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Ieal part iumginm‘}' part

Recall complex numbier z represented by an expression of the form z=a+ih orof

the form (@, &) where @ and b are real numbers and § =q'r:i
Recopnize a as real part of z and & us imaginary part of z
Know the condition for equality of complex numbers
Carry out basic operations on complex numbers

Define T =a~ib asihe complex conjugate of 2=g+ib [
Define || = et +57 as the absolute value or modulus of a complex number ==a-+ih
Describe algebraic propertics of complex numbers {e.g. commutative, assockative and
distributive) with respect to "+ and =

Know additive identity and muliiplicaive identity for the set of complex numbers
Find additive inverse and multiplicative inverse of o complex numbsr =

Demonstrate the following properties

i

o ld=l-d=lf=|-z

L] e —_— 2 =
55, =47, —') =— %0
My 4 -

Find real and imaginacy parts of the following type of complex numbers

er_“:

ot

n X, iy \*
& (x+iv), L] —’—-a-:‘y—'-l'| o Kykfy, 20, wheren= %0, and+2
L 7 %+ 1,
Salve the simultaneous Tinear equations with complex coefficients, For example,

Sz-(3+w=T7-i,

(2-0)z+2iw==1+i a
Wirite the polynomial plz) as a product of linear factors. For example, i
T = (zrim(z— i, 2 =3 4 s S = (s ) (2= 2=Diz=241)

Salve quadratic equation of the form p=* + qz + r = 0 by completing squares, where p,
@, rare real numbers and 2 a complex munber. For example:
Solve 2'-2z45=0 = (z-1 = 2) {z-1+2)=0=z=142i1-2{

Graph of Trigonometric and Inverse
'Il‘rigﬁnometric Funetions and Solutions of

Trigonometric Equations

]
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1.1 Introduction

numbers, there
jmportant role
ex numbers 1s
ially in

gamt that pesides the real

Such numbers play & very
The use of compl

In our previous class we |
other numbers called complex numh:;s. -

mathematics and other branches of sciene. S w
il;:lispcnsabtc in Physics, Aeronautical and Electrical Engineering BSp
the analysis of Electric circuits.

‘1,1.1 Complex Numbers

In 1832, Gauss (1777-1855), a
complex numbers a5 numbers of the fo

cian gave the concept of

German mathemati
eal numbers.

rm a+bi, where a and b are 1
number b is called the

The number a is called the real part of g+bi and the

imaginary part of a+hi.

For example, the complex number —3+2i has the real part a = -3 and the
imaginary part b= 2.
' = g + 0i = ais a real number. Thus every

Ina+bi,ifb=ﬂ.ll‘ll:na+hf
real number @ can be written as a complex number by choosingb = 0. lfa=0
and b#0, then a+ bi =0+ bi=biis called a pure imaginary number.

For example, ia‘ and i are pure imaginary numbers. Usually, the

complex number a + bi 15 denoted by z=a + bi

Accordingly, z,=a,+b i, .= & + Bl...
The set of all complex numbers is denoted by C
may also be defined as ordered pairs of real

thatis C={a+biza b e R].

Complex numbers
numbers. Thus a complex number z is an ordered pair {a, b) of real numbers

o and b, written as = =(a, b). The first component « is called the real partof Z

and the second component b is called the imaginary part of z denoted by

Refz) and Im(z) respectively i.e. Re (z) = a and Im (z)= b.

The ordered pair (0,1) is called the imaginary unit and is denoted by i = {0,1).
The set of all ordered pairs of real numbers is the set of complex numbers

denoted by C. thatis C = [{a b): a, b are real numbnlrsl

= IR » IR where IR is the set of real numbers.

Mathemangs-xi

Sinlr:e i==ln simple consequence of the definition of i is that all’

powers of { may be expressed in terms of £ 1 and %1,

=L ¥ ample, i' =i, F=-1, ¥=fi=~ = =/ andif we continue
in this way to obtain higher powers of f, we obtain the values /, i, =/ or —i

Similarly, for negative powers, we have
b ( Note m

e e Ll
o] ; In Example 1(e) we see that 0
| can be. ex ressed as g sum of o
3 o 1 real and an imaginary number and
hence is & complex number.
. Such a complex number whose
‘ 5 = T = ;ZI::: :L:::I ir;;aginnr}r parts are
; , is called zero complex
s 1 ) 1 1 - number. .
ol i [_'IJJ =1 Similarly in Example 1(d), 1
can be expressed as a complex *
!1uml:.|er with real part 1 and
numbers in ordered pair form, :II:;E[:::!'}E p;n g’“’lg: E::inmlt.-
() & (b) 3 (10 (d I (&) 3=y= : !
Solution: I =V empemete
:':I 6 = 6+!:}|f = (6,0} (b'5i = 0+ 5f =(0,5)
€} 0=0+0i = (00 il =1+0f = (L0)
() 3-y-9 =3-ih0 =3-3i=(3,-3)

Example 2:  Find the value of

SSWE |, 890, . %
R T TS Lo S L LR

S0, 50 L5 -
P T L A

Solution: Given expression

Example 1:  Write the following complex

-

LI B "

= i I:j ke f +‘.5'-'H 3 i:ﬂl'i i.;?_ _} m
50T , - e -] =f't =

P 50 TR RTe T bl

=() =1 = (<1fi~1=1=1=-2

l"‘?riq“““t}’ of Complex Numbers
i “:; anp_]“ nlul_nbers are said to be equal if and only if their corresponding
parls and imaginary parts are equal. ie g+ ib=r+id ¢ g=candb=d
e .z, =z,¢> Re( z,) =Re(z,) and Im(z,) = Im('z,)




Campled % pabiers
. o
tion: Ifx+iy=3-4l then x'=3 gnd ¥ =
[Muostration:
ber ;
1.1.3 Conjugate of a complex num e .

The conjugate of 8 complex numbe

is defined as £ = x=1)

Miustration: () Letz= §-3ithen T =5+ 3
(ii) Let z = 2= 2+0i, then F=2-0i=2

(iii) Let g = 3= 0 +3i, then T = 0=3i=-3i

1.1.4 Basic algebraie operation on complex numbers

(i) Addition — ‘ I )

For two complex numb=r§1 :
=4+ fb, and z, =a,+ (b, their sum 15 S Gt o e G

Selioed Jab=vab is wue only when at
= = +i(b+by) least one of a and b is either zero or
=g+ =(a+a,)+i(b+b ey

Nlustration: If z =4 + 57 and z, = 2~ 3i, If both a and b are positive real

then 2+ 2, =(4+2)+(5-3)i=6+2i numbers, then the calculation
I

Example 3: Add the complex numbers v=ay=b=, "'“H—bj =vab

Yy=3+4ignd,=2-7i iswrong, The cotrect calculation is

Solution: L+L=3 +4) +{2-7i) a2 e 4 el
= =(3+2)+@d-7i= 53 V-avb=(V-1Va)(V=1b)

(i)  Subtraction =(iva)(ivb)

For two complex numbers z, = a +1b =f,{d§£}={_]}(@)=_ﬁ
and 2, = @, +ib, , the subtraction of % :

from z,is defined as: V23 = 2) (=) = J6
42 = (6~ G)tifb- by) is wrong. The correct result is
Dlustration: If z=1-iand z;=5 + 2, ﬁﬁ=fw’§}(:ﬁ]

then e 3
=i"|v2 43 |==+/6
4=, = (1-i) ~(542i) = (1 —i }4+(=5-21) t [V ‘-"r"} W

=(1-5) +i{~1-2) =— 4 -3

Thus, the calculation

Mathemalids-X1

Uit | .E_‘“rﬂll.f@"x:ﬂ'u_r__ui;r.-r;

Exampled: Let 2 =2+4/and 2, = 1-3/. Compute -3z,
Solution; Putting values of z, and z; in the given expression,
=3 =(2440)=3(1 - n
=2+4i-340 ==] + 13/
(i)  Multiplication
Multiplication of two complex numbers
G=a+iband 2, =c¢+idis defined as
Z%=(a+ib) (e+id) = (ac=bd) + i(ad + bec)
Mustration: If % =4 +3iand 2 = 3= 2/, then
Sifr= (4 430 (3= 21)
=[4%3-3 X(-2)] +i[4x(-2) +3x3] = 18+
Example 5: Find the product of 2—3i and 7+5;.
Solution:  (2=3i)(7+5()= 2(7+ 51)=3i(7+5()
=14+10i -21;-15"
=I4—I]u‘-|5{—!} (=i
87 D =14-11i4+15 =20 11,
i mm:;::ﬂ;livtaiz:;i c::: ;{;mp@x number l::'ry another cfumph:x number can m.:t
ey oo by g e T s T
conjugate of the complex number f?: tli d “”“‘f“-‘rﬂmf “-“d_dﬂﬂﬂmmﬂfl_!r i
sl [ enominator. This process is called
Fationaiientiog
Wehave =L _ 8+bi _ a+bi c—g
c+di

= C+ﬂ':‘xc____ﬂr,' (By rationalization)

h, {a+bft[’c-m’} _ac—adi+ bei - bdj®

(c+di)(c—ai) = ¢ +4*
_ (ac+ba) ~(ad —be)i
T T ——_ (R
L i E

- Actbd Bo_gd
R~ P g _'n‘ i 'T'Iur:.-,—f—t— =
c 'i"{f' ol +ﬂh I

whitthematies. X




+y) (2-3i)= 4 +1, where * and y are real.

thon: Salve (x
mm::n- We have, {x+y) (2-3)= =44 .
Solution: dei 4+l 2+ g-3)+i(12+42) _ 5+;4r'ﬁ"'ﬁf
e |
sxsh=r 3775 208 2-0l)
S ot yols
e VR

- hi.
: 275 in the forma+
Example & Write T

Solution:

3+ 3+ 21 4+3i

4= 4-3 4- -3 4+3J 2
{3+ze}{4+3¢} N 12+ 90 +8i 46"
T (4=3i)(4+30) 16+12-12i- 9"

6+17i _ 6 17,

e +_

25 25 25
1.1.5 Absolute value or modulus of a complex number
Let z = (a,b) = a+bi be a complex number. Then absolute value
(or modulus) of z, denoted by Iz, is defined by [¢|=</a® + 57
In the adjoining figure P represents a + bi. PM is a perpendicular drawn on oxX
W

Therefore OM =aand PM =b. In the
right angled-triangle OMP, we have

(By rationalization) -
_12 +17i+6(-1) Ceit=—)
16-9(-1)

by Pythagoras theorem Pl b

o < o
[EJ_” =+a'+b* =1z Thus, the o & M

modulus of a complex number is the distance

- [W]i =a’ + b

Figure 1.1

from the origin to the point representing the number.

Mathemntics-x1 _I,-'"I 6
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Unit 1 | Complex Nimbiges

Example 7:

Solution:

( For Your Information

‘Compute the absolute value of the given complex numbers:

(ay { (1) 3 fe) 2-=5i
(n] Letz=iorz=0+1,
Then by definition

gd= (0 +0) = =7
(h)Letz=3orz=3+0i. Then lzl = \.II{E}Z‘I‘{D}: =9 =3

() Letz =2~ 5i. Then lzi = y/(2)' +(=5)’ =J4+25= 429

q—' ) ¥ :‘: /__‘I'{:.r}

The complex number 2= x + fy and its ra

conjugate T=x—iy are respectively s |

represented by the points P(x, ¥) and N— 5 - »X

QUx, — ¥). Geometrically, the point )

Q(x, - ¥) is the mirror image of the point .

{x ¥ the x-axis d -] 4 L ] -
Px, ¥) on the x-axis and vice versa ./ Qix—y)
T saar .

5||'I‘t|1'|li'v'ﬂt: ]ulluwn:'lg
'fl'l f +i “” |:_ ‘.:1—3 ; flll} {-l} 3 ﬁ'lr} {-l}Jf

Prove that /1% 4 12 4 p2 a8 g
Add the following complex numbers

(i) 3(1+28), =2(1-3) (ii} E-Ea 3 &—%; (iii) ( 2 l). {J.v@}
Subtract the second complex numiber from first

() (@0) (2-b) (i) (=3 364 3 3357, FeavTi |
Multiply the following com plcx numhcn

(D8i+11, =745;

(i)3L201-)  (iDVZ+3i, 22 -3

Pcrﬁ:}m the indicated division and write the answer in the form a+5i

it ' i | _ 64§
3450 {ii) =y (iti) T3 (iv) _.'i

Mathematios-X1 ,.f"'.




« Sumhers

(el

= 2430 evalunt®

Fratoie " 2
o]+ 2iend B (iii) l'f’f\ _

(i) | 2 |

. [l} .. lzr+='1 "
ol ’ + i
5. Express the following in the sandord 017 2 u #i)
: l_:—-i-._—— {ll-:l 5- = 4+3!
':1} 2+ 3+1F iy = !\I”-’l

, (3-2 {2'1'3"} 10, Evaluate ti“ +[-{j
6. Find the conjugete oF “T9i)(a )

i Letz 29i, gy = - 2+ifind
: g A
(i) Rﬂ[%) (i) [sz':]

2 erties of complex numbers
: Lf;urpnperﬁu of complex numbers with respect to addition and multiplication
Like real numbers, properties of addition and multiplication also hold in complex

numbers.
(i)  Properties of Addition
.&"1 ﬁﬂdi!l’ﬂﬂ. iﬁ cﬂmmuiﬂﬂ'-"e i-C. EJ +E= -'-1}* E_r

Ifzy=a + biand z, = ¢ + di, then
7 + 2, =(a+bi] + {e+di)

= (a+c) + (b+d)i
= (c+a) + (d+b) i (by commutative property for addition in IR)

= (c4di) + (a+bi) = 1, + 4,

Thus 4 +5L=5+%

g =1 +3imdzy, =3-5i then g 4+2,=2,+%

z;+zz=|’f+3i}+l|’3-5ij
=(143)+(3-5)i=4-2i

and z1+z|,={.-l—5f}+ﬂ+3i}

=(3+1)+(-5+i=4-2i
Hﬂ]’lﬂﬂ I}+£2=Zz+z:

Example 8:
Solution:

Mothemptice=x

A-2 Addition is associative Le. 2, +(5,+3) = (4, +5) + g
Ifz, =a+bi,gy =c+diandz = ¢ + fi, then
g + (5+g) = (a+bi) + [(c+di) + (e4fi)]
= {a+bi) + [(c+e) + (d+i]
= a+{c+e) + [b+ (d+ fi]i
= (a+e) + ¢ + [(b+d) +f]1 (by associative property for addition in IR
= ffatc) + (h+d)i] +e+fi
= ffa+hi) + fe+di)] +e+fi
=(g+5) + 4
Thus 4 +(5+5)=(3+5) + 5
Example®: If 5, = 1+ 2i, 5, =-2+3iand g, = =3 -5i,
then 3, + (5 +2,)=(5 +3)+ z:,
Solution: 3+ (g +g) =(1+2i)+ [(=2+43i) + (-3-5i)]
=(1+2i) + [(=2-3) + (3-5)i] =(1+2i) + (-5-2i)
=(1-8)+(2-2)i =—4+0i
(2, + ) +g; = [(1420) + (=2 + 3i)] + (=3-5i)
= [{1=2) + (243)i] + (=3-5i) = (=1+5i) + (=3-5i)
» = (=1=3) + (5-5) i =—4 +0i
o Henee z+(mtg)=(h+5)+y
(it} Properties of Muoltiplication I
M-1 Multiplication is rcu.;mnulaiire iezz,=21
If g = ;1 - f;imand L =c+dithenzz, = t’ir + b:'j .ﬂr‘r + di)
= (o —bd) +(ad + be) s o T
e s e
= {ac - bd) + i ;
multiplication and ndditiuni;:-c:l i::;b:g ﬂ;'.l::;ulauﬁ p:c -p e_rties of

I'l‘-i. M 1 Gy Ly =TIy &
Xample 10: If g =2-3iandz, =— 1+ 2f then--‘:‘-:-‘?‘
2 » SGE5L5

=24+ 4i+ 36 = = ; -
" :d+?r_:+ [ —6i 2+T7i+6 (0 F==])
- LG = (=1+ 2i)(2 - 3i) = =1(2 - 3i) + 2i(2 - 3i)

=2+ 3+ 4 —ﬁf*‘ = =24 Ti+6 T =

= 447i ol ot
Hence 495y

Mathematics-X1



js associative . z(2 :_;J=f.:;w 5%
; = ¢ + fl, then 2
mfo O ?ﬂi;!f:nf.f;‘;} = {a + bi) {(ce —~df) + (cf + de)

= @+ WA GL ol + de) + bt fﬁ; :E o
=lalct=dD 0 B) llac~ba) + (ad + DX (B

= [(a + bm’f +—¢a 14 be)f] + [fac~bdlf + (ad + bc}:.i; i

2 J{Ef.::;}—we + bef] + (acf + ade) * (bce - #

= [afce ~df) ~blef + de)] +old dejb(ce = 4N

Thus, £(%%)=(2%/%
Example 11: Ifz= I=i ff—“!*?' and %
Solrkioul _Wc h?“z” (2 =3i)] = (1=1) [-1(2=3i) + 2i(2 - 3i)]
zfﬂﬁj:i:::'f:-; ++3:' s di-6f)={1-i)(2+7i+06)
=(1-i) {4+ 71) = 1(4+7i) ";H*;:“s.
= —dj=TP=4+3i+T= 11+ . .
pel ?:. {f:—j?{ ~14 20) (2 =3i) = [Y=1+ 2i) =¥(=1 +.2UJ' (2 -3i)
= (1420 + i =2i) (2-3i) = f=14 3i + 2) (2 =3i)
=(1+3)(2=3i) = (2 =3i)+3i(2 —=3i)
=2-3i+6i-9F =2+3i+9 =11+30,
Hence z,(52,) = (5,3)%
(i) Multiplication-Addition Property (The Distributive Properiy)
. This property is more explicitly stated as follows:
M-A. Multiplication is distributive over addition i.e. 2, (2 +2,) = 4L+
Ifz=a+biandz=c+diandz = e +fi, then
g (5+3,) = (a + bi) [(c + di) + (e + fi)]
= (a + bi) [{c + &) + (d + fli]
= [afc + €) =b{d + f)] + [a(d + f) + b(c + )] |
and  zg+5% = (a + bi)(c + di) + (a + bi)(e + fi)
= [(ac —bd) + (ad + be)i] + [(ae —bf) + (af + be)i]
= [fac + ae) + (-bd-bf] + {(ad + af)i +(bc + be)i]
=[afc+e) b (d+ )] + [afd + f) + b(c +e)]i
Thus, z (z;+2,) =22, + 7,2,

M2 Multipliestion

and (5 %)%

'3 —3i, then z,(5%) = (4%)%4

and (z,5,)5

Not For Sale

i
# '
MhEmines=1
;
'

Unit:l | (.‘4_|m|_rli,';: :\'lll.:lllli_!‘l"-

Z==1+2L=3+4 and z_,n-2+5}',th=n
Lp+gl=35+33y

Example 12: If

Solution: We have ;
g(n+z) = (=1+20) [(3 + 4i) + (=2 + 5i)]

CII 1)

=(=1+2i)[3 +4i -2+ 5i] ‘According to the-
=(=1+20)(1+9)= =1-9 + 2 +18 ;f‘f;?n”;f?;‘
==1-7i-18==19=7i (v #=-1) multiplication

and 7,2, + 2,5, =(=1+2i)(3+4i)+ (=1+ 2i) (-2 + 5i) iy=yi.:Hence we:

A : > Y- 2 can write s
=F—di+6i + 80"+ 2 =5[—4i + 10§ z=x+1y instead ,
=—1-Fi-8-J0==19 -7 ; [ 4]

of z=x+yi
Hence g, (z+g) =3 + 5% o
1.2.2 Additive identity and multiplicative identity of complex numbers
A complex number ¢ + di is called the additive identity of the complex number
a+ biif (a + bi) + (¢ + di) = (¢ + di) + (a + bi) = a + bi -
Let @ + bi be any complex number and ¢ + di = 0 + 0i be the zero
complex number. Then -
fa + Bi) + (0 + 0i) = (a + O) + (b + O) (by definition of addition)
=a+bi
Similarly (0 4 0i) + (a + bi) = a + bi
Thus the additive identity in C is the zero complex number i.e. 0 4 0§
P A complex number ¢ + 4 iz called the muitiplicative identity of the complex
number g + bi if fa + bi) fc + di) = (¢ + di) (a + bi) = a+ hi
Let @ + bi be'any complex riumber and ¢ + di = I + 0i be the unit
complex number, Then ol
(@+bi) (1 + 00) = (a-1=b-0) +(a-0+b-1)i (by definition of multiplication of
=a+bi complex numbers)
(400 (o + bit=a+ b
Thus the multiplicative ientity in C is the unit complex number [ + 0i.
-2.3 Additive inverse and multiplicative inverse of complex numbers
. A complex number ¢ + df is called the ndditive Inverse of the complex
number a +biif (a + bi) + (¢ + di) = 0 + 0 i.e. the additive identity, '
We have (a + bi) + (¢ tdi)=0+0i =>fa+c)+(b+d)i=0+0i
= a+c=0and b+d=0 = c¢=—a and d=-5
sothat ¢ + i = —a — by, Thus the additive inverse of a + bi is —a —bi.

Similarly

1

Mathemarics-x



smpbier®

{ anaples

{ nit |

i =3i
Example 13 Find additive inverse of 5-3
Solution: i
Let 2=5=31
_gen(5-30==5*3
o s =5+ 3i

additive inverse of § -3 the multiplicative

Thus the ™
+ di is called
rse A complex number ¢ *+ L 15 e
Lm:?'liuzﬁi;: Ll:'m!pm number a + bi if (a+bi){e+ di) = I+0i 1.2
\J
e e 7 bd) + {ad + beli=1+0i

Wehavc{a+br‘}{c+dﬂ=i+ﬂf = (ac—
~bd=1 (i} )
= (i) From (ii), we have

and ad+be=0

de—be or d=—2& (i) Putting the value of din (i), we get
be detbe Did YouKnow W %)
ac +b [—J =] S e

) a : The complex numbers

=. irkle=e |2 = at +b ) possess all the properties
Putting the value of ¢ in (iif), we get Elhxi:in:!:lﬂ! r;:itr’lﬂ*t:;; 1=rr;;~;z?
=- EI"’ o = @=s :# = (V) relation, that 15, We can
qEH8y A not say that one complex

From (iv) and (v), we have number is greater than
i - b the other complex number.

c+diz —— ———i
a1+a1 d.+b1

Thus the multiplicative inverse of a + bi is
a &

B @ +b

Example 14: Find multiplicative inverse of =2 - 3i

Solution: Letz=-2-3i Herea=2b==3

a b ) 3

i

il

2 pix
Thus - = + —E’it is the multiplicative inverse of —2 - 3i.

Not For Sale
Muthemuties=X11 2

= :[a’ w0 +b’):({wp_)’ T i (_g}‘_J, {_ﬁj - (13 T RTRREY

nit I-'I Clomiplex Nombirs

1.2.4 Some properties of the conjugate and modulus of complex numbers
In the following theorem we prove some properties pertaining to

conjugation and modulus of complex numbers,

Theorem: Forall i & inC

i lzl=lkzl=1Z1=1=-T| (h) T =2z ©) 2T =1z1*
() z+2, =T; + 72 (c) 7.7, = 5.7 ..‘".L).._J

2 1 2 LI, = 7|7, (n L)=% VL #E0
Proof (1) Letz=a+&i.Then —g=—-a—=bi, T =a-biand-T =-a+bi
Therefore by definition |21 =+a+8° (i)

=zl =y (ai+(=8)" =Ja' +5° (ii)

171 = (@b =va?+b? (iii)

-2l = JCa%+ @) =Jai b (iv)
Equation (1), (ii), (iii} and (iv) yield that

lzl=l=zl=I1Tl=1-F1

Let z=a+ bi then 7 =a-bi, and so
I =a+bi=z

Thus. T=7

Let z=a+bi. Then ¥ =a—bi

Therefore zz = (a + bi) fa =bi)
= @’ —abi + bai — b
=a’ —(-1)i? (v F==1)
- a'_’ +1b2

=1
Thus 7=

- 12
21 (v 1zl= Jai+b* )
2P
() Lerz =a+bi and g=e+di
Then Z =a-bi, T, =c—diand
I+ =(a+bi)+ (c+ di)
=fa+c)+(b+di

Thercfnru Ltz = fa+c)=ib+ d)i

asitthenmaiics-x
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¢ omiphes 0w

L mit |

C-b(o-dl=%

This ‘T¥G =4 *E

@ Lety =a+bl m‘ldz;=f+di g
Then” L% = (a+b(c+di)
:
= [ac-bd)+(ad +be)i .

= (ac ~be —bd) ~(ad + be) i
5h = (a+b;] {E+d:} = (g =bi} (¢ ~di) |
= (ac -bd}-i-{'-ﬂtf =be)i iy
= (ac —bd) ~ —(ad + be) i .
“Thus from equations (i) and (ii),we have
L =05

end

)] 1.elz;=a+biﬂndz_,=e+df

5, _a+bi _atbi | e=di g donalization)

T g i o * edi

{ac+bd}+{bc—ad] _ac+bd Lbe= m!
= +d? cxd e +ﬂ"

== actbd bc—ad.
. IJ =t
[ c+d’ o +d
ac+bd bo—ad , (i)
= e ———
c+d  +d’

athi  a-bi _ a-bi % r.+£fr
c+di  c—di e—di c+di

(by rationalization)

T
|

and

_(ac+bd)—(bc-ad)i _act+bd be-ad. .
- e +d? T Ftdt  c+d @

Thus from equations (i) and (ii), we have

mMithemitics=XI1

1.2.5. Real and honginary parts of the complex number of the Torm

, A X+ iy P
(i) (x + iyf (i [ y WXy ki #0 wheren =+ and 2

Xy + 1y
i Real sud o iy pacis of (v + o) wheren = 4+ ] and £ 2
vhen s =1, {x + fy)" reduces to x + {y
Therefore,  real part =x and imaginary part =y
When i =<1, (x+ iy} reduces to (x + iy}
. 1 1 x—iy
We have, (x+iy)" = 3 = ; —  (by rationalization)
(x+iy) (x+iv)  x—iy
x—iy x . ¥
=% 7 = "3 7 I3 O
by X4y x4y
X - ; -y
Therefore teal part = — z and imaginary pan= —/———
Aoy X+ J."T
Whewn = 2, (x+ iy} reduces to (x + iy),
we have fx + iy = x4+ 2ivy + %7
=%+ 2ixy —y? fv ==
= (" —y*) + 2ixy
Therefore real part = »° -y and imaginary part = 2xy
When n=-=2 (x4 r'}ul" reduces to {_1. + I'-,'l-',.}_:‘
We have, (x + jy)2 = — 1
[.1.'+r
R T
5 _I__ i {l—H] _ X2=y2_Dixy
{.l+r'1-] ['u.—n} (x+ *'.T”-’-"F.}'J]

. X =yt F = 2ixy X-y . 2y

(P +yyY {-‘-'J'*‘_T:}: :{,1"+}'!}

2

Theref; e o —2xy
refore reql Pt = 3. .3.g and i[l\;:gin;gr}r part = __2.1:1._
{Ix +_-|_-| :] {11._’1'_)|!}2

Mathematics-XT ,
v

£




wing complex numbers.

. f the follo 3
Find the real and imaginacy PR gy (127
Example 15: Fi" @ -6 (341
f ~3 ii i
M 27 _ 5 andimaginary patof z= =3

Solution: i nmfurcrﬂﬂlW“Ufz -
y=-

£ Letz= d
::3} Lotz =(5 -3 Herex =220 i ISIS
x =t 4
Thoreors, sl o= 557 " Gpa 3 B
M- - P Ne.
Y g 34

; POt
and imaginary part of £ = P {5},_}_{_3}:
(i) Letz= (3+if . Herex = hn;l:f'fz s
Thtrefom.rcalpﬂnuf;-f—_} = (3] ~|’J'J =8=I=

imaginary part of 2 =2y = 2{3)1) =
Letz=(]+2i)" Herex=1 and}'=2

(iv) k
 #ey - 1= 3

Therefore, real part of z = ER _[{1]:+{2}j] (57" 25
29 _ 2000 4

imaginary partol 2= CaLEE T+ @ GF 25

ii. Real and imaginary parts of [MJ where n = 21 and 22
KXo iy,

. e +iy
Whenn=1, |29 reducesto u We have,
Xy iy X+

+i +
= I.'}I’ = l.}' 50, {Byrat:una]:mlmn}
ntiy  nty -
B S8 /a3 N T 0% St 9.0 g /. (v ==

B -i'y} X+
N {'x_l‘rj + nwl+i {J"sz = X,}'—_.J - L4+ Yy § b ey ) (9
5+, 5+ 5+

' x4y
Therefore, real part = —*-——‘:"J-'E‘— and imaginary part = —
: x4y,

xz :

Maliietia

x +iy, ) X,
'—,y’ reduces to | ——L
.1': -f‘f_}":

—

(by rationalization)

Iy _1 i i
| oLty KD, L %y
X+ x, iy, x—iy

X
We have | ——
x, +iy,

e P Moy dah =5y
S Ko Bl B/ BNF P L (b
routine
e iy (by calculation)
fi al . T B . : Vady— X, ¥,
Therefore,  real part = ———=2=L  apg imaginary part = —L'n_xz.L
X+ X+ L

: . 1

X+ x+in |
(——' - reduces to | 221 |  We have
Xy iy, Xy iy, ) - L

{'.r, i | (q+iv)t . (g iy ) (x; —iy, )
—-—-x: i, —f.rl P {,1::+:'J'3‘J: * I"l....—ﬂ',:l (By rationalization)

[(x] =3

P2y [(4F - yi)-2ix, y,]

(3 #i,) (5, i)

- P 2 ] e :
= [(x; -5 ) (x; - »i)+ S 2l (6 —) cls {xl:r _yli}]
(\‘f +1*)
(5 =) (2 ~ 3P )+ 456,

(x5 +37)

Therefore, real part =

imaginary part = 2 i:i,rf_" 0 e (X =¥7)

{ X+ v }3

When s = 3 x+iy ) P T B
- ——=L reduces to | N
‘YZ +:.}"2' 11'1 +i1r=

We h T R
Ve _‘i‘zj_] S (utiy)  (n+iv)  (x —iy,
s | D e L
R (X +iy, ) (% +iy )  (x—iy )

~Mithemanics-X1 1




L nil

imaginary part =

W A=

o Wumbers
A
1 !L.,.|||r|n.

(+2)

31t oy ) AT N
(=25 J’:J}? 2

, Therefore, real part= = [-": o
; I
z.r.yirxf-y,’1l—x§y; (6=
EXERCISEA-Z.

thien verify commutative

property w.r.L. addition

L Hy=2+iands= I~

and multiplication.

3-2i and 3, =2 +3i. verify associative property w.r.L.
= J3=& 3. = .

o Ly - '-I +fr I:
addition and multiplication.
G43i 2= N2 -3 and 2=
multiplication over addition.

" Find the additive and multiplicative inverses of
(i) S+2i a (-9 B L
. () etz =2+4iandZ; =1 ~3i. . Verify that %,

(ii) Letz=2+3iandz=2~3i Verily that &1,

2 — 2i, verify distributive property of

(i) 1f2, = —a ~3bi, 2, = 2a ~3bi,.then verify that (] = 3

Show that for all complex numbers z, and 2,

(i) 17,71 =1zllzl (i) '%' =F-=i-|~| , where g, # 0.
Scparate into real and imaginary parts

L 2430 . (1+2i) ~ | s
Vo5 ® T @ gy

3+4i)7
(iv) (Qa-biy*  (v) [4—‘:55]

= ek TR
o 0 =l B

the following complex numbers.

Show that
(i) z+4Z=2Re(z)

(i) z=F=2iIm(z)

(iti) 22 =[Re(z)] +[Im(2)]* (iv) 2=% =z isreal
(v) T=—z ifand only if z is pure imaginary
9. Ifz=3+2i, then verify that (i) —|z| < Re(z) <] (i) —z|< Im(z) <[z

1.3 Solution of equations
In this section we shall find solution of different equations in complex
variables either with real or complex coefficients, .
1.3.1 Solution of simultaneous linear equations with complex coefficients
Consider the following equation
PZ + gw=r [
where p.g and r are complex numbers. The equation ||
squation in two complex variables (or unknown) z and w.
P2+ g, i-.-=;;}

is called a linenr

Pritgw=r

I]:lzse }Iv;-u equations together form a system of linear equations in two variables z
and w.The linear equations in 1 i

i wo variables are also called i
: ; f simultaneous
linear equations. 4 o
For example

(@ ~)z+2iw=—14i

s ; . .
§ a system of linear equations with complex coefficients.

52 ~(3+i)w=T-i }

"Incansistent” “Censistent”

"Independent”

“Dependent™

¥

=

//
Rl

s x =y

...f*’] x
00 Solutions

No Solution One Solution

Mathemutice=X1




Ta air (z.w)
. . it Dl'dﬁf"-‘-d P sonsider

oo MBI fied. For example ©

g = 2ii5 2 solution of

: ons are satisfied.

iz called solving

sons with complex co-
two equanons np
" b et e % solving such system of
sepheiien iy 4 w. The simple rule for
i and w. e
s zelimination and substitution .
y each equation by @ constant §

jon s the same. .
s e 'Ih to eliminate one variable, thus

efficient in
equations is the “method of

ltipl
s 1 If necessary mil
28 of one variable in €ac : o
2 Add or subtract the resulting equ

getting an equation in one variable.

’ ined in '{1-__-|1.-
ion in one variable obtane i ROV
5 SGII:M'IM ﬂﬁé:l:U:“ﬂ;w value of one variable in either of the onginal
!q'mp_i.Sll stifuie

her variable.

ions in step-1 and solve for the ot 5 .
equa:unns in step- ) ing values of the viriables in the form of
Step-5 Writing together the corre: pond

irs giv ion of the system.
ordered pairs gives solution . ‘ —
Example 16: Si::-lvc the simultaneous linear equations with complex coefficients

o that the co-efficient

Step-

Sz=(3+ijw=7-i
(Z=ifz 4+ 2iw==l+1 ‘ .
Giventhat Sz—(3+ipw=7=i

Solution: 1
(2—=i)z+2iw==I+i

Multiplying equation (1) by (2 - i) we have
S2-Be=(3+if2=fw=(T=i)2-1)
=  N2-il-(6-3N42-Flw=14-7i-2i+§
= 2-ilz-(6-i+Iw=14-9i-] (= PF==])
= N2-ikk-(7-iw=13-9i
Multiplying equation (2} by 5, we have
H2 i)z + 10iw ==5 + 5i ()
Subtracting equation (3) from equation (1), we have
N2 -ilz+10w  =_545
2 =ilz=(7-ilw=+13_1y
= + il

10iw + (7~ ijw =-18 + J4i

= . (7+%w=—I8+ [4 _=18+14i

748
—18 + 14 — ionalizati
_—I8 +14i L= (By Rationalization)

=W

== W
T+ 8 7-0;
S e OO s
130

Substituting the valoe of win (| |, we have
S2—(3+iN2)=T~i = Sz—(6i+2P) =7_;
— Se—(6i-2) =7 —i = Fp=7-i46i-2
=  Sz=5+5i = :=j—:.§i'=!+r‘
Thus (z,w) where z = I + i and w = 2; is the solution of the simultaneous linear
equations.
1.3.2 Expression of the polynomial P(z) as a product of linear factors
Recall that an expression of the form
P(x) = a.x"+a, x4 ... + axFa, a, 20
where » is a positive integer or zero and the coefficients Ol ,-...thy and a, are
constants that are either to be real or complex numbers, is a polynomial of degree .
For example, 2x + 3, 3¢ + 2¢ 4 L and 55 — 62 + 5v - ] are polynomials
of degree 1, 2 and 3 respectively, g
Here we are concerned with finding the linear factors of the following two
types of polynomials,
m Ple)="+ &%, whereaisa real number,
{ )= art bt
!”]. ﬂ‘,}_ az +bz'+cz+d where a, b, ¢ and d are real numbers,
" In Iﬁ:un teing polynomials of type (i) we simply use the fact that # = - 50
that to find Jinear factors,
For example KT 2 - Y 3
- £ ..]HFL- Pz} = ;¢ ol 2ot ik 2t SRR N ia). However, in
i ing plI:rlyn:mu::.ls of type (i), we use the factor theorem which has already
Ben proved in the Previous class and stated below,

1“ c fﬂi_'{{:ll.' 1]“';‘“1' b | I 2 F ¥ i =
e cm L f-x_ll bc -i'l“_ U]- nﬂ““it]a f - i i
: I I P ﬂ Ir} p _}" 1 1N x a1sa fa(:!t:ll' O.I i 1‘?‘} lj

L ..]hﬁ method for factorizing the polynomials of type (il) into linear factors
5 explained through the following example.

