5i,
then 3, + (5 +2,)=(5 +5)+ z:,
Solution: 3+ (g +g) =(1+2i)+ [(=2+43i) + (-3-5i)]
=(1+2i) + [(=2=3) + (3-5)i] =(1+42i) + (-5-2i)
=(1-8)+(2-2)i =—4+0i
(2, + ) + g = [(1420) + (=2 + 3i)] + (=3-5i)
= [{1=2) + (243)i] + (=3-5i) = (=1+5i) + (=3-5i)
= (=1=3) + (5=5) i =—4 +0i
o Henee z+(mtg)=(h+5)+y
(it} Properties of Muoltiplication I
M-1 Multiplication is rcu.;mnulaiire iezz,=21
If g = ;1 - f;imand L =c+dithenzz, = t’ir + b:'j .wr‘r + di)
= (o —bd) +(ad + be) s o T
e s e W
= {ac - bd) + i ;
multiplication and ndd:tiunt::-czl i::;b:g C;'-I::;umufe, p:c -p e_rties of

I'l‘-i. M 1 Gy Ly = Iy L
xample 10: If g =2-3iandz, =— 1+ 2f then--‘:‘-:-‘?‘
2 » L5555

=2+ di+3N—6i =247 o2
" :d+?r_:+ [ —6i 2+Ti+6 (0 F==])
= G4 = (= 1+ 2i)(2 = 3i) = =12 = 3i) + 2i(2 - 3i)

=2+ 3i+4i-61° =-247i+6 (2 =

= 447i ol ot
Hence  zjz,=2,2,

Mathenanes-Xl1



js associative . 4 )= )%
bi —c4diandy = ¢ + fi, then A 2
m a}ﬁffc sdijfe+f)=(at bi) ((c e
ylpy=@* —df)blef+ de)] + lafcf + de) * B 9
.~ mbﬂrc + di)] (e + fi) = [(ac = bd) + (@ v

= [(a +_.bdk ~{ad + be)f] + [(ac ~bd)f +. {udh i

< 1{?::; ~ adf-{bde + befl] + [(aef + ade) + (b

= [afce ~df) ~blef + de)] +old dejb(ce = 4N

Thus, £(%%)=(2%/%
Example 11: Ifz= I=i ff—“!*?' and %
Solrkioul _Wc h?“z” (2 =3i)] = (1=1) [-1(2=3i) + 2i(2 - 3i)]
zfﬂﬁj:i:::'f:-; ++3:' s di-6f)={1-i)(2+7i+06)
=(1-i) {4+ 71) = 1(4+7i) ";H*;:“s.
= —dj=TP=4+3i+T= 11+ . .
pel ?:. {f:—;?{ ~14 20) (2 =3i) = [Y=1+ 2i) =¥(=1 +.2”J (2 -3i)
= (1420 + i =2i) (2-3i) = f=14 3i + 2) (2 =3i)
=(1+3)(2=3i) = (2 =3i)+3i(2 —=3i)
=2-3i+6i-9F =2+3i+9 =11+30,
Hence z,(52,) = (5,3)%
(i) Multiplication-Addition Property (The Distributive Properiy)
. This property is more explicitly stated as follows:
M-A. Multiplication is distributive over addition i.e. 2, (2 +2,) = 4L+
Ifz=a+biandz=c+diandz = g +fi, then
g (5+3,) = (a + bi) [(c + di) + (e + fi)]
= (a + bi) [{c + &) + (d + fli]
= [afc + €) =b{d + f)] + [a(d + f) + b(c + )] |
and  zg+5% = (a + bi)(c + di) + (a + bi)(e + fi)
= [(ac —bd) + (ad + be)i] + [(ae —bf) + (af + be)i]
= [fac + ae) + (-bd-bf] + {(ad + af)i +(bc + be)i]
=[afc+e) b (d+ )] + [afd + f) + b(c +e)]i
Thus, z (z;+2,) =22, + 7,2,

M2 Multipliestion

and (5 %)%

'3 —3i, then z,(5%) = (4%)%4

and (z,5,)5

Not For Sale

i
# '
MhEmines=1
;
'

Unit:l | (.‘4_|m|_rli,';: :\'lll.:lllli_!‘l"-

Z==1+2L,=3+4 and z_,n-2+.5}',th=n
L (m+gyl=35+33y

Example 12: If

Solution: We have ;
g(n+z) = (=1+20) [(3 + 4i) + (=2 + 5i)]

COT ()

=(=1+2i)[3 +4i -2+ 5i] ‘According to the-
=(=1+2)(1+9)= =1-9 + 2{ +18 ;?;g?n”;f?;‘
=—1-7i-18==19=7i (v #=-1) multiplication

and 7,2, + 2,5, =(=1+2i)(3+4i)+ (=1+ 2i) (-2 + 5i) iy=yi:Hence we:

A : B D gy 2 can write s
==F—di+6i + 80"+ 2 =5[—4i + 10§ z=x+1y instead ,
=—1-Fi-8-J0==19 -7 ; [ 4]

of z=x+yi
Hence g, (z+g) =3 + 5% o
1.2.2 Additive identity and multiplicative identity of complex numbers
A complex number ¢ + di is called the additive identity of the complex number
a+ biif (a + bi) + (¢ + di) = (¢ + di) + (a + bi) = a + bi -
Let @ + bi be any complex number and ¢ + di = 0 + (i be the zero
complex number. Then -
fa + Bi) + (0 + 0i) = (a+ 0) + b+ O) (by definition of addition)
=a+bi
Similarly (0 4 0i) + (a + bi) = g + bi
Thus the additive identity in C is the zero complex number i.e. 0 4 0§
P A complex number ¢ + 4 iz called the muitiplicative identity of the complex
number g + bi if fa + bi) fc + di) = (¢ + di) {a + bi) = a+ hi
Let @ + bi be'any complex riumber and ¢ + di = I + 0f be the unit
complex number, Then ol
(@+bi) (1 +00) = (a-1-b-0) +(a-0+b-1)i (by definition of multiplication of
=a+bi complex numbers)
(400 (o + bit=ua+ b
Thus the multiplicative wentity in C is the unit complex number [ + 0i.
-2.3 Additive inverse and multiplicative inverse of complex numbers
. A complex number ¢ + df is called the ndditive Inverse of the complex
number a +biif (a + bi) + (¢ + di) = 0 + 0 i.e. the additive identity, '
We have (a + bi) + (¢ tdi)=0+0i =>fa+c)+(b+d)i=0+0i
= a+c=0and b+d=0 = c¢=—a and d=-5
sothat ¢ + i = —a — by, Thus the additive inverse of a + bi is —a —bi.

Similarly

1

Mathemarics -5



smpbier®

{ anaples

{ nit |

i =3i
Example 13 Find additive inverse of 5-3
Solution: i
Let 2=5=31
_gen(5-30==5*3
o s =5+ 3i

additive inverse of § -3 the multiplicative

Thus the ™
+ di is called
rse A complex number ¢ *+ L 15 e
Lm:?'liuzﬁi;: Ll:'m!pm number a + bi if (a+bi){e+ di) = I+0i 1.2
\J
e e 7 bd) + {ad + beli=1+0i

Wehavc{a+br‘}{c+dﬂ=i+ﬂf = (ac—
~bd=1 (i} )
= (i) From (ii), we have

and ad+be=0

de—be or d=—2& (i) Putting the value of din (i), we get
be detbe Did YouKnow W %)
ac +b [—J =] S e

) a : The complex numbers

=. irkle=e |2 = at +b ) possess all the properties
Putting the value of ¢ in (iif), we get Elhxi:in:!:lﬂ! r;:itr’lﬂ*t:;; 1=rr;;~;z?
=- EI"’ o = @=s :# = (V) relation, that 15, We can
qEH8y A not say that one complex

From (iv) and (v), we have number is greater than
i - b the other complex number.

ctdi=s —7 ———i
a+b  at+b’

Thus the multiplicative inverse of a + bi is
a &

B @ +b

Example 14: Find multiplicative inverse of =2 - 3i

Solution: Letz=-2-3i Herea=2b==3

a b ) 3

i

il

2 pix
Thus - = + —E’it is the multiplicative inverse of —2 - 3i.