Mathematics-NT
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£+ s+ 192

» umbierh " _ 25 into linear

Campley

ctorize the polynomial P(z) =

mial P(z) into linear

Lpitl

Fa

Example Iz factors, we use

il factors. . B
d : In factonzng the giv o
= ution: ‘ i
4 - theorem. To do $0, WE pote that 2= 1 15 a root of Az

: the factor theorem. R
I I 7 - j,.'.l-= J + j 4+ 19 & .
| (I S+ 191 =4 ) K
1 - . ol 1 is & factor of P{z). We therefore arrange the terims 1
| i By factor theorem 2 = s .
1 a 1.]:;]_1' that we can find & common factor £ — | as follow
b | Fq’;l=z“+5f'+!§':-—25

= (= 1) +{57 + 192 - 24)
=(r-dpf+a+ 1+ (57— 52+
= (1= D (£ T+ )43 52) + (242 24)
o fr- D) (F ez 4 Safz-1)+24(z=1)

s (e- Dz +l)+ 2+ 2) = (- Nz fiz + 25)
(- )(+ 6+ 9+ 16) =(z=1) [(Z+ 62+ 9) 16]
= (2= 1) {7’ + 6z + 9) -(-16)]

= (z- Iz + 3= (4i)'] (it ==1)
= (2= 1)z 4 )+ dill(z + 3) 4] (: @b=(a +b)a-D)
=(z=1(z+ 3+ iz +3 =)

2t —24) == (a=b)a@ +ab+ V)

1.3.3 Quadratic equation of the form p:: +gztr=0

Cansider the quadratic equation of the form

prrgerr=s0 il

where p,g,r are real numbers p # 0 and z is a complex variuble.
Weseethat? —z+ 3= 0,30 -4z +2=0,50 + 6= 0,7 -3=0,2 =321
and £ = 0 are all examples of quadratic equation in the variable z. Equation 1) 15
called the standard form of the quadratic equation

Solution of quadratic equations

Recall that all those values of z for which the given equation is true e
called solutions or rvots of the equation, and the set of all solutions is called
solution set.

fFor example, ©© + 4 = O or ' = (2i)" = 0115 true only for z = 2i or £ = =24, hence
¢ = 2i and ¢ = —2i are the solutions or roots of the given quadratic equation and
[2i, =2i] is the solution sel.

o find the solutions of equations of the form (1), we use a method known
a5 * completing the square” which is described as follows:

Step-1 Write the quadratic equation in its standard form.

Step-2 Divide both sides of the equation by the coefficient of 21 if it is other than 1.
i3 Shift the constant term to the right hand side of the equation.

Gien—4 Add a number which is the square of half of the coefficient of z to both
sides of the equation, .

Slep-5 Write the left hand side of the equation as a perfect square and simplify
the right hand side.

Step-6 Take square root of both sides of the equation and solve the resulting
equation to find the solutions of the eguation.
The method is explained in the following example.

Example 18: Solve the quadratic equation =°+ 62 + 25 =0

Solution: We have
Fe6:425=0 (Step-1) Bl You Kaow: G
L Gz ==25 (Step-2 and Step-3) The coefficient

= C+62+9=-2549 (Step-4) of = must not

= fz+3F==16 (Step—5) be zero

— |".— 4 2}: zlr_‘r"]_' J ﬁthfill’-']st it

~ =il : becomes linear

: =22 (Slep-6)

IT==3+2orz==3-3i
he solutions of given equation are —3 4 2{, =3 — 2{ and solution set is

(-3+2i -3 -2i}

Thus ¢

Exnmple 19 Solve the equation = + 2 + | = 0

Solution: Ae : ;
lution: According to the quadratic formula, the answer is

=lNF —4 A3

pE——— =il

2

K
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—hers
| napbey ymhel

Lnit 1

ox x coefficients.

il hnmpl
1 ) iear equations wil T
. sgjuelhcﬂmlranmﬁ Imf;} =i i) 3z + (24D _.; |! ;J
w:."l r ' i :—dw.—-‘Bj L e giad (2 i) z-w=-
- e DR - . .
— 2z :: #Wm S— Pyz) into lingar factors
‘I * ;ﬂf'}sz-ﬂﬁ +20 {lf}Pf,!'3' iy
I prrj=-2r+i=2 . :
| g F;;; X 1+ ;:;];II f=-] _ i satisfies the equanon =+ 2z+2=0
I == i
: Dﬁ:;umﬁ:ﬂ wlmhlr.r | + i is a solution of -2+ 5=0
2 vations
S onry e fﬂ"ﬂw_’"b c—q* Ginf=2z+i=0  (iviz +4 =0
i f (i) Fer+3=0 i}z -1 Frin
| lions to the following equ |
| o e {uJT--E iiijiz—1¥==1 (ivlz"=1

i) £+ +1=0

1. Choose the correct oplion.

2y
(i) {~_*
|+r'J

{a) i ihy 24 () 1=i d) 1= 2i
o
() Divide —5--£
43 s
2 14 23 26 24,
i .-1,,,__+E,- iby i--'-;' () —4—i ekt
23 4 3 25 25 7
{iii} ;7 +_!$. when simplified has the value
F:
{ay 0 by 2§ lc)y=2§ 132
) 1+ + ™5 _
i) Posirive (b1 negative fci0 (1l cannot be determined
T 5
(v) Ifz=x+iyand ’7'! =1 then z lies on
=+ 5§
{a1) X-axis (b} Y-axis {c)liney=5  (d) None of these

(vi) The mult:ph:atwc inverse of z=3 = 2i,is
lu_l—{ 3-2i)

(i) —{3+1:} (dl) ﬁ{;— 2i)

(b1 (3+2i)

- Umicd

If (x+ i) (2=30) =4+, then

r=—14/13, y= 3513 x=
x=l4/13, y=5/13 ¥=

Show that "+ "'+ "™+ i" =0, YneN

{wii)

5013, y = 14/13
5/13, y = —14/13

Expréss the following complex numbers in the form x + iy,

(b (1430 + (54T 1) (1438 — (54 T

fz,=2=i, =1+i hml
1+i 1=7
Find the modulys of ————.
=i 1+i
Find the conjugate of .
I+
e e . i+2
Find the multiplicative inverse of z = Lt
-

Suolve the quadratic eguation

(i) (14305470 (iv) I+€;'
)

a8+ b

Real Mumbers

a+ 0
Irrational
\ Mumbers,

Ralional Numbers
Integers

Nalural Numbers

Complex Numbers

a+rbi.b#0
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" Deseribe determinant of a square mairix, minor and cofactor of an element

il bedlblebis

After reading this it heswdent
Recall the coneeptof

-~ amatrix and its noaton,

»  order of 0 matrix,

- Eguality of two matrices, _ .
DcﬂEE mwrnmui:. column matrix, square matrex, rectan gular ratrnx, zs.-n_;.fnull
matrix, identity mateix, scalar matrix, diagonal matrix, upper and lower Im:ulgul;jr
matrix, transpose of 2 matrix, symmetric matrix and skew-symmetric mairix,
Ean-yc;ut sealar multiplication, addition/subtraction of matrices, multiplication

of matrices with real and complex entrics.

Show that commutative property

»  holds undér addition.

o does not hold under multiplication, in general

Verify that (AB) = B' A"

af & meirix.
Evaluate determinant of 8 square matrx using cofactors.

Define singular and non-singular matrices,

Enow the adjoint of a square matrix.

Usz adjoint method to calculate inverse of a square matrix.
Verify the result (AB) " = B~A™",

State and prove the properties of determinants,

Evaluate the determinznt without expansion (ie. using properties of determinants).
Know the row and column operations on matrices.

Define echelon and reduced echelon form of a matrix,

Reduce a matrix to its echelon and reduced echelon form,

Recognize the rank of 3 matrix,

Use row operations to find the inverse and the rank of a matrix.
E‘?&Eﬁ:ﬁ:ﬁ;}*ﬂmﬂzﬂMﬂm and non-homogeneous linear equations

Unit ' | Matrices and Determinants

Solve a system of three homogeneous linear equations in three unknowns. |

'._' M

: hgﬂmnaﬁcs-}{-l

g

-

Define a consistent and inconsistent system of linear equations and
demonsirate through examples,

Solve a systemn of 3 by 3 non-homogeneous linear equations using:
= mairix inversion method,

o Giauss elimination method (echelon form),

s Gavss-Jordan method (reduced echelon form),

o Crumer's rule.

2.1  Introduction

The concept of matrices is a highly useful tool which is not only used in
mathematics but also in all branches of science, engineering and the business
world. Now-a-days matrices and matrix methods have widespread applications in
the operation of high speed computers.
2.1.1 (n) Concept of & matrix and its notation
In previous class we have taken a simple example for the concept of a matrix.
Here we take a bit more tricky example.
Suppose three colleges A B,C take part in an inter-colleges debate competition
where any participant can speak in either of the four languages English, Urdu
Pashto or Hindko. College A consists of 3 participants in English, 2 in Urdu, 3 in
Eashm ﬂ_ﬂd Lin Hindko, College B consists of 2 participants in English, 3 in
Erdu_. Lin F‘-Js{1tn und_ 2 in Hindko, College C consists of 4 participants in
'n::gl:shi 2 in Urdu, 2 in Pashto and 1 in Hindko.

e mformation given in the above i
example, can be Ay in ¢

bl fit o F P € put In a compact way in a

oo =l

KT

2

3 b&!@_ =
3
2

Bod | | s
= =

4
Now we wes l
e e data gi i
g Wilie the data given in the above arran 2ement in a capital or small
§ Without any top or left heading as shown.

3
5 2 3 9 3 % %]
4 2 ! 21 er 2 3 ] 2
2 2 1 4 7
2 2 1




e T

i 11 & matrix.
ed which we c "
s d in large square brackets

information 1
a4 matrix array will be real,

of numbers enclose
all nuriibers 10

3 the
. hers gives all
This amay OF B0 gular arraY

xisd i _
Thu:u:nmmﬂ Unless otherwise specified,
ar p ; .

For example, 3 2 A .

1 - 1 2

il b ¢ ? 2 or rﬁﬁ ’ i 2 !
-""’"_f 3 3 : ; i 4 2

3ls 2 . § F-F A

T t 1 colummns
columns ;
brackets 1o denote

represents matrix. However, throughout we will use square
matrices. :
In the above matrix the horzont
the vertical lines of numbers are r.a!lcd_m
called an element or an entry of the matrix,
The above matrix has three rows and four culummf.
We are now ready to give the gencral definition of a matnx as fullrfws:
A matrix is a rectangular aray of mn elements &y 1= 1.'2'3"'.".
j=1.2,....n amanged in m rows and 1 columns. In writing down matrices, 1t 18

usual to denote the matrix by a capital single letter A (say) such that

al lines of numbers are called ro'. and
jumns. Each number in the array is

m

@y ey,
g cnilly,

(b) Order of a8 matrix
The order of a matrix is given by the number of rows followed by the number of

columns, if the matrix A has m rows and n columns, and so is said to be of arder
m X n (read as m by n matrix}.
For simplicity and to convey the idea, the matrix A is an m x n matrix, unless
otherwise specified, -

In the matrix A, the ith row and the jth column are represented as follows:

= .'_l;—-..-.T. . 3 ' ' . - . NDI Fﬂ‘l‘ SHFB

Jth column

3 g
ay, t]'u.-,r?l-l? veelly
sy {J:: ﬂ:, vee Clg

- A= :

ith row ""@I [ A I Y ﬂ,,,)

L'a-rl @iz +e a“ﬁ' ool .

The elements of the ith row of A are a;, a;5.. ceesflijs.nn i and the elements
of the jth column of A areay s83p- il . We see that the element #; oeeurs in
the ith row and jth column of A. The elements in the ith row and jth column wil

usually be referred to as the (i,j)th element because of

the two subscripts i and j, { Did You Knew E}
A matrix is merely a
table of numbers. Apart

from being a convenient
way of recording certain -

We may also write the matrix A as
.-d|.=|ﬂi;l,_,_f or A=[agl;i=12,...m; j=1.2,....1,
where m; is the (i,j)th elements of A
{c) Egquolity ol two malrices

juahity ol malrices types of numerical values,
] Two umrfces A=[ay] and B = [by] of the it has no particular valne
same order are said to be vqual when their in itself. |
comesponding elements are equal i e. iy = by; for all ¢
and jfwhere =1.2,..m: F=1.2....;n r
For example, if

P g
P P g
L -'FJ and B = L -VJ then A = B,

212 Typesar Matrices

(1) Row Matrix

- T2 '
s "-.'n_-l_::, T

1kl ¥I

A matrix wi i
- % with only one row i.e. a 1xn matrix of the form (34 ap...a,]is
TOW matrix or a row vector. For example, -1 -2 -3 ‘ ’

18 2 row matr i .
atrix -
il X having three columns. I
‘ﬁ..{ir“;”il mnirtx or Colunm veelo .
matrix wi s e ]
X with only one column i.e. an m x | matrix of the form | ¢ | js
a




vectar.

called a columi miatrix of & column

i
i ' ¢ TOWS
¥ i5 a columi matrix having fou

For example, |

d
4 malrix are equal i.e. if m=n, then

nare matrix _
g ffqutw number of rows and columns 11t

the matrix of order mxn is called

a square matrix of order n or 1.

2 3 |
E ¢, l 5| are
is a square matrix of arder n and [al, [c 4 and : . ?
square matrices of order 1, 2 and 3 respectively. .

The diagonal of the square matrix A containing the elements a,,, a5
called the principal diagonal of A. It is also termed as the leading diagonal or
main diagonal of the matrix A. -

{d) Rectangular matrix o
If the number of rows and columns in a matrix A are not equal, i.e. if

m# n, the matrix is called a rectangular matrix of order m x n,
1 2 -3 0

1 =2 3
- 2
For example, [ a2 ] and |2 4 1
3 5 -4 3
are rectangular matrices of order 2x3 and 34 respectively.

e} Diagonal Matrix .
A square matrix is called a diagonal matrix if all its non-diagonal elements are 2610

Thus, the square matrix lajj] is a diagonal matrix if aj = 0fori#j

; 2 0
For example, [2], 0 3"

are diagonal matrices,
i Scalar matrix

A square matrix is called a scalar matrix, if its non-
rerd and diagonal elements are equal.

(=]

and

=]
w oo
o WS o

= - N X TR

-
0
0
0

diagonal elements are

Thus, the square matrix [a;; | is a scalar matrix if

[k
0 k
Forexample |0
0 0
I 0 2
0 4 and 0
]

respectively,

i

alf"

0

oo

k fan‘=j}
0 foriz f
o 1)
o 0
- 0| is a general scalar matrix of order n.

- -

0

0| are scalar matrices of order 2 and 3

-2_1

®  Unit matrix or Identity matrix
A square matrix is called
Zero and diagonal elements are g

Thus, the square matrix [

a unit matrix if its non-dia gonal elements are
Il equal to one (unity),
ay | is & unit matrix if

1 for i:j}

a, =
Such a matriy jg denoted by ¥ {I] foriz |

! 0..
P LI
0 0

B O O o




i ch as
Wehnveunitnmﬂicbsufdlﬂ'mﬂtnrd]ﬂ';u

; 100 01

=F 0], =0 1 o) L= 0 0

0! g 01 0 0

o mamxm sero is called a 2Cro matrix or null matrix.
3 ar simply by O if there is no

o0
00 and g0 on.
1 0

1 01

Fero malrix or by |
A matrix all whose eleme ;

we denote it by O wn
[f it has m rows and 0 colamns, .
ambiguity about its number of rows and number of columns

Following are some examples of zero or null matrices:
00 {1}

. 99 and .
0 oo 0o
0

(i}  Tropspose of o malrix _
_* Let A=[a;] be an mxn matrix. The transpose of A dc,nm.ad by A', is an
nxm matrix obtained by intérchanging rows and columns of A. Thus A'=[by]
where by =a; for i=1,2,....n;f=1.2,....m.

ih)

[o] , [000] .

By O
For example, if A is 2 3x2 matrix given by A = | @y, 4y, |,
Gy Ay

then its transpose A’ is a 2%3 matrix
A= ['ﬂu 5 'ﬂjl}

Ay fAp fy

(i)  Upper triangular matrix
A square matrix A=[ag],,, is said to be upper triangular matrix, if all the

elements below the principal diagonal are zero that is a;=0forall i>].

2 03 ] ; 2 3 4
-1 .
Forexample, [0 4 -2 jand = 9 are upper triangular matrices-
0 6- 3
0 0 1
0 o0 01

Lower triangular malrix

A square matrix A=[ag] = is said to be lower triangular matrix, if all the
elements above the principal diagonal are zero, that is #y=0foralli<j s

2 0 0 ; ¢ 0.0
i 1 0 o
Forexample. [=4 5 0 |and : .‘
5 & 3 4 -2 3 gl lower triangular matrices,
1 0 3 2
Iy . Triangular matrix N
A square matrix A is called a
triangular matrix, if it is either upper * It is obvious that diagonal matric
triangular or lower triangular. are both upper triangular and Inw::
For example, 1 0 o ;LF 1"‘.5“13_1"
i a 15 nangular, then |A| = produ
2 -3 4 2 0 0 o of diagonal clements. 5
0 _ »
: {4: I] and g 5§ dre tnangular matrices,
1 6 3 2

The first matrix is upper trian i
gular while the second i i
(m)  Symumetrie mateix Ei e
A square matrix As=la;] of is sai
_ . =[ay order n is 5 ymmetric i
iy ot S i aid to be g etric if 4'=A, that is,

23 %
For exampl i L
ple, the matrix A=|3 =3 | is symmetric, since Af = 31 =5[=4
6 -5 4 6 -5 4 3

(n)  Skew symmetric matrix
A square matrix A [ ) of
. =lay] of order n jg <n;
o bt ; 15 said to be skew i i
For cle;;“l WA <-4 thatis, if A =-a; for i, j=1,2....n AR
o nts on the principal diagonal, we have 0
'I‘I:u-;[?:,;;: 2a =0=a;=0fori= 1.2.....n
" _ i = | ksl
ements on principal diagonal of skew symmetric matrix are zero
i

Eor oy A
rexample, the matrix A = | _o 0 -4 /isske
2 =4 | 15 skew symmetrie,
-3 4 0




Sealar muliiplication
If A=fay] is a matrix of order mxn and k is any scalar, then the scalar

(c)

o = -3 O & : A
gials =g A=ER = M
sincE 5 4 0 3 4 i
' fces - i ltiplication etc
it 21 ﬂ.lgfbl'- ﬂfmtr ions ofﬂﬂdlu““- sublraction, mi p
[n this section vanous operil
: imed. .
- ;ZTL;;“ m::ld'm of matrices pid You Know . 2

If A={a] and B=[by] are two "‘“':“: *:: o If the sum of two matrices is

er mxn, then their sum A+ defined, we say that the two

rﬁ:ﬂ fdnmuix C=fcy) of the same 01der 85 pyrices are conformable for
ts are obtained bBY  addition.

A aod B and whoos Cei « The sum of wo malrices of

. o fAand B
adding the comresponding elements 0 different order is not defined
together. =X that is, they are not conformable

Symbolically, we wrile C=A+B whose elements ¢ idinon.

ey =agby for i=12,..m; j=12,...0. 3 4

: 1 2 3 _ 3 )
For example, if A=[ﬂ i J mrff B—L 2 3]~ then

1 2 3] [34°5] 143 244 345| (4 6 s}
C=A+B=lo 1 2/"]1 2 3)7[041 —142 243
(b)  Subtraction of matrices _

If A = [ag] and B = [by] are mawices of the same order m x n, then
sublraction of matrices A and B is obtained by subtracting the cormresponding
clements of A and B respectively, The difference of A and B (or the subtraction of
B from A) is a matrix D =A-B whose elements are dij=ag— by 7= 12,0000
7 [ A .

1 2 3 :
If "‘*b[ :[ and 13=|:3 ? ;] then,

-1 2 12
[1 2 3] {—3 -4 -5

oS
0-112]|-1 -2 _3]

r~3 <4 3-5] [ -2 =2
=1 =1=3-2-3]7|<1 =3 =i

1.1 &

D=A-B=A+(-B)

multiplication KA of the scalar k and matrix A is defined as a matrix each of
whose element is the produet of k and the corresponding elements of A j.e ’

kA = klagl=[kagl; E=l2, . ..omy f=13.. o

| 2
For example, if A=[ ] Note
3 4 r:---__: E

and k is any scalar, then * Clearly kA is a matrix of the same order as he

g Evcnn'muixz\,
] k% *A+A=2A A+A+A=3A and;
k.ﬂn—k[g -IJ_LJ’: 4#}’ ifnisnpositimin:egcr.jﬂmu R

AtA+...+A = nA:
———

(d} Multiplication of matrices gimes
Two mntriccls A and B are said to be conformable tfor multiplication givi
product AB, if the number of columns in A is equal to the number of mtfj a- -
Suppose A = [a;] is matrix of order mxp and B= [by] is a man-ixs T Br;i
pxn. Then their product AB is a matrix C=[c;) of order n:xn with eler:anl:s :r
i

dehﬂﬂd ias “FC 1 [ Fu g
A. ﬂ“d lhe Hh CEIIIJI]I i Df B in'—u

ci=a, b,_r-l-n'rg !Jh. +

The following illustrates the expression for ¢
i

_fi;‘f colimn

LTI
£ s ﬂl.u1 |_bll (TR
iy, LS — o, -b.., b
ith row |’ ; . :
e i e
G &% %)
il
CITR - S
- a,, | _E.rﬂ 'b.!-‘.




2 . .ae of order 2>3 and
wo matrices of OF
3l z}am' p={31 are !
Furﬂﬂmp’“[‘ﬂ"'[g 13 5.3
i ned by
ﬂunmuprudtrlc:AEiszﬂmam’-dﬂﬁ
352 respectively: - (axl+1x34+2%2 3x2+|:<l+2x3]=[1n 13]
S0 2 3432 ax2+1x14+3%3 11 14
C=AB=1, 4 3 o lz:-:lﬂx
; <o conformable for the product D=BA defined as

; d B are al
Thwmaihe 7 38

Ba-il*f[“z-#”"g
s 213) 583

23
Candﬂar:mauic:sofurd:rm:mdhﬂms

2.2.2 Commutative property 3]
2

Lﬂﬁ:[l =2 3]ann'ﬂ= -1 2
3 2 - | 4.3

Here, A is a 2x3 matrix and B is a 3x2 matrix. So, AB exists and it is of order 22
ra 3]

1 =2 3 13
'M.a:hav:.ﬁB- 3 2 -1

pactiveli’-

 Find AB and BA and show that AB £BA.

6-2-4 O+4+35 0

_[2+2412 3-4-15] [16 -1&]

| Flo s

Again, B is 2 3x2 matrix and A is 4 2x3 matrix. So BA exists and it is of order 3x3
2 3 =

Now,BA=|-1 2 [; '; _31
4 -5 -

249 446 6-3] [11 2 3
=BA=-1+6 244 -3-2|=|5 § -5
4=15 —8-10 12+45] |-11 -18 17

Clearly, AB # BA
However, commutative property w.r.t. addition clearly holds if both matrices are

conformable for addition and is explained below:
Commutative property w.r.t. addition, ic, A+ B=1 + A,

abe k!
Let A= (d e f| and B=|m n 0| betwo 3 x 3 square matrices,
ghi Py
abe ik at+j b+k c+l
Then A+ B=|de fl+|mne|=|d+m e+n f+o D
ghi pgr g+p htg i+r

i k1 abe
ad B+ A= |mno|+ |def
rpaqgr Ehi

Jta k+b l+¢ a+j b+k e+l
=|m+d n+e o+f| =|d+m e+n f+o el

Ptg q+h r+i g+p h+g i+r

Since addition is commutative in I&. From (1) and (2, wehave A+ B=B+A

s 2 5
Example 1: =
plel: If A=14 ~1|and B=|—1 4 » then show that (A + B)' = A" + B
6 1 g 3] ° -

Solution: Since
A+332253+22+55?
=[4 =L+ -1 4 |=|4-1 —144 =3 3 .So{ME}‘:F 36 X
1] [0 3 |6+0 143| |g 4 7 3 4

N{}Wﬂ'=[3 4 613\,': 2 -1 0
2 =11 5 4 3/




e e

ey

342 41 6+01_

pead Bl ]
o ﬁ]*[s 4 3] [24-5 o

1
g2l have (A+B) = A"+ B

mv,wmm‘—wﬂ
= o lsBI!AI
fy (AB)
Example 2: IFaA=| EJ:de=[-2 -1 Jj,wny{
3
-1
Solation; A= 2|andB=[-2 -1 -1]
3
-1 2 1 A4
- AB=| 2|[-2-1-4]=|—4 -2 -8
1 -6 -3 -12]
2 4 -6
=(AB)' =1 -2 -3
4 -8 -12)
-1 2 2 4 -6
Also, B A =[2 -1 ~4f[2[=|~t[[-1 2 3=1 2 3] (D
21 1 4 8 -12

From (i) and (if). we observe that (AB) =B'A

EXERCISE 2.1
1.  Express the following a5 a single matrix.
10 22 ' W 5
@12 42014 @i -2 3o 2 a2 57
01 26 - “eiae i

w (3D w52

35 1 1 -2 -3 0 1 -
s . B= =
2 leta [3 0 -4] [D -1 s]a"dc [u -1 -I]'

g X
f] and C=| y |, verify that(AB)C= A(BC)
¢) |z

- 1r,a-13|3-2]_3d 3 =15 .
(ii] =l 4l'B=lo 4 of™ C= _— I:J.m:rlfj-rlhat:

(a) ACB+C)=AB+ AC (b)A(B-C)=AB — AC

b B~ -

a
3. (i)ifA=[xy z], B=|h
E

| 4 4]
4 LetA=/4 1 4|+ show that -]~A’—2A-9]=CA
4 4 3
I_
[ﬂ 2b 2
5 MamxA:LP. 1 3 | is given to be symmetric, find values of dandb,
. |

6. Solve the following matrix equations for X,

(i) X—3A=EB.iI"A:[ § & FTNERS
221 3 -14

@ 2ax-my=pira=|! 2 2 B> ® &
: 3 -1 2| 0 -4 2
o 1 0 =1 2 2 -1 3 |
- I A=3125and3=13-|4_
0 -21 ¢ ¥ 1. 2.9

then show that (A+BY =A"+ 5"




The associated determinant of A is denoted by

Sl Ay By e

1 . Show that ¥, PR - EECR i
1Al= ..J n 1w

a,; a

O §
Verify that (ABY =B 1 ; N
0. fy 1 2 120 puilns o Some d{l:termmanu of higher order can be evaluated only after much
[ 0 A_[z -1 3} p=|2 2 (i) A= _; 1 4f ;5 fedious cnlcuinnf.rns. 'I“hc more calculation is involved, the greater the chance of |
‘|:-_ 1 01 3 0] ’ - error, F}Iur nm; I:d thm}secuﬂn i5 1o c!csv:ribc a procedure for evaluating the '
} y (5 6 7 detpemnlimnts:of anger a =3. Howeves, Tk procadars will be proatly simplificd by e
i ¥ =4 6-8 3 the introduction of the following. -
i 0, LetA=|-3 2 —5|and B ~L? s 4 21.1. Minor and Cofactor of an element of a matrix or its determinants B
I 4 =5 0 (i) ainor of an Element Let A be a square matrix of ord : I
| ; . Bi tric, 5 : order n (as defined in B
Verify that A and B are symmeinc. Also vlmﬁ.- that A + B is symme (1) above). The mnrlmr of Fhe element a; of A, denoted by My, is the determinant
0 1 -2 o -6 11 of (n~1)x{n—1) matrix obtained by crossing out the ith row and jth column of A (or LAL).
1, LetA=[{=1 0 3 andB=|6 0 -7 oy Ay
e 0 =11 7 0 If A= @y My |y then
Verify that A + B is skew-symmetric. Gi 9 Gn ]
) 1 . s a aTT oty dlyy
minorofa,, =M .= * n al ¥ H
13, I A= 4 5 6. then \"El'if}' l-hn'-“ f " [ iy obtained as ﬂs_‘.l dyy  dyl,
=04 dy g ay)
(i) A+ A is symmemic (1) A= A is skew-symmetric. mitioe 6f aw = i, < |1 G2 @y G dn
: = . - R a3 = 1 |
13, III'A is a square malmr_.of urderlﬁ. then show that: . 7 o o obtained as |- @yy—-{ty, | and s0 on.
(i) A+ A issymmetric  (if) A- Al is skew-symmetric. . e 3
(Remember i!"l ¥ gy ol
b 23, Determinants = i,
Consider a square matrix A of order n given by | From the formula A, = (~1)"M, itis ¢l i
| mieger, then the mfa:l:mr Ene g At clens that if the sum i+j is an even
b e odd, the cofactor is equal tc?:ms the minor. On the other hand, if the sum i+j is
" the minors may be hest rer negative of the minor. The signs accompanying
St [ M a,, i the main di:lgu'nulg_ nembered by the rule of altemating signs with +s on
: ' =%
- 4 -
+ = +




M, of the

1 23 SH”,Mu:MI-)and

5 4. Find the minof

.“ m AS 6
| 7849
irl ;:- matrix A.
gt 15 y have
[_:‘:,.'-l i solution: W 6 H_gy-28=26
i Ay g
§£ I 3=g-!|-_--—11.
Ik m.-’: j=4s—35=;3, Y==ly
g " @)  Cofactor af 50 mmﬂ:mx of order n. The cofactor of the element ay, )
& be @ square m : . i
| Bd:.:;:u 7 dfined by Age(-1) */ M where My i the minox OF 2
| denol i
. a, iz
ThusifA=|ay @g. 8| then
flyy O
B - 2 [ N )
cofactor of @, =4, =(=1) My, = w

=] % {dydy =yl )
= fyyily, — iyt

TR
iy

]

cofactor of @y, = A, = {"UMMH =(-1)

iy
=-1%{a,8, — Hu'ﬂuj

= ~(a,,a,, —,,88;,) and 50 on.

;) 1 =2 5
Exampled: Let A=|3 0 —I| Find the cofactor A, and A,
5 20
30
Solution: WchaveA,,={-I}"”M“={-1]‘5 2=Ix{3x2—ﬂx5)=ﬁ1
aﬂd A‘_H Ef_l}hIHﬂ ={-1}]|-z i]‘=-]5{{-'_’.xﬂ—5><?-}"’ H]'

232 Determinant of a square matrix of order n =3
Let A be a square matrix of order n{z 3) given by

@y Gy oy |
fhy gy s a,, a,, :
- . : : (n
Ty A ”J.; o, |
By . SR a,, |

The determinant |Al of the matrix A is defined to be the sum of the
products of each element of row {or column) and its cofactor, that is

A= a, A, +a,d, ... +a Ai=L2....0 (2)
or Ala A +ay A+ va AL f=1L2....0 (3)
If we puti=1 in (2), we get
IAl=a, A, +a A+ a, A . This is called the expansion of 1Al by first row
{or w.r.t, first row),
Similarly, if we put j=1 in (3}, we get
lAk=ay Ay +a, Ay +.....+a, A, . This is called the expansion of 1Al by
first column and 50 on. Thus, if A is a square matix of order 3, that is
Gy 4y a, ‘
A=lay a, ay |, then by (2) and (3), we have
Ay Gy @,
lAk=a,A, O T i=1,2,3 {2
o Al . :
Al a A, taf, va AL j=1,2.3 3"

For example, ifi=2. then by (2, we have

h"l = t‘gl "ll-q; + ﬂ!!d:: =+ ‘!:_1 .4:,“_ Thi:S can bﬁ “"l.'.i“ﬂﬂ as

1A B ay (1 My, + oy (1)1, +asy (-1 M

|

23

a; &y a, A,

~ sy

H;.] y, iy




= diyy (2 ™ ) }

= @y 3
uy]"'ﬂﬂ'{ﬂl'aﬂ. U ﬂ!! +ﬂual:ﬂ”

~ 28T
=12y

=dp "a;-!ﬁll

= =ty fﬂudﬂ
+ 4 dgyflyn ayy — ity 033 iy

iy 3 fn
= iy fiyy T PO 1y — 0y a2
=, ity + i T jues of i and .
er v
we can find [l for o be remembered

(4)

by the following

' s
i ']S';::in:pinsiun of Al in (4) ean also

' A after the third column and
i {he matnx

write the first two goluming af

= i .ifAisaS:Smaﬂ'iL
use the following diagram .
&y 3
i . I' ¢ the three products having a
paﬁﬁwT;;nnf:;:Iﬁcﬂ::f pdn:ﬁﬁ:ﬁ::rdmﬁcmnt the three products having
a negative sign. )
3 -1 2
Examples: If A=[3 1 0} then find 4|
1 0 =1]
3 -1 2
Solution: 14l=13 1,’ 0
1 0 -1

We expand the determinant by using the elements of the first row, w? .hm'e
| Al a, A, +a, A4, Hayd,

: I :}1
But ‘d'u =[“1}" Iqldr|: - Mll =

0 -1

=21 3
Ay =(-1) M|:=_Mu=_!| _?1

1
0

Putting these values in (| ). we obtain

" 3
Ay = {"]J'I }'Hrl = Mg |!

Mot _l_-for_ Sale

gt Xl

= Unit 2 | Matrices and Determinants

0
1

3 0 3 I -
-{mll}l __1’+i2} ‘1 0‘

= @)[(1x=1=0x0)]=(=D[B3x—1-0x 1]+ (2)[Bx0~1x1)]
==3-3=2= -'_S
We now expand the same determinant by using elements of the third
lAlEag A, +a,A,; +a, A, (2)

{iJ ( Note : {lﬁ

We get the same result, no matter
nl

1
1Al=(3) ‘ﬂ

column, that is

Now 3
Ay = (=1 M =M =JI

which row or column is used o
expand a 3x 3 determinant,

3
A = (-1 My =-My = "]
The determinant of the square matrix

: 4 il A of order 3 in the above example can
Ay = =1 M, =M, = X I| also be evaluated by the two simple
Putting in (2), we get Sieeia
3 1 3 -1 3 =1
[AE=(2 -0 -
”‘1 0 II of " ”[J !

=(DEX0=1%1) =030+ 1% 1) - 131+ 1x3) =-2-0—6 =8,
233 Singular matrix and non-singular matrix
A square matrix A is called a singular matrix if it

Iﬁl o matrix s determinant is zero, i.e.
=0, otherwise, it is a non-singular matrix. '

1 2 3 1 2§
IfA=4 5 6/.then |A|=]4 5 6/ =1(45-48)~2(36-42)+3(32 -35)=0
7809 789

Therefore, A is a singular matrix
234 Adjoint of a square matrix

Let ‘A Squs i
A be a square matrix of order n. Let A denote the matrix obtained by

replaci i
S.d?ui Tlng each c!{:ment of A by its corresponding cofactor. Then f' is called the
ntof A and is usually denoted by adj A i.e.

adj A=A’
This. & fy ay L Au "‘.I'I: Ay
'V A=lay ay ay) thenn=|a, A, A,




- Py T

£ Tl . ,qn Ag An Ay A 0 I

!} ; 1 -| ﬂ 3 —t =
.I|.' . ) | _.1 .-I
i A= 1 2 then f= ;
| le, irA={ 1 S 8
j: For exampie s o5 5
3 =1
I andsuadjﬁ'i:.ﬂl= -1 =1 2

-1 =1 -2
lculate inverse of a square matrix

235 Useadjoint method to

Let A be a square matrix of order ™
= ig the mu
such that AB=BA= I, where I; 15 1 : k
then B is called the multiplicative inverse of A and 15 denoted by A7,

Thus AA~'=A " A=L,. ,
It may be noted that inverse of a square Mairnx,

a1 J
A is 2 non-singular square matrix of order n, then A™'=——adj A.