Not For Sale
Muthemuties=X11 2

= :[a’ w0 +b’):({wp_)’ T i (_g}‘_J, {_ﬁj - (13 T RTRREY

nit I-'I Clomiplex Nombers

1.2.4 Some properties of the conjugate and modulus of complex numbers
In the following theorem we prove some properties pertaining to

conjugation and modulus of complex numbers,

Theorem: Forall i & inC

i lzl=lkzl=1Z1=1=-T| ()T =2z ©) 2T =1z1®
() z+2, =T; + 72 (¢) 7.7, = 5.7 ..‘".L).._J

2 1 2 LI, = 7|7, (n L)=% VL #E0
Proof (1) Letz=a+&i.Then —g=—-a—-bi, T =a-biand-T =-a+bi
Therefore by definition |21 =+a+8° (i)

=zl =y ai+(=5)" =Ja' +5° (ii)

171 = (@b =va?+b? (iii)

-2l =@y =Jai b (iv)
Equation (1), (ii), (iii} and (iv) yield that

lzl=l=zl=I1Tl=1-F1

Let z=a+ b then 7 =a-bi, and so
I =a+bi=z

Thus. T=7

Let z=a+bi.Then ¥ = a—bi

Therefore zz = (a + bi) fa —bi)
= @&’ —abi + bai — b
=a’ —(-1)i? (v iF==1)
- fI? +1b2

=1
Thus 7=

- 12
21 (v 1zl= Ja*+6* )
2P
() Lerz =a+bi and g=e+di
Then Z, =a-bi, T, =c—diand
I+ =(a+bi)+ (c+ di)
=fa+c)+(b+di

Thercfnru Ltz = fa+c)=ib+ d)i

sitthemalics-x
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¢ omiphes 0w

L mit |

Ca-b(o-dl=% T

This ‘T¥G =4 *E

@ Lety =a+bl m‘ldz;=f+di g
Then” L% = (a+b(c+di)
:
= [ac-bd)+(ad +be)i .

= (ac ~be —bd) ~(ad + be) i
5h = (a+b;] {E+d:} = (g =bi} (¢ ~di) |
= (ac -bd}-i-{'-ﬂtf =be)i iy
= (ac —bd) ~ —(ad + be) i .
“Thus from equations (i) and (ii),we have
L =05

end

)] 1.elz;=a+biﬂndz_,=e+df

5, _a+bi _atbi | e=di g donalization)

T g i o * edi

{ac+bd}+{bc—ad] _ac+bd Lbe= m!

+d? cxd e +ﬂ"
R e, '
- [E:J drd:  ced
ac+bd bo—ad | (i)

B cm—— t—
c+d ¢ +d’

athi  a-bi _ a-bi % r.+£fr

- = : (by rationalization)
e+di c—di  c-di  c+di

T
|

and

_(ac+bd)—(bc-ad)i _act+bd be-ad. .
- e +d? T Ftdt  c+d @

Thus from equations (i) and (ii), we have

mMithemitics=XI1

1.2.5. Real and honginary parts of the complex number of the form

, A X+ iy P
(i) (x + iyf (i [ y WXy ki #0 wheren =+ and 2

Xy + 1y
i Real sud o iy pacis of (v + o) wheren = 4+ ] and £ 2
vhenst =1, {x + fy)" reduces to x + {y
Therefore,  real part =x and imaginary part =y
When i =<1, {x+ iy)? reduces to (x + iy}
L | | x—fy
We have, (x+iy)" = 3 = ; —  (by rationalization)
(x+iy) (x+iv)  x—iy
A—iy x . ¥
=5 7 = g 3 —I— 5
b X4y Xy
X - ; -y
Therefore teal part = — z and iImaginary pan= —/——
Aoy X+ J."T
Wheinw = 2, (x+ iy} reduces to (x + iy),
we have fx + iy = x4+ 2ivy + %72
=%+ 2ixy —y? fv ==
= (" —y*) + 2ixy
Therefore real part = »° -y and imaginary part = 2xy
When n=-=2 (x4 r'}ul" reduces to {_1. + I'-,'l-',.}_:'
We have, (x + jy)2 = — I
[.‘l.'+r
R T
& I =i {L—n:] _ x— 2 jxy
{.t+r'1-] ['u.—n} (x+ *'.T”-’-"F.}'J]

. X =yt F = 2ixy X-y . 2y

(+y?yY {-‘-'J'*‘_T:}: :{,1"+}'1}

2

Theref xt—y2 —2xy
refore real part = 5 and imaginary part = _—2xy
{Ix +_-|_-| :] {11._’1'_)|!}2
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wing complex numbers.