If there exisis a square matrix B of order n
Itiplicative identity matrix of order n,

if it exists, is unique, Moreover, if

] =23
Examples; Le A=[0 lhri . Find A

-1 2 0
Solution: Since A“=|—;|E-i adj A, we need to find adj Aand| Al

First we find co-factor of every element of A.

I -2 -
Ay ={-II'“} I =1(0+4)=4, i 2|=—1-{{}—1J:3
2 0 0

Ap= (=" ‘

2

. 1 L
A"={‘””t1 2' SLO=L A=) L\=—1-E“—i?='
Sl

1
2+l - 1. Ful 1-‘1_I —'2
An=C1 /-1 u} i An=(C17 j—l 2‘:-1{24;:9

-{—u-‘”_l I| =1(4~1)=3 saft 1
Au = 1 -2 =2 A= 0T _le—l-{—z—ﬂhz

W -2 |
A= J =1:(1+0) =1
4 2 3
So adidA=(2 1 2

1 01

Next we find IAL

Since lAl=a,A, +a,A,+a, A,
=L{4)=2(2)+ 1)
=4-4+1=120, 2|

. 4 2 3] [4 2 1

This A7 s—gdid=1.
5 Iﬁiﬂd}"lﬁl 21 2i=lz 1 2
| 0 1 1 0 1

24 Properties of determinants

We sh
all state some of the useful properties of determinants which

ji::P,HrF the evaluation of determinants,
iperiy |
thenE ty L. :;;:}ery element in a row or column of a Stjuare matrix A is zero,
i By Gy ay,
A=lay a, a,| and every element in the first row is zero -
e Gy Gy ay |
[0 0 o
A=|g

31 @ dy

i1




+UATJ+{':A-"J;U'
rawurc

2 her olumn is zero,
th

alement of 2 o

onding TOWS gnd columns of a square

o

+ of the resulting matrix is equal to
an

. i e are always same,
are interchant f 2 square Matrix and its ranspos
terminant of 3 &, Gu S

a, ey %0 od B=|as % ay, |+ then

4 gy aﬂ"

an exercise.

(3 MNow 1Al= aya +""1:_-’1|= +da
Ia wEs,;[ﬂﬂ;amﬁ_rﬁﬂlllfﬁ\'ﬁ:}'
f the cormesp
IF all elements & ;
ix A 2 ged, then the determin
matrix
(Al That is, the de
|
’I If A=|ay 6z 9
| ay Og O
Bl = IAl. Proof is left as :
I ! m- 3. If any two rows Of two m]_u_mns in-
| . terminant of the resulting matnx

i then the de
:‘u::;md'::ig::'mnmls are additive inverses of each other.

ay Mz

If A=(ay dp fn

a, Gy Oy

matrix obtained by interchan
iy iy
1Bl=|a, ay dy
ay gy g

= a,, (ay, fyy =yt — By (8 @3y = 0y, ) + iy (@ — By y )
Ayt

n a square matrix A are
is =LAJ, In other words,

a, @y Gy
and B=la, @ @18 the
dy Oy
ging the first and second row of A, then

= iyl gy =y Byl — Byl By + Bpplyyflyy + oyl Oy —
= = 0y 0y = Oy By — o0y g F B Gyl + 0y By — a5ty by, )

== Al
Property 4. If a square matrix A has two identical rows or two identical columns,
then [Al=0
By Gy Gy fy Ay
If A=lay ay a,|and B=|a, a, a,| isamatrx
ail ﬂn‘ a],! 'ﬂ!’ E]! a'ﬂ

obtained by interchanging the first and second rows of A. Then by property 3
IBI = ~{Al. But the first and second rows of A are identical, mean A=B and S0

|Al=iBl Hence Al=-
any two columns are identical.

Prop¢
multiplied by the real number k. then the determinant of the resulting matrix is

Kk [-all yy iy
If -J’l=[ﬂn B

I ¢
fy Dy iy, @y Ay

kay, ka ka,
and B=|a, a, a, |isthematrix

obtained by multiplying first row of A by k. Then

J't"“:r
I1Beja, 4y @, =kay A, Fhay A, +ka A
Gy Gy Oy zk{ﬂ”'ﬁ” +ay +a;d,)
=kiAl
A similar result is obtained if any other row or column is multiplied by k.
Property 6. If every element of a row or column of a square matrix A is the

sum of two terms, then its determinant can be written as the sum of two
determinants.

ka,  kay,

ay i | a,+b, a; a
If A=la, a, a,| then, |Al= a,, +b,
&y ay ay
Expanding by the first column, we have
lAl= (a, +h)A, +(a,, +&, A, +la, +by,)A,,
=lay Ayt a, Ay +ay A, )+ (b Ay +by A, +b,A,)

13

[~

n Oy
ay, + by, iy, a

n

LI f1'|2 a, “}I i :]'_I 2 4y

I T iy

(T
Gy ayl| by a, a,,

Pry

mmg;:'ﬁj 7;) ; If E‘-’E:}f element of any row or column of a square matrix is
a real nu : :

OteSpOnding ele mber k and the resulting product is added to the

determingn, of the

Matriy. resulting matrix is equal to the determinant of the original

IAl=—lAl or 21A1 = 0 or Al = 0. The same result is obtained if

rty 5. If every element of a row or column of a square matrix -A is

ments of another row or column of the matrix, then the,




LT : ] .
is the
a M A hen B = e by O Ty
en B=| %
As=|@y 2 iy % shay O iy
ﬂJ" e o f the second columi of A and then
ol ery element @
ned by mulPY 0 e first column of A, then
matrix obal responding element of the 1 =i
the < b g B |
adding 1 a a, B y {F L ! > opet iR
LT lley @ s tlha, @ T
o il i % | lkay, @ %2
5 ;IH:E-_.. dy M dy i ay| [bn % )
S la, @ gy % ) | 4
: a, Gyltklan Oz ay| by property (1)
=ity fx THY
ay f Ta g; T %
ay Mz By .
- ﬂ.l 8, Gy + k(0 by property (4]
=iy dn %
gy Gy O
I‘}II ﬂl: "J:
=i, Oy ={Al.

131
L. i A=|-12
2 0-2
!
1 20
(i) 1 0j=0
-]2
I 3 -4 0 3
(i) =k 3t 13
21 4|21 4

(ii}

tyy

Without evaluating state the reasons for the following equilitics

1 2. 3
-8 4 -12{=0

2 -1 3
320 3 2
1 1 =-3|=-3p 1
2 4 -6 2 4

0 |then find A, A;,, Ay, Ayps A s Ay Alsofind 1Al

==l =1 0 (v

3 2 1

g Let A be a square mafrix of order 3, then verify 1A' =l AL

4. Bvaluate the following detcrminants,
0 1 3 3 4 -2
(i) o i) (2 4 .—-5
o2 G | -4 2 0
31 2 2 1 -3
(i) |6 -5 4 { 10
9 8 -7 -2 3 &
5 Show that
a b ¢l la ¢ x |a b € |lab
@ fom = m oy () 1-30 2-3 3-3c=h 2
x ¥y zlle n z [4 5 6 : 4 5
. [+ 1 1 be ca ab |1 1 1|
i) . 2
1.I a b ¢ |=0 {ivi la b e l=la® » r:'
b+e c+a a+b| -
a b | 2@ b ¢
6. Prove th | R
a=b b=p =y
(1) b-c c-g a-bhl=0.
c=a a-=b h—p
| i al
(i) 1 ]
| b b =la=b)(b=c)(c-a)(a+b+c)
£ 1"




+ Multiplication of 1 row R; by a non-2ero scalar k is denoted by kR,

o+ Adding k times R; 10 R, is expressed s Ri+kRi.
n matrices

(b Column aperations o .
operations performed on matrces a

The following three
column operations:
() Interchanging of any two columnsi.c. C, <€, .
(i)  Multiplication of a column by any non-2ero scalar kie, kC,
(iii)  Addition of any multiple of one column 1o another column i.c C +kC, .
where €, .C; are any two columns and k is any non-zero scalar.

If A fs an mxn matrix, then an mxn matrix B obtained from A by
performing a finite number of elementary row operations on A is called row
equivalent to A. Symbolically, we write BEA to denote B is row equivalent to A

Similarly, we can define a column equivalent matrix that is replacing the
ward “row” by “column" in the above definition. We write BEA 10 denote B is
column equivalent o A.

re called elementary

P 2
Example 7: Let A=| 3 5 | Perform the following elementary row and
-1 -4

enlumn operations on A,
(i) R, & R (i) G e, (i) R+2R (W) C,=C (VIR —4R,.

I g
Solution: A= 3 5
-1 -4
[-1 -4 2 1
(i) ReRy 3 5 (i) CeCils 3
2 -4 -1
[ 2 1 2
(i) Ry+2R 3+2)  S+2| =|5 9
| -1 -4 -1 -4

1 2+(-D) 1 1
(ivi C~-C3i3 S5+(=3) |=|3 2
-1 —d4+(==1] |-1 =3
L+ (=4(=1)) 2+(—4(-4) 5 18
(v} R —4R,: 3 5 =3 5
= -4 -1 -4

252 Echelon and reduced echelon form of a matrix
(a1 Belielon form ol g matrix
An mn matex A is said 1o be in (row) echelon form {or an echelon
matrix ) if it satisfies the following properties,
(i) In cach successive non-zero row, the number of zeros before the first non-
zero entry of a row increases row by row,
(iiy  Ewvery non-zero row in A precedes every zero row (if there is any).

2 3 -4 1 D 2 3
For example, the matrices |0 1 5 3| and |0 0 =35 |arein echelon
(0 0 0 6 0 0 0
fo o1 2
form, but the matrix |0 1 2 3| isnot in echelon form.
0 0 0 1

(b Redneed eebelon Foron of & matrix

An niaxn matrix A is said to be in reduced (row) echelon form (or reduced echelon
matrix) if it satisfies the following properties.

(i) It is in (row) echelon form,

(i) The first non-zero entry in R, lies in C | is | and all other entries of C; are

ZEro,
010 2 N g o
For example, the matrices |0 0 1 3 |and 0100 oz in o)
000 0 000 1
000 0

Mot For Sale




are not in (row)

0

3

reduced echelon form b 0
0

Qn—-ﬂ
Pl

ol
ilo 0O
oo

reduced echelon form.
1.5?3 Reduce a matrix to jts echelon and reduced echelon form

7 3 -4
Example 8: Reduce A= 3 1 -1} w echelon form and then © reduced
| <2 =8
echelon form.
7 3 -4 1 =2 -5
Solution: |3 1 -1 R{3 1 -} by R, 2 Ry
1 -2 =5 % 'k =4
-2 =5 f1 -2 -5
glo 7 1alpy R,-3R RO 7 14|by R,-2R,
2 3 -4 0o 7 6
-2 -5 [ =2 =5 |
glo 1 2|wir, R0 1. 2|W R,-TR, (1)
“lo 71 6 o o -8
-2 -5 10 -1
glo 1 2|by -% R, R[0 1 2[byR+2R;
0o 0 1] 0 0 1
10 0 .
R0 1 O|by R, +R,andR, -2R, (2)
o o 1

The matrices in (1) and (2) are in echelon form and reduced echelon form of the
given matrix A respectively.

254 Rank of a Matrix

Let A be a non-zero matrix. The rank of the matrix A is the number of non-2ero
raws in its (row) echelon form.

Unit2 | Matrices and ]fiﬂ_:lrgﬁnlnb_,_

255 Using elementary row operation (ERO) to find the inverse and the
rank of o mnotrix

{a) To find inverse of a matrix
Let A be o non-singular matrix, If we perform successive elementary row
pperations on the matrix [A | 1], which reduce A 10 1 and I 1o the resulting matrix
B i.c. if [A 11] is reduced to [L1B], then B is the inverse of A written as A™.
Similarly, if we perform successive clementary column operation on the meatrix ;
[A | 1), which reduces A to I and I to the resulting matrix C, then C is the inverse A

B -1 £
of A written as A . 7 3 |1
Example 9:Find the inverse of thematrix A=|5 4 2
2z 3 1 -1 2 =2 £
Solution: Since |5 4 2
S Rl =
la 2| |5 2 |5 4 , .
=2 | -3| | +1] (expanding by first row) s
P, S W TS R | 3

So A fs non-singular and A" exists.

2 3 1|1 00 -1 .2 =F10 01 =

Nowls 4 2|0 10|gr[s 4 2 01 ofbyRr, &R,
210 01 2

i
SN A 3 1100
-2 2|00 -1}
RIS 4 2|01 01 byl-DR,
2 3 1|10 0f -

[1 2-210 0-l

R10 14 -8 [0 1 5|byR-SRiandR-2Ry |
0 7 2311 0 2
1) 2 uzi 0 0 -1
& l 5 1
0 =4 - L
RIO 1190 @7 W by ;3R
¢ 7-31-1 0 =2 h




-1
1 03 T
-4 L, o 2R, and Ry-TR:
Rﬂ'l_{ ﬂ'ﬁﬁh}fﬁrﬁldj.
=X
G

=T :
o 0 =3| -1 6
= 4 =8
108l 5 T3
2 = _l -Ii E H+iﬂﬂ
R o1 0 = ? T b}"R|+?R3'1T'Ld- R
N
¢ 01 i 12 18
5 -4 -
A I
Thus A~ = L
; 3 8 18
=
3 18 18

{b) To find rank of a matrix 4

5 6]
|
Example 10; Find the rank of A = 1k 3
' 7 89
1

4 5 6 2 3
Solution: A={1 2 3|R|4 5 O by R Ry
T 89 780

1 x 3
RI0O -3 -6 byR,4R, and R,-TR,
0 -6 -12
L2 3
R|0 1 2| byR,-2R, Thelast matrix is the echelon form
00 0 of A having 2 non-zero rows.

Henee the rank of A is 2.

1. Reduce each of the following matrices to the indicated form
13 -1 23w
(i) |2 1 4 |Echelonform {ii)|1 -1 2 -3|Reduced echelon form
g =3 1 10 -2]
git|lt 1 2| Reducedechelonform (i) |2 1 1 | Echelon form
4 1 7 3 2 3 g
Z, Find the inverses of the following matrices by using elementary row 1__.;_'
Operation. g- X
4 =2 5 3 =1 6 1 2 -3 1 2 -1 LR
i 12 1 olay |1 3 4|Gpjo 2 0fjaw|0 -1 3 %
-1 2 3 -1 5 1 -2 =2 2 T S Tk
3 Find the ranks of eoch of the following matnces. -
1 0 -2] 301 -4 b
|2 2 1 grlo. 2 1 "o
)
-1 2 3 1 =1 =2 E
4. Find !
by

RANK OF MATRIX N

AR4

matrix |
1l 12 )

5
6
7

o H WwN
nobBow
= ;B



26  System of linear equations
261 Homogeneous and non-hom
. Consider the equation ax+ by =

wherea # 0, b # 0 and k= 0. The equation (1) is
iables (or unknowns) x and y.

linear equation in two var . .
E?Inw consider the following two non-homogeneos NEar euations in twa
variables x and y,
ﬂ11""'b|:|"=£:| } o
ayxtiyy= ky

pRENEOUs linear equations
i

called a non-homogensous

These two equations together form 1 system of non-homogencous linear

equations in two variables x and .
Tf we take k = 0 in equations { 1), then it takes the form  ax+ by =10 3

and is called a homogeneous linear equation in two variables & and v 1E we take
k, =k, =0in(2), then
ar+hy=0 o
axtbhy=0

is called a system of homogeneous linear equations in the variables x and y.

Similarly, the following equation

- ar+by+cz=k, where a#h, b#£0,c20, and k # (¥ (5

is called 2 non-homogeneous linear equation in three variables x.y and = wnd

the following three non-homogeneous linear equations in three variables x,) and =,

axt+hy+az=k

ayr+hy+oi=k (6)
aa+bhy+ez=k
together form a system of non-homogeneous linear equations in three variables
x,y and =
If we take k=0 in (5}, then axaby +cz=0 {7

is called a homogencous equation in three variables x, y and =
Ifwetake k, =k, =k, =0in (6) then

~ Not For Sale
Mathematics-X1 0

.

ax+hytez=0
@xtby+e,z=0 (8}
ayx+by+ez=0
is called system of homogencous linear equations in three varigbles x, y and z.
An order triple (1, , t; . t,) is called a solution of system {6) if the equations are
true for x=4 ,y =4 and z =1, The solution set is denoted by S={{1,, t;, ty ).
In the case of system (8), we see that it is always true forx=1,=0,y=1=0
and 2 =t,=0, o the order wiple (1, Ly, t,) = (0,0,0) is a solution of the system.
Such a solution iscalled the trivial (or zero) solution and any other solution, if it
pxists, other than trivial solution is called a non-trivial (or non-zero) solution
of the system. Consider system (6). Since
fax +by + ¢z| [a b & ||*
ax +by + 2| =|a by e ||¥],
ax +by + 6z] |& b, 5 |2
then system (6) may be written as a single matnx equation
fa, b e ][ ke

iy fl: [ 8 yi= i;

la, b & ]LE ky In writing the augmented
or AX=B . (10) matrix of a linear system,
we enter Zero whenever @
@ oG x k variable is missing in
where, A=la, b, ¢ |, X=|y| andB=}k ?Emﬂﬂj"-"'::?eﬁ variable
My B8 r k, i zero.

A is called the matrix of coefficients, X is the column vector of variables and B
is the column vector of constants, If we adjoin the column vector B of the constants
tor the matrix A on the right separated by a bar or # vertical line, that is

|—ﬂl b 4| &
[AlB] = la, b e | k]
| &
the pew matrix so obtained is called augmented matrix of the given system.

a, Iy g

@ Did You Know ¢ 2)
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262 Solution of three homogencous linear quﬂms in three unknowns
Consider the following system of three homogeneous linear equations in three

unknowns X, T, %

@+t + 0% =0 @

% +0n% +ay% =0 (if) (1)
ayf Fapt T aph = 0 (fid)

which is equivalent to the matrix equation

a4y Gy Gy n 0
ay dy  fdy L |=|0]or 5'imp]:||',-\}{=[}1

iy Gy Ay X f
o, dy a4y X 0
where A=la, @, an JA=x and O = |0
dy Gy Oy 5 0

If IAl0, then A is non-singular and A™" exists.
Wehave A” (AX)=A" 0= (A" A)X=0=[X=0=X=0,thatis

x 0
x| =9
I 0

orx, =0,x, =0andx, =0. This shows that the system has only trivial solution.
Thus, we may conclude “A systiem AX = O of three homogeneous linear
equations in three variables has a trivial solution if A is non-singular i.e. 1Al # 07.
Next we find the condition under which the system (1) has a non-trivial solution.
Multiplying equations (i), (ii) and (iii) of the system by the cofactors A, A ,, and
Ay of the comesponding elements a,,, a,, and a,, and then adding them up, we get
(o, Ay + ay Ay + 8y A )3 +ap Ay +an Ay +ap Ay x, +

(@34 + andy +aydy ), = 0.

From this, we have |Alx, =0. Likewise, we can have |Alx, = 0 and IAlx,=0. The

system (1) has a non-trivial solution if at least one of the variable Xy, x, and x, i8

different from zero, Suppose x, # 0, then IAl x, = 0 =IAl= 0. Thus, we may
conclude: “A system AX = O of three homogeneous linear equations in three
variables has a non-trivial solution if A is singular i.e. IA1=0"

Example 11: Show that the following system has a trivial solution.

Jx+ y-z =0 (i)
x+ y—z =0 (11}
r+2y+2z =0 (iii)
Solution: Since
21 - po 0 ,
lal=1 1 —1! =1 1 -1] =1 IE u; = 242 = 4+ 0, the system has a
102 2 2 o2 -

irivial solution, Subtracting equation (i) from (i), we get & = 0, Subtracting
equation (iii) from (i), we have y = 3z. Putting x=(0) and y=3z in equation (i) we
obtain z = 0, and therefore from y=3z, we get y=0. Thus x =0, y =0,z =0 and
the system has only trivial solution.

Example 12:5how that the system ha non-trivial solution

X+ y+22=0 (i)
_j.';.p}l - z= 0 f"}
~x +5y+dz=10 (iii)
Solution: Since
1 1 =2 1 o o
5 3|
M=|21 -1l =2 3 3 =t| 4 =18-18=0

=15 4 =1 & 6
Thus the given system has a non-trivial solution.
Adding 2 times equation (i) to (i) we have y =—=
Subtracting equation (ii) from (i), we get x = —= putting x = = = y in equation (iii)
we have —(—z) + 5 (=z) + 4z = 0 which is true for any value 1 of =. We get that
¥ == y=~and z = satisfy equations (i}, (ii) and (i) for any real value of ¢
Thus the given system has infinitely many solutions.
Example 13: For what value of A the system has a non-trivial solution. Solve the
system for the value of 4 .
x—y+2z=0 '
2x+y+dz=0
Jx+v+2:=0




- 1 -1 2
={2 1 4|
Solution: ﬁrstwcﬁndmevaiu:ufa,\‘ichmﬁ RN
l—xziﬂul o s
-y = =-12-4{41-4 =4 —d A
so A=l 1 A=( 3141 Ll _4\ (A=—4)
5 J 3 4 -4

We know that the system has nnngn'ivinl solution if |Al=0, that is 444 =0 or 4 =1

Substituting the value of 2 into the system, we have

,x—y-l-?.z =0
Zx+y+z=0
Ix+y+2z=0

Now solving the first two equations, we gel x = =2, ¥ = 3. Putting these

values in the third equation, we obtain _3=4z2o=0 which is true for any value t
of z. We see that x = —, y =t and z = f satisfy all the three equations of the system
for any real value of f. Thus the given system has infinitely many solutions for
A=l i
2.6.3 Consistency and inconsistency of a system
(a) A system of linear equations is said to be consistent if the system has only
one (i.c. unique) solution or it has infinitely many solutions.
(b) A system of linear equations is said to be inconsistent if the system has no
solution.
Consider the following three systems of lincar equations in three
variables,

2x42y—z=4

.t'-E}I'+Z=2 EIJ'
x+y=0

x=2v4+z=2

=x—-y+2lz=1 (m
r=5y44d4z=35

x=2y+3:z= 1
~2x4+5y-4z2=-2 (II1)
r=dy-z= 5
We solve these systems now by performing the elementary row operations on the
augmented matrices of these systems to reduce them to (row) echelon form. -
(i)  Consider system (I}. the augmented matrix of the systems is
2 2 -1| 4 1'=2 1] 2

[4iB]={1 -2 1| 2| R|2 2 -1 | 4| byR, &R,
1 1 %] 0 1 1 0]0

1 =% 1] 2

R|0O 6 -3| 0| byRa-2R,
1 1 0| o
1 =2 1| 2

RIDO 6 -3| 6 | byR,-R,
0 3 -1] =2
1 -2 1 2]

R|0 6-3| 0| by-2R,
0 -6 2| 4
1 =2 1 2]

RO 6 -3| 0| byR,+R,
0 0 -1 4]

The system (1) is reduced to equivalent system,

X = 23'+.?_1:'2
6}’-31"Izﬂ
I z:4

The system is ; in tri i

Sﬁivadjj % cqua::t:: {::‘:}L::ngg‘:l:;fi:rrn. In this form the system can be easily

iubstir.uling the value of z in equation (ii) we get y = 2.

SuT::i:Ef:’T;:::g .the 'l..-'iliues of y and =z in equation (i), we get x = 2. Thus the
ystem is x= 2, y =2 and = = —4. Since the system has a solution,




5o it is consistent.

" (ii)  Consider system (I1). The augmented matrix of the system 15
it I

p <3 3| 2
5 [ R
1 -5 4| 8 )
1. [t =2 A
then I—I .j. 'Ii'. ? rlo -3 3| 3|byR,+R,andR,-R,
1 -5 4| s] lo-3 3] 3
F =4 $:%
rlo -3 3| 3|byR;-R,
“lo o o] 0
1 =2 1] % |
E ] —I 1 | b}’ERE.
0 0 0 O
The system (11} is reduced to the equivalent system
x-2y+z=2 (i)
oy +z=1 (i)
0z=0 (iii)
Equation (iii) is obviously satisfied for all choices of z. Equations (i) and (i) yield
- x=2+2-z {iv)
=z-1 vl

Since z is :lrbumr!.r from equations (iv) and (v) we can find infinitely
many values of x and y. This is equivalent to saying that the system has infinitely
many solutions. Thus the system is consistent,

(3)  Consider system (IIT). The augmented matrix of the system is

1-2 3|1 1 -2 3] 1

i =% Ejpid
-2 5-4| -2 |then|-2.5-4] 2 (R0 1 2|0
1-4-1| 5 1-4 -1] 5 0 -2 —4| 4

byR,+2R and R ;= R,

=

1 3|1
R0 1 2| 0O|byR, +2R,
0 0 0] 4
The system (I11) is reduced to the equivalent system
x=2p+3z=1 (i)
¥y +2z=0 {ii)
=4 (iii)

We see that the equation (iii) has no solution. Therefore, this system of
equations has no solution. Hence the system is inconsistent, '
From the above, we note that the system of linear equation$ may have no solution,
have only one solution, or have infinitely many solutions.

2.6.4 Selution of 2 non-homogeneous linear equations
A system of non-homogeneous linear equations may be solved by using
the following methods,
(a)  Matrix Inversion Method i.e. AX=B=X=A"'B
[{2)] Gauss Elimination Method (echelon form)

() Gauss-Jordan Method (reduced echelon form)
(d) Cramer's Rule,

(@  Matrix Inversion Method
Consider the following system

of three non-homogeneous linear equations
in three variables x , v, and x o

A+ X, +ayx, =k, !
Gk tapx, +a,x =1, h
Aty + Xy + ey, = &,

This system is equivalent 1o the matrix equation,

Ay oy ay X k,

a8y ay | 5, 1=k, lor AX = B, where
O ay Ay, X &y

ay a, a, X, k,

A=|a, Ay ay | X =|x, land B= &, |

A @y ay Ay ky



= exi e

£ A is non-singular, then & | exists. We hsw_1 .
‘B#A"‘[ﬂ}sﬁ"ﬂﬂm"ﬂ}1=ﬂ B= -

e s is now determined as the product © :

Thus the matrix of variable the solution of a system of

ssed above for finding

The method discu T a;mau-ixinv«‘:rsiﬂﬂ method:
homogenous liear VAT ix inversion method
ﬁmph f:: Solve (he system of equalions by matrtft mve
x-2+n =1
24425 - % =4
[t =0
Solution: Since -
: 124 p1 o 1[:{:-\1 A
ARz 2 -%=-2 2 - ==z 0 —Lr 13 1
1 10 1 -2 1 1 -3 1
So, A~ exists. -
1 Ay Ay Au | (Did You Know 42)
fl:LMAg__ Ay A A The matrix inversion method for m!\-i:ng
1Al Al e
Ay Ay a system of non-liomoegencous
equations is applicable unly‘when Elw
F LR coefficient matrix A is non-singular 1.c.
=l—-l -1 3 1Al # 0.
2 0-3 6
[1 1 0]2
But X=A"B,m.h"=-;- -1 -1 3|4
L0 -3 6]0
(1% 2+ 1%4+0x0 6 2
I% —1x2=1x%4+3x0|==| =6 |=| -2},
|0x2-3x4+6x0 =12 |4
X 2

thatis | % [=|-2|. Thusx,=2,x,==2 and x,=-4.

x| |~4| Which is the solution of the given system,

Gauss elimination method (Echelon form)

We are already familiar with the method of reducing the augmented
matrix of a system of non-homogeneous linear equations to echelon form. We
now apply this method to find the solution of a system of non-homogeneous

linear equations. The procedure is called Gauss Elimination Method (Echelon
Form).

Example 15: Solve the following system h}; the method of echelon form.

(b)

qn+ 25 —x =4
=g tx =2

NF+ X ={)
Solution: The augmented matrix of the given system is

2 2 =1] 4

I =2 1| 2[.By2.6.3 (i) the echelon form of this matrix is
| l 0l 0

I =2 12

0 6 -3 .

0 0 -1| 4

From R;,we have xi=—4,

From R;,we have 6x,—3x,=0

Substituting x, = — 4, in this equation we get x;=-2,
From R, ,we have =2xy =2

Now putting x,=-2 and x,=- 4 we obtain x, =2

Thus xy =2, x) =2, x5 =4 i the solution of the given system.

() Gauss-Jordan Method (Reduced Echelon Form)

Consider system of equations in example 14 above and the echelon form
1 =2 1 12

0 6 -3 0] ofits augmented marix,
0 0 -1 4




o 1| 2 o
:J' : 3| 0] toreduced (row) echelon form, that is
the matrix = i
We reduce 5 i 4
-2 1| 2
§ =% 44 1 1 g and(-DR,
uﬁ~3."“ 5| %
o 0 -1[4 o 0 1| -4
1 -2 0] 6 1
Rlp 1 of -2iby R - R, and R=+ER"
o o0 i -+
1 0 o) 2
Elo 1 o] -2|by R+2R
o 1l -4

The equivalent system in the reduced (row) echelon form is
x =2.x =-2, % ==4

which is the solution of the given system. The procedure illustrated ahﬂv:‘: of
transforming a system of non-homogeneous linear equations into an equivalent
system in the reduced (row) echelon form is called the Gauss—Jordan Method
(reduced echelon form).

{dy Cramer's Rule

Consider the following system of three Cm-d Yo Know 4 2)
non-homogeneous linear equations in three

variables, Like matrix inversionmethod,
. e Cramer's rule is also
Gy e b =k, g;iicab]a n:n;;Iwhen 1AI#0
Gk gk tagn =k (1) 'Cramer's rule is simpler than
ayi it tagn =k mutrix method for finding
which is equivalent to the matrix equation 'solution of the given system.
AX=B ()

[

iy % ky
where A=|a,, o, a,| X=|x land B=|k, |
Ay Gy Ay * ks

If 1AEO, then A~ exists and (2) can be written as X = A™'B.

Since A =$m{fﬂi ;wehave X =A"RB= [ﬁﬂ‘ﬁﬂjﬂ
_ 1 A Ay Ay K Ak + Ak, + Ak,
—m A Ay Ay ik =Tl Ak + Apk, + Ak,
Ay A Al Ak + Apks + Ak,
Ak + Ak, + Ak -I
3 Al
b |
(hat s X |= —'“———A”k'-'. Ak, +Aﬂ£1-
- 1Al
L e :
ks + Ak, + Ak,
Y i
koay a,
k ay a,
Thus %= kA + kA, +k_1.4_1._ _k ay ay)
Y R
ay ko,
@y ky ay
X, KA, kA, + kA oy ke
LAl TR
ia,, i, Kk
Oy ay k,
I]=k,A_‘+k1Aﬂ+k_,‘_r_'l£= i, K,

[Al |'J'i

This method of finding the solution of

the system is called Cramer’s Rule.



ing system.
's rule to solve the following
mh 16: Use Cramer’s m

K-ty =2

- -0
i =% ‘1
= =3#ﬂ
Solution: We have 1Al=]2 2
S

(Expanding by third row)

N Tl We observe (hat
ay ky ay| |2 4 =} the solution of
0 i 3 he given syslem
xz-_ﬂf“ k ay =I g { Expanding by third row} mejg!:ﬂd by any
4] of the aboye four
2 1 methods are the
4 =1 b SRIMC.
= 3 = 3 ==y,
1 <2 2 1 3 2
% 4 b 2 0 4 {Expanding by
ay iy k) (2 2 4 o
1 0 0 2™ Column)
andxj=a31‘ﬂ“k1-t 8]
| 3 3
2 4
1 0
=13 ==4
3

1. Solve the following sysiem of equations by matrix inversion method.

(i) dx=3y+z=11 (i) x+y+z =1
2x+y=dz=~1 x+y—2z=3
x+2y-2z=1 2xty+z=2

2, Solve the following system of equations by the Gauss elimination method
and Gauss—Jordan method.

i r—y+4z =4 (i) 2x+dy—z =0
x+2y=z =2 x=2y=2z =12
Jr—2y+3z=-13 —Sx=8y+3z=-2

% Use Cramer’s rule to solve the following system of equations. '

(i) x—2y=—4 it} x-y+2= =10
Jx+y=-5 x+y—2zr=-d
2x4z2=-] Ix+y+z =7

4. Solye the following system of homogeneous equations.

(i) X=xy+xy =0 {ii) X+x,+2xy, =0
on+2x,—x, =0 -2x,+x,-x, =0
2y, +x,43x, =0 =X+ x,Hx, =0

5 For what v

alue of 4, the following system of homogeneous equations has
i non-trivial solution. Solve the system.

Xy+dx,43x;, =0

5.¥,+x2—ﬂ‘,_:_'3 =0

L +2x,4 Ax, =0

Sclutions of Systems of Equations

K Y

|/

e Solutian Ho
| Saluton
I : It pdutaoes
a ErLect 3l 1 poind Parall :
oekisbend Independend It ’:: Line I




" Unit 2 | Matrices and Determinants

} vy SIS S e S

2 1 3 4 0 -1

- 4. IfA=|0 4 6|andB=| 2 0 3| . Find [24-B|
Choose the correct options ; T = - 2 4
.L a-5b 3¢ hich one of the following 15 correct? ;
m Y : =0, then wht 5. Using properties of determinants, prove that
- | M
~3c=5b a +2a 2a+l 1
. =5h (b l4a
() ‘j“;:; 10b (d) Mda+10b=3c 2a+1 a+2 1| =(a=1)
() ldatic=
3 3 |
a, 8p ) : fa_ inA. Then the :
ii fA=|a Ay An mdjhlmﬂlﬁ COREIT % 3 -1 1 Lg 2 r
{ii) 21 6. HA= 5 . then show that AA" and A'A are both symmetric.
a;, fy fa 0 =
A| is given by 4 3 3
value of | l & e (byay Ay gy Agy + 25 Ay -l
() Ay Agy + 3z AT 03 (), Ay + 8y Ag + 3y Ay 7. ifA=|=1 0 =1|,provethat A=A
(¢) an Ap+apAptin Ay " Sk S
a 2 1 = he value of o is
= and|A’ =125 then the . 4 3
(i) WA [2 u] 1 t Dk 8. WA= _ b then find A+1047
13 = Fi
(e (b) £2 , g g o X+ prz= 4
) = 47, then find | A - . Solve the system y+z=
" E?EM 1:147 {I-a:] :Jl1 (d) Cannot be determined Zx—3y+2= 2
) 1f det (A) = 5, then find det (15A) where A is of order 2x2. e =m=l]
(2225 (b1 75 (c) 375 (d) 1125 | by using the following methods:
" ) . [ (1) Matnx Inversion (it} Gauss Elimination
(i) u‘ﬁ=[n 3]. then find A, {Whﬂﬂ-‘-n = ] | (111} Gauss Jordan fiv) Cramer’s Ru];
0 Ehmlu!lmuEuﬂ = ., ; & I
o {by % 9 (c) 3" ; (L P . = Fiancts
(a) 0 0 3 01 | 1. Interchange of two rows P
: S5 107
2123 |
1

5 13 34
5 1[4 5 ~ ERE I
1

x34] B
2. Compute the product | 6 -1 5 6 |1 5 2 multiplication of s row by a nen-zers number L
=2 0

b '[1::4] 1
: 213233 |___> 5
i, 3 4 ! : 2258 1

3. Provethat A=|2 I 2 | satisfies A* —4A-51=0. ; :H;u:':.mmmmm“ i
2 2 1 [1 !
5§

[T
&
O




d a VYeCtIor. :
: Eiwcﬂ’ representation of a vector.
@ Give the following fundament
o magnitude of & vector,
» coual vectors,
o nEgative of & vector,
« unit vector,
o reroinull vector,
» pasition vector,
llel vectors,
: mﬁun and subtraction of vectors,

o scalar multiplication.

vectors i and .

twio points in a given ra_:in.