. f the follo 3
Find the real and imaginacy it gy (127
Example 15: Fi" o (-3 @ (341
: —3 (i 3
M 27 _ 5 andimaginary patof z= =3

Solution: i nmfurcrﬂﬂlW“Ufz -
y=-

£ Letz= d
::3} Lotz =(5 -3 Herex =220 i ISIS
x =t 4
Thoreors, sl o= 557 " Gpa 3 B
M- - P Ne.
Y g 34

; POt
and imaginary part of £ = P {5},_}_{_3}:
(i) Letz= (3+if . Herex = hn;l:f'fz s
Thtrefom.rcalpﬂnuf;-f—_} = (3] ~|’J'J =8=I=

imaginary part of 2 =2y = 2{3)1) =
Letz=(]+2i)" Herex=1 and}'=2

(iv) k
 #ey - 1= 3

Therefore, real part of z = ER _[{1]:+{2}j] (57" 25
29 _ 2000 4

imaginary partol 2= CaLEE T+ @ GF 25

ii. Real and imaginary parts of [MJ where n = 21 and 22
KXo iy,

. e +iy
Whenn=1, |29 reducesto u We have,
Xy iy X+

+i +
= I.'}I’ = l.}' 50, {Byrat:una]:mlmn}
ntiy  nty -
B S8 /a3 N T 0% St 9.0 g /. (v ==

B -i'y} X+
N {'x_l‘rj + nwl+i {J"sz = X,}'—_.J - L4+ Yy § b ey ) (9
5+, 5+ 5+

' x4y
Therefore, real part = —*-——‘:"J-'E‘— and imaginary part = —
: x4y,

xz :

Maliietia

x +iy, ) X,
'—,y’ reduces to | ——L
.1': -f‘f_}":

—

(by rationalization)

Iy _1 i i
| &ty KD, X%y
X+ x iy, x—iy

X
We have | ——
x, +iy,

A A+ Ny dah—oH¥
S Ra/ Bl B/ BNF P L (b
routine
oy iy (by calculation)
fi al _hEHt WY . : Vady— X, ¥,
Therefore,  real part = ———=2=L  apg imaginary part = —L'n_xz.L
X+ X+ L

: . 1

X+ x+in |
(——' - reduces to | 2L | We have
Xy iy, Xy iy, ) - L

{'.r, i | (n+iv)t . (i) (x; —iy, )
—-—-x: i, —f.rl P {,1::+:'J'3‘J: * I"l....—ﬂ',:l (By rationalization)

[(x] =3

P2y [(4F - yi)-2ix, y,]

(3 #i,) (5, i)}

- P 2 ] e :
= [(x; -5 ) (x; - yi)+ S 2l (4 —) cls {xl:r _yli}]
(\‘f +1*)
(5 =) (x ~yP)+ 456,

(% +3)

Therefore, real part =

2

imaginary part = 2 i:i,rf_" Y e (X} =¥7)

{ X+ v }3

When s = 3 x+iy ) P T T
- ——=L reduces to | Mt
‘YZ +:.}"2' 11'1 +i1r=

We h T R
Ve _‘i‘zj_] S (ntiv)  (n+in)  (x —iy,
e | D e L
R (X +iy, ) (% +iy )  (x—iy )

~Mithemanics-X1 1




L nil

imaginary part =

W A=

o Wumbers
A
1 !L.,.|||r|n.

{x,’ﬂ':: :'1

31t oy ) AT N
(=25 J’:J}? 2

, Therefore, real part= = [-": o
; I
z.r.yirxf-y,’1l—x§y; (6=
EXERCISEA-Z.

thien verify commutative

property w.r.L. addition

L Hy=2+iands= I~

and multiplication.

3-2i and 3, =2 +3i. verify associative property w.r.L.
= J3=& 3. = .

o Ly - '-I +fr I:
addition and multiplication.
G43i 2= N2 -3 and 2=
multiplication over addition.