Recognize rectangular coordinate system in space.
Define unit vectors i, j and k.

Recognize components of a veetor,

o Give analytic representation of & vector.

© Find magnitede of a vector,

have already been discussed.

& Sute and prove
» commutative law for vector addition.
o associative law for vector addition.

al definilions using geome

o trinngle, parallelogram and polygon laws of addition,

Represent a vector in Cartesian plane by defining fundamental unit

it 1 i tatiorn.
Recognize all above definitions using nnaJ;ﬂ.u:?I represen
Find a unit vector in the direction of another given vector. o
Find the position vector of & point which divides the line segment jomng

- L
Use vectors to prove simple theorems of descriptive geometry.

® [Repeat all fandamental definitions for vectors in space which, in the plane,

Not For Sale

trical representation,

ST

Unit 3 | Vectors

]
-]
a
[ i
T
]
D .
E” [l
N
T o
o @
i ]

i o

cl=

o e [ =1 5"

=

alrm

Prove that:

o U s the identity for vector addition.

e —A a5 the inverse for A

State and prove:

o commutative law for scalar multiplication,

e associative law for scalar multiplication,

e distributive lows for scalar multiplication. |

Erefine dot or sealer product of two vectors and give its geometrical interpretation.
Prove that, '

o fi=jf=kk=1,

o jf=ik=ki=(

Express dot product in terms of components,

Find the condition for orthogonality of two vectors,

Prove the commutative and distributive laws for dot product.

Explain direction cosines and direction ratios of a vector,

Prove that the sum of the squares of direction cosines is unity.

Use dor product to find the angle berween two vectors.

Find the projection of a vector along another vector,

Find the work done by a constunt force in moving an object along a given vector,
Define ¢ross or vector product of two vectors and give its geometrical interpretation,
Prove that:

o ixi=fef =kxk=10,

5 i-)()l' =—f>(l- =k,

o Jrk=—fkxj=|

o kxi=—ixk =]

Express cross product in terms of components,

Frove that the magnitude of A x B represents the area of a parallelogram with
adjacent sides Aand B .

Find the condition for parallelism of two non-zero vectors.

Prove that Ax B=-Bx A, {
Prove the distributive laws for cross product. i
Use cross product to find the angle between two vectors. )
Find the vector moment of a given force about a given point.

Diefine scalar triple product of vectors. ;

Express sealar triple product of vectors in terms of components (determinantal form),
Prove that:

o hixk=jkxi=kixj=1,

o Phxj=jixk=kjni=—1I,

Prove that dot and eross are inter-changeable in sealar triple product.
Find the volume of
e 2 parallelepiped,
e  teirahedron, determined by three given vectors.
Define coplanar veetors and find the condition for coplanarity of three vectors.




3.1 Introduction and work are measured by
. - , lemy gralure
Physical guantities such a3 “.'“,;.m_ “E:mmbm e called scalars. Seslars

er) umit P ivi
oeiirs mh:\iﬁéo S;[T‘E;Efsum be added, subtracted, multiplied and divided by
being just nu ' ra.

tal laws of elementary alged t. velocity, acceleration and

using the fundamentat ; : e
Other quantities exist such as displacer . tion as well as a scalar.

i i i specification : . i
Toe, W s e giﬁﬁ:ﬁ?:d pma:}' be represented by & fa:lfaighl hnc:ﬂ-'!th
ot be added, subtracted, multiplied or divided by ordinary

. it jangle rule or
¢ methods of veclor nddumn_{tr.attg r
L;::r ::sh':ytirml methods for their multiplication, for this

These quanities are
an arrow. Vectors cann
mathematical rules but
parallelogram rule) or ©

UFpOse-
i Yectors have many applicatior
We begin with geometrical interpretation @
ghall apply veclor methods o prove some

geomelry.
3,1.1 Scalar and Vector _
Scalar Quantity: A quantity which has only magnitude

2 scalar quantity or simply 2 scalar.
Examples of scalar are mass, temperature, Volume, work etc.

cations in Gromelry, Physics and Engincering.
[ u vector. HOwever, in the sr,quf:'l we
fundamental results of descriptive

and no direction is called

Vector Quantity: A guantity which has magnitude as well as direction is called &
vector quantity of simply & veclor. ) .
Examples of veclor are displacement, veloeity, acceleration, force eic.
3 4

&
3.1.2 Geometrical representation of 3 vector 1 o =
A vector is geometrically represented by an arrow o directed line segment
direction of the vector and the length of the

the magnitude of the vector. The tail end O
is called the

say OF , where the arrow indicates the

arrow specifies, on appropriale scale, C
of the arrow is called its origin or initial point and the head (tip) P

terminal point or terminus (Figure 3.1)

Terniinal Poind

In printed work, it is usual to denote all vectors by
bold faced letters @, b, v etc. In hand written work, the

vectors are denoted by @, b, ¥ etc. The other notation  ~“Initial point
used for vector is a, b, v ele. 0 Figurcll

L

1.1.3 Fundamentals of a vector
(i) Magnitude of a vector " A
The magnitude or modulus of a vector OA or a is the
length of the line segment representing the vector to
the scale used. The magnitude of the vector OA
is denoted by 1941, lal, lal or a.

o
!
[
4

(i) Equal vector
Two vectors @ and b are said 1o be equal if they have
the same magnitude and direction regardless of the g
position of their initial point, Symbolically, we write b
a= b (Figore 3.3)

{iiiy  Mezmative of 2 vector

A vector having the same magnitude as another

vector a bul opposite in direction is called negative of a a
vector and is denoted by —a as shown in (Figure 3.4)

{iv) Zero vector or null vector Figure 3.4

A vector which has zero magnitude and arbi frection i
trary direction is
vector or null vector. Zero vector is denoted by O Oor0 S

v Unit vector

the d_m‘?‘,"“':“;__r_ whose magnitude is one is called unit vector. It is used to represent
: direction of a vector. A unit vector is denoted by a letter with a hat over it, such

asa , b, 1 i
..l-* elc. Any vector a can be written in terms of unit vector asa = lala
Hence unit vector in the direction of a is obtained as 4 =—

lal
i.e, unit vector in a direction = Vector in that direction

Modulus of the vector

{vi)  Parallel vectors
Two vectors a and b are parallel if and only if @ = ob, /

where @ is scalar. See for example (Figure 3.5)

( For v ﬂ
r Your Information Figure 3.5




{viiy Position Vector r space with the origin is called

joi ' int P in the plane ©
ich a given point P in sp? o
tnlmn:m% point P and is denoted by op (Figure

Il}"
iti is equal 1o the "
i of the position veetor 1 o
= mg“‘i:‘gi“,“ point and the origin and whose or
distance between o
irecti i m the ongin.
direction is the direction of the point fro p .
- O! Figure 3.6
i veetors.
Example 1: Using graph paper, draw the L l __,=:—|
3 -
—il {C- —a - =
(a} 2a () 3 man
where a is given in (Figure a7 1 ]
H A AT >
Solution: (a) The head of the vector @ from its S EEEAY NN
end point is 4 squares to the rlghi and 2 squam: J
up. Hence 2a s 8 squares to the right andl 4 square T
= nce —a is4 sguares 1o

(b)—a is the negative of a, 50 ils direction is f.'ippu'silc toa. He
the left and 2 squares down from its md point, S s
(c) 2ais3 squares to the right and 1 and a half squares up as show

i

: are I o
Example 2: In Figure 3.8, vectors a, p, ¢, £, § L .
shown. State each of the vectors p, g, r and & in the [ - 7 H
form ka.. oz | ¥ .
Solution: The direction of a is 2 squares to the right . : yi
and 4 sguares up. i p

i F
" Hence p:—ﬂ,q=5ﬂ !

r=2a.s=%¢ Figure 3.8

Example 3: What type of quadrilateral is ABCD, if (i) AF=CD  ii. A= 3CD

a1}
B

Solution: (i) AB=CD means that AB and CD are ¢ =
equal in length i.e. IABI=ITDI and AB Il CD. Hence
ABCD is & parallelogram as shown in(Figure 3.9.) ‘

A Figure 3.9

(i)  AB=3ED means < o
IABE=3ICD and AB I CD.
Hence ABCD is a trapezium as shown in (Figure 3.10.)

(viii) Addition and subtraction of vectors E
(&) Addition of vectors Figure 3.10 B

Any two vectors can be added by the following two laws.

* Head - to - tail or Triangle law of addition
Te add two vectors @ and

b that is, to combine them into / %
one vector, we draw them in such b
a way that the head of the first

vector coincides with the tail of r - =

the second vector, The sum or Figure 3.11
resultant veclor a-+b is obtained by Jjoining the tail of the first vector with the head
of the second vector as shown in (Figure 3.11).

We call this way of adding the vectors as Head—to-Tail or Triangle law of addition.
e Parallelogram Law of Addition & a D

If the two adjacent sides AB and AC of o
parallelogram represent the vectors @ and b as
shown in (Figure 3.12), then the diagonal AD
represents the vector sum or resultant g + & of
veclorsa and b. Thus  Ap=JiF+AC=a + b
We call this way of adding the vectors as the
parallelogram law of addition.

= Polygon Law of Addition of Vectors
The method of vector addition of two vectors ¢
vectors. Let a, b, ¢, d be four given vectors,
L_ﬂ O'be any point and let s draw the vectors
04 = a. From the terminal point A of the
vector a, draw AB 1o represent vector b,
From the terminal point B, draw BC 10
Fepresent vector ¢. From the terminal point

C, draw CD 1o fepresent vector d. Join OD,
Then, from (Figure 3.13)

A —g

Figure 3.12

an be ig{t&ll.d&d ;_o more than two




we have a+b+ctd =04 =
=GB+BC +CD e e
E:J'EE [‘:GA-I-AB-EGB}
22 [+ 0B +BC=0C]

i / inal
ctor OD joini initi ¢ of the first vector a and the termina
vector OD joining the initial point ol & :

;2: l:felht Jast vector d represents sum of the given vectors. This method of
addition is called the polygon law of additon.

[
b
(b) Subtraction of two veclors : [
The difference of two vectors anrtl b, !
denoted by a— b, is the vector ¢ obtained

i ative of b,
by adding vectora and the neg : )
that is c=a-b=a+ (k) . tth:t‘:;ih
i b is equal to & vector
the difference a — b of vectors a and ( Veck
when agi?::is;o b yields the vector a. The difference a - b is shown in (Figure 3.14)

tion )
g fﬁﬁ;ﬂmﬁm, we refer 1o real numbers as scalars. If k is a scalar

and a is & vector, then the multiplication of & by k, denoted as ka, is a vector whose

magnitude is k times that of @. Thus, if
(i) k=0, then ka is the zero yector b,
/a/;ﬂ o

(i) k > 0, then a and ka are in the same direction
For illustration, see (Figure 3.15). Figure 3.15

(iii) k < 0, then a and ka are in the opposite direction
Example 4t For the vectors a and b given in (Figure 3,16¢m) ,draw the veclor

()2ash  (ida-b (i) a=2b 1.
Bolutlon: The vectors are shown in - e
(Figure 3.16 ®.) SEERIEZeaR
’: i “: 1 ':EE
/’ﬂ i Sgaas _ZE 1
1 A geeiel _E:%
— -
i HHHH
1 L L2

Figure 3,16 (a) Figure 3.16 ()

o, 8 1 i

Draw vector 2a and from the head of 2a draw b. R ¢
obtain 2a + b. a@draw b, Then use head-to-tail rule to

(i) Draw a followed by -b, use triangle law of addition of vectors to obtain g — b,
{ii) Draw a followed by =28, use triangle law of addition of vectors 1o obtain =25,

Example 5: In AABC, AB=a, AT = band D is the midpoint of AB

(Figure3.17), State in terms ofa, b, (1) AD (iiy OC (i) €D
Solution:
D AB=1 75 =la
2 2 N
(i) DC=AC -AD = .b_ég N
i B

(i) CD=-DC =La-p —

2 Figure 3,17

Theorem, For any vector a,

(i) The zero vector e has the property thato +a=a + o = a

(i) The negative vector —a of & has the
rOpert =d-ag=
FProof. () easy, o

If OA =a, we have, according to the definition of the multiplication of vectors

by scalars, A0=(-1)a Thus, a+(-1)a=04 + A0 = 00 =0

(if) On account of this praperty, the vector (—1) a is called the negative of the
veclora, and we write — a = (- 1a

So that the relation a+{=1)a=0 2
.
may also be re-written as g + (—a)=0 ’ ] I’_L_.,“l
-1 {&
Figure 3.18
A o’
Vector Zero vector




regui:rhﬂ&s““ AB Jors as scalar

s the following V&<

and CD = ¢, state
tiple of @ bore- o 5
Eﬂ 'EIE (ii) EF (i) FA @) ,12 a;::ﬂ 2
man GiEs
bl ﬁgﬂluﬁh:_:x:ng: I:mrallel to it.

. dnuhlsﬂms'ld# H re, draw the veclors:

: and b as in Figure, C1=7 % o
Given the vectors & {ii]h-b (iii). 3a 2h EaEEsE TR
() a+2b Sieaansiiy

. G0=q ,Risthe midpoist of OF rmm
mAOPQOP =P » * oosi— 3i5Q1. State interms of [T

and § lies on OQ such i T

y m‘% @Fg @@)OS (iv) RS

b parallel with 0A =@ and OF = b, AC is extended to D
ACBisa ogram

3hm |ACI =2ICDI Find in terms of fj"d b

(i) AD (ii) OD (iii) BD

= = i i i OA and G
OAB i wi OA =a Of = b Mis the mldpmnl o
158 mﬂ.ﬂslﬁ th OA ' f

MGl = - in terms of a and b
fies on MB such that MGl = = IGEI. State in

(iv) 0G /P
P

@ oM () MB (i) MG

In A OPR, the mid-point of PR is M.
If OF =p and OR =r, find in terms of pand r.
® PR @FPM (iii) OM

ABCDEF is a regular hexagon and O is its centre.

The vectors x and y are such that AB =x and BC =y.
Express in terms of x and y the vectors
E-E.C_D'aﬂdﬁ. C

3.1.4 Representation of a vector in a cartesian plane ¥
We recall from our previous class that a. rectangular
coordinate system consists of two lines xx' and vy’ drawn at
right angle to each other as shown in(Figure 3.20),are known as
coordinate axes, Their point of intersection is called origin * =X
and is denoted by O, The rectangular coordinate system is also
called as Cartesian coordinate system.
The horizontal line is called x-axis with positive
direction to the right and the vertical line is called y~axis with d
positive direction upward. If P is a point in plane, it has two *  Figure 320
coordinates, one along x-axis and the other along y~axis. If the .
distances along x-axis and y-axis are delermined by a ”
and b respectively, then the point P is assigned an ordered pair |
of real numbers as (a,8) or P (a,b) as shown in{Figure 3.21 L. We !
call @ and b the x—coordinate and y-coordinate of P L b
The set [R? = ((a.b): a,be IR) is called the Cartesian .
plane, Thus an element {a.,b) € IR represents a point Pfa,b)
which is uniquely determined by its coordinates & and b,
In this section, we use rectangular coordinate system to
represent a vector in the plane.
Let i denote the unit vector whose direction is dlong the Figure 3.21
positive x—axis and letf denote the unit vector whaose direction is along the positive
y-axis. Then every vector &P in the plane can be written uniquely in terms of the

vectorsiandjas OP = r = xi + yj where x and y are scalar. See (Figure 3.22).

'|l<l




of the point P. Thuys, the
= . called the tor OF Whose initial point is the origiy,
= IIIEW

. A is
position vector of any pnmtf:f::;
. n ¥ f
0 and whose terminal poi ctor to any point P(x.y) in the plags

cd the components of the vector p,
the scalars X and iilc e component in j—direction is y,

AF=r=x+ :ﬂ.1 ity
as OP=T tion is X, W ane, Then the vector r represenited byt

in i~ direc ,
T (5. 4) be apointin e

For example, if 5 the point P(54) 15

position vector ¢ :
reaiay =i+

Ths,the i-direction component

Theorem: If a and b are position v

5 and the j-dimc{iun compaonent is —4,
gs of points A and B respectively,

then AB =b-a :es A and B respectively, then
R ectors ﬂ‘fth': pﬂlﬂts

Proof: If a and b are position ¥ #

a=0A andb=08 (Figure323) /N

Using triangle law af vector additions, we have )

DA +AB =0B = AB =08 -0A

0 Fi
w AB=d-o ) aﬁgure 1.3
Example 6: Find the vecior AB from the point A (~4,6) to the point B {Err,E]l- |
Solution: The position vectors of A and B are OA =-4i + 6f and OB =6i + 8.
Therefore by the above theorem

AB =OB —OA = (6 + &) — (i + 6) = 6i + § + 4i — 6 = 100+ 3

Vectors with inittal point mot af the origin
We defined the component of a vector to be the eoordinates ©

vector whose initizl point is not at the origin. —
Suppose Pi(x,.y;) and Py(x,.y,) are two points in the plane. Suppose OF1 20
be the position vectors of P, and P, as shown in (Figure 3.24).

f its term'”"":
0
point when its initial point is at the origin. Now we will find the componen®s
=
d OF

Then Eﬁ :a".ﬁ, -Eﬁ
zf-f_vl"i'}';rj) —f{z; 43 f)

Sla—x i (=2l J g Bize)
Thus the i-<compaonent is 1, — ¢, and the f-component is % —,

3.1.5 Algebra of Vectors

In this section we define addition, subtraction, O ; -
scalar multiplication, and so on, for vectors in plane. Figure 3.24
Equal Vectors

Two vectors # = xi + ¥ f and v = 5;i + 3, jare said to be equal if and only
if they have the same components that is

u=vyifand only ifx, = x, and y,=¥,
Example 7:  Ifu =20 + yjand v = 4 —j, then find x and ».

Solution: u=vorZi+y=w-j
By comparison we have x = 2 and y=—/
Addition of Veclors

Ifte = xji+y f and v = xd+y, fare two vectors, then their addition, denoted by u+v,
isdefinedas w + v = f{x4x) { + (y+1)j
Thus, to add twa vectors, we add their comesponding components,
Sealar Multiplication
The multiplication of the vector u = xi + yj by a scalar k, that is ku is defined as
ku = kfxd + yj) = (kxji + (k)i
Negative of a Vector
u = x + 3 is 2 vector, then negative of u, denoted by —u, is defined as
~i = ~{xi+ \j) = —ad ~ 3
Thus, if we take & = -1 in the definition of scalar multiplication, we obtain
=it that is the negative of the vector .
Subtraction of Veclor
Hu=xi+yjandy = x4 + y.j are two vectors, then their difference,
denoted by u-v, is defined asy — p = (% =20 £+ (v, = ¥;3)f
Thus, 1o subtract two vectors, we subtract thej respon
Example 8: 1Ifu=23i+ djand v = 4i - 5,
Find (i) u +v (ii) 2u (iii) = (iv) Z2u - 3p

r comesponding components.

Salmljun:
(i) UtV =30+ )+ (4~ 5) = (3 +4)i 44+ (=5)) j= i =
() 2u=203+4j)=(2-3)i + (245 = 6i + &
() v =i = 57) = = i (- 5)f =i 5

W) 20— 3v=203i + 4j) - 34i - 5j) = 6 + & = 12i + 15 =—6i + 23]

87




2 'Ihe z.:z:,::c!m':m null vestor 1§ denoted
¥ L r m
e [fuf;:f;i:]umm sts magnitude 0710
© andis defined 38
lul=yx + Y

or length is denoted by lul

Sotation: b=y (D' =

o . .y ]1,
g.tlliiapﬂmﬁe of the given Veclor # = A+ s

is, & is & unit vector iflel =1

of of a Vector

gy o

Theorem  1fw=xi+) 153 Vecty .

@ 20 (i) lal=0if andonly if
(iiy -l =lul

(v)  lheel =kl bl
Proof.

) = Jo+y > 0 forall xand .

l=fx’ +y ~0ifand onlyifx=0andy =0

if and only if u = 0i + f
if and only if # = @ {zer0 vector)

(1ii) I—H|:|-rf-_ij|=q||{_x}z+t_}.}? - 'I.'E:-ry: =il
(ivl V=il = ~||||{h}= +{k1- . m
=i J+y? =l

3.1.6 A Unit Vector In the direction of another Vector "
If w = a8 + 3 is a vector with magnitude lu] 0, then T

whose direction is the same as that of a. It is usual to denote a unit vector in the

direction of vecior u by i,

Clearly any vector u can be written in terms of unit vector as u = Iul i

Hence a unit vector in the direction of u is given by

i A x4y

X . ¥ ;
N=— = = = i+ _[
Tl |'Ix:+}|z .'r"'+_v,.-‘ ?=x1+y’

jtis called a unit vector. That

gand k is a scalar, then
u =0 {zero vector)

(i)

is a unit wector

Example 10: Find a unit vector in the same direction as the vector 3=

Solution: Letu=3i-2f o

Then lul = (3 +(=2° =0+4 =413 -
The vector @ isinfacta

i IR K. ot | P 2 ;
Since u=—, S0 4= == =einf i j, unit vector, because by
lael \lﬁ u"ﬁ 313 property I:iv}ufmagnitude
Notation for Vectors in Coordinate System of & vector i
. s A L n
Sometimes we use the notation [x,y] or <x,y> for the lu Hminm# 1

vectorr =i + yf which has its initial point at the
origin of the rectangular coordinate svstem. The terminal point of r will have
coordinates of the form (x,y). We call these coordinates the components of r,
In this notation, the unit vectors { and f are given byi =[1,00,5 =[0,1].1¢ ri=[x,y)
and ry =[x, ;] are vectors and & any scalar, then addition and scalarmultiplication
are defined as ry +r, = [x,y,]+ D] = [ + 3, 3 + 3] and ke =k{x,,3)=[ky,. by ]
Using the definition of addition and scalar multiplication, the vector r = xi + ¥j can
be written as

r=xi+yf =x[1.0] +y[0,1]= [x0] + [0,y] = [xy]
Thus r=uxi+y =[xy
3,1.7 Ratio Formula
Thm:—r_u[u: Let a and b be the position vectors of the points A and B respectively.
If C divides AB internally in the ratio p-q, then the position vector ¢ of C is given

h}f e =E£E
q+p
Proof: If C divides the line seglmum AR internally in the ratio p:g, then £=§-
as shown in the (Figure 3.25). -
B
Hence g AT=p TH = gle—a)=pb-¢) \q
C
= Ge-ga=ph-pc = ge+pe=qga+pb c \F
= (g+ple=ga+ =®toh O 4 .
Ple=gatph=> ¢= 210 Figare 325

Corollary: 1fp:q= 1 : 1, then C s the midpoint of AB and its pasition vector ¢ is

Ech h}l e= ﬂ;b




L 1
 ppsition 28
g <k
i Then &=42 |
Iﬂpecumrl . i < wides the segment AB in
that ¢ is the position vector of the point C that divides T
Suppose
ratio 43 ‘
+ thearem (theorem ahave) i -
Then by ratio theot i ial2f ﬁr‘-—BjHZl-{-S;:lEr J=-1£E—_l-j
Sa+4b 3{2:—3_:}+4{3;+ _”= : - : .
g=——= - G e S=— s
J+4

arems of geometry,

3,18 Application to Geomelry me basic the
ot {3 POV ER ints of the two sides of

i jon, we shall use vect Ve &L :
mﬁlm Prove that the straight line joining the nud!?ur_
uinngl:‘is parallel to the third side and equal 1o 0n° half o it ’

: Let OAB be a triangle and D.E be the midpoints of sides

0
respectively (se¢ Figure 3.26)
Let DA =a, OB =b, then 4
- )
oD 2 oE= -E - D & E are the mid-points of OA \\‘:
2 .
'I"" £l

0OA and OB

— 4 .
& OB respectively igore 3.26
Now DE =D0 +0F =-0D +0F
=_:E+E __.E—_ﬂ!. “:I
22 2

.ﬁa-i_é +ﬁ_ﬁ‘=-ﬁi+5§ =—g+bh=b-a (2)

Therefore from (1) and (2}, we have
DE =% AB Hence DE | AB and DE is equal to-one half o

f AB

Fheorem: The diagonals of a parallelogram bisect
each other.
Proof: Let the vertices of the parallelogram
be O,A,B and C (See Figure 3.27)
Let a, b be the position vectors of A and B
respectively, 0 ol A
Then OA =a, OF =b. Figure 3.27
By addition of vectors, we have OC =0A +OB =a+h

Not For Sale

The midpoint of the diagonal OC has the position vector

G _as
T NES (1

Again by addition of vectors, we have AB =OB -DA =b-a
The midpoint of the diagonal AB has the position vector

b—a 2a+bh-a _a+h
From (1) and (2}, we have e=d.
This shows that the midpoints of the diagonal 0C and A are the same.

Thus the diagonals of the parallelogram bisect each other.

32 Vectors in Space ;

In section 3.1.4 we discussed vectors in the plane.
In this section, we again consider vectors, but vectors in space,

— B
d.—:ﬂ.‘lﬁ*%— =4a +

3.2.1 Rectangular coordinate system In space .y

In space, a rectangular coordinate system (or
Cartesian  coordinate  svstem) consists of three
mutually perpendicular lines through a common point 2
). The point O is called origin and the mutually Fi iz
perpendicular coordinate lines xox', yoy' and zoz' are H e
rc,s;rr.-_::lwcly -, y— and z-axis (Figure 3.28). The 7 g 2|
positive x—axis points wowards the reader, the y-axis e FTI o
to the right and z-axis points upwards, e
The c?ﬁrdinate axes, taken in pair, determine three : i
coordinate planes namely the xy-plane, the xz- '/5———' i

l}l:line and the yz~plane. If the distances along x—, y— o —- -
and z- axes are denoted by a, b, ¢, then the point Pis + Figure 3.29

assigned an ordered triple of real numbers as (a, b, ¢} =

or P(a, b, ¢) as shown in Figure 3.2, We call a, b and $

: fﬂl‘_:";'“”fﬂi“ut_u. y—coordinate and z—-coordinate 1 g
e the point P whose coordinates are (4, 5, 6) s e ~20)
Ay nits frcf—m O in the direction of ox. 5 units from i [

) in the direction of 6F. 6 units from O in the i
direction of oz as shown in (Figure 3.30). i 9 i P
The set IR’ = {(a, b, ¢): a, b, ce [R) is called the il

: Figure 3.30

three- dimensional space (or 3-dimensional space).



Wﬁnﬂ-ﬂ space
mw mutually perpend:

o
E shw;;;:xl ¥, ) is an;' point in the space, then the
position vector OF of the point P can be written in
the form,

oF =r=d+y+ik a5 shown in Figure

whose initial point is ot
terminal point is P.
t of a Vector
of the position vector 1o

¢) in the space as
called the components
and k are the unit base

any point P(x, ¥,
the scalars x, y and z are
of r. The unit vectors &, f

wectors for this coordinate system. s
coordinatesystem I 1153

3,24 Notation for vectors in

Ag in plane, we use the aotation [x, y, 2/
ar u.y.pfmthwecmrr:ﬁ-u:.f+ zk in
space,
In this notation, the unit vectors i, j and
K are given by

i=[1,00],j =010}, k=[00,1]
If r,= {x, ¥, 2,] and r;=[%, Y Bjare vectors

cular unit u:cmrsz in the direc

3.32

iti i i ar
Thus, & posiion yector of the point P is a vector
. i the origin O and WhosE

tion

x Figure 3.32

ﬂ_p'=r=xf+_-,j+zk.

{ Did You Know E )

i @ vector in space with

initial point Prix. ¥ %) antd
terminal point  Fylx, ¥ L

Then AP, = (xrx, )i+ -3 )*
{2~z )k. So the components of

PP, ini, jand k directions arc

(%), (=i (22) respectively.

and ¢ any scalar, thenaddition and scalar multiplication is defined as
rd n =[x, 4 + B Bl =% Yt z,+2;] and

ar=aly, .l =lax, ay, az]

Using these definitions, the vector r = ai+yj+zk can be written as
ro=xi+yi+zk =x1,00] + y[0,1,0] + 2[0,0,1]
= [x0,0] 4 [0y,01 + [0,0,7) =[xy.2]

Thus r=x+3y+zk=[xyz]

3,2.5 Magnitude of a Vector

The magnitude or norm or length lul of a vector u = xd + yf + zk in the space

is the distance of the poind H
point £(x, y, z) from the origin. That ixmlzm

Unit Vector
If the magnitude of the vectoru = 21 + v :
T i = X1+ W + zk is 1, it is called a uni
' nit vector. That is

lul=1 y
Example 12: [fu=2i—j+ 3k, v=i+j-k, then find
(i) w+2v (i) Ju—2v (iii) 3I(u-2v)

(iv) vl (v) I+l hri} %,
Solufion: fol

(i) m+2v = (2i-f 3R+ 21— k)= 2i P42~ ;
-y 20 Sk 2
| e il :jkj}fﬁ E;ﬂjk: 3 2i—j+3k 202 +2K)]
(iv) levl = W2+ 30+ (k) = 1 2imj+3k+itj-k] = 13i+07+2Kk]
= JOP+@’+(2? =\o+3 =13
Wl = JOF D HEF 07 1)
= J4+149 +f1+1+1 =12 +3

(i) R - gi;:fj-ﬁ = 2. . 3
5 B Bttt
3.2.6 Algebra of Vectors

In this section
: we define additio i
vectors. Our definitions : ion, subtraction scalar multiplicati
e definitions are the same as given for plane vect pRCAGOR S of
e consider vectors in space. ors except that in this

Equal Vectors
Two vectors w = x.d i
; =xi+yi+ghandv=xi+vnji+nk 1l
:1{:;11 tulnl:,r if T.]'nel;.r have the Snmcrcom;uncn?; EHETR AR e
1su=vifandonly ifx, =%, y=pandz =z
’ = <2
?:d:liun of Vectors
e addition of two vecto
T R | [ f i
- ; d+vi+gkandy =xi+nj+z
- Y=y 4nlitly +nl+ (2, + 2,0k AT ISIEREn
at § g
& o df]lﬂ two vectors, we add their corresponding components




gtive of 8 Vector . i 4 skisdefinedas

ﬂﬂﬂﬁwoﬁmmf_:,..{ﬁ-f—}j-l*ﬂ-'};-.ﬂ-}?"‘*-k

raction of a Vecto” oy i+ pkandy =Xl +3J +2K18
se¥ vectors & = Xt +y + gk an

ﬁcdiffﬂm‘:ﬂofm

o a5 upp:-‘f.t;

we subtract their corre

=i i+ Ok
vﬁwmgﬁufﬁ:ﬂ vector O is defined as D=0+
&

o nfl‘lifwmg pmpcrl.i-cs hold for vectors in plane as well as in space.

mfitzhimmandlel o and f# be scalars, then bl

va-m u (commutative property for de:l.'!llﬂ;l

_:rsﬂ-l-fwwj (Associative property ﬁ?r_ addition

i (Identity for vector addlt_mn}

s (Inverse for vector addition) e
o for scalar multiplication)

= .3 perty

a (fu) = (af)u (Associative pro

a Efiv}: cu +av  (Distributive property of scalar

vector addition) —
=ou+ (Distributive property 0 ver

il o scalar Addition)

multiplication over

or multiplication over

lu=u
cation to Gmmeu-:i —
nce between two points in Spa _
Let A(x;, ¥, %) and B(x Yo z;) be any two

. in space. Let 04 and OB be the position Al 3y a)
s of A and B (Figure 3.33). Then
i+ jrak, OB =%i+y,j+ ok

b

B(x; 33 %)

OA+ AB = OB
AB=0B-0A

=(x=,) § + (Y0l + (22 )k

NABIE (5 — %) +( — 1) +(2, - 2)
is called the distance formula.

=

Theorem: Let Afx, ¥, ;) ﬂﬂF' B(x,, ¥ %) be any two
points in space. The coordinate of point C which

divides AB in the ratio m :m, are
X LY LY, LY, Mz, +myz
ey =+ ' m, =+ m, ' ny + i,

Proof. Let Clx, y, z) divides AB in the ratio m,:m,
internally (Figure 3.34). If a is the position vector of
A and b is the position vector of B, then the position * Figure 3.34
vector ¢ of C already found in Ratio theorem is
nbh+m.a
— oo ——

i + i,

Fi AR iy + [ (x iy jrzh)tmfx ity j+z.k)]

_ (4o, Jit(my, +myy, i+ (mz, +myz) k

my + n,
= I X Ly, iy, s m,z +m,z, !
1, + i, my +m, m +m,

Comparing the corresponding components on both sides,

- sl M, + m,x, i myY, + Ly, e Mz, + g 2)
m, +m, m, +m, m, + nm,
Thus Clxy,z) = C (m,xl + X : my, + 0Ly, ; s, +m3:w g:‘;;::f:?v:;s
m, +m, my +m, m, + Eum’naﬂ}rin
Corollary: If :T'i:!- = A, then the pninf C divides AB in the g
ratio A: 1 and C % s34
_tz‘ﬂl_'"_x_t o Ay, +y, _""1::+:|
+4 "7 1d YT 1aa. M
Theorem: Prove that the coordinates of the
centroid of a triangle ABC with vertices “
(X ¥ 2) (% Yoo 22Dy (%5, ¥y, 2,) are B y; 3
{ﬂ' HEG wtwty g5+ ) PERY Figure 3.35
3 g 4 3 !

!’ruuf: The centroid of the triangle ABC is the point G where all the three medians
Intersect each other in the ratio 2:1 (see Figure 3.35)



y n4xn Bath th,
R 'I;MG[HCImsmcmﬂlnat&s M5 " 2 3
e, - ; pordinates
LU ividing AM in the ratio AG:GM = 2:1 has the ¢
The point
z AUz +z:|.} ]
.6 P a1 PR T e e S B
Ap+h) gy S T :
2+1 ' 2+1 2+1
. e pERt+N GFLTL
—{-_'-L_T_'”ai._l lL._.n—-l1.__—31-—
= e 3 |
jan through O of the triangle OAB, where

« Find the length of the mr?d
s ~1)and B is the point (4, 1, 2).

:mis 'hme a fﬁ:hﬁﬂ be a triangle as shown in (Figure 3.36).
The coordinates of M the midpoint of AB are BH.LY
244 T+1 =142} _ ., 1
{ S T e (3, 4,)
2 2 2 2
So the length of OM is

Jiol
2

e I
IOMi= () +(4)F +{-E:J’ =

o

Figure 3,36
EXERCISE 3.2 '
Ifa=3i-5 and b ==2i + 3, then find

1' Y -
(i) a+2b (i) 3a-2b (i) 2a-b)
W lal
(iv) la+bl  (v) la-IBl (vi) B
2 Find the unit vector having the same direction as the vector given below,
s : TR
(i) 3 i) I -4 (iii) i+ f= 2k (iv) el
3 [fr=i-9%,a=i+2fand b = 5i - j, determine the real numbers p and §

such that r= pa + gb, !

4. Ifp=2i-jand g =x + 3, then find the value of x such that |p+ gl=3-

5. Find the length of the vector A from the point A(=3.5) to B (7,9). Also
find a unit vector in the direction of AR |

6. If ABCD is a parallelogram such that the coordinates of the vertices A, B
and C are respectively given by (-2,-3), (1, 4) and (0, 5). Find the
coordinates of the vertex D,

Find the components and the magnitude of PO
i. P(-12), Q2. =0, . P(=21), Q(2,3).

iii. P (=11.2), Q:(2,-1,3). iv. P(2.4
; sty s el - Bl24.6), Q(1,-2, 3).
8. Find the initial point P or the terminal point Q Whigaivcr fsﬂissiﬂg‘
i' PQ=[-E‘ 3]" P{IF_'ZJ' ii. -PQ: ldf_jll Q(_lq I}.

il FEE‘ [-;I 13:_2’.]1 P’(Z&hll -3)' iv, P-_Q. = {g-r -31 -4]': Q(E -] 4}
9. M a@=itj+k , b=4i-2j+3k ande=i-2j+f, find a vector of
magnitude 6 units which is parallel to the vector 2d-b +3€

10.  Find the position vector of a point R which divides the line joining the points

whose position vectors are P(i + 2] — i ! ’
internally and externally. J—K) and Q(~1+ ] + k) in the ratio 2

11.  Find the position vectors of the point of division of the line segments Jjoining
(i) Point C with position vector 5 j and point D with position vector
4i+jin the ratio 2 : 5 internally.
(i) Point E with position vector 2i-3j and point F wi iti
ot £ _ point F with pos
3i42J in the ratio 4 : 3 externally. g
12.  Find a, so that |ai + (a + 1)f + 2k =3
13, Ifir=2/ +37 il V=i +3} ~f and w= f.+'6j + z,ﬂ: represent the sides of
a triangle. Find the value of z.
14, The position vectors of the points A, B, C and D are2i - j+k, 3i+]

2 +4-2kand—i - 2j+k respectively, Show thar AR hpm;ﬂlcltua-).