" Find the additive and multiplicative inverses of
(i) S+2i a (-9 B L
. () etz =2+4iandZ; =1 ~3i. . Verify that %,

(ii) Letz=2+3iandz=2~3i Verily that &1,

2 — 2i, verify distributive property of

(i) 1f2, = —a ~3bi, 2, = 2a ~3bi,.then verify that (] = 3

Show that for all complex numbers z, and 2,

(i) 17,71 =1zllzl (i) '%' =F-=i-|~| , where g, # 0.
Scparate into real and imaginary parts

L 2430 . (1+2i) ~ | s
Vo5 ® T @ gy

3+4i)7
(iv) (Qa-biy*  (v) [4—‘:55]

= ek TR
o 0 =l B

the following complex numbers.

Show that
(i) z+4Z=2Re(z)

(i) z=F=2iIm(z)

(iti) 22 =[Re(z)]’ +[Im(2)]* (iv) 2=% =z isreal
(v) T=—z ifand only if z is pure imaginary
9. Ifz=3+2i, then verify that (i) —|z| < Re(z) <] (i) ~lz|< Im(z) <[z

1.3 Solution of equations
In this section we shall find solution of different equations in complex
variables either with real or complex coefficients, .
1.3.1 Solution of simultaneous linear equations with complex coefficients
Consider the following equation
PZ + gw=r [
where p.g and r are complex numbers. The equation ||
squation in two complex variables (or unknown) z and w.
P2+ g, u-=;;}

is called a linenr

Pritgw=r

I]:lzse }Iv;-u equations together form a system of linear equations in two variables z
and w.The linear equations in 1 i

i wo variables are also called i
: ; f simultaneous
linear equations. l o
For example

(@ ~)z+2iw=—14i

s ; . .
§ a system of linear equations with complex coefficients,

52 ~(3+i)w=T7-i }

"Incansistent” “Censistent™

"Indepondent”

“Dependent”

¥

=

//
Rl

s x =y

...f*’] x
00 Solutions

No Solution One Solution

Mathemutice=X1




Ta air (z.w)
. . it Dl'dﬁf"-‘-d P sonsider

oo MBI fied. For example ©

; = 2iis A solution of

L ons are satisfied.

iz called solving

Hi fi o W | i i =0n plex Co-
i ations Wlul COl

" r a E}ISICI“ ﬂrt 0 Ci Lk I : Lll =

. we ‘hﬂ" II'I-Ii Sﬂlutlﬂﬂ 3 I l : 1 ;

ent L ;

- ; 0 P

l I Eﬁm'mﬂ[iﬁﬂ Rﬂd Ml.bﬁtlti.ll.lﬂ']'l- .

¥ cach Bﬁfﬂﬂiiﬂﬁ b!r' a constant §

jon s the same. .
s e 'Ih to eliminate one variable, thus

efficient in
equations is the “method of

Step-1 If necessary mt_tll!ilﬂ
. of one variable in ¢ac : o
2 Add or subtract the resulting equ

getting an equation in one variable.

’ ined in '{1-__-|1.-
ian in one variable obtaine e RO
5¢.;p.jSalva_lh¢ Ez:.:n:nnc::rn value of one variable in either of the origina
:qmp_;SuI:sumle

equations in step-1 and solve for the other vn:ﬂ‘:le;’iﬁablﬂs g
ing values o
Step-5 Writing together the corresponding

Dldﬂml EIHHS gl vEs S{Ilullﬁ 1 Df I:hl;‘. SySI&m- I
H - n 1x
X i ;

o that the co-efficient

Step-

Sz=(3+ijw=7-i
(Z=ifz 4+ 2iw==l+1 ‘ .
Giventhat Sz—(3+ipw=7=i

ution: 1
> (2—=i)z+2iw==I+i

Multiplying equation (1) by (2 - i) we have
S2-Be=(3+if2=fw=(T=i)2-1)
=  N2-il-(6-3N42-Flw=14-7i-2i+§
= 2-ilz-(6-i+Iw=14-9i-] (= F==])
= N2-ikk-(7-iw=13-9i
Multiplying equation (2} by 5, we have
H2 =)z + 10iw = -5 + 5i (4)
Subtracting equation (3} from equation (1), we have
H2 -+ 0w =_545;
2 =ilz=(7-ilw=+13_1y
= + il