.

3.5 Dot or Scalar Product
351  The dot or scalar product of two vectors @, b denoted by

a-b, is defined as a-b= lallbl cos 6 where 0 is the angle

between the vectors @ and b (Figure 3.37). /

For-example, if lal = 2, 1p] = 4, B = 60°, (

then @-b=3x4cos60° = 12x L= ¢ i ’
2 Figure 3.37

Thi : T 3 p .
his will be negative if 5 <6< Wascosd is negative, and lal, bl are always
positive, -




a
__._-—————'_'_}
tors : i b
Ifa nnd?gr::wlcﬂp;rﬂﬁllcl put in the same direction 4 -
i ,38), then #=1 -
shown in (Figure & > = lallb! e 39
[n this case a-b = ?ITE:EL opposite direction as shown 1:? Figure (3.39)
H”";ﬁﬁpffm?s case a-b = lallbl cos 180° = —lall .
then &F=14"
i = [, then
th ial case when @ =1,
e aa = lallalcosl® = lallal = lal* ; b = 3—39
Figure 3.
Hmll:c lal= Jaa
(i) Orthogonal veclors .
If a sind b are orthogonal VEctors, then & = 90° and cos 90° = 0
o a- b= p| cos 90" =0 o
Hence the condition for orthogonality of two veclors 1S ab=(
353 Scalar product of unit vectors i, j and k A
ji=fijj cos0°=1,1j= il 1] cos 90" =0
j:f={_ﬂ|_ﬂcmﬂ°=f.j—k=]jﬁi| cos 907 =0 b
k-k::N'Hc.-nxﬂ“=f,k+|‘=h&1||llm59t?‘*=ﬂ .
| B [
Z

Figure 3.40

{ Remamber . ﬂ

The dot product is always 3 nunqber_
{scalar). We sometimes refer to it 45
the scalar product or inner produc

Figure 341

Thus, biwji=kk=1 and if=jk=ki=0

o Thus, a-(b+c) =a-b+ac

A -

3.54 Expression of Dot Product in Terms of Components
Leta=xi+yj+z,k and b=x,i+y,j+ Z, k ( Remember

be two vectors in space. Then using the properties of e
dot product, we have Ifa = xi +y,jand b=

i+ 3f
-Aare vectors in lhuJT plane,

ah fx;i+ni+z kJ-{x:r'+;.~2j+z: k) then @b =ax, + y,y,

X &y (B4 Xy (0) +x, 2, (k) + WXy ) + 3,35 Gif) + w2, (k)
+ gy x (ki) + 2y, (k) + 22;0kk)= xx, + Yi¥a+ 2,2, -

i ab=xx +y ¥+, - _
Thus, dot product of two vectors is the sum of the product of their corresponding
COmMpanents. .
Example 14: Ifa = 2i-3% + dkand b = £+37=2k, then find a.b in term® of their
cOMmponents.
Solution: a-b (2i—3j +4k). (i +3f—2k)
(20(1) + (=3)(3) + (4) {=2)= - 15
3.5.5 Commutative and Distributive Properties of Dot Product
Theorem: Ifa, b, and ¢ are vectors and @ any scalar, then

{a) Dot product is commutative i.c, a-b = ba

{b) Dot product is distributive over vector addition i.e. a-th+el=a-b+a-c

@ lLeta=xi+yj+zk andb=x,i+y,j+z,k
Using the properties of dot product and scalars, we have
a-h = 4’,1.',.:'+}',j+:,k).{.t'ir‘+y:j+z:kj

> BTEE R B S SRR S0 T T B

= b-a
Thu:., a-b=phg

(b)  Let ¢ = x,i+yj+1z,k then
a-(bc)=fx i+ yj+z,k}. fix,i+v,j+ ok x i 4y f+z k)]
= fxid+yg+z k). flxs 42,00+ (v 3+ 3, i+ (20 + 2, k)
= Xfxg kgt vzt )
= N XX X+ Y YRt 28t 03,

= f.l'.l.\’: + Yi ¥+ ;%4 )+ r N+ v+ 3,3, )= ab+ac




¥ be the u.l'_lEIL'S which
es where each -

= ""mﬂnl‘?a?:nm oo vector, Let &, f and

ith the positive directions of the coordinate 2%

Let
o egor | M e e, g, ¥
e llas!iushctwcm 05"":‘}; direction angles of the vector

e 3142 . : ,
g mﬁhs}!‘:igum. we have three right riangles “C
Referring 0]
OAP, OBP i nd QCP. Then w =
X = z in right triangle OAP "
cosd =m-' .I'."',""!'I'TL /| ‘lﬁ ,
.24 B

¥ in right trfangle OBF xr‘"g\

== "
cos f Tl .|| eyttt
A _ Figure 342

p in right triangle OCP

z = T—_==‘=
e S irect ines of the vector
The numbers cos&, cos § and cos Y are called the direction cosin -
The directi on cosines cos &, €08 f# and cosy are usually denoted by 1, m and n
r. The di i

mlﬁf o, fand y are the direction angles of a vector r, then
costa +oost FHoosy =1
Bivwdt: By the: definition of direction

x a. ¥ and c0w='.—-—;-_,_1.-=i‘—'
coR= s S Jeey+d
J‘::_}_:&_‘1"_2:1 Py 4z -] -::.
1 - 2
X

Y — 3
Xy I

cosines of the vector r, we have.

. 2 2 = fe— ] 1

s costa+cas? freosty Tiyin vz
Ky +T
.L‘?-I-:In"!‘l'::

- 3 2=
Using symbol's f,m and b, we may write the above result in the form £+ m*+ 0 I

Esnmpl155: Find the direction cosines of the vector from P(4,8,-3) 0 Q(-1,6:2)

Sadttlion: W ¢ know that for any two points P and Q we have p@=00-0F

Here {)_'Q-' = —i+Gj+2k, oP =4i+8j-3k
PQ = (~i+6j+2k){4i+8j-3k) = ~5i-2j+5k

Since 1PO | =X +y+2°
So 1PO 1 = (-5 +(=2) +(5) = V53 = 3§

Hence direction cosines of the vector ,EI?' -

x =5 ¥ =n
cosa = — =—F , CDHﬁ:—_’:_— = —— and =_I__ = 5
POl 36 \poI e T P01 36

3.,5.7 Direction Numbers or Direetion Ratios

The position vector OP of the point P{x,y.2}in tem i i
2 nof
TR > O umit vectors ij and &
P =F= _1.']"+_!;f+.3k
If coser, cos  and cosy are the direction cosines of r, and pis a1pcsitive '
constant, then the numbers Peosa , Peos# and Peosy are called the direction
numbers or direction ratios of the vector r. The directio
: dire . nn
specify the direction of the vector r, i SRtie
. Since x =Iricos &, y = IHcos  and 2 = Ieosy where IM is the length of the
vector r, so x, ¥ and g are direction numbers of the vector r. Therefore the
coordinates of P(x,v.z) may be writien as (Ircos e, irlcos 8, Irlcosy)
Hence OP =r=Irlcos @i + Irlcos Bj + Irlcosr k

e

= OP=lrlfeosai + cos Bf + cosyk) or
OF = Il {fi+mj+nk)

( Did You Knew E]

Example 16: Find the direction numbers and direction . From the aboye. we

cosines of the point P(2,-3.6). obtain the companents of
3 e i nenLs
Solution: The direction numbers are %.-3.6. cos:‘ncsl ﬂ;ﬂmﬁplﬁgnﬁ
Since OP= r = 2i - 3j+ 6k |OF bri. ;
i w2 , 10P1=T7, b
direction cosines are i) therefore the E:;w:sgly. g;ywﬁng_*bﬂ
: ponents gives
¥ -3 z 6 the direction cosines.
= ——= “?- andna—— = —
! 7

r (0PI

X

=

\oP|

=313

Ex = ] , —
Ample 17: Find the coordinates of P, if OF is of length 6 units in the direction

of of where E iz the FNJil‘It i I 4)

Solution: We have OR = 2i jedk DR | = i




(ii) 1f:r=x,:‘+}'1}+;;__1knn'dﬁ=x,i+}.tj+ k
a'h_-'xl'ti"'}rﬂ'z:i{p!z : .

o

S

The direction cosines of OR are

2 =1 4
f=—— ,m=—x ,n= Pleys) ; i
i e : H m“dw=msimh -
The coordinates of P are (Irl#, Irhm, Irin) ;I ¥ (1) above
ﬂmH=|ﬁ]=ﬁ. Figure 3.43 ’ Cﬂﬁﬂ:ﬁ.ﬂﬁ. s Cosf= XX+ Y, +zr b
12 - 24 3 b o Y [ D
Thﬂmrﬂmlﬂf=?2—.|ﬂm=?z—l,“ﬂ=?ﬂ‘ :_. . y 4 21-}.?.'_22 )
1 . | {ii) ab= HH cos 9 cme=!_£1_.|%#'£‘j—[=;£ a 3;
fal o] e

Hence the coordinates of P are [%.j% iji—llh

Example 18: A vector v has inclination 60° to @, 45° to @y Example 19: Find the angle between the vectors 5 and 0D where OP = 2i +j,

Find its inclination to a7 If Ivl=12, express v as xd + ) + zk. 00 =-3+ 2
Solution: ! .Hcrc!n:mﬁﬂ“:—lr,m=ms45'=ﬁ= Solution: Let 8 be the angle between ¥
LI % the vectors OF and op
Let n = cosy, where ¥ is inclination to oz, ; S
Then cosd = 2o __m% ;

Since P+mi+n? =1
S0 1 =1-=[m? = n? =]._.._.E=I

Il
orjoe s —lny
. Y B =
=3k 2y )20 Figure 3.45
N o

642
Cosd = =) 4561
= V1345

1
= i =+ —
z

This shows that v is inclined to 52 either at 607 or 1207,

-

Mow £i, mj, nk are components of : .50 :- = %,‘.;.::.z.,j.,. -%k 1 i
Buty =My = lzfg_l.'“j%—i-* %klnﬁi+ﬁﬁj+ﬁk Example 20: Find the value of t such that the vectors 2i — j + 2k and 3i + 24 are
358 mmmvnm;u ethogonal,

Solution: Leta = 2i~f + 2k and b =3i+2¢j, If a and b are orthogonal, then a-b=0

One use of the dot product is 1o calculate the angle between two vectors.
(i) Let a and b be the two vectors. Then by definition of dot product
a-h = |a|lb cos & where 0 se<x

o msﬂ:ﬁ%

i.e. the cosine of the angle beiween ¢ pt
divided by the product of their m lei:’-'ﬁ vectors is their dot product

L I (=I)2)+20)=0 = 2r=-bort=3

359 Projection of one Vector on another
Let a and b be two vectors and & be the angle betw

(Figure 3.46) ,0<@sx
7C i perpendicular to OB . Then OC is called the projection ofa on b.

rean them as shown in




From A OCA, we have
1ac!

—_— = OO & v a
(2F])
= [OC1 =104 | cos & = lalcos & ()
By definition of angle between vectors a -
Pl (2) o (oo ]
RN FTTY Figure 346
J:r

Using (1) and (2), we have iﬂCI e

iy ah

This gives that the projection of a on b is i-ﬁ' Similarly the projection of bona islu_I

Example 21t Find the projection of the vector a =i-2j+k to the vector b= 4i - 4j+7k.

b
Solution:  The projection of a on b = ?bT

Now @b = (i-2j+k). (Hi-df+7k)= (1) (4) + (=2) () + (1) (7} = 19
Andlbl = JP (=07 +(T) = J|5+us+4g =8 =9
I?

the projection of @ on b = M

3.5.10 Wark done hrnmuﬂmm
If a constant force F acts on an object during any interval of time and: the
object undergoss a displacement S, then the work done on the object by the force
Fis defined as F
W= F.5
or W= F¥ Cos B, where 8 is the angle between
the directions of F and 5, as in (Figure 3.47)

Example 22: Find the work done in mo - -
ving an ohject

along a vector W j+k1flhl:app]1¢dl'urccl~;3l+2;+k, ol

Solution:  Here Fo= 3= 4k ‘ Figure 347

S=0i-jk
W=FS=(3i+2+k) (Si-j+k)

=319) + 3(- H +11)
=27=24)

=26
Hence work done < 26 unity

1L Ma=ditdi-kb=i-j+ik

and ¢ = 2i + j — 5k then find
(i) ab . . i) ae (iif) a-(h+c)
(iv) (2a+3b)c (v} (a-b)c
2. Write a unit 'm:tnr in the direction of the sum of the vectars
an?l +2} 51’ ﬂMEI!:*&} T.E

3. Find the angles between the following pairs of vectors:
(@) i=j+k, -i+j+2k ()34 4, 2j-5k (iD)2-3k i+j+k

-

. Show that § + 7f + 3k is perpendicular to both i —f + 2k and 27 + j -3k,
Leta =i+ 2f+kand b =2¢ 4 j— & Find a vector that is orthogonal o
both a and b,

6. Leta =i+ 3j~4kand b=2i-3j + Sk Find the value of m sa that a+mb
is orthogonal to (i) a {ii)h

g

7. Given the vectors @ and b as follows:
0 o= —%_f-i-%k, bei-2j-2k (i)a=—3i+j+2kb=rig+ 5k
Find in esch case the projection of aon band of bon a.

8. What is the cosine of the angle which the vector 2§ + j+ & makes with
y—axis?

9. A force F=2i + 3j + k acts through a displacement s=2i+j-k.
Find the work done.

10. Find the work done by the force F = 2i + 3j + k in the displacement of an
ohject from a point A(-2,1,2) to the point B(5.0.3).

11. (i) Show that the vectors 3i=2j +k, -3 j + 5k and 2i + j~dk form a right
lnang];ﬁr}ﬂhnwllmlﬂmsuofpmms!’ (1013, @=(11.1) and R= {ll,m

form a right isosceles triangle.
12. Prove that the angle in a semicircle is a right angle.
13: Prove that perpendicular bisectors of the sides of a triangle are concurrent.
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36 mmwvmwrmlu:tuﬂm\'uhm
In section 3.5 we noticed that dol product
of two vectors in plane or in space gives 2 scalar.
However, in this section we shall sce that there 5
ariother product known s cross or vector product,
which. gives the result as wveclor in three
dimensional space. -
261 Let @ and b be two non-zeno vectors. The

cross or vector product of a and b, denoted asa xb. - \’F

is defined by o e
axb=lal bl sindn i _—

where & is o unit véctor perpendicular to the plane Figure 3.43(b)

determined by a and b (See Figure 3.48 (2))
The direction of  is determined by the right hand rule .
“Join the tails of a, b, stretch the fingers of your right hand along the dircction of
first vectora and curl them towards the second vector b through smaller angle &
between a and b (0<#<180%), then the erected thurmb will show the direction of a
ora =b"

If a and b are as shown in (Figure 3.48 (2). and the plane containing a, b
represents upper surface of a table then @ « & is directed above the table.

Clearly, the direction of b = & by stretching fingers along b and curling
towards @ gives the direction of the thumb of right hand downwards (under the
table) direction from the plane (see Figure 3.48m)). :

Hence b xa==ibl lalsing n

. where i is a unit vector perpendicular to the plane directed upward,

In Figure 3480 b a is the scalar multiple of —5 .

Ifa and b are'two vectors, then the length of @ x b is given by la x bl = lal Ib] sing
362 lnlnmcdlnle consequences of the definition of Cross Product

(i}  Sincea x b=—bx a, hence vector product is not commutative i.e.

axhzhxa,
(i)  Parallel Vectors, Ifa and b are parallel but in the a
opposite direction as shown in Figure 3.4
then = 1307, - e —
Fil
II’I thi = i i H—
15 case a b= lal 1l sin 1807 n=() Figure 3.40(z)

(. sin 180°=0)

_ N For Sale
SN 106

If & and & are paraliel but in the same directi
shown in Figure 3.49(b). then §=0° g
In this case a x b=la| Wisin 0°4=0 (- sin0°=0)
Hence in either caseax b=g b
If @ = b =0, then cither at least onie of the vectors a, b i Figure 3
zero or @ and b are parallel, e on
In particular & = 0 =@ for all vectors a,
3.6.3 Expressing Cross Product in terms of components
Let a = xd+y,j+2,k and b=x,ity, j+2.k be two vectors in space. Then using
the properties of cross product, we have
axh =(xi+ yJ+kyx(xi+ y 40
=xx ['I)d.]"" A X2 {ij]""‘iz: {Exﬂ"'}'r‘z{.fx i}*’ b [JKJ}"' Fels I.ka}
+Z,x?{kxf"l+2:}'2 [:k)i J]"' e {k xk}
= (0} 33, (k) 4202, (=) 4305 (-8)+ 305 (0) # 9z () #2.m () # 2094 (1) £ 2.5, (0)

= (02— )= (52 =g x) J+ (53 -y 5k {]}
The expansion of 3 x3 determinant '
ik
¥ | =iz - ayli - (egeeli + (et (D)
T ¥z & i
ik
From (1) and (2), we have axb=lx, ¥ I,
oY &

364 Application to Geometry

Theorem: Prove that the magnitude of @ % b
represents the area of a parallelogram with adjacent
sides a and b.

Proof: Let @ and b be two non-zero vectors 1B, ik .
representing the two adjacent sides of the
parallelogram and @ be the angle between themas |

shown in Figure 3.50. We know from geomelry that o W :
Area of parallelogram = base x altitude Figure 3.50
: o = lal Ibl sin@ =g = bl

Thus Area of parallelogram = la x bl

l_
|



eorem: Prove that the arca of a triangle by ‘
Pmul" From Figure 3.5]1, we have that :,:'
area of triangle = '% (area of parallclogram). —i-ﬂ
By above theorem Figure 3.51

. 1
' i =—laxbl
Area of parallelogram = la=bl Area of triangle 5 a .

wheére @ and b are vectors along the two adjacent sides of the tiangle,
Example 23: Find the area of the triangle whose vertices arc A(2,2,00,
B(-1,0,2) and C(0.4.3).

Solution: Let AB and AC be the adjacent sides of the parallelogram determined,

so the required area of the triangle is half the area of the parallelogram, that is

Aix AE

1
Area of the triangle = 3

Since AR = (-1,0.2)-(22,0)=(-3-2.2) and
AC = (D43) - (22,00 = (=2.2.3),

i j ok
s0 AB = AC = |-3 -2 2 =-—10i+ 5 -10k
-2 2 3

= [4B % AC|= (-10+ (5+ (-10)° = V225 = 15
Arcaof the tdangle = % ‘AEJ:A_C"} = Iz—j
3.6.5. Scalar triple product of i and k
By applying the definition of cross product to unit vectors
£, j and k, we have
@ il sin0%n =0
Jef= sin0tn =0
o ks k=K sin0®n =0
by =Wl 590k = &
J % k= il Kl sin90% = §
ki = kLWl 5in90% = j

(08 3 40 e

2 )
r e Fopon

Jxi=—(ix))=g
kxJj =~(xt)=vy
ixk =‘f-‘-‘>€i}=-j

|
A
Thus ; !
':“{=J"Kj=i'xk=ﬂ I
[x'{‘;k’jx#:&h‘f:j i
Jx ‘_-'_k’k'sz-'l;l'xli::-j
|

For convenience we arrange unit fiLk i
clockwise order as shown in Fi!ugrc 3,53, v%r:rsth:;_r;fu:
product c}-f any Iwo consecutive vectors is the remaining third . ]
vector with a plus sign or a minus sign according as the order
of the product is clockwise of anticlockwise, /
!

366 Antlcommutative .
Theorem:  Ifa, b are vectors, then Figure 3.53
axb=-bxa i ‘
Pr!u'ﬁ [}
;I::;s property has already been proved geometrically. Analytically we prove it as |
DWS. |
Leta =xi+yj+ 2k b=xi+yj+ sk ' |
i J ki ok

axb=1x, ¥ g|=-lx, y, z,| (byinterchanging the rows of the determinant)
Rt B T4 v h g L
=-bxa
Thus axbh =-bxa

Ifa=00rb=0orsin@=0, then clearly a x b =0
3.6.7 Distributive Property
Theorem: If a, b and ¢ are vectors, then
(i) fa+b)xe=axc+bxze (i) ax(b+e)l=axbtanxc
Proof: .
(i) Leta=xi+yj+zkb=xi+pj+sk andc=xi+ 3j+ 3k then
arb=(x, +x,)i+(y, 4y Ji+(z,+2, )k and so :
i j k| |li 7 & i j &
(@a+b)xc={x+x, w+y H+zl|=ln » 3+
z ¥

Xy « N 43 X3 Ny %5 Xy ¥

Thusfa +b)x c=axc+hb xe
{ii}  Proofis similor to (i) above




:c5  Angle between two vectors ;
gff use ut"r::: cross product is to calculate the angle between TWO Ao

(i) Let a and b be the two vectors. Then by definition of cross product
la = Bl = lal 161 singwhere 0 =8<x

L‘I—x—ﬂ i.e. the sine of the angle between b
lallb]
the two vectors is the modulus of their cross product v
divided by the product of their moduli. m 2
Hence E=Sin-1 |ﬂ = bl ﬁ,g'l-lﬂ: 3-54
Jalfe

Example 24: For the vectorsa = 2i + 5 + 3k b =3+ 3j + 6k and c=2i+7j +k,

find

i) (a-b)x(c-a) :

(ii)  aunit veetor perpendicular to both @ and b

(iii) sin# where & is the angle between a and b.

Solution: (i) a-b =(2%+5+3k)- (3i+3j+0k) =—i + 2f = 3k
c—a =(2i+7j +4k)—(2i+ 5 +3k)= 2+ k

s sinf=

i ik
sla-Byxle-a)={-1 2 -3 =(246)i=(~1=0)f +(=2— 0 =8 +j-2k
g 2 .l
(i)  Let & be the required unit vector orthogonal to both @ and b, then
:! & axh e
laxbl
§ok

(213+(-3)+(-9) = /531 =359
Putting in (1}, we have
; a 2)i-3j-9% - Ti— j=3k

o s s
(i Since la x bl = lal Ibl sin@ where @ is the angle between a, b, we have
< P
sinf = ::::: csinf=-_2__ Wi _ 35 2 V59
Vs Paxss  admm - 6T o

Mathemaﬂnsaxr '

369 giommuirrm
he moment M of a force F aho
; ut a point P s g
M= |F| d. where d is the (perpendicular) distance helween::i:::ddtr o
of action L of F as shown in (Figure 3,55) eline -

1f r is the vector from P to any point Q on L, then

d= || sin &
o =Pl = iFling

Since & is the angle betweenrand F,s0 M= rxF
The vector M=r x Fis called the moment vector or vector moment of F aboutQ
Example 25: Find the moment about a point A(2,1,1) of the force F=7i + 4j — 3k
applied at (1,-2,3) L

Sn!utian: Ifr is the position vector of the point P of application relative to the
point A about which the moment is calculated, then moment M is given by M=r=F

where r= AP = (2i+j+k) - (i-2j+3k) = (i+3j-2k).  Hence,

Figure 3.55.

i j k
M=rxF =1 3 2| =—[(-9+8)i +(-14+3)j + (4-21)k] =i + 11j + 17k
7 4 -3

1.  Find the following cross products. i

() J=x(2j+38 (i) (2i- 3 xk  (iii) (2i— 3/ +3F) % (61 + 2j-3k)
2. Show in two different ways that the vectors & and b are parallel:

(i) T =—i+2]—3k, D=2i-4j+6k (i) T=3i+6/-9%k b=i +2J-3k
3, Find a unit vector that is orthogonal to the given (W0 Veclors:

(i) T = i-2J+3k, b =2i+J-k (ii) @ =3i—J + 6k, b= i+4j+k
4 1F7=3i— 6+ 5k b =2i-Jj+akC=i+]j-k compue _

@HaExd . (i) b= ({ii) (T+b ) x(T-Db)
5. Use the vector product to compute the area of the triangle with the given

vertices: (i) P: (2,3),Q:(3.2). R (-1,-8)

(i) P: (-2, -1.3), Q: (1.2, -1 R: (4.3,-3)

6. A force F = 3i-2J+ 5k acts on a patticle at (1, =2, 2). Find the moment or

torque of the force about (i) the origin: (ii) the point (1,2,1).

7. If A+B + C=0, show that AXB=BxC=CxA.




- 8 (i) Find.a unit vector perpendicular t0 bott i =i+ +2k, andb=-21 +J =3k

(ii) Find a vector of magnitude 10 and perpendicular t0
T=20-3+4kb =4i-2)-4k .
9.  Find the area of a parallelogram whose diagonals are:
(i E=4i+] =2k and B=-20+3/+4k
(inE=31+2/-2k and B=i-3/+4k

37  Scalar Triple Product of Vectors
- 371 Leta, b and ¢ be three vectors. The scalar triple product of the vectors a, b

and ¢ is defined by a(bxe¢)or(axbh) ¢ -
The use of parenthesis with @ x b is not important, as the only other altemnative
given to the expression @ X b-c, namely a x (b-c) is meaningless. The scalar triple

product a-b x ¢ is usually denoted by [a bel.
372 Expression of Scalar Triple Product in Terms of Components
Let a=xi+yj+z,k, b=xi+yj+z,k and e=xi+yj +z,k be vectors, then

E o ok
bxe =lx, y, 7| = bxes(yrynli-(xzxnli+xy-%nk
O 4
@b x ¢)= x(ysz; = ¥iTs) = X2+ 7 (GY5%3)s)
N oM g
Gl £ T
x‘! ¥ z;
4 B g
y:t I;
HoM L

Thus a(b x ¢)

"
]

which is called the determinantal form for scalar tiple product of vectors a, b and ¢.
Theorem: Forany vectors a, b and ¢, a-(b x ¢) = b.(c x ) = Sic) &
Proof: Leta=xi+yj+z,k, bz_,‘-:;ﬂ. jHzk i
I k J I+ ande=x Y42 k, then b F
form for scalar triple product of vectors a, b and : w: h a':e. o

5 % g
#OXY =% e B )

E TR 1

LI SR 1 R A T
similarly bo(e Xa) =x, ¥ z| ==[x, y, gz
xroNn g x‘ ¥
XN g
= blexa)=x, ¥ z (2)
n B L
Ho¥ o5 5 % 4
id ofa Xxb) =% ¥ 4| =% W L
X N &L X ¥ 4
BT ST
= efaxb)=1x ¥ 4 (3) From (1), (2) and (3), we have
X ¥ &

a(bxc)=b(cxa)=c(axbh)
By virtue of above theorem [a b el =[b ¢ al=[cab]
17.3. Scalar triple product of ij and k
Theorem: Let §, f and k be the unit vectors, Prove that
{a) if %k =jkxi=kixj=1and b ikxj =jixk=kjxi==1
Proof: The proof is simple, so it is left for students. ;
3.7.4 Dot and cross are inter-changeable in scalar triple product
Theorem: The positions of dot and cross in the scalar triple product can be
interchanged.
Proof: Let a= x,i+yj+zk, and b=xi+y.j+zk and c=xi+yi+ck be any three
vectors. Then

L
asibxe) = X Vo5 (1)
X ¥y 4
By definition
i jJ ok
exp =N o= (22 X2 Xl Hxyym Ik
b Yy %3

(axble =(y "-—Z;_'i'_ui-"ﬁ}"'f-f:C:‘*Tr"':f."'.f"‘f&)’:‘? iz (2)
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Thes, Emﬁﬁ}g«e ph:s\?:iun :ffi:et ca'::: Tmssfn the scalar triple product can be
This shows that the
interchanged. " .
375 'Iht?nhmenfﬂlthrlﬂt_klﬂpd
Let u:l:::'nnsidzr the parallelepiped with @, b an:]r: D ?/r ,.-—"'F
as co-terminal edges are shown in (Figure 3.56). i

Thena=04, b= OR, ¢ =0C

Leta x b = d. Then by definition of cross product
d is perpendicular to the plane conteining @ and b g
and geometrically represents the area of the o =
parallelogram OQAFB  given by laxbl. The Figure 3.56
parallelogram s regarded as base for the i
parallelepiped. If 8 is the angle between the vectors d and ¢, then | 0D = lef cos @
being the projection of ¢ ond represents the height of the pmﬂeiepipeﬂ. '_I'hen from
elementary geometry, we know that the volume v of the perallelepiped is the area

of the base multiplied by height.

|

Henee volume of parallelepiped = (Area of parallelogram) (Height)
= v = lax bllel cosé
= Vv = faxhb)c

The scalar triple product will be positive if & is acute and ¢ lies on the same side

of the plane which contains a and b.

As b x ¢l represents the area of the other side OCGB of parallelepiped, hence
v=afbhxc)

Therefore v=afbxc)={axb)ic

This shows that a-(b » ¢) or (@ % ble i n : .

s cn-urininnlJudgLs. be is the volume of the parallelepiped with a, b,

375 () Volume of Tetrahedron- A tetrahedron is determined by three edge
vectors a, b, ¢ as shown in (Figure 3.57).

The volume of a tetrahedron with a, b, ¢ as its £ .

given by R

1-'=é [abe] = é {a-(bxe))

3.7.6 Properties of Scalar Triple Product il

(iy @b x c being the volume of a parallelepiped with a, b, ¢ as co-terminal
edges, hence the evaluation of the determinant :
X N .
%, M. | gives the volume of the parallelepiped as discussed earlier. i
N oM 54 .

(iiy  If two of the three vectors are equal, then the value of the scalar triple !
product is zero because for any two identical rows, the determinant i
yanishes. it

i) [a b ¢]=0if and only if the three vectors a, b, ¢ are coplanar. 1

Example 26: Find the volume of the parallelepiped determined by :
a=2i+3k b=6-2k ondec=-3i+3 |
Solution: Let v be the volume of the given parallelepiped.

2 0D 3
Then V=ghxe =|0 6 =2 =2(0+6)-00-=6)+3(0+ 18)
-3 3 0

=12-0+34=066
Example 27: Find the volume of tetrahedron with a, b, ¢ as adjacent edges where
a=i+2k b=4i+6 +2k and ¢=3i + 3 -6k
Solution: Let V be the volume of tetrahedron.

I B

= ]E [(=36-6)-0(-24-6)+2(12-18)]

=lﬁ{.41_11;.=%=9 ( Did You Know ﬂ}

We ignore the minus sign, because volume is always Two or more vectors &re
non-negative. ?'{W;Wthﬂfllfm?
E . ! ints A(4,-2.1),B(5,1,6), v 1n the samd Rikne OF

xample 29: Show that the points A(4,-2.1).B( el to the s

C(2, 2, -5), D(3, 5, 0) are coplanar. ik -
S Non=coplanar vectors hie
Let @ = 75 = (5—4)i+(]1+2)j+(6-1k=i+3j+5k inthree-dimensional space.
b= BC = (2-5)i+(2-1)j+(-5-6k==3i+j-11k
¢ = CD = (3-2)i+(5-2)j+(0+5)k=i+3j+5k
The four points are coplanar if the vectors AB . BC, CD are coplanar. We have

w oh =2




1 3 5
[abe)=(-3 1 =11 =

1 3 5
Hence the four points are

1(5433)-3(-15+] {-5(-9-1) = 38+12-5=0

ik E:-f+2?+i:und$=3f+]+2£

2 Find the volume of the parallelepiped whusn";dges are represented by
d=d+-k p=2i-3f+k, €= i-3f-

=i+ +k c:l—jd-‘ﬂi'
3. Forthevestors a=3i+2k b= f:b 'hutarbxcn—(:Xﬁ-a

verify that a-bxec=b.-cxa=c-ax g ¢
4. veﬂrf};thai'th;u-iplnpmducmf i-f, j-k nnd. k-1 is zero,
5 Leta = a i+ af + ak and b = bji + byj+ bk Find axb and prove that

() axb is orthogonal to both a and b (use dot product) (ii) Find (ax b)’
-
(iii) Find (a8)’, Jaf’, Jo
{iv) Show that |a xbf' = (a-a) (b:b)=(a- by’
6. Do the points (4-2.1), (5, 1,6), (2, 2,-5) and (3, 5, 0) liein a plane?
For what values of ¢ the following vectors are coplanar?
(i) w=i+2i+3%k v=2-3f+dk, w=3+j+ck
(i) u=i+j=-£k v=i-2+k w=ci+j-ck
(iii) w =1+ + 2k, v=2+3+k w=ci+2f+06k
8. Find the volume of tetrahedron with the following
(i) Vectors as coterminous edges a=i +2f +3k, b = 4 +57 + 6k, c=7j+8k
(ii) Points A(231), B(-1-2,0), C(0,2-5), D(0, 1-2) as vertices.
9. (i) Write the value of (Ex f). E + 1] (ii) Write the value of (& x J). 1 + J.k

REVIEW EXERCISE 3 e

'1. Choose the correct option,
() The value of i+(JxF) +fi(ix Ey+k-{ixd)

1. Find E(Eua‘}, ifi=21++

]

g L S © 1 (@) 3

(i)  The vector 3 + 5] + 2k, 27— 3] - 5% po o an 1
a triangle which is and 57 4 2." 3k form the sides of
(a) Equilateral

(b}isosceles, but not right-angled

(c) Right-angled, but not isosceles (d) ﬂght-sngled and isosceles

(vil)

(viii)

The two vectors T =27+ 7+ 3%, 5 =41~ AT+ 6k are parallel if A=
_r;n] _? - (b) -3 (c)3 {d) -2

If [a 45| =|@~B| , then

(2) @is paralleltod (BYFLF

() [@]=[B]  (d) None of these
The projection of the vector 27 +37-2F on the vector T+27+3F is
= (B) —
i iz
Find non-zero scalms &, fforwhich a(@+2b ) - fa+(4F-3) =0for
all vectors @ andb .

3
r“:ﬁ; {d) None of these

(a) ¢=-2,0=-3 (b) =2, f=-3°

fe) =1, f=-3 (d) g==2, =3

If a, b, ¢ are position vectors of the vertices of a A ABC, then
AB+BC+CA=

(a) O (b) 2a {c)2b {d) 3c

If @ be the angle between any two vector @ and b, then|a 5=|ax B,
when & is equal to
(2) @ OF S {c}% (dym

Find Aand g if [i'_'l' 3T+ EE) x{f— Af+ ,uﬂ =0.

If &=97 ~7+F andB =27 ~27~F , then find a unit vector parallel to the
veetor T+6.

If 7=xi+yj+zk, find (Fxi).(Fx])+a.

If ﬁ=jf+}._.4j? and E=2;+5F+3E,ﬂ]=n ﬁndmpmjecﬁunofﬁﬂﬂs-
Find A, if the vectors d={+3j+k, b=2-j—kand F=4]+3k are

coplanar, " 2 ) . .
Vector & and b are such that |&| =3, |5| = = and (axE] is a unit

vector. Write the angle between @ and b.
Find the area of a triangle whose vertices are (0.0,2), (~1,3,2), (1,0.4).

Find the area of the parallelogram with vertices A(1,2,-3), B(3.8,1),
C (4,-2,2),D(0,-8,-2).

Prove that in any triangle ABC

(iya? = b* + ¢*—2bc cos A (Cosine Law)

(iiya = b cosC + ¢ cosB (Projection Law)




.

a, = a;-i‘(ﬂ']-) d |
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SEUENCE seqjiente sequence

S b dlledo:
After reading tus unil, '“‘M*

Define a sequence (progression) and j
& Know that a sequence can be constricted

definition,

¢ Recopnize triangle, factorial and pascal sequences.

¢  Define an anthmetic sequence. .