10iw + (7~ ijw =-18 + J4i

_ =18+ 14§
e

(By Rationalization)

= (7+%w=-I8+ 14 = w

_A8 +idi  7-9i
YT 7-9i

= “.-:Efi_-, 2i

130

Substituting the valoe of win (| |, we have

52— (F+iN2)=7-| = Sz—(6i+20) =7
= Se—{6i-2)=7 -} = Sr=7-i+6i-2
= z=5+5 = = j—:‘-ji= I+

Thus (zw) where z = / + i and w = 2i is the solution of the simultaneous linear

= W

equations.
1.3.2 Expression of the polynomial P(z) as a product of linear factors

Recall that an expression of the form

P(x) = ax"+a, x4 ... + axFa, a, 20
where » is a positive integer or zero and the coefficients Ol ...l and a, are
constants that are either to be real or complex numbers, is a polynomial of degree n.

For example, 2x + 3, 3" + 2¢ 4 L and 55 — 6x° + 5v - ] are polynomials
of degree 1, 2 and 3 respectively, g

Here we are concerned with finding the linear factors of the following two
types of polynomials,

m Ple)="+ &%, whereaisa real number,

(n ]. J‘Tf )= az'+b' +cz4d where g, b, ¢ and d are real numbers,

!In I:tf:mrtzmg polynomials of type (1) we simply use the fact that ¥ = -] 5o
that 1o find Jinear factors,

For example KT 2 - Y - 3 :
~S- L ex "”F?-—_- Pz} = ¢ Fa=g i‘a = (z + la)(z — ia). However, in
: rizing Pll:rlj.-'l‘l:‘.lmlals of type (i), we use the factor theorem which has already

©EN proved in the previous class and stated below.

The factor theare .
1e factor theorom Let P(x) be any polynomial. Then x— g is a factor of P(x) if
and only jf Pla) =0 .

. ..]hﬁ method for factorizing the polynomials of type (ii} into linear factors
15 explained through the following example.

Mathematics-NT
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£+ s+ 192

» umbierh " _ 25 into linear

Campley

ctorize the polynomial P(z) =

mial P(z) into linear

Lpitl

Fa

Example 17 factors, we use

il factors. . B
d : In factonzng the giv o
= ution: ‘ i
4 - theorem. To do $0, WE pote that 2= 1 15 a root of Az

: the factor theorem. R
I I 7 - j,.'.l-= J + j 4+ 19 & .
| (I S+ 191 =4 ) K
1 - . ol 1 is & factor of P{z). We therefore arrange the terims 1
| i By factor theorem 2 = s .
1 a 1.]:;]_1' that we can find & common factor £ — | as follow
b | Fq’;l=z“+5f'+!§':-—25

= (= 1) +{57 + 192 - 24)
=(r-dpf+a+ 1+ (57— 52+
= (1= D (£ T+ )43 52) + (242 24)
o fr- D) (F ez 4 Safz-1)+24(z=1)

s (e- Dz +l)+ 2+ 2) = (- Nz fiz + 25)
(- )(+ 6+ 9+ 16) =(z=1) [(Z+ 62+ 9) 16]
= (2= 1) {7’ + 6z + 9) -(-16)]

= (z- Iz + 3= (4i)'] (it ==1)
= (2= 1)z 4 )+ dill(z + 3) 4] (: @b=(a +b)a-D)
=(z=1(z+ 3+ iz +3 =)

2t —24) == (a=b)a@ +ab+ V)

1.3.3 Quadratic equation of the form p:: +gztr=0

Cansider the quadratic equation of the form

prrgerr=s0 il

where p,g,r are real numbers p # 0 and z is a complex variuble.
Weseethat? —z+ 3= 0,30 -4z +2=0,50+ 6= 0,7 -3=0,2 =31
and £ = 0 are all examples of quadratic equation in the variable z. Equation 1) 15
called the standard form of the quadratic equation

Solution of quadratic equations

Recall that all those values of z for which the given equation is true e
called solutions or rvots of the equation, and the set of all solutions is called
solution set.

fFor example, ©© + 4 = O or ' —(2i)" = 0115 true only for z = 2i or z = =24, hence
¢ = 2i and ¢ = —2i are the solutions or rools of the given quadratic equation and
[2i, =2i] is the solution sel.

o find the solutions of equations of the form (1), we use a method known
a5 * completing the square” which is described as follows:

Step-1 Write the quadratic equation in its standard form.