» Find the ath or general teom of an arjthmelic sequence,
¢  Solve problems involving arithmetic stgquence.

¢ Know arithmetic mean between two numbers,

-

-

-@

L]

15 termE. _ :
from u formula or zn indoctive

Insert n arithmetic means between two numbers.
Define an arithmetic series. : ) |
Estahblish the formula to find the sum to o terms of an arfithmetic series. |
Show that sum of n arithmetic means between two numbers is equal to n times '
their arithmetic mean, I
Solve real life problems involving arithmetic series.
Define & geometric sequence, |
Find the nth or general term of & peometric SEquence. |
Solve problems involving geometric sequence, |
Know peometric mean between two numbers,
Insert n geometric means between two numbers, |
Define a geometric serdes.
Find the sum of n terms of a geometric series.
Find the sum of an infinite geometric serjes, ‘
Convert the recurring decimal into an equivalent common fraction.
Solve real life problems involving EEOmElric series,
Recognizé a harmonic sequence,

Insert n harmonic means between pwo Numbers
e RS TIC
Mathematies-X1 P

Find nth term of harmonic sequence, |
Define a harmonic mean, {

Unit 4 | Sequences and Series

4.1 Introduction

In practical life you must have observed many things follow a certai

pattern, such as ﬂm_pelals of a sunflower, the holes of a hone Eo N Dh ! certain

a maize cob, the spirals on a pincapple on a Dipe-cone eic yeomb, the grains on

[n our day-to-day life, we see pattems of geomelric fi gL-iI'eS on clothes, pictures
posters etc. They make the learners motivated to form such new pal_[cmql P
Number patterns are faced by learners in their study, Number [ial.l:gr.rl.-s play an
important role in the field of mathematics. Let us study the following nur?:tbcr '
patterns

(2,4, 6, 8, 10,.. (1) 1,152,243, (iii) 10,7, 4, 1.-2_ (iv) 2,4,8,16,32,..,
il L L (i) L e SO

ok (vil) 1, 11, 111,111, 11111,..,

It is an interesting study to find whether some specific names have been given to
some of the above number patterns and the methods of finding some next terms of
the given patlerns.
Observing various patlerns various sequences were defined to solve Vanous
summation problems,
Among various sequences AP, (Arithmetic progression), G.P. (Geometric
progression) and H.P (Harmonic progression) are most common.
Idea on A.P. was given by mathematician Carl Friedrich Gauss. who, a5 a young
boy, stunned his teacher by addingup 1+ 2+ 3 + ...... + 99 +100 within a few
minutes. Here's how he did it
He realized that adding the first and last numbers, 1 and 100, gives, 101 and
adding the second, and second last numbers, 2 and 99, gives 101, as well as
3 +98 = 101 and so on, Thus he concluded that there are 50 sets of 101. So the
sum of the series is 50(1 + 100) = 5050,
4.1.1. Sequence

A sequence is a function whose domain is the set of positive integers. The
numbers in the range of a sequence are real numbers, called terms of the
sequence,

4.1.2 Construction of a sequence from a formula (inductive definition)
Let fbe a function defined by
f(n)=2n, ne{l,2,3..}
then  f(1)=2, the first term
f(2) =4, the second term

f(3)=6, the third term ...........e.

Thus the required sequence is 2.4.6, ...

Mathematics-X1 SEETH
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Unit 4 | Sequences and Serles o) Tor tho ot ¢
' ! i bol such as fn) ior erm Example 2: Find the fi
In sequences, instead of ualll::ﬁ ;E:if;_s the number that correspoands to a Ao Zn:l ‘:‘1'?5 fr;u;_t;n'ns of the recursive sequence that is defined by |
(usually called the general term) whi bol &, for f(n). When the nth term of : Solution: The se it !
e i *hesequence is defined recursively,so we must find the terms in order

given integer n, it is customary to ¥ sequence by the symbol {a,},

g the entire a=3

& sequence is known then we denot nd term, the third term of the
g e P ﬁmmt:'é“r&femmmg the positive integers induce the up=20+1=23)+1=7

sequence (&, and so on, Since

ordering among the corresponding terms of the p=2m+1=27)+1=15

a=2na+ 1 =2(15)+ 1 =31 ﬂwn}fﬁ’pmbl

i
Did You Know . i I
Ramamber s ' | ‘
|

uence, this clearly shows that the ordering — . .
;:;1 a vital role in lh::l:ﬁnilinn of o sequence, ﬁ‘g@ui’nmma}* be d_ﬁscnhed : £ ays possible to
g0 we can also define a sequence as follows. by specifying first few terms The first four l.erfns are 3,7,15, and 31, tennu_fuw
A sequence is a collection of numbers *_"_‘T?r_i-i‘q;;m&ula (oraset of 4.1.3 Some special Sequences e ;
arranged in particular order. fﬁ;@ﬂlﬂﬂ.’giﬂng;ﬁlmlatinn. Some well-known sequences are given in the following example !
The sequence 1,1,2,3,5,8,...can be written as between successive terms, Example 3: Write down the first five terms of each recursively defined sequence
%= 3= 1, fy=Xos + 5oz, 022, 0 N !-S“—m"3":-"_"-I'I"-”"-rIl B chupr @ =1, 1, =t +#n+l), n=123,. . e !
This sequence of numbers is called the RECURSIVE FORMULA ) =l =(r+1)f, , r=0, 2 1 :
Fibonacei sequence. Some sequences may not (or RECURRENCE 0T v o P=012,3,,. \
be described by any rule 2,3, 5,7, 11,13, 17,... |REEATION): @ ek i ="*_—£p T ;
the formula for a,, the nth prime number hasnot = M= i iy eydyon ;
been found yet. Solution: {a) f, =] tl
Example 1: Write the first four terms a,, a, as, and as of each sequence, b=t 42214223 . !
where &, » f{a). LA T 5
(a) f(n) = 2n=5 (b) f(n) = 4(2)"" ySht3s Ti= ,
{C}ﬂnj__.(_l}nl:ni]} HBI‘IHI‘IIBH i-!—) 14=r3+4=1+1+3+4=1u |

Solution: Asequenice is said to be ty=t +5=142+3+4+5=15 !

a) Since f(n) = 205 finite if there is a first and () f=1
ai=f(1)=2(1) -5 =-3 st sl | : |
2= 1(2) = 2(2) -5 =-1 pebemnnile; A=R i
In a similar manner, a;= f(3) =1 and a,= f(4)=3. T fi=2.fi=2x1=12 |
b) Sinfﬁffn}:ﬂﬁ}“ ( Did You Know ! ?2) fi=3.£,=3x2x1=6 '
ar=f(1)=4(2)" =4 et fi=d.fi=4x3x1xl=24
. L e _ . =4.f,= =2
Similarly, a;=8,a;= 16 and a;=32, The f tor (-1)" causes This sequence is so important that it has its own special notation, r !, read

}e:zmﬂof ﬂ“-'.'__sﬂ“‘-‘.““"‘-" ; as ‘r factorial’, It is defined as: 0! = land (r+ 1! =(r+ D x rl,r=0, 1, 2,...

] ay= (1) = (1) ( 1/141) =-112, rmate signs © :
ar=1(2) = (-1’ (212+1) = 23, e 2 4 (4 3 _[3
3 . = F|=']-pu=[T {1]54 P:=EPL= E {4}=6
a3=f(3) = 1) ( 33+1) =34, . :
= = (-1} 2 1 1
ag=f{4) = 1) (44+1) = 445, PJ=%F! Z[E](ﬁ]:a, p“=IP’=(E]H}=I .
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TBKEN ] meqmisicie win Seves (e, 3(b) and 3(c) ate special type of B ("“'F_.__“" Naaw L ()
e Sl g

fvan i : snee and Paseal S ==

The sequences given in examp. e the fﬂﬂlﬂ‘nﬂ’ sequence an 3 dl ation Nﬂ‘ﬂﬂﬂn . - r T _.‘-:.—ugrf
sequences, called the triangle number ﬂqllrl;n;: important role in the expansion of ssLunmmtiun notation is used to e : SR i
sequence respectively. These sequences P the uppercase Greek letter sioms 1 . SEies effectively. The symbol¥,

binomial expressions like (x + y/ ;{ yis & el sigma, indicates g sum, . e A

The complete Pascal sequence 10 J(E & " et

1,4,6,4,1,0,0,0,0... 2 — L& = A+ At oAy beitay
This is only one of the families of Fascil sequences. Due (o its importance, it has k=1

a special notation, The letter k is called the index of summation, The numbers 1 and n - |
A the 5ub=$¢:l‘|pt5 of the first and last terms in the series. They are called. the |
(rJ y F=01,2.3,. lower limit and upper limit of the summation, respectively, L . |'

4 4) ﬂ (4) (4 (45' =0 and s
; L - =5 =4, | =1 . and 50 on, : :
B same (ﬂJ I'[.!J E [ LZLJ HJ EJ ( Practice ! 1) ( Remember i i} {

Obviously, different Pascal sequences will have different multiplying factor. Using summation notation Seri
i B Evaluate each series ' Smenm ’_'"ﬂ = Eo
The general definition of a Pascal sequence 1s: A sequence is an ordered list, |
(1) %E. K2 whereasaseries is a sum of |
n (n n=r (n = the terms of a sequence. il
=1 nnd[ =— , r=0123.. F § L i
0 r+l r+l \r . (b} u"5 OF Cxampie. : Il
2 : 1,3,5,7,9,11,13,15is a 1
We obtain the following Pascal sequences for n=0,1,2,3,4,... by using the i sequence, and il
bove general definition: e} X (2k-5) 1+34+5+7 + 9411+ 13 + 15 :
Kl a series.

=0:1,00000...
=11 50,0000,
=2:1,2,1000,...
3:1,33100,...
4:1,4,6,4,1,0,...

Example 4:  Find the sum D k-2)
k=l

Solution: ik"{k ===+ 22(2=-D+3(3-2+4'4-2)

|
m Which we exiract the well-known triangle, called ' =(=1)+0+(9)+(32) =40 ]
1
: 10

1 1 y) ; Example 5:  Find the sum Zr. ¢ 15 constant |
! = i

1 3 3 | i | |

; 3 6 4 1 Solution; Zc‘=r+r+::+,..+v=lﬂt'

k=l

Not For Sale Mathematics-X1
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4,2.2 The nth term of an Arithmetic Sequence
XERCISE 4.1

S We i":id : 1;2@::& for the nt!:l term of an arithmetic sequence. Let a,be its
ite and infinite sEqUENCEs: first term and its common difference. Then consecutiv i
%?rg,rlzl:ﬂ}l.ﬂ*!ri' Ny 5 sequence are given by ive terms of the
: B 7k 1 U S : 05 4 50 = a4 i134
A a0 e etz 8T ! *HE .

I |al4’ﬂ'l}"l'::- aquennu Wilhjlhe g.i\'el'l scngm[ ternmns: hy=a+d= a,+1d =d,+(2-] )d
sofas

;i:s:t i_.“i::i ur. n:.rm

i : Jyel g ‘T-'l=ﬂ;;+d-='{ﬂ:"‘d:'+d-‘-ﬂ|+?.'d=ﬂ|+[3—1}d.
]_;-. ﬂ’f;'_n = et IO |:'1J ﬂ4=ﬂj+d={ﬂ!+2-d}+d:gl+3.d=ﬂ|+{¢_|jd
R —1y(n=2 ' ay=a,+d=(d,+3d)+d =a +d-d=a,+(5-
B gy HamDe=d s =a,+d=(6 4 3d)d =0, +dma,+(5-1)d
3/ . i
wn the nth term of each sequence as suggested by the pattern. "
1234 °° (ii) 2,-4,6,-8,10,... (i) L-11-1.. : =a,=a,+(n~-Nd
NSRS . » : Find the 15" term of the arithmeti ~ '
E ursively. Example 7: Find the 157 term of the arithmetic sequence whose first three terms
_ * Write down the first five terms-of each sequence deﬁl:‘.'d recursively o 20, 16.5 and 13, !
i T '-{ﬂ' a3k, i) a=3a, -_-?" Solution: Herea, =20,d =16.5-20=-3.5 and n=15. Substituting these values in
:-1.1';_:.‘?-,: :ﬁrﬂ{e Sachaf the fﬂ”ﬂ“"iﬂg series in Expﬂ“d&d fqnn. : the formula: a,=da+ [:" = '”d
L= ._:gl iy F : 1 e 'f 1 =7 & = = = axn = -
B (D] - Y. (27-3) (i Y (-2 We obtain,  a, _ 20 (15-1)-3.5) Zﬂ_ 49 =29
RA e e If any two terms of an Arithmetic sequence be given, the series can be -
%-t i i i completely determined; for the data fomish two simultaneous equations, the -
:‘ o () = ; {iv) E[E] solution of which will give the first term and the common difference.
e chead Sl 2 =0 Example 8: The 8" term of an arithmetic sequence is 75 and the 20 term is
-_ e G Find the Pascal sequences for; (i) n=3 (ii) n=6 (iii) n=8 by using its . 39. Find the first term and the common difference. Give a recursive formula for
B . general recursive definition. the sequence.
BRI y Solution: We know that a_=a, +(n—1)d
42  Arithmetic Sequence (A.P) e _;H A < :
4.2.1. Numbers are said to be in Arithmetic Sequence (A.S) or Arithmetic ol i, S {1}
FProgression (A.F) when its terms increase or decrease by a common difference. and a, =a,+19d =39 (i)
Thus each of the following sequence forms an Arithmetic Progression: Subtracting (ii) from (i), we obtain
. 1 5 ) B T R e S ~12d=36 = d=-3
B, 244,10, .o, From (i) we get a, +7(=3)=T50r ai=96
&, ad, a+2d, 1t+3d. : Since da=ey+ I"J'F—J',]hJI =9+ f""”f—jj =99~ 3n

Tﬂc ;ofmjl!non difirﬂlhncef_is fufund by subtracling any term of the series from that
which follows it e first of the above examples the " S . . ; : :

BT i . Gy o . . s, = . n . a.
the second it is —6; in the third it is d. mmen difference is 4; In wqut;;; iy a,— 3 s the required recursive formula for the given arithmetic

sy =99-3(n+d)=99-3n-3=96-3n =(99-3n)-3=a.~3

Not For Sale
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H&MM(‘&M in Mmmﬂiﬂ Progre

When three numbers 2re
ﬁ the grithmetic mean of the other (Wo: isiﬂ _where @ and b are calleq
2

&I
; . of rwo numbers @ . ,
Thus arithmetic mean o inthe following Way:

i & b}-;hmmmuth.:?:tll?; :I:::fan rween two numbers a and b,then a, A, b,
Let e anl el R
form an arithmetic sequence. By definition, We ha
A-a=b-4

ssion, the middle one is saig

24 =a+h
a+h
Hence . A=——1—
Thus the arithmetic mean of two numbers is equal to one-half of their sum.
Example 9: Find the arithmetic mean of +2 -3 and J2+3
Solution:  Here a=+2-3,  b=y1+3

A=E;_b=~5“3;ﬁ+3=@

Between two given pumbers it is always possible to insert any number of terms
such that the whole series thus formed shall be an A. P.; the terms thus inserted
are called the arithmetic means,
4.3.2 Inserting n Arithmetic Means (A.Ms)
Let A.A...A be n AMs between o and b then

a4, Ay AL b form a finite E:immeljc sequence of 42 terms, that is:

4, .=

a+(n+2-1)d = b, where d is the common difference

(n+l)d=bh-a

Thus .l£=£+d=u-¢___

A "'ﬂ+30'=n|+2r.b__'5.'|

Ln+ﬂ
-“-1=n+j|(f}_'_"1'
-r.l-'er

Similarly  Ai=g4q [E_—_g
n+]

Unit 4 | Sequences and Series

-"i,.=fe+n|f
W+

b=gh

which are the required n A.Ms between a and b, Thus, A.A....A, are real nuiibers
such that a, 4, A4, b is an arithmetic sequence, then 4.4,.... A, are called the n i
arithmetic means between the numbers a and b, The l'.:iﬂl'.‘vl;ﬁ}i- of determining these
numbers is referred to as inserting n arithmetic means between g and b,

Example 10: Insert three arithmetic means between 2 and 9.

Solution: Let Ay, Az and A; be the arithmetic means between 2 and 9 such that

2. A I As, !‘_1'. 9 forms a finite ari:lnm:aig 3cquﬂm_~_c of 5 terms “.-'“h = 2. b - 9_ Let
d be the common difference, then a;= b gives that

a+d4d =9 = 2+4d=9

s : .
4d =7 = d= 7 Thus the three arithmetic means are
T A5
A=a+d=21+—=—
4 4
™y
4::fr+2d=2+2[11=u
vd) 2
" 5]
Ay =a+3d =21—3+[:Jr--J:E
4 4

L. Find the 15th term of the arithmetic sequence 2,3, 8, ...,
L The J™ term of an arithmetic sequence is § and the 21% term is 108.
Find the 7th term.

*. Find the number of terms in the arithmetic progression 6,9, 12, ..., 78

+. The nth term of a sequence is given by a;= 2n + 7. Show that it is an A.P.
Also, find its 7" term. ;

* Show that the sequence log a, log(ab). log(ab®). logtab™), ........ is an
A.P. Find its nth term.

O- Find the value of 'k' if 2k+7, 6k-2, 8k—-4 are in A.P. Also find the
Sequence,




i L ¥
=

&
i s
e i A

A e
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) pquence.

—mgr =
@"Tﬂ". Iag+a,=06and a,—d,
S - - ’
B btc-a c+a-b at b-c.
A T B o 3 : first second, 21m

- red 34m during the st S » 21m
coverst nd how many meters it

_ 2 find ho avithmetic
3 1

ﬁ 9. A ball rolling up an incline ird second. F
y ' * during the sccond, 18m dunng the third s6¢
2 10 ?L:epawma Hllﬁs:frh;h::c:: I:sd ﬁec;mmg by 500 inhabitants each year If its

- jon in 19707
. population in 1960 was 20135, what was Its population in | .
11, Ahmad and Akram can climb 1000 feet in the first hour and IEH? feet in
each succeeding hour. When will they reach the top of a 5400 f‘?“:{'}'“ s
12. A man eamed $3500 the first year he worked. If he received a raise .[_,f
" $750 at the end of each year for 20 years, what was His salary during his
* - twenty first year of work? . _
" 13, Find the arithmetic mean between the given numbers:

) 12,18 (i) %_: (iii) —6,~216 (iv) (a+b).(a=b)

14, Insert: (i) Thres arithmetic means between 6 and 41.
(ii) Four arithmetic means between 17 and 32,

mH ntl
-+

15. For what value of n, [‘—!"‘ i5 the arithmetic mean between & and b7
a -+

16. Insert five arithmetic means between 5 and & and show that their sum is
five times the arithmetic mean between 5 and 8,

17, There are n arithmetic means between 5 and 32 such’ that the ratio of the
- 3rd and Tth means is 7:13, find the value of n.

d.4 Arithmetic Series
44.1 As we know that associated with every sequence is a series, the indicated
sum of the terms of the sequence. I the sequence happens to be the arithmetic
sequence, then the associated series is called the arithmetic series.
Let {a,] be the arithmetic sequence then the serfes
n

Gta+.+a, =Y a, is called the arithmetic serics.
i L
in the general form or standard form is give

L

So = Hay +d) e, +2d)+ ..+ (g + (n-1)q) =D [a,
i=

The anthmetic series
I as:
+{k-1)d] (1)

where S, denotes the sum of the first n terms of the arithmetic ser;
IC series.

Mathematics-XI |28
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1 1 ;
—, =, —are in AP,
are in AP. then pI'U."'c g b ¢

44.2 Sum of first n terms of an Arithmetic Serjes

The next result gives a formula for finding the sum of
arithmetic sequence.
Theorem: For an arithmetic sequence la,

the first n terms of an

|+ the sum S, of the first n terms is given

. N
by A =51’2a,+{n-ljd]
n
= —2 [ﬂ1 + n"]
Proof: The sum of the first n terms of an arithmetic sequence is denoted by Si.
Let . S,;=a +a,+a,+...... +a '

Since d is the common difference between terms, S, can be written forward and
backward as follows.

Forward: Siart with

the first ieom, 8y ¥ i "

Keep pading d " a + (g +d) +(a) + 2d) +--- +a, )

Backnand: e with So= tlap=d)+ (@=2d)4---+ay W0 equations.
Ly Ll wi W) Ly

|h:cl1;|.|‘:unn.:..ﬁ.ic|:cr 13-: ={a +a) + (3, + Aa) k(A + 8 + ===+ (a; + a,)

subtrsgting 4.

= n sums of (a; + a,)
25 =nla) + a,)

n
EII = ;[HH + ﬂ'_b]'

a.= aT+|:u— 1)d,

Solve for §;, dividing both sides by 2,

N - %'I[fh +a, +(n- I}LI} ;

: 8§ =20 ~1)d}.
P Lo 2{ a, +(n l}d}

Finding the sum of a finite arithmetic series. Use a formula to find the sum of the
arithmetic series 2+ 4+ 6+ 8 +.......... + 100,

Solution: The series 2+ 4 + 6 + 8 +........+ 100 has n=30 terms with a; =12
and Asp= 100, We can use the formula § = (g, +q,) to find its sum.

Sso=50( 2+ 100) = 2550
2

We can also use the formula 5, = %{j,ﬁ +(n-1)d}.
Ss0="50/2 ( 2(2) + (50-1) 2) =2550

Mathematics-X1 SR
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§ terms i 285. If ays= 40,

Uﬂﬂ“ | ¥ 5 and Seried | 5 e :
Example 12: The sum of an arithmene gerl
et formula
the sum il
Solution: To find aj, W apply e e
5. =Z{a+a,) with =133
L3a, +40) = 285
1;: a,+40 ) =570 Multiply bf{'ﬁf-
= Divide by 1
(ay+40)=38 |
I Subtract 40 45 and the sum 400. Find the

E

- The first term of & seri
B g d the common differen

es is 5, the last
ce.

numebr of terms, an o i
Solation: If st be the number of terms,
5.==(a,+a,)
- 2 ]
400=~(5+45);
2
Hence n=16.

If & be the commaon difference .
45= the 16" term = 5 + 15d;

Hence

Example 14: Find the sum of the first 200 positive odd integers.
Solotion: Since the positive odd integers:
1.35....2n-1,... form an arithmetic sequence with
a,=1,d=2,n=200 then a, =a, +(n—1)d
=1+ (200 -1)(2) = 399

d 22
=23

9
+5,=2+0) =3~2@{1+3991 :%{40{}} = 40000

Example 15: Find the 18 term and the sum of the 18 terms of the arithmetic
sequence: -8,-3,2,7, .. '

Solution: Since we are given that:

-8,-3,2,7,... isanarithmetic 5
4 A sequence.
Thcr1 @ =~8,d =5and n =18. We have 1o find a,, and §,,
Since n=ar+(n-J)d
48= =8+ 17 (5); putting valies ofa; & d

Mathematies-X1

=77
. n
S, :E[m +a,)

18
S = > (=8+7T7) putting values of a; & a,

= 2(69)= 621
Example 16: The 10th term of an arithmetic sequence is 32 and the 18 term is
48, what is the sum of the first twelve terms?
Let a; be the first term, d be the common difference and n be the

Solution:
number of terms of the given arithmetic sequence.
Then a,=32, a,=48 ] .
a +(10-1)d =32, a,+(18-1)d =48
a,+9d =32 (i)
a +17d =48 (ii)
Subtracting (i) from (ii) we obtain
8d =16
d=2
(i) gives that a4+ 18 =32
ar= 14

= R
Mow § = E{?nl +(n— de}

o

Sp= :'EE{HHH{M} =6{28+22) =300
Example 17: Find the sum of all the integers lying between 100 and 600 that end
in 5.

Solution: The integers lying between 100 and 600 that end in 5 are

105,115, 125, ... 395
which form an arithmetic sequence with
a,=105,d =10,a, =595

then o, =da+n—1d
595=105+10n-10
10n=595-105+10
=500
n=30

Since §, = %{ﬁ', +a,)

i

Mathematies-X1
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Un
Example 13: A N B S Rs.1200000. Assume that it depreciates 24% the
First year, 20% the second year, 16% the third year and continues in the same

Unit 4 | Sequences and Series I
EE{mng] manner for six years. If all the depreciations apply to the original cost, what is the
Which gives 2% 7 a0 value of the car in six years?
_ 25(700) ofte ’
tion: Since the depreciations 24%, 20% o 4
=17500 Ms between them Solu B il i R SR Y
thn A pumbers is equal to n sequence
! a=24,d=-4andn=6

hers :
two num ; between two

£ AM of
4.4.3 Relation o ihmetic mean | .
Caleulating the sum of the depreciations over six years

Theorem: The sum of n
Hmes their arithmetic mean. S d b such that
Proo : arjthmetic MEANs L e |
f: Let there be n 4+nd b 8 = ._{gﬂl e e ljd]j
u,a+d.a_+2d.---.ﬁ % . o . 2
rithmetic sequence with n+ terms. ﬁ
forms an & n+2 1,1}0‘] o o Stin g
: n’+bs_--E2d+:u+‘. OSL S 4}}
as{a+d)+lat 2d)+...+(a+nd) 2
=3(28) =84

=.'i.'f.3..f'a+{u+m+1}n’}]
9 b
n+21a o f’] b=a+(n+1)d Now the total depreciation in six years is 84% of 1200000

=
n+d +B) = E.xuﬂm{m = Rs. 1008000
{a+d}+(:’.'-ria'}l'l'm*'{ﬂ+lltf}=-—£—[a+.b}—lld 100
g B "n +12 ll Thus the value of the car in six years = 1200000 — 1008000= Rs.192000.
={at =t
2 Example 20: A display of cans in a grocery store consists of 24 cansin the bottom

L

row, 21 cans in the next row and so on in an arithmetic sequence. The top row has

( a+h)
Al e
3 cans. Find the total number of cans in the display.

24
1":: ::““m&“r g “‘:‘hm;‘;iﬂm‘iﬂm; mnﬂwtrn;tel;itan] Solution: Since the display of cans are in arithmetic sequence with
problems ving arithmetic
Example 18: Finding the sum of a finite arithmetic series ay =24, a, = 3 and d = — 3 calculating the number of rows, we have
aise cach a =a+(n=1)d

A person has a starting annual salary of Rs.300,000 and receives a 1500 ¢ '
year.
(a) Calculate the total amount earned over 9 years. 3=24-3n+3
(b) Verify this value using a calculator, . In=24
n n=4§
tion: (a) Using §, =—12a -
e " i 1{ Ho 1]-:!] j Now the total number of cans is givenby §, = %{_n, +a,)
l 2
80 = —-{2%300000+(10~1)1500} = 3,067,500 oo dise s
(b) To verify this result with a calculator, compute the sum g + 4. +g. 4+ s S e
1 rl 3
= 300000+ 301500+ 303000 + 304500 + 306000 + 307500+ 3 - =4(27)
+312000+313500= 3,067,500 500+309000+310500 A .
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6.

S =

cated number of terms iy

of the indi
guEnce:

; sum

Find the indicated term afid thmfﬂ“mig A

case of each of the following amE e s
M) 9,75 3 . MRS

o 87 . 11™ term; 11 terms
b LI T U o
{ii) 3,313 n.d and Sy are given. Find the ones that

Some of the components 8

are missing: Y
() a=2n=17d=3

(iiy &= -7.d=8_4, = 225
Find the sum of all the numbers divisible by § from

The sum of three numbers in an arithmetic seguence: is 36 and the sum of
their cubes is 6336. Find them. [Hint: SUppose the numbers are & —d, a, a+ d]

ence, whose sum is 20 and the sum of
a-3d a-d a+d

(ii) “|=—-'I{],5” =210
(iv) ﬂ_‘:r-l, 5,=30
25 through 350,

Find four numbers in arithmetic sequ i
whose squares is 120. [Hint: suppose the numbers are

a + Jd]

X% X oang in AP X #3554 0= ~f and Xa+Xg+X 3 =—11, find
Xyt Xg+ Xy, )

Find: 143-5+7+9-11413415-17+... up to 3n terms.

Show that the sum of the first n positive odd integers 15 n™.

* Find the sum of all multiples of 9 between 300 and 700.

The sum of Rs 1000 is distributed among four people so that each person

after the first receives Rs. 20 less than the preceding person. How much

does each person receive?

The distance which an object dropped from a cliff will fall 16ft the first

second, 43 ft the next second, 80 fi the third second and so on, What is

the total distance the object will fall in six seconds?

ot han saves R the first day, Rs.2 the second, Rs.3 the third and
5. N on the nth day for thirty days, How L = .

of the thirtieth day? ¥ much does he save: at the end

A theater has 40 rows wi : .

%-in the il mf::ﬂt:;l;ﬂilisem in the first row, 23 in the second row,

- How many seats are in the theater?

Insert enough arithmetic means he
Pt ) Ly
resulting series will be 450, een | and 50 so that the sum of the

Mathematics-XI
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4,5 Geometric Sequence

4.5.1 In nature, certain phenomena can be described by geometric sequences. For
example, archaeologists use the half-life of carbon 14 to estimate the age of
ancient objects. Carbon 14 is a radioactive element that decays gradually

. changing to nitrogen 14. The half-life (i.e. the time it takes for half of a given

amount to decay) of carbon 14 is about 5600 years, Thus, one kg of carbon 14
’ P — 1 : 1 .
will be reduced to 2 kg in 5600 years, to 1 kg in 11200 years, o L] kg in 16800

3 | = o0

years and 50 on. Which is obviously a geometric sequence with r=

A geometric sequence (progression) is a sequence for which l:.'-rr:r!,r-'tﬁm'i after the
first is the product of the preceding term and a fixed number, called the common
ratio of the sequence. We use the same notations as we use in AP, with one
exception that is instead of d, the common difference, we use r. the common ratio

in geometric sequence.
Thus each of the following is a geometrical sequence.

3.6, 12, 24, couiiivinianni

o, ar, ar .rrrJ. ............ a
The common ratio, and it is found by dividing any term by that which

immediately precedes it

In the first of the above examples the common ratio is 2: in the second it is—]i :
in the third it is r. A geometric sequence is recursively defined by equations of
the form:

a,=a

and @, =ra, wherea) and r are real numbers, a, #0,r 20, and ne N

452 The nth torm of a Geometric Sequence
The nth term of a geometric sequence is given by: a, =a,;r™"

To find a formula Tor the nth term of a geometric sequence, we write down
the first few terms using the recursive definition to observe the pattern:

Istterm =a, = alr" - 111;-“'
-1
2nd term =@, =ar =ar
2 31
3rd term = a, =a,r=ar° =ar




d=l
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* =
dth term =g, =o'

; a=l
nth term =4, =ar i
. and the 1€
Find the first five terms 8 Ny
fio=—=

¢ term 3 and commen FEEE 9
1

Solution:  Here ¢ =3,7="7
Then the first five (erms are -
33 33
=378 o
n the formula d, = &7

erm of the geometric

Example 21:

sequence having firs

Substituting the values i

I.- I -1
we have a,,,:f?,]{—z] with n=10

ElnmplEﬂ: Show that the seguence iﬂd}zz_" is ‘E;E{]]'Ilﬂtnﬂ and find its

commaon ratio
. - h
Solution: Since a,=2

and p=—t = as T
a f \one

The ratio of successive terms is a nonzero number independent of n. thus {a.} is

L

geometric sequence with r =-%
Example 23: If the third term of a geometric sequence is 5 and the sixth term is
— 40, find the eighth term.
Solution: Here o, =5 and a, =40 then we have ar'=5 and rt,-"["l — 40
or ar’=5 ()
and  ar’=-40 i)

Mathematics-X1 ST
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Uni

pividing the equation (i) by the (i) we obtain

ar’ _ —40

fIIJ"?'- 5
ar P==8 =(-2f=r=o 5 .
rmedik o= by ()

Now  a,=ar"" #[3]{_2]'1 =-160

4.6 Geometric Means (G.Ms)

4.6.1 when three numbers are in Geometrical Progression, the middle one is
called the geometric mean between the other two.

Mathematically, it is derived in the following way:

Let @ and b be the two numbers; G the geometric mean then

E’_:E. since a, &, bare in G. P.,

G a

L G =ab;

G = ++/ab.
Example 24: Find the geometric mean of ‘each of the following pairs of numbers.

{a) 9 and 16 ﬂ’}} —apd ==

Solution: (a) By the above definition

G=+ab =0x16 =144=12,8inceab>0 .. G>0
(b} = —JE CSinceab <0 - G=0

D -
_"'1..[\“5 Vst N4 @ 2
4.6.2 To insert n Geometric Means between two numbers g and b

Since the terms between a and b of a geometric sequence are called the geometric
means of a and b. Thus Gy, Gs, ....., Gy, are the n geometric means between a and
bif a G, Gy, ..oy Go, b form a geometric sequence. Moreover it is a finite
Beometric sequence of n+2 terms with 3y = aand a2 =b.

Let r be its comrhon ratio, then aga=b gives that ar™' =b, rd. =dar
1

B a+l
-3
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3 s =art =(2 P
L e (Did You Know LKD)
I.l- — -

= . = P = 2} 2’1 =
Hence e ! Ifr=-2 then Sl Secisnbepian
2 2z required geometric means is
I [ﬂ-—]. G =ar=(2X-2)=—4 even, a single set of geometric
" means is obtained, if the number
; . G, =ar =(2)(-2)' =8 of required geometric
. z : means is odd, two sets of
‘ = Eeometric means are obtained,

=
GHZ.H..I"‘ = ﬂ'[%] ' k

; . . means between 64 and 125, i : i Write the first five terms of a geometric sequence given that: A
Example 25: Insert two geomelric rm,an;i o eans between 64 and 125 such that q : g
Solution:  Let Gy,Ga be the two gROMEEEE 00 o nce. | (i) a@=xr=3 (i) a=8r=——
64, Gy, Gy ,125 is a geometric 564 .
s Mok -12 ! g 2 '
Thus ﬂ,=ﬁ4-”_4and a,=1 3 ; i i | (i) Gy==——ir=—— {1v) ﬂ'l=£;r=_l
Let r be the common ratio of the geometric sequence, then | 16 3 ¥ x
a,=125 gives ar' =125 Jie o *Siippose that the third term of a geometric sequence is 27 and the fifth
64 =125 putting value of a, | term is 243. Find the first term and common ratio of the sequence.
) " ' 1 Find the seventh term of a geometric sequence that has 2 and —/2 for
= 15 [E\' —p= | its second and third terms respectively.
64 4 4 . 4 How many terms are there in a geometric sequence in which the first
. (5) > T — 1
Hence Gy=ar= [64}[13 =80 and G, =ar" = [6—1}!‘\1: =100 } : and the last Lt.,l'l'ﬂ.b are 16 and o respectively and r =E?
- Example 26: Insert three geometric means between 2 and 32. 5. Find xso that x+7,x-3,x-8 form a three term geometric sequence
Solution: Let G;.G5G; be the three geometric means between 2 and 32 such that s in the given order. Also give the sequence.
2, GGy, Gy, 32 b 6. I ag="F,a,=ma,=n; show that ln=n
is a geometric sequence, - : T Show that the reciprocals of the terms of a geometric sequence also
We have g, =2n=5 and a, =32 form a geometric sequence.
Iet r be the common ratio, then t 8. Find the geometric mean of the following:
a,=32 (i) 3.14and 2.71 it —6Gand-216
2 JEE '
|:.|. x.l..laﬂdx_'l i1 'j‘_
gves. o= ) y V243 and;"': 3 1
9. {1) Insert i 2 and 40—
W= Haif —(o) o el % sert 5 geometric means between 3 9 and 4{]2.
'.J;ﬂn Eﬂ f?:: l_“:; }S{f;; m; Efomelric means given below: [fr=2 (11) Insert 6 geometric means between 14 and =
s L =
Not For Sale Mathematics-X1 IR0
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s between @ and b is equal

e R n between them.,
S "“‘T vaethﬂl he hgwmlﬂ'-“"“m
f - m :ha*n Wrﬂms ¥
| RS L g eomentic mesn BeCyeen ¢ ond
12, For what value of n, a +b -
" b7 1
4.7 Geometric Series o MMNE we have &0 aesociated g::;nmclru; series,
i ith any geome (ric sequence.
47.1 S_m:c‘:; d;cauﬁam o the terms of the geome
which is dioa Eﬂ =a,+a f..t i, o 1s called

Let [a.) is a geometric saqueme. 2

a genmzmc series. in the form

If r is the commo ratio, then
=]
za,r"' =a,+ar +a:r I T S
inl
known as the general form of the

of first n terms of & Geometric Series
:':Lflfeu: For a geometric sequence with first term &, and commaon ratio r 2 1, the

sum S, of the first n terms is:

the above serics can be written

{1}

Eu:mv:tl"iL SEries.

a(l-r" ]| . .
5, =4 H
1-r
Proof: Let S, =a+ar+ar +.tar”

; 2, 2 Pl S, is the sum of the firstn

Sp=dp+@r+ar+. .+ +a e Aakente
inly bothsides of the

I8y = ar+ a;r2+:|1r3+ .+a;f‘"+alrﬂ Multiply

equation by r.
Si—1Sy=a)—ay " Subtract the second equation from the first equation

Sa(l-D=a(1-r') Factor out S, on the left and a; on the right.