Step-2 Divide both sides of the equation by the coefficient of 21 if it is other than 1.
¢ien-2 Shift the constant term to the right hand side of the equation.

_q“.;,_i Add a number which is the square of half of the coefficient of z to both
sides of the equation, .

Slep-5 Write the left hand side of the equation as a perfect square and simplify
the right hand side.

Step-6 Take square root of both sides of the equation and solve the resulting
equation to find the solutions of the eguation.
The method is explained in the following example.

Example 18: Solve the quadratic equation =°+ 6z + 25 =0

Solution: We have
Fe6:425=0 (Step-1) Bl You Kaow: G
L Gz ==25 (Step-2 and Step-3) The coefficient

= C+062+9=-2549 (Step-d) of = must not

= fz+3F==16 (Step—5) be zero

— |".— 4 2}: zlr_‘r"]_' J ﬁthfill’-']st it

~ =il : becomes linear

: =22 (Slep-6)

==+ dorz==3-2i
he solutions of given equation are —3 4+ 2{, =3 — 2{ and solution set is

(-3+2i -3 -2i}

Thus ¢

Exnmple 19 Solve the equation = + 2 + | =

Solution: Ae : ;
lution: According to the quadratic formula, the answer is

=lNF —4 A3

pE——— =il

2

K
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—hers
| napbey ymhel

Lnit 1

ox x coefficients.

il hnmpl
1 ) iear equations wil T
. sgjuelhcﬂmlranmﬁ Imf;} =i i) 3z + (24D _.; |! ;J
w:."l r ' i :—dw.—-‘Bj L e giad (2 i) z-w=-
- e DR - . .
— 2z :: #Wm S— Pyz) into lingar factors
‘I * ;ﬂf'}sz-ﬂﬁ +20 {lf}Pf,!'3' iy
I prrj=-2r+i=2 . :
| g F;;; X 1+ ;:;];II f=-] _ i satisfies the equanon =+ 2z+2=0
I == i
: Dﬁ:;umﬁ:ﬂ wlmhlr.r | + i is a solution of -2+ 5=0
2 vations
S onry e fﬂ"ﬂw_’"b c—q* Ginf=2z+i=0  (iviz +4 =0
i f (i) Fer+3=0 i}z -1 Frin
| lions to the following equ |
| o e {uJT--E iiijiz—1¥==1 (ivlz"=1

i) £+ +1=0

1. Choose the correct oplion.

2y
(i) {~_*
|+r'J

{a) i ihy 24 () 1=i d) 1= 2i
o
() Divide —5--£
43 s
2 14 23 26 24,
i .-1,,,__+E,- iby i--'-;' () —4—i ekt
23 4 3 25 25 7
{iii} ;7 +_!$. when simplified has the value
F:
{ay 0 by 2§ lc)y=2§ 132
) 1+ + ™5 _
i) Posirive (b1 negative fci0 (1l cannot be determined
T 5
(v) Ifz=x+iyand ’7'! =1 then z lies on
=+ 5§
{a1) X-axis (b} Y-axis {c)liney=5  (d) None of these

(vi) The mult:ph:atwc inverse of z=3 = 2i,is
lu_l—{ 3-2i)

(i) —{3+1:} (dl) ﬁ{;— 2i)

(b1 (3+2i)

- Umicd

If (x+ i) (2=30) =4+, then

r=—14/13, y= 513 xX=
x=l4/13, y=5/13 =

Show that "+ "'+ "™+ =0, YneN

{wii)

5/13, y = 14/13
5/13, y = —14/13

Expréss the following complex numbers in the form x + iy,

(b (1430 + (54T 1) (1438 — (54 T

fz,=2=i, =1+i hml
1+i 1=y
Find the modulys of ————.
=i 1+i
Find the conjugate of .
I+
e e . i+2
Find the multiplicative inverse of z= Lt
-

Suolve the quadratic cguation

(i) (14305470 (iv) I+€;'
)

a8+ b

Real Mumbers

a+0r
Irrafional
\ Mumbers,

Ralional Numbers
Integars

Nalural Numbers

Complex Numbers

a+rbi.b#0