Sa = 8 1: ;“ }© Solve ff’I Sa by dividing both sides by 1-r
(assuming that r # 1),
which is the required sum of the first n terms of a geometric sequence.

Not For Sale
Mathematics-XI SR11]
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d, [1 - r"‘}
since Va7 |,

a,-ar _a-(arr

—r !—r

a,—ar A g
= I_! a,=ar' s the last term ( Remember !! }
a,=a,r y g o
AT e | (3y  Itisbetier to use the forms
— A I
o form of the sesult iven n () D TR,
is the alternative form of the result given in (2) =0

pxample 27: Approximate the sum for the given | §, = u, —%C whenever || <1 |

values of n. (i) If 1"1 }1 mmthnfoﬂnmng
] - rﬂ 1
(a) | +1/2 +1/4 + ... +(1/2)"";n=5, 10, and 20 forms are used s.=“-‘r_ul‘i
a,r—
)3 — 6+ 12 =24 + 48 - ... +3(-2)""; and S, a-:l-‘-'- 2
=3 8 and 13 bﬂcallsl:ﬂ!t:nummnmﬁagﬂ
L denominators are positive.
Selution:  (a) This geomelric series has (1) If =1, we have the trivial |
geomelric series: |

i

=] andr=4%=10.5.

Ss=1(1-0.5)=1.9375

S, = +ta k. +a =na

1-0.5
-Sw=101-05") =1.998047
1-0.5
Sw=1(1-05") =1.999948
1-0.5
(b) This geometric series hasa, =3 andr = f ==2
S:=3(0-(=20 =9
1-(=2)
St=3.(1— (=2 =-255
1-¢2)
Sp=3(1-(2)" =8193
I-(=2)




Unit 4
fa 2. 51 ) .....,......ra? {ermis.
mp + Sum the series .5,, .3 Y
. ,ﬂl -
f P S
atio = _.3. hence by formul =
lution: The comma ¢ -

3 T
jacigas]
3 900 (O e -
Thesum =——3 = 1+3

]-I-E 2
3{1*3@-} 2 2315 2 _463
EL S TR

= 5 3 128 2
2

Example 29;: Compule: 2+6+18+54+162+486

fi
i —Fp=—= =6
Solution:  In this case @, =27 = 5 3>Ln

Substituting the values in
. o
¢ 2ar-D

", r—1

b-
5, = 1{: 1”' =720 -1=728

Example 30: Given that 4, :3,4;' =48 and §, = 32%. find rand n

: 3
Solution: Since a= E'a“ =48

=% l|1=
rﬂ 64 @
Also, we have 5"._;_@;
1-r

Mathematics-XI
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EI_E 3 % —48r
£ GeF
120 -129r =3 _1099
63r=—126
r=—2
From (i) we have
DV =64 = (2 = (2
n-1=6= n=7
Example 31: Suppose that the third term of a geometric sequence is 27 and the
fifth term is 243. Find ay, r and S,

Solution: Since a, =27 and a, =243

Then we have ar® =27 (i)  ar* =243 (ii),

. A=l
a, =ar

Dividing (i1} by (i) we obtain
“'.!.’i-. 243
ulrl T a7
rr=9 = r=43

We obtain two different solutions since there are two values of r.

r=3 | r=-3
”'r: =27 . n!r: =127
a3y =27 a(-37 =27
a,9=27 . a9=21
a=3 [ a =3
The first sequence is l The second sequence is
3,9,27,81,243, ... | 3,-9.27.-81.243,...
o _ nay—a, _ ra, —a,
e | -y
_ (3)(243)-3 | % (-3)(243)-3
a=] | R
=729-3 363 ! _-T32 e

4
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i
62
Example 32: Find the sum ‘.S‘.';

L] 2 5.2’+--~+15'2m
Solution: Zﬁ'r;ﬁ'z*ﬁ'i 22

ained by multiplying the
{"—.-][]j, we néed to know
6. 2or 12:

.+ is obl
the first 13 o
that each term after seieal
]:gin};mt:ﬁ? by 27 To find the sum nfﬁ;z Iﬁﬂrst iy ¥
ﬁ:cﬁrst term, 4, and the comman ratio, T
=12, The commaon ratio is 2.
s the formula for the sum of the first n terms of a
e the

Sa= 4{r™1)

=l geometric sequEnce. e
= dn= Calise
tterm) = 12, r=2,an
Sp=1202"-1 @& (the firs
’ -1 are adding ten lerms
= [2,276 Use a calculator
b
" Thus 362 =12,276

i=l
&

4.7.3 Sum of infinite Geometric series

Our discussion of series has so far been restricted to those associated with

finite sequences. The series associated with the infinite sequence:

a .n.r,airz.....alr"t,...
is denoted by: p
g +ar+ar +o,art .=y o

in]

and is called an infinite series. Important questions arise over here are, what do
we mean by the “sum” of an infinite pumber of terms, and under whal
circumstances does such a “sum"” exist? The answers to these questions depend
upon the concept of “limit” which is studied in'a course in the calculus. However.
for some particular infinite seres we can give an intuitive idea of the mﬁccpl of

i »

sum .

Mathematics-XI SEER!
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Consider the formula for the sum of

the first . : -
ave already proved that; N lerms in a ge:nmf.m[:

sequence; We have &1
atatat.ta=na,r=1 '
= +a—.+(=0)""q,r=-1
_la(r" =1 '

s, - Jr =1 4)
a{l—r")
% 1“ :
(i) Since 8§, =na,, when r=1

Irl<1

As n increases, the sum of the infinite' geometric series increases without
Jimit. Symbolically it is written as:
im§, = lim na, =<

=

Thus the infinite geometric series in this case does not have a finite sum.
(ii) Here §,=q,-g, +a —..,+{m]]"_|al when r=-1
The sum of the first n terms is ajor 0 according as n is odd or even;
therefore the sum oscillates between the values 0 and 4. -

" ]
(iif) 5, =80 D o 4 4 iy
r-1 I-r r-1
Since |r|>1, then the absolute value of each term is greater than the
absolute value of the preceding term. Therefore such an-infinite’ series cannot
have a finite “sum™.
Mathematically, it is shown that:

lim 5, = lim [—”" 4 | :limrﬂn—]——ﬁ— =t =
A= atm N —p 1-r}l ﬂ—'-Ll-r l=-r 1-r

(iv) 5 w88 iy
1-r

2

. l-r 1-r
This is the case which provides us a quite different situation and we have
some useful result.
Since |r| <1, then " approaches zero as n increases with out bound, that is,

We can make 1" or I"L as close as we wish to 0 by taking n sufficiently large. It
=

e —— e A TR

W T T
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1 [a
B g iNCIEASES withou
, follows that §, approaches =

pound and we write

5 = i_ﬂlF - . ( H'I‘——Eﬂ\;'
- . 5. = J.llT.lﬂ._,,_ —_. T
Mathematically, it can be shown a3 lim, .- 1—; r)
= -Ej—"—'a—l" ]iﬂ'i" I ]-“"
l=r 1-r
—: _Fﬂ_ — _ﬂ.?._ [‘U}
1-r l=r
5 = _al.—
T =7
This gives us the following:
. Theorem: If [r|<1,then the infinite geometric series:

i
- a=i P G . -
a +ar+art+otar’ +o has the sum: o

Example 33: Find the sum of the infinite SEOMELRC series: ;
32,3 3.
§ 16 32 64

Solution: Before finding the sum, we must find the common ratio.

r:i:—ﬂ :-1.&:—_].
L 38 16 3 2

Because r = —1/2, the condition that ] T ] <1 is met, Thus, the infinite geometnc
series has a sum

Y This is the formula for the sum of an infinite
l-r geometric series. Here ag= 3/8 andr= —1/2
= _ 38 a8 _3 7 ]
1-(=1/2) 37 83794
Thus, the sum of g-i-pi + il - o
8 16 33 Tt 155. Put in an informal way, as W&

continue to-add moro and moce temms, the sum is approximately

Mathematics-X1
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cample 34: The sum !Df' an infinite number of terms in (3 P
fr i squares is 45. Find the seics, ms in G, P. is 15, and the sum

tion: Let a denote the first term, r the o i the
S mnn-;nn tatio; then the sum of the

u # - 5 -
erm is — and the sum of their square iﬁ'i-T :

I-r 1-r
il
ch'ﬂ. : =]5 ........................ {”
a
e el R (2)
L] .
3 |4 r 2
And from (1) and (3) = =35, = 0 and therefore a=35.
.. .10 20 '
Thus the series is 3, PR Tue

I

Example 35: Find the sum of the infinite geometric sequence: l.i 1
37

salution: i 1
Solution: Here g, =1, 7= " and |r|=q <1

Thus the sum exists and is given by the formula:

5 = S EN :.1_ = ..3_
“ T 12
=3
474 L"unvursiun of recurring Decimals into an equivalent fraction
Recurring decimals furnish a good illustration of infinite Geometrical Progressions,

Example 36: Convert 2.33 o a common fraction,
Solution: Since 2.33 =234+ 003 s
23
=— + 04444 ... ..
10

v

£3
= 10 + 0.04+0.004+-0.0004+.........

_23 &
=kl e a4, =004, |r|=0.1<1

' _23 (u.m)_zs 4 211

= + = =
10 \1-0.1 10 90 90

Mathematics-X1
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o {aki]
ple 37: Convert 021 to a common m?;ium.ﬂl* 0.000021+...
dop:  Since 021 =0212121-~ S OTADI s
e -uz|+tﬂ-ﬂﬂ'i”'z”*,mﬂ”j(': 1, r =001
i ‘r'_te-mm:uicsﬂﬁ““’"hm_ s '
Which is an infinite € % 03l 7

ists and is g1Ve
and | =001 < 1, so the sum €XI

— 1

Thus 02l =—
33 .

4.7.5 Real life problems involving Geometric series

; time salary .
Enn_ipk 38: Cumpr?hﬂs ﬂ:l E:h worker will receive a 5 % pay increase each
A union contract specilies - naid Rs. 20,000 the first year. What is

jrearforlhcmxtfr_ﬂy:ﬂﬁfs- 30-years period?
this person’s total lifetme salary over a zﬂ?ﬂﬂﬂ. D& S % ralie the Sashudivess

Solution: The salary for th
salary is computed as follows: + 0.05) = 20,000(1.05).

i 20,000(0.05) = 20,000(1
Saary for year2 = A0 wl:a}t it was in the previous Year. Thus, the

the salary is 1.05 times
Each year, oy (1.05), or 20,000(1.05)°. Thus

salary for year 3 is 1.05 times 20,000
a9 : Yearly Salaries
Year 1 Year 2 Year 3 Year 4 Year 5 i
20,000(1.05) ...

20000 20,000(1.05) 20,000(1.05) 20,000(1.05)"

n row form a geometric sequence with a; = 20,000 and
years, we use the formula

The numbers in the battor
r = 145 %=1+.05=1.05. To find the total salary over 30

for the sum of the first n terms of a geometric sequence, with n= 30.

o 3,(1-r*) 20,00001-(1.05)" =£m{l{l—{l-ﬂ5lm],_, 1,328,777

I-r 1-1.05 005 (Use a calculator)

The total salary over the 30-years period is approximately Rs.1,328,777.

Example 39: . The tip of a pendulum moves back and forth so that it sweeps OU!
an arc 12 inches in length and on each succeeding pass, the length of the arc

2
raveled, is - of the length of the preceding pass. What is the total distance

traveled by the tip of the pendolum?
Solution: Since the pendulum eventually eo et have
the following geometric infinite Sﬁquencg_ E A0 A g 0 il o W

Mathematics-X1
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7 7 = o L]
12, —]{12, — ?
(g }[3] “2?-(3] (12),...

and the total distance traveled S = }24‘[1)“2“(1]: i 7 3 _—
3‘ g 3. - on

which is an infinite geometric series with

g
_12.r= 5 and |r|<1,s0 the sum exists.

fd, = baal =

= : i Did You Know 7
Thus the total distance traveled = —— 4
=  The symbol = (infinity) is -

px 12 merely a notational device
e and does mot -represent & |
I_E real number. Loosely, it is |
. the concept of a valug
= 96 inches Beyoiiilany Fnite value: i

Example 46:
A ball is dropped from x feet above a flat surface. Each time the ball hits the

ground after falling a distance h, it rebounds a distance rh where r < 1. Compute

the total distance the ball travels.
Solution: The path and the distance the ball travels is shown on the sketch of

figure. The total distance s is computed by the geometric series
§=a, + 20,0 + 2817 + 20,0 ... (n

The common ratio is ;{}H—'r [y
1 =T

~ distance = &,

distance = Zayr

" 2
distance = 2a1”

4.-"'#
. 3
L distance = 2a1
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Adding the first term of (I) with (ID %€ form
2a;r [I_-r-_r_]
5= E.1+I—_—r =i —r
Fur::cample.ifn.:ﬁﬂandr=2"'3.

the w[al distance as

the ;u!al distance the ball travels is

1+2/3 _ 1t
1+2/3

5=10x

EXERCISE 4.5

1. Compute the sum: y

Q) 36e12e.4320 () a+4+§+1+...+Tg

s Bio B
(iii} 24+21+2i+___+2lﬂ (¥ '- E,—_L .3 -
2 1 1 11 A <
I 2.'-'_.].-_._..." (v L“p —_ T prsssmmarerss o T terms. |

(v) 55 - I. V%

L Some of the components a,a,,nr and 5, of a geomelric sequence are

given. Find the ones that are missing.
i 1

(i) a[:}.r=—2,g*=ﬁ4 (ii) r=—,aq,=1
(11i) r'=-2_,5'l=—|53.u_=-9ﬁ

3. Find the first five terms and the sum of an infinite geometric sequence
having a, =2 and g, =1 -

Find the value of: (i) 08 (i) .163 _(iii) 215 012

i
Find r such that: §,, = 2445,
Prove that: §,(S,, - §5,,}= (5, -5, )

&t oo

T Find the sum §, of the first n terms of the sequence {'[l] }
: 2

8. The sum of three numbers in G. P. is 38 i is 1728;
find them. y and their product is 1728;

qQ, The sum of first 6 terms of a geometrs e . -
n
first three terms. Find the curngmon ralj;ﬁ':nes i g times the sum of its

10.  How many terms of the series- 1443
: 3+3+... be he sum
40+13.3. ; s e

Mathematics-X1

th _th rl'h i
1. Ifp.g.r termsofaG. P be abc respectively,prove that AP ],

2. Find an infinite geometric series whose sum is 6 and such
term is four times the sum of all the terms thay follow it gk e
2 -

s b
3. Iby= 3 + 3 5 P t. Where O<x< 3, then show that x=-1—3y—
+
14. A ball rebounds to half the height from which it is dropped FIf it is
dropped I"mlrn 10 ft, how far does it travel from the mum;:nt it is
dropped until the moment of its eighth bounce? -
15. A man wishes 10 save money by setting aside Rs.]

i : .1 the first day, Rs.2
the scmnq day, Elts.-i the third day and so on, doubling the amouit each
day. If this continued, how much must be set aside on the 15® day?
What is the total amount saved at the end of 30 days? -

16.  The number of bacteria in a culture increased geometrically from
64000 to 729000 in 6 days. Find the daily rate of increase if the rate is
assumed to be constant. '

48  Harmonic Sequence
4.8.1 A harmonic sequence is a sequence whose reciprocals form an arithmetic

sequence,
1111

|
2'4'6'8"10
I not an arithmetic sequence. However the reciprocals of these numbers, namely:

(1)

The sequence:

) . .
2.4, 6, 8,10 do form an arithmetic sequence. Thus the sequence (1) is an example
of a harmonic sequence. A harmonic sequence is also called a harmonic

progression (H.P),

Example 41: Three numbers a,b,c are in H.P. when Z=2 =
¢ b-e¢
Solution: Given L sl then a(b-c)=cla-b)
¢ b-c
or ab—ac=ca-bc  Dividing by (abc), we obtain:
. W
c b b a

Thus 1 1 1 :
5 o'y s Arein ALP. and hence a, b, ¢ are in H.P.

Mathematics-XI
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ding nth Term of 8 5
482 Fin g I “i.;sl.‘-q“““cc (H]

1

i | _'i'__w"'_____.__..—!-}—d""..
E'rﬁf'ﬂ;"‘z‘i a|+fn
of this H.P- 15

eque nce

H'_rmm:l.'lf 5

The typical form of 2 harmo 'MBII broperties of harmonic
progression can be obtained
from the corresponding

" arithmetic progression,

The general term o the i However, there is no

1 elementary I.'urmt‘lla for the
g +(n=1d sum of a harmonic sequence,
n-1)d isthe nth term of the AP

whose reciproca] G H harmonic progression: 6, 4. 3....

: F elveth term of the

Example 42: Find the Iw b

" - Solution: The 12 term of the corresponding AP
iy i1 twelvih '

E- [

4= |
B, Wl

o I
T

1
is &, =%+{12-1][ﬁ}

- =12
with a; = n=12

| =

a, =a+{n=1d

_13
12
; . 12
Thus the 12 term of the given H.P is Tt
4,9 Harmonic Means (H.Ms) i |
4.9.1 (i) A number H is said to be the Harmonic Mean (H.M) between w0
number aand b (a # 0,6 # 0)if ¢, H, bare in H.P.

; £
are in AP, and lz-l—[] +l] e H is the AM

1 1
Then 2 H'D H 2\a b/
hetween l and i .
R | b
1 _a+h
H  2ab
2ab |

H=m 15 the H.M. between a and b

(ii)The numbers H,,H,,...H, are said to be the n Harmonic Means (H.Ms)
between two number aand b (a=0,b#0) if

Mathematics-X1 §§ 5

Then obviously:

Solution: H =

Solutinn:
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a, H,;HE,H],,...Hﬂ.b are in H.P,

1.1 1 1 1
n"HJ ‘EE-’:‘E; are in AP with n+2 terms.
p— I - ri
a+(n+2—]jd=s,ut1l1zmga¢=a;+{n-l:ld
- i a=b
ab(n+1)
Thus '1"=-I=+ - H=a—M£j'—”
H, a abln+l) ' nb+a
_l___—_l.l.z a_b— or EHM
H, a abin+l) “(n=1}b+2a
L:l.}.] a—b or 3=—M
H, a abn+l) (n=2)b+3a
_=l+n_“_b oF H=Eb—[f-+—“
H —a  abln+1) " b+na

between a and b.
Example 43: Find the harmonic mean of 24 and 16

2ab

, where g=24.b=16
a+h
Then H=2{24J(161 :1x2¢x16 :EE
2d+16 40 5

1 1 .
_E.HI,Hl.HJ.H,,E are in H.P

13 arein AP

. 1
by using i +id, i=1273,..,n Hence H, H, H,,..H_, are the n HMs

E";aml’lf 44: Insert four harmonic means between — %andé .

Let H,H, H, and H, be the required H.Ms, then

T
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with @=-2

| Harmonic sequences are

| a,=13 | } onic because
| called harm
a,+5d=13 :?-.ﬁ_.-_i; pse in the study
2+5d =13 of musical chords and their
) :._;53 relationship, that is, harmony,
1 :1::‘.”1':1 -
—==2+3
Mow H,
1
_-]—:1+:'|'=4ﬂ'ﬂ!;£
H, :
-1—=4+3=T:HJ£“-F
H,
1
_[.=]r+3-L]ﬂ.—-:'H,'—']_ﬂ'
vl 1 1
——anid —

| =

Hepce 1 P11 e the required 4 H.Ms. between T
e e ks
o ri Harmaonic
xam i i tic, Geometric And Ha
: F fion among Arithmetic,
Example 45: Find a rela

Means. -
Solution Let a#0b#0 beanytwo posiive numbers,
alution: ;
A—ﬂ+b
then -—-—1
H=£ and  G=+ab
a+h
102 v ' g G, H arcin G.P
i - :ﬁb:[ ah =7 = A,
W ARR 2 be | )

b
(i) A::-Gif%‘—“-“-‘rﬂ_b
a+b:»2u'r|’.r_g
a+b-2ab >0,
(Va = b >0, which is always true

" Not For Sale
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Ax=G (1

G5 Hif Vab> 2.

a+h

a+.!':}1u'lﬁ

(Wa = J& ¥ >0, which is always true
G>H (2)
(land (2} = A>G>H

i Find the indicatcd term of each of the following  harmonic
ProgressIons,
111 i - 6
— == M term i 6,2,—,... 20M 1
2'5'8 5 o
s SRy AP | &
— 3= 2=,..: 8" term
: 3 5 7
7. Find five more terms of the HP, -;-,l.—l..., 4
1 g
The second term of an HP is o~ and the fifth term is g Find the
_ 12" term. -

Find the arithmetic, harmonic and geometric means of each of the
following. Also verify that Ax H =G>

314 and 2.71 6 and <216 x+yvand x—y
m#l al
5 For what value of n will z E" - be the harmonic mean berween a and b7
a
& Insert two harmonic means between 12 and 48,
. T
/. Insert four harmonic means between % ang:l—l.
-
‘ &, Prove that the square of the geometric mean of two numbers equals the
( product of the arithmetic mean and the harmonic mean of the two
numbers. ;
; 9. The arithmetic mean of two numbers is 8, and the harmonic mean is 6.
| What are the numbers?
{ i)

The harmonic mean of two numbers is 4% and the geometric mean is 6.
What are the numbers?




B 1. Choose the mﬂﬁrﬁﬁm series 1+ 4+ 6+ 5+ 114 64 coni 1S
o ,:[ﬂj.?,ﬂm

{iy The sum
(a) mﬁﬂﬂ y [u']H““‘e

- 30,200 :
;;ﬂmmofmcﬂﬁcsi+5+ﬂ+]l.,...,
of the terms is :

{a) 100 () 200 ) 150
If a, b, ¢ arein G.F., then
(w) &, b, c*are in G-
a, b, _C seinGP

3 is 60100, then the number

)
(d) 250

¢ (bc)c” (a+b), b? (a+c) are inG.P.
(i) None of these

(i} (b}

Clpec cta @ _ .
vy If the nth term of an A.Pis 4n+ 1, then the common difference 18
I y iy
! 3 E rhli]spr.!
( Whi wing is not a G.F.¢
(v} w'hlchﬂfthﬁfﬂ‘uﬂ E 5 5. 251 125'625' ------

(1) Zd.Bdbyceeemee )
{;} LS, 1.0, 6.0, 120..... tdy 8, 16, B AT i
] I.hﬂ'kﬁuc means berween 2 and -18. The means are

{vi) There are four an
vi i) —4, =1, -10, ~13 iy 1, -4,-7,—10
(©) =2, -5-9% =13 s =2, -6, =10, =14 B
M. of any two posiive

iviiy If A, G and H are AM, GM and H.
between A, G and H.

numbers, then find the relation

{a} A= GH LGP =AH () H* =AG G*=A"H
iviii Find the number of terms to be added in the series 27, 9 3, .coon. 50

that the sum is 1093/27

(4) 6 (hy7 ci8 (439

(ix) Find the value of p (p=0) if §+ p*%+ 2p and 2+p are the three

consecutive terms of a geometric progression

=3 " 5 3
(a) = (n)— 4+ e e
4 4 3 2
(x) The 10" term of harmonic progression 1/5, 4/19, 249, 4/17,...is
() 1174 (b) 13/4 () 4/13 ) 4411
txi) Find the sum of 3 geomietric means between 1/3 and 1/48 (r>0).
()14 (b).5P24  (cJI4 © (1)1

- Mathematics-X1 SIS

c -

Un

s

9.

10,

If the first term and common differe i
nce m oan AP are B and -1

~  respectively, then find:

(i}GeneraI s (11} The Progression i) The 10th

(iv) The expression for sum to n terms and hence sum t 1u|r.m| and

If the sum of the n terms of the series 54, 51, 48 . o 10 terms,

value of n. » 51,48, .... i3 513, then find the

If the sum of n terms of an AP .i\; 1 43
& +3n : ;
find the nth term » generate the progression and

Find the sum of all natural numbers bet
exactly divisible by 3. ween 250 and 1000 which are
Find the sum of the series 1, 2/5, 4/25, 8/125, . o0

Ifa,b,carein AP.and x, y, z are in G.P, show that x"y*7* = x y* 2

Find the arithmetic mean between 10 1 and Ejl
2 v 23

Find three numbers of a G.P. whose sum is 26 and product is 216

W an L'de migge E',I]‘Imn W“h

A gas_-ﬁlled balloon has risen 100 feet.
|!1 each succeeding minute, the balloon
rises only 50% as far as it rose in the
|:ircw'm|s minute. How far will it rise in
5 minutes? ‘

Not For Sale
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MISCELLANEOUS SERIES

term we end with

/ the formula for
5 the nth term
Yk’
0
/ | e
sigma for .

summation E'( = 'r_
7\ the term we start with

k is the index
(It's like a counter.
Some books use i.)

¢ Recognize sigma ( £} notation,
¢ Find sum of
= the first n natural numbers { £n),
« the squares of the first n natural numbers ( T n?),
« the cubes of the first n natural numbers ( £n?).
Define arithmetico-geometric series,
Find sum to n terms of the arithmetico-geometric series.
Define method of differences. Use this method to find the sum of n
terms _uf the series whose differences of the consecutive terms are
either in arithmetic or in Eeometric sequence.
Use partial fractions to find the sum to n terms and to infinity the

series of the 1 1
e ) @ aar I T .

: ;ﬁncn!. In the ¢

Introduction

In the previous chapter, we cori
£y Pielion puted the : i
geometric b.equcn}.es' In this chapter, we discuss a til;m;::c ?S::n]tuc EL‘fmj
wmpulmj_! MJI!]S ol s0ome u[hr_-.-’:" sequences, Since we are alread : i ﬂlqu:.‘!ﬁ or
standard notation, called the sigma notation (1) ang its rules YH oot g
Frnpcrly define it with a few examples of summation notatiss - However here we
5,1.1 Sigmn Notation
The fcller_ L. of ﬂ]r..t Greek alphabet (pronounced as sigma) is used
denote the sum of a given series. The leiter vis placed before the rth t N
i erm
We, thus write T a, 1o denote the sum of terms of the type a,. If we wa '15“}"“-'
up tecms 4, for values of r comresponding to #=1,2,3,....n. we denot mn . Subm
b e the sum by

;:-. by \
; a. or by IZa,

51

Example 1:  Find the following sum.
4

@ X AKk=3) (i) o g
o & (k+1)

]
(i) > -tk

Solution: (1) K k=3 =131 - 2 a2 2
; (k=3)=1"(1-3)+2%2-3) 43 (B-3H+*4-3
=(=2)+ () + 0416 = 10
Iy nI-. -:,i -jil (] .
(i1} Z — == .i 2 2
= G+ 0+) T 0+ T @e) YGen

far

=1+1+2 s2all
3 3
(i) -0k

=FWﬁ+FWﬁ+PW£+FW£+FW£

=\"E—\"r§ +-:{-\J§ +\,I'E

IG
- ]

Example 2. Simplify ——

[

n
1

1=

1
= J+2
|l1+::m be seen that most terms are common 1o both sums and will
econd sum, let k= J+2 and in the first sum, let & = j, then we
i
Yy <3 SR
it

1
I It e

(¥}
s

o=

S'Ulll tion:
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Neried
= | ArisceMonemHi - 3

2 [l 'k =1
an
ample illustrates BOY ch
invalving several sums.
:l.'.:; Exnlﬂl of sum of the first
i, Natural numbers
:r Squares of natura! numbers
iii. Cubes of natural a;l;r:bm
(=
;rmmpi:t:::::ﬁnﬂf:wm; o compute a wide variety of sums.
Suppose by, ba, ... , By, i8 @ SEQUENCE
I.I'In' n.f 'b; 1 IE;"r
then Z‘dj HE fb_.m _‘b_rj

=i J=l
EI&; —&) + (b =by) + ..+ (b =)
=B + (b =b) + (b b ).+ (b, =b)+b,
( bﬂ-ﬂ _ﬁ'
Thusif  a,=b, -5&

F R /

Z"ﬂ',- = Bapr— Iy

i=l

This ex

This statement seems very simple, yet in practice it can be very powerful,

"
Suppose we want to compute Z a;. If we can find a sequence by, ba,... such that
=l

=8, =a, , then we can write down the answer immediately, thatis &, =5 .
{1) Let hﬂ, = (1)
ﬂ“!n b_a-r _hj = {j_’. I}a_j!‘
=2j+1
thus here, we take a=2j+l
Now U&il‘]g El 'af =bl'|l| ‘_'bl
i
:2 (2j+1)= (n+1)! = by (1)
wl

Mathomeatics-X

ging the index can simplify expressions

mentioned sums, here we discuss a general

| Miscéllancous Series

23 J+3 1=p 4o,

I=l J=l

zz J+n=n42y

i=]

ZZ J=n*+2n-p

J=l
2Y j=n*+n
i
Hence ; juath)
2773
{ii) let b, =y

then b, =b =(j+1y' =7
=3/ +37+1
|I:uxh::reuj =3j2+3j+] .

Now, using the following i a, =b_  -h

i =l
__Y_‘. (3 +3j+1) =(n+1Y =1

jal

by ()

[}

=1

Z i +3§ I +i l =|:n+]:]]-I

£

3}: y— IS[H{H:}}”

J=1

=(n+1) -{n+l}a——n(n+l}

'—1[2{n+ ) -2- 'hr]

=3

_ n(n+1)(2n+1)
2

(2)

_-i'f 2 +2+4n—2~3u] =”—;—I~[2n’+n}
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orich

s - Lnna 102+ D]

= | yjpcclbamene’

6
Hence 'J_Z. ) (3}
s 'h =] : i ] e |
i Le b f o= 46 HA
__é __{_;-Fl_} =)
then By

we take =4 +6] 44
" Now, using Th* following

Z a, = b~

3 @ v6rajen) =D =1 by

J=l
421 +5Z I *42 f+E L=+t
Jul i =

4ZI 7 ﬁ(ﬂ H+Ut"’ﬂ+”j "_...-f";”)+n—_-{n+l}'-1

42 F=(asl) =l=nln+D(2n+1)=2n{n+1)}=n

=(n+ 1) =(n+1)—n{n+1)(2n+1) = 2n(n+1)

=(n+[(n+1)' =1-2n" =n—2n]
=(n+D[n’ +3n° +3n+1-1=-2" =3n] =(n+1) [0 +n’]

=n*(n+1)

= m+1)
Hence FaBEY
% F==
= +)7T
¥ pa [ n(n J]
- 2
Example 3; Find the sum of the n terms of the series.
12+23 434 0
Solution: Let 7; be the general term of the given series, then

T,=j(j+1)

and }:T E{;ﬂ}

f=1 I

MathematiceX1

L Hit & J aiscellanesus Serjce

-2-"*2}

F=1 J=l

. nin 1-1;15{2-: +1) & nin+1)
2

[2u+1+3]

i1
i '[”ﬁ""” (2n+4) °
= M+ 1) +2)
#* 3 . e
Find the sum of the n terms of the series
127 +2:3* 4342 4

H[n+1

Example 4:

Solution: Here T, = j(j+1)
then > T,'=Y (P+2j%+ )

Jal i=i
=Z j’+22 J-.z_i_z i
J=1 J=| =t
:£'ﬂ£+_2ﬂn_+|){1n+1]+:|{'n+1]| |
4 (i 2 |
r:{n+-1_}
12

”U:;n [3n +11n+10]

S E!i nn+1)(n+2)(3n +5)

[3n? +3n+8n+446)

k -
X8mple S: - Find the sum of n terms of the series whose nth term is
2 48’ —6n*
Solution: Given that T
then T

Z!‘ E(E"-’rﬂ; -6j°)
J=1
—Z "H”+EZ j-63 J

=l =
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[n"wu’ }ﬁ[glg*_ﬂ]
4
2-1

] o lﬂ"‘”}+s
Is . _—_-2‘—-]+ﬂ{ﬂ+”[2ﬂ:+2”_2n—1|
)

]

=2!_l+"{n+”{2!l:—|]

gh“‘: % 1. Sum the following series up to 1 SRR

£ M PaF+s+Te (@ P+ 42+ +22 434
(i) 2447 +6 4 i) P43 45"+ (P +5+9 4+
2. Find the sum 1.2 +2-3 4+ 34+ - 499100

3. Findthe sum 1*+3*+5%+7° P

4. Find the sum 2 4 (2+5) + (2 + 5+ 8}+--lo n terms
5. Sum 2+5-i~lﬂ+l?+u-:untcnns

6. Sum tonterms. [-2:3+ 234 4345+

7. Sum ton terms 1594 26-10+ 3 7- 114+

8.
9.

Find the sum to 20 terms of the series whose nth term i5 4n™+35n+1

7

Find the sum of n terms of the series whose nth term is.
(i) ni@2n+3) (i) 3(4™+2n%) — 4n°

5.2 Arithmetico-Geometric series

Since we are already familiar with the arfthmetic and geometric sequences
and their related series. Now, we discuss here another important sequence and its
related sedies, which we obtain from arithmetic and geometric sequences.
B2.1 A scries which is obtained by multiplying the comesponding terms of an
arithmetic series and a geometric series is called Arithmetico—Geometric series,

For example,

iﬂ+{ﬂ+n']+{ﬂ+3d}+~.,+(a+{n— l'|d] [i et r"':]

pra

=a+{a+d)r+{a+2dyr +. +la+n=-Dd) r*"

which is arithmetico-geometric series,

FI-Intiu:mnlic_s-i'.i.I /35

llliif = Miscnltn;wnus Series

1 of Arithmetico-Geometric Series
A series which is formed by mul
p. and 2 G. P. is called an arilhmcticu-g

ceries has the form [a+(n=D)d] x

pth tern
plying ‘ll'll‘: corresponding terms of an
tometric series. Thus nth term of such
522 Sum of n terms of Arithmetico-Geometric Serjes

Let S, = a+(a+d)r+(a+2d)r +ota+(n-1)d] (1)
pen 7S, =ar+(a +d)r* +..+[a+(n =2d| " 4 la+(n-1d] " (2)

subtracting (2) from (1) we obtain

(1= f'}S.. ..= fl -i-{f,l’.l'".*d.l": Pt dr""} —[ﬂ ‘f'{ﬂ-"l.}d] r

R T ’V:fr{]—r""] | -
L e e —;idﬂu—i}ld]r
a dr_ dr _[a +I{ii—1}d]r‘ )
I-r (I-r)" (1-r) (1-r)
which is the required sum of the n terms of arithmetico-geometric series. |

. ; 4 7 10
Example 6: Sum the series 14 3 =t ﬁ_+ 1O 1 erms.,
5

Solution: [Le 3:|+i+_?_1+1_?+m“+§£:|_-3 ( Mote EI
55

A 5 5 7 |
I =, - Sum to infinity of an .
.-.§s=l+i_\..rll+_,_"+3"“5+3” 2 Arithmetico-Geometric
35 F 5 5 Series
N e 3\ -z IS
it by statatetem =5 e U SR
~ Equation (3) reduces to
‘¥+3[l+l+ I “ - : J o dr
R et e & SR e o a5 IR
S\ 55 3 e
T, which is the required sum
=] + _3_ SH_I = 3‘” = 2 1o inﬁni[}r ﬂ-f ?n’ll 1menco—
-1 | 5" geomelric seres |
5
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7 1 154120~ ]ﬂ_.- 15 .
=3 5L 43
. fhie scries. o
1Si#3+ﬁ'9+3'szLSHNT:aT‘:+on-3"" M
+(2n-2) £ :
ution: e i ic series, we get
o2 l.'a’: L:l::r'i lhcmnununrn[iﬂﬂflhﬂ geometnC 3¢ (ii)
Multiplying by 3. -
3-S=2~3+4~9+ﬁ-2?+...+{2"'2}‘?' i
T i) el
gubtracting (ii) from (i), W E ot 3 (20~ 20— 5 }} _on3n.

J.5'=2-|+{3{4~2}+?{5—4]+2?{E—6
o (-2)-S=2:14+{2(3+9+2TH _.to(n-1) terms

=2+ 2[3-MJ— 2n-3"

& ]}—-21!-3"

3-1

—243°=3-203" =—1-3"(20n-1).

5'=—;-[|+3"{2!I—|}]

Example 8: If x<1, sum the series _
14 2x+32 +4x° +.....to infinity _

. ) (i)

Solution:  Let  §=1+2x+3x +3x +o 5
s 5= 3+ 430+

Subtracting (11) from (i), we get
LS(1=2)=14x4 27 + X+

DA - e
The RH-S is an infinite geometric series with &, =1 and r=x<1
- 1
5 {1")2'} = —
=X
1

B e
(1-%)

_.'r. (Lild]

Mithématics=Nl

mMiscelloncous Series

L 1.. 4. 1
le 9: Show that 2% x 4% x g4« g "
Examp SR ﬁ, ¥ ST
golution: Let  x=2%3 4%x 8l 163 x o
I i 1 .

=

log x = log 24 4 !og4i+1ngﬂ“'+1ng16§+..,w

1 1 1 1
logx=—log2+—logd+—lopR+—

- 3 log o108 3210315-}‘...6#
]Dg‘t=l]ng2+l]ogf+—]-lngz3+L1ug‘2‘+ o0

4 8 16 32

1U’I_ll{]l2,+glu E+31 2+4i 2
g _4 & 8 i I'&'Ug Eug S —

Ol 2 By o ] 3
gr=|—"d—d=—F—f oo
log x [_4 e log2 (i)
1 2. 8. 4 : o o
MHow, —+§-+1—+F+...W 15 an ﬂﬂthm“c{!-gmmﬂtrlc scnes
1 2 3 4 ._
Let S=—+—4+—+—+...% {11)
5 4R 15
lg 1,2, 3.8, . (iii)

-3
2 8 16 32 o4
On subtracting Eq(iii) from Eqii), we get
1 1 1.1 1 .
o

— e e e, 00
Z 4 8§ 16 32
l —I_ﬁ.b_1_+_l_+_l.t.+ £
y) L L
3
| 72
ESZI I
2
i 1
273
5=1

(i) =>logx=1xlog2
logx=1log2

Bl & 8
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" e allowing Se1eS
3, Sum tom b 11"*'] { i II+4.I+?J:I L1024
@ 12+22+%2 +42 ' =7
(iv] I+-&+-§F+a§'+...
(iii) 14+2x43%° pdr+- 274
vl ]-—?.r+13x’ ~195* .=
: = Find the sum 0 infinity of the follpwing series o
A e
M P +3’x+5‘x1+?’x’+..,.x:l (i) 1+ :5;-'* 7 MEY +
3,  Findthe ath term of the following uritl‘lmeticur-gwmﬂtric series
—+-]—+-+E+-—+-E-+
3 8 16 32
4. Find the sum of the following Arjﬂmwﬁcn—geumﬂriu geries
7 11
S4—tltte
3 27
5 If the sum {0 infinity of the series 3 + 51+ TP i R 18 5
find the value af r.
53 The Method of Differences .
hich the difference of successive lerms form an
nd the nth term. The sum

[n the case of some series inw
hod can be employed to fi

AP, or G.P., the following met
en be obtained.

of such @ series (0 n terms may th
f the series

Example 10: Find the nth term and the sum to 0 terms o
147+ 17431 +49+ e
Solution: a,-a, =6
a,—a,=10
We have a,-a,=14

(n-1)th term of thesequence 6,10,14,...

a,=a,,=

Adding column-wise, we gel
a —a, =6+10+14+18+...s0(n = 1)terms,

Mathemall

(it 5[ Miscellancous Serics

L

n-1
g~ -_--—_-’—E,'J!- 6+ (n—2)-4]

a ---.t:l'i -'_-F-:'I—[]."Z.'l"q'ﬂ—ﬂj:ﬁiq_
2 5 LnF4l=m-1)(2n+2)

~a,=1¥ An=1p(n+1) [ra, =1]
g, = |
A, = 2}': —1

Irl{:1+!}{2ﬂ+1}

= 4,= 0+ (n-1)(2n-2)

n(n+1)(2n+1)
=i

1 1 1 6 s 3

:,”ﬂ"' (2n+1)=3n _n(n+2)(2u-1)

3 3
. the required sum ) = W
3

Example 11: Find
3 - the nth term and
1 sum 1o 0 lerms i
b ':.'If lj'll! SENes

I+ 540+ 17+ 3014 ...

Solution: .= =2
=i, = 4
We hav
= a, =y = 8 i

Whichisa C "
ich is a G.P. Adding column-wise, we gel

i —gq =7
oty =34+ B Jo(n—Drerms,

[ a =3]

222" .
2] +n=2"+n-2

X P
[tql.'sllﬁjsum=qnﬂ+" 2

a, —a,_ ,=(n-1)th termof thesequence2,4.8,..

Mathemnatics-X1
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i
oy
3
P, 1
E‘.; . 52
S 5 2R3+t ’
o ctions
[ :on by the method of Fa:l-lial Fl:r: o cts of the reciprocals of
B f g series CONSISLS of the P i be split up into
Irthe gene e ?ems of an AP, then the term thod is illustrated in the
vwo 05 B cumﬁu;h::mﬂs can be summed. The me
al fractions &n _
; ns
Iollnwmgﬂﬂﬂ'FP o ?11_4_. IHS i_ﬂ-ﬁ'Jr .tontert i g
Example 12: Sum li'lfe.-ﬁﬂ'l m]ﬂl AomomRAIOS are the products of two successive
Solution: Here actors
terms of an A P:'l-? 11, 15, 19, |

S
.. rih term of the given R i l}{4r+ 3)

as the difference of its partial fractions, we have

il § - 2 ]
% =%ar-1 4r+3

(n=1),n in succession,

Expressing 4,

we get

.\iutlu.-m-.uiu-;-}&-l

Afiscellancous Serics

1 1

1
o 4[4n~ 5 4;:-1]

a —l[ -
" 4l dn-1 4n+3

Adding column-wise, we get

1 n
zﬂ 4[’* 4rr+1] 3(4n+13)

3[4:+3j'

+ The required sum =

Example 13: Find the sum of the series:

R Sy
s — i i
= 4-':-'+':-m to infinity.
|
Some Hire T, =
Solution " (Br=-2)(3n+1)

Breaking it into Partial Fractions, we have
| A i

+_
(3n=2)3n+1) 3r|—-1 In+l

Multiplying both sides by (3n-2)3a+1) , we have
1= A(3n+ 1)+ B(3n-12)

Comparing the coefficient of n and the constants both sides, we get
0=3A+38 (1)
1=A-28 (ii)

g iain ’ . 1
Solving (i) and (ii) we get A=l; ) H=~E

T S =l[ 1 __1__]
*=30n-2) 3on+l) 3[-2 il

nndz.’r _—E( E—I 3i-|+1]

k=]

B i




it 5 | Miscellaneous Serics.

I

(viii) Sum of n terms of the series 1%+ 3 1. 52 L 3

q) n*(2n’ - s

(a) (20 ) (b) 20" + 30 () €

Sum the series 1o n lerms 1.242.343.4 n=1)  (d) n’+ 8n+ 4

' . K.
Sum the series 1-3:-542.4
‘46+3-57+ton
terms.

1. Find the A s (i) _},+35 4., to n terms.
. 1 Ay ton . 13 & il
(i} ;""ﬁ+3-4+ = +_____+__|,_.+___minﬁn'|1y_ Sum the series ¥ l __+__1_-
(i) 1, Ly Ly, oinfinity: @ g 2 23 710 1003
7.5 58 81 ) i 5. Sum the series 5+12x+19x? +26x’ +--
2, Find sum of the series: ?'_:, or +3k-2 i ‘ et
: . &, Sum the series: L+L+—!u+
3. pm.jgumuj'm:snﬂes: %rﬁ_‘{t’rk} 1.2 2.3 34 7 1o n terms. !
3 b on }: _____'__F 1, Find the sum of n terms of the series ’
4 Find sum of the sencs: & k+ (i1 Sum the series: 1:2243.3245.42 4 1o n terms
RE'LEIHEW? KERUSE i (ii) Sum the series: 312452247324+ 10 n term '
| _____j-._=_..____._._-;;-_.-;--_:L.. i - 5
. g Find the sum of n terms of the seri :
Y orrectuption ! e i terms of the series whose ath term is
| () 043" i) 20243 Gii) o] .
M [[lusﬁn+5+ﬂltnln41= o Find the i) n(n+1)(ntd) (iv) {zﬂ—-l:lz
fa) 6ol ) 6n+11 (€ 6n+6 () 6n=3 I e ind the sum of the first n terms of the series
4 . 03T (i
(iiy  Thesum 10 infinity of the series 1 +-§—+ :%+ _,—:f-’+ -1%T+ " "_ X F21+31+ (ii} 2+5+14+41+-
(@) 6 (b) 2 (©3 @4 . A tie 1> seun KRR okt Tomg of S v
- _ : - !+“+-=.’__}+‘1+%+L)+{i+i+i+l s
[iii) Sumthescnes:l+1-1+3-2 Foreean + 1002 4 5T gt
(@) 992'% () 1002 () 9920+ 1 (&) 1000-2""
{iv) The nth term of the series 12+ 23+ 34+ .. 15 =ang S
@ @-n) () @+n) (@n?  (d)None of these
(v)  The sum of n terms of the serics whose nth term is 1+2°
{alln-i-?.u-l (h}[n+l}+2n+| Lc]n+1{2"=_‘.l uHHnm:oFthcsc ,A
{vi) Evaluatezr3+2'j,wh:mr=1.2.3..... 10 1 —_—
(a) 2051 (b) 2049 (c) 2076 (d) 1052 1
(vii) Whmislhﬂnmtennﬂfthcscrics ]+—-——~{l;1}+—-—-—-—“+2;3}+-~'?
n+l n{n+l] n+1)(2n+3 (
@ =5 { J—-z—“ ey n’ = (n+1) (d) .(_—jii———l —
Not For Sale
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A fror reading this umi: thestudenisa ill h-:.__;-.l_'tl-_'__iﬂ:____
A L = - - - - - - e

notation o expréss the product of

¢ Know Kramp's factorial
bers by nl. L
@ ::zugniz:ih]:: fundamental principle of counting and illustrate this principle |

_ using tree diagram.

s Explain the meaning of
and know the notation “Pr.

s Prove that "P=n(n-1)(n-2) ..

|
first n natural L

permutation of n different objects taken rat d time |

. (n-r+l1) and hence deduce that

e 0=l

s Apply "P, to solve relevant problems of finding the nu mber o
of n objects taken r.at a time {when all n objects are different
of them are alike).

o Find the armangement of different objects around a circle.

‘s Define combination of n different objects taken rat a time.

f arrangements
and when some

L NH )
[FE)-(7)

Solve problems involving combination,
Define the following:

sintistical experiment,

sample space and an event,
mutually exclusive events,
equally likely events,

dependent and independent events,

simple and compound events,

nr

Recognize the formula for probability of eccurrence of an event E, that

_n(E)

e (5)
nis)

, D€ P(E)S1

Apply the formula for finding probability in simple cases.

Use Venn diagrams and tree diagrams to find
occurrence of an event.

Define the conditional probability

the probability for the

Recognize the addition theorem ( or law) of probability

P(AUB)= P(A) +P(B)-P(ANB), wi
events,
Recognize multiplication theorem (o law) of p

P(ANB) = P(A) P(BIA) or P(AMB) = P(B) P(AIB) where

d B are independent egvents.

are conditional probabilities.
Deduce that P(ANB) = P(A) P(B) where A a0
Use theorem of addition and multiplication ©
problems

were A and B are mutually exclusive

P(BIA) and P(AIB)

robability

f probability to solve related




Kills. People start to count

tal 8
-2t earlier. But how to count

mmiﬂ en Or cven
. & LESC.

et ically 15 a lifelong &7 binatorics, the

- quickly, me;ﬂywm- By s first neoessaY 10 learn about CONTRIT

In order to study *

theory of counting.
I this unit, we Will ey ggmnulae are

number of objects in 8 Set determine

analyze algorithms. They ar¢ 31‘:; :i*"-’ 10t il occr.

that a certain outcome of aran peri the product of first n natural

s Factorial notation 10 express

the most fund

i and formulae for counting the
i 5 sed in computer science to
prﬂbat:rllitics, the likelihood

the notation n! (read “'n factorial™) is the product of all

If n is a positive integer,
positive integers from n down through 1.
a! =n{n-1) (n-2)———3) (2)(1)

0! (zero factorial), by definition, 0!=1

Examp

Bosuaiboe Technology g1
-. Hl!t'!hﬂFIctnrilk Mast calculators have factorial
[or=1 keys. To find 51, most calculators

=1 ' use one of the following:
ERr=2.1=2 Many Scientific Calculators
[31=3-2-1=6 5[]
fal=4:3-2-1= Many Graphing Calculators
Eir=5-4-3-2-l=l20 5[] [ENTER]
E6l=6-54-3:2-1=

F=7-6:5:4-3-2-1=5040

= §:7-6-5-4-3-2-1= 40,320

.;&9,’-.3-?«6-5-4-3.24-;5:,35;}.

Note The Difference |

123'=2(32) =12
| (23)!=6!=6:54-3:2:1=720

je 1: Simplify the following cxpressfms.,
8 p oLyl o

—_— 4

B TR TE TR TR TR TR TR el
81 871 _ B
solutlon: @ 5= =8
5! 543! 54
T TR TE TR T i
1 1

e . I IS, N
2041 3131 20413 31314 32141 3143

=n+l

d (n+1)! _(n+1)n!
T n!
n! a(n=1).(n=2).(n-3)!
e = 2 Pro
(n—-3)! {(n=3)! i
= nn—1).(n—2)=n"-3n" +2 Evaluate each factorial
Example 2: Write the following in factorial form: expression:

: M=) — 14! .
1317 (n=3)(n—2)(n-1) - g L
9-8:7-5 nin—4) ik (m=1)
Solutlon: {i}!}l? _17°16:15-14:1312! 1364

9-8:7-5 9-87-6:54!  16:15:14-13:12!
_17! 6-514113-12!_171131614!
91" 16151121 16%12191:5!

(i)

1)
n(n—4) PRy

(n=1(n=1)(n-2)n=3)n-3)!
- nin=1)(n-2)(n=3)n-4)n-3) lin—4)!
(n=1)}n-5)! {ﬂ—I]{n-EJ{n-S){n-d-]!
nln-4)! (n—4)!

(n=D'n-5)! (m=D! _ [{n-—l}!]z{n—‘ﬁ]!
= n-d @9l a9

nin—4)

(1=3)n=2)n-1) _(n-1)(n=2)n-3)_ (n-Dn=-2)n-3)n-4"




e How many different 6-place veh -
gxam e 3 A Piace vehicle number plates are possible if
e first 3 places A€ pied by letters and the final 3 by numbers?

: L thre ;
Sopation: Sinoo the {Arst ree places are to be accupied by the letters A, B.c.... 7
, ; 101 e final 3 places by rhc:‘numbcrs 0320 f
=y Evaluate the followiné: AR eal (iv) _? Hence ""?Ch eyt E, 1= 1,2,3 OCeurs in m; = 26, i=1, 2, 3 different w | |
34! (i) 1! (51) - i=4, 5, 6 occurs inmy; = 10, i= i i
0 gy 2 (n+ od each By i= 4 3, 6 occt i » #=4, 5, 6 different ways. Then by the
W 58 4! s ndamental counting principle the total number of vehicle number platesis j
2 Weite the fllowiog i s O BT 4 510,12 ' -y s Mg = 26:26:26:10-10-10 = 17576000 |
gy 1eisirieistd gy Meiler? grample 4  How many functions defined on n points is possible if cach !
T I (e 1) 7 : functional value 1s either 0 or 17 ! |
3 Prove the following: 51 Solution: Letthe pointsbe 1,2, 3, ..., n.
] (n+3)_ 2 :
o ) {ii) _-{n+3}!_" sy gineef (/) = 0 or 1 foreach i=1,2,3, ... ,n Hence each evem E;,i=1,2,3,...,n
(i 4'5_;+?'r+-3_r' T hasm;=2,i =1,2,3,...,n possibilities. Thus by the fundamental counting
4. Find the value of n, when l (n=1)! principle the total numbers of possible functions is
! =L g
n(n) _ 120D (ii) m: (n—4)! =i ! ey oy, = 2:2:2-02 =20
1 Example 5: There are 5 roads joining A to B and 3 roads joining B to C. Find

W -9 (n-4!
bow many different routes there are from A to C via B

5. Show u:m“,%Lz*(pa-s---{zu-m |

i) ZHo 2 (1:3:5 (201 20H) |

6.2 Permutation . i . L
vl tle WA, Solution; There are two operations to be performed in succession.

As we know that counting plays @ :
i is secli he next, We

ility, statistics and computer science. In this section and in t ; _ _

ey ; roblems and develop general formulae for - St

shall look at special types of counting p
solving them. \ 1 : T
The following principle of counting will be helpful and basic t© all our work- BtoC y
6.2.1 Fundamental Principle of Counting g Number of routes from A to C=5x3=15 —_—_
Let Ey, Ea, . . . ,Ex be a sequence of k events. If for each i, E; can occur 10 u':‘; - ample 6: How many 3-letter code symbols can be formed with the letters A. B,
Pia{:ﬂ 18 C """'I“huul o
repetition?

different ways, then the total number of ways the events may take

product myma. . . Mg
This principle is also known as the multiplication principle.

Sy s
lution; Consider placing the letiers in these hoxe:-.Djj




utation, Combination

=n(n=1){n=2)..(n=r+1)’

&I .lﬁ P I.h: :. JIP (
s Prove i s =nln—1 =7
Thenre:l'l'l | “ﬂ 2}...{n~.r+u and 1 i

of the 3 letters from
any 4 must be selected | possibility is ing: (i) "F,= (iiy -
follow (n—r)! f.=n! (i) 01=1

selected, the S€C0NC T mined, since only 1 P
etters, After this, the third 1eE€t I;fai;hn:d :{ Jetters in the first D% E'F“eél:ih?:;
Jeft. That is, we can place & and the only remaining beties o g To find a formula for “p : '
e in the box., : hown below. proof: >+ We note th ;
remaining 2 lefters i ¢ ; sing a tree diagram, 85 § " . al the task of obtaini I
box, The possibilities can be arrived at Y ordered arrangement of n clements in which only r<a of them are il ‘I
0 repetitions, requires making r selections. Therefore, for the A u“td without |
= c ABC are n choices; for IJI'IE second selection, there are (n — 1l ch;!'z::!}mum, l.hare
A {"‘:c —8B ACB  pach autcome ihere are (n — 2) choices; and so on. Hence the events; N g [
0 U Pt E, occurs in m; = n ways 5
o—A letters A,B,C. : {
A B eAl E; oceurs in mz = (n-1) ways
¢ {:3 A CBA .
E; occurs in m3 = (n—2) ways

We see that there are 6 possibilitics. The set of all the possibilities is |

[ABC, ACB, BAC, BCA, CAB, CBAJ. |
Example 7: How many 3.Jetter code symbols can be formed with the letters A, B, | =
and  E,occursinm,= (n—(r=1)) =(n-r+1) ways

C, D, and E with repetition (that is, allowing letters to be repeated)?
Thus by the Fundamental Counting Principle

Solutlon: Since repetition is allowed, there are 5 choices for the first letter, 5
the third. Thus there are 5-5-5, or 125 code :
P =memyemyem, =nin=1)n=2)-(n—r+l)

chaoices for the second, and 5 for

symbols.
mgig :,;::: ;aﬂ::; é:[::r .:gﬁ iuTebﬂﬂl;n ca:“::?rnmed with the letters A, B, | (i) Since "P. =n(n—-1)(n—2)-(n-r+1)
Solution: We can select each of the 5 letters in 4 ways. That is, we can select the "P.=n(n—=1)(n=2)(n-r+1). (1)
first letter in 4 ways, the second in 4 ways, and so on, Thus there are 4°, or 1024 Lo
| =H{ﬂ—l]{n-2]---{:|—r+l}{n—-r]|! = il
(n—r)! T {n-n)!

EIT&.I]EBII]EI‘HS.
6.2.2 Explaining the meaning of permutation

. ﬁm ordered arrangement of a finite number of elements taken some or all
at a time is called a permutation of these elements.

| () Since "P,=n(n-1)(n~2)-(n-r+l)
Now, putting r = n in the above, we obtain:

"P. =n(n-1)n-2)-(n—-n+1) =nln=1n-2)"1

We use the notation "2 or P(n,r) to denote the number of permutations of n |
soaontstakon, it o i whees £ scRl00 K Wi AL . : =n(n-1)(n-2)32:1 =n! al
. iii ; T i m——=
D) Since"P, =n! then by using (i), we ob@R: Ty m

Now, we develop general formula f . ¢ i
i or the solution of special types of
counting problems. B pecial 1ype ,

1
0]';]—1:] :‘0’!:1




e |
5 g and each pumber we have o

ce. this is a problem

1,234 7 if each in

Since the naR
find, consists of six digits. No pepetition !
="

of permutation. y
. The reguired number of gix digit numbe
g.§7-6543! _9r8-7-6-5-4-3‘.
e = _—_'_t ————
3 3!
=08 7654 =480

ade out of the jeners of the

wards can be m _
¢ and end with &7

5 different g
Example 10 How many will begin with

word “triangle”? How many of these

Solution:

(i) There are 8 different letters in the word “mmiangle”. Therefore, the number of
different words.= "B = E%: g =gt = 40320

(i) If ‘" and ‘e’ occUpy e first and last places, then We

¢ number of different words in this case is

are left only with 6

different letters, Thus th
fp=16=T720
11: How many different arrangements of 10 abjects taken 4 at i Lime
can be made with one particular ohject (i) never occurs (i1} always?

Solution:  There are 10 different objects and we are taking 4 at a tme. Then
(1)

the possibl L -
possible arrangements are F, '{IT-iﬁ-!:
(i) ~ Since one of the objects never occurs, so we are left with 9 objects. Thus

the possible arrangements taking datatime="p = ! = 3024 (ieh]
(9—4)!

rs is

{ii]l The pussihl_e arrangements that the particular object always occy
obtained by subtracting (2) from (1), ie. 5040~ 3024 = 2016
6.24. EPHmuIﬂ_ o ﬂt:ns with Repeated Elements
onsider the example of finding the number of different 9 digi crals
of git numerals
that can be formed from the digits: 6, 6, 6, 6, 5, 5, 5, 4, 3 and consider one Stc
numeral: 665566543 (i) '

Mot For Sale
Mathesmatics-X1

"'ul perm ity i
rderi fthe 9 & a—
with this © ering of 1 digits, there are 4!
31 Pgrmllwtiﬂﬂs C:f 'Elhf-'- l:hg,ltﬁ 5 which have no EI;:;“:“ the
herel0rc there Et:';. -1..-3. arrangements of digits in the numeral ."hﬂ"‘:’t numeral.
Jo oot result in @t lrlillngll_lishahte permutation of the given ni gfwlan in (i) which
& e number of distinguishable permutations of the given 9 d;gﬁ:lﬂs. :Ec;cc if X
» then 41-31.X=91,

is
I js the number of permutations isti
i g e s of 9 distinct elements taken 9 at atime
WX = 2520 |
41-3!

The above example shows that in case of re
Sy : peated elements, th
ons is reduced. Hence we have the following result. -Theawmer of

peﬂmltﬂi

Theorent: The nE|mh::r of distinguishable permutations of n el

Jl at a time, in which my are alike, m; are ali s
s re alike, ., . and my are alike is.

Emi L, |

proof: Let X be the required number of distinguishable permutations. Now, if we

replace My alike elements by m, different elements, then the number of
permutations rlrf m, distinet elements taken all at a time is my!. Similarly lt':c
replacement of ma, . . . M alike elements by different elements give rise to my!

.. my! permutations respectively. a

. 1:!1us the simultaneous replacement of alike elements by different clements
creases the number of permutations to X. myl myl. .. my!
Since = 3 : ;

e i = my + ms + . . . + my, then the number of permutations of n

distinet elements is n!
n!
s Remember
m, Lo Ly ! .

SXu gl l=n! =X =
n We usually omit those digits,
L .

which occur once. y

Where X is generally denoted by, {

My s

Thus [ n n!
m i 1
M. m, L, Lom, !

Exam -

the lctﬁ:l::-, ul"‘ Find the number of different arrangements that can

Solutio of the word “assassination” taken all together.

: n:

Lind 2 g, The total number of letters is 13, out of W
enson=13,m=4,m=3, s 2, iy =2

Thltg

be made out of

hichdures.Snrea,Earc

ml,m..r.ll,.m,

=10810800

the requi . [ 13 131
quired number of permutations = [ " ]= [4 55 1] e




:;I.I'f ot m;mbcrﬁ are possible using all of
git differe

b

> . ight — di
Example 13: How many eigh o

the digits 1, 1 b 1,22 3,47 "
Solutlon: The total namber of

s the total eight digitoumber =y, ) = 142 y

: Irele i
enients Round 8 € 4 element

ments gfﬂhtlm‘-‘t E i i have seen that 4 elements
6.2.5 Arrange elements in 4 TOW gnd hay s sroange oS

We have bﬁcﬂ_m"'fsi"g : ¢ ways. Suppos
" ow in 41 = 24 differch 4 ple let us amange A, B,

it is 8, out of which four are 1§ and two
B

can be arranged in & Py mem, For exam
Eﬂ“; ¢EI=u;wi:;rusmTriﬂgtﬁﬂnt is shown in Figure 6.1 and others
, D around 2 -
in Figure 6.2, A B
D c
Figurz 6.1,
B N ]
o D B @ [
X
i
B 3 sl S
Figure 6.2

Now to check. whether these four arrangements dre different or not. Let us ignore
the positions of A, B, C, D and consider only their relative order as we go around
the circle in a specific direction. We see that these four arrangements are the
same. For example if we begin at A and move clockwise around any of the circles
we get the same arrangement, ABCD and then back to A again. Thus the four
different arrangements ABCD, BCDA, CDAB and DABC are not distinguishable
in a circular arrangement.

In general, if there are X distinct circular arrangements of four elements,
there would be 4X arrangements of these elements along a row. But since the
number of arrangements along a row is 4!,

4! 43

then wehave 4X=4! = X=—=——21I
4 4

Mathematics-X1

¢ | permuiation, Combination And Probabiny,
gending
ET;t pumbe

this, we have the following:

pof distingolshable clreulie pery :
T g o et S e -
ments are the same if one amangement can be obtained Fr:mlrﬁ that two
wming over the ring (or the necklace) is reflection of one another m"".‘“" oy
o the gxample 15 of four clements A, B, C, D, the following it 5 in case
e the SAME under such conditions (reflection of one another), amangements

A@ @B

Figure 6.3

Clmmqumtl}r. there are three different arrangements of four different keys on a
ring (or four different beads on a necklace), that is, the number of different

amangements is @-bi_>ls
2 2
More generally, the number of different arrangements of keys on a ring {or

ndifferent beads on a necklace) is fn=b
2

Example 14: Tn how many ways can six people be seated around a circular table?

ﬁ‘“.ﬁ“'“ In this case n = 6, so that six people can be seated around a circular
lein (6~ 1)1 = 51 =120 ways.

E

l}:""“I“h‘.‘ 15: How many different necklaces can be formed
s of different colors?

Ib)' stringing eight

n-1)!

Solutign, i
Mion:  The number of different necklaces is =

So
forn=g, we have B=D!_T! _3550 different necklaces.
g 2




10.

13

14.

15.

. Evaluate (1)

_ Prove the following by Fundamental

P (i) “ P
p=o('R) (i) "B=000

principle of counting

‘R
Solve forn @) B =56CRY )
@y P =""F +r("F)
partment acrange eight suspecis in aline up?
«Fasting’ be arranged?

the digits 2.4, 5,7, 9.
even?

i)"P=n{""Fy)

In how many ways can a police de
I how many ways can letters of the word
How many 4 digit numbers can be formed with
(Repetitions not being allowed). How many of these are
How many three digit numbers can be formed from the digits 1,2, 3, 4 and

5 if repetitions (i} are allowed (i) are not allowed.
How many different arrangements can be formed of the word “equation”
if all the vowels are to be kept together?
How many signals can be given by six flags
number of them are used at a time?

In how many ways can five students be seated in
(i) 'msis[icm sitting pext 1o each other?

(ii) refuse to sit next to each other?

How many numbers each lying between 10 and 1000 can be formed with
digits 2, 3, 4, 0, 8, 9 using only once?

How many different words can be formed from the letters of the following
words if the letters are taken all at a time?

(i) Bookworm (i) Bookkeeper. (iii) Abbottabad  (iv) Letter

Find the number of permutations of the word ‘EXCELLENCE'. How
many of these permutations (i) begin with E (ii) begin with E and end with
C (iii) begin with E and end with E (iv) do not begin with E. (v} contain
two 2L"s together (vi) do not contain 2L's together.

of different colors when any

a row of eight seats if a

certain two students

If five distinct keys are placed on a key ring, how many different orders

are possible?
In IrEnw many ways can 7 people be arranged at a round table 5o
particular persons always sit together?

hat 2

t 6 | Permutation, Combination Ang pror s -

¢.3 Combination
So for, we have been ¢ erned

grrangements c-1f elements of a sa?ﬂlf!uw w"ﬁ’:;th Permutations, whiel,
1 which order is not important that js Sllhs[:m??;s-nu[ discussion gn a;:igt::r:lerﬂd
: ey Ents

Notation: The notation, we use for the iktlber of
rof co

: mbinations of p elements

taken r at a time is "C, or
»
Example 16: Suppose S = {a, b, ¢, d}.Fi
s D, dLLF
4 |etters at a time. }-Find the number of combinations by taking
Solution:  The subsets of § taken th
ree elements i s
{a.b.c}, | ab,d}, {acd) (b,c,d] s at a time are:
Therefore. "Ci =4

The distinction between pe i
_permutations and combinations i i
:l;.dre;‘ ;:[ a :;ctlnf clements gives a different permutation but th;ssa‘{::l :;I::rnbhg‘mg'mt
e mp :ﬂ;n the ::bnw: example there are four subsets of |a.b,c.d}, mkzumn.
i mn:le bd ccause .Cf' =4, BuE the elements of each one of the four subsets can
T ped in a daﬁmtfz order in 3! or 6 different ways. Thus the total number of
ntarrangements in a definite order in all four subsets is
6-4 =‘P; or 31'C,="R
DIIIC3 = :ﬂ :—L
3 3(4-3)

6.3.2 Theorem: Provethmt "C =

and we have the following important formula.

: i
o And hence deduce that
riln—r)!

0o (e (ron (- ()

each

Proof:
rool: To find ¢, we must find the total number of subsets of r clements

of th :
ei that can be obtained from a set of
lh;“bmmmns (subsets) contains T eler
mselves in rl ways. Thus °C,
Permutations. But we know that the numbe

n elements. Since gach of these
an be permuted among

nents, which ¢
give "C,.r!

quch combinations will
r of permutations of n elements




1
gt =" =T :
: qaken ¢ atatime s F . n=n)t tl{n—p))
| .___[[_[__, :.1_ = Ir ﬂ!zl
Gy 1f r=n,hen C= a0
' pls B0y
iy If r=0, then lf;"ﬂ![u_m! n!
. ol _a(n=D!_
; i) Mr=t.ten CETETh -0t
nl O ala=1)
& B e —— L m—
k: @) 1 r=n=1,then’C =PTmE_pen!  (a-DLI
:. {(v) Puting (n~r) for r, we have
, n! n .

lE-r= in :rj.'fn*fl+f.i'f' ] fr- rilr! T

Example 17: Provethat °C, +'C., = "iC,

Taking LHS="C,+'C,,
n! nl

= =) | (r=DNa—rah)]

Solution:

e S8

The number of combinations
of n things r at a time is equal
to the number of combinations
of n things n - r at a time i.e.

n! il
T rr=Dlin-r)! 7 (r=1)%n=r+1}n—r)

... I i
(r=DYn-rillr n=r+l "c2C,,
. Such combinations are called
complementary.

_ nl A=r+l+r
(r=DMm=r)t| rin=r+1) Put r=u, then ey ="Cr =1

. - (n+1)n!
| b Fr=1Na~r+1j{n—r)

_ﬁ-ﬂL_ (0
ria=r+)l Aney—p) - O RHS ]
: R Not For Sale
Mathematics-X1
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nit 6 | p.'n.-!u1nunn. Combination And Probabifity

U -
Example 18: From 12 books in how many ways can a selection of 5 be made,
(iy when one specified book is always included, (i) when one specified book
excluded? .
{i) Since the specified book is to be included in every selection, we
have only to choose 4 out of thee remaining 11.

Hence the number of ways ="'C, I

_ 1x10x9x%8
Ix2xaxd
{it) Since the specified book is always 10 be excluded, we have (o
choose the 5 books out of the remaining 11,

is always
golution:

‘
Hence the number of ways="'C, = -EM =462
I 2x3xdxs
Cxample 19: Out of 14 men in how many ways can an eleven be chosen? !
The required number = "C, = "¢, J14%13%12 164
1%2%3 - |

¥

Solution:

I. Solve the following for n.
(i) “C, =36 (1) ™6, =6."7C,

til 76, =30."C,

2, Findnandrif "P. =840 and "C =35
3. Findnwhen *'C, : "C, =36 :3
4. Prove that (1) *'C, +2C. =", il k"C =a"'c,
5. How many i/ straight lines (11 triangles are determined by 12 points,
n{: three of which lie on the same straight line.

?- Find }h: total number of diagonals of 2 hexagon.

+ Consider a group of 20 people. If everyone shakes hands with everyone
: else, how many handshakes take place?

oA student is to answer 7 out of 10 questions in an examination. How many
g choices has he, if he must answer the first 3 questions?

An 8-person commiltee is to be formed from a group of 6 women and -7

men. In how many ways can the committee be chosen if (i} the committee

:::St;::cntnin four men and four women? (11! there must be at least two men??
must be at least two women? () there must be more women than men?

Mathematics-XI S



" oy theory is very wide and j
Proba oo of probability theO : i
bt H"WM sEP]maLJIﬂ:‘“: “P’-’w,ﬂmn relizing The pm&.ﬁ; like ey
dcally every oné is aPPIJ" " ikely t0 come" and 50 0N 1_1_m o ekl
reliable”, “He 18 far”s I-!= :? ing" probability theory. B::hcl[c.-:lly, Probabi,
a.m; we use (hem by Eiid o pames of _chuncc] 61;.1 W :;ﬁde?“lﬂpcu
originated in pﬂ'ﬁ'r:n-ln:nﬁ1 (1623 - 1662) and Fermat (L : _hll , Tota,
mathematically BY pﬂﬁ‘-ﬁr beyond the area of games of ¢ L:._I“ ?ml o
bility hias grown isurance physics, social sciences, engineering qo.
icatl i enelics, e 3
applications 0 £ | | |
2 F ladn certann erms whicl -
mun;.n;;fm defining probability, We define and expln which sre
ysed in its definition. o
64101 ciment one pictures a procedure being carried o
Inuitively by an expe procedure can be repeated any numbers of

: itions. The ,
pnder a ﬁa;} SZL;]T:’;"LF conditions and upon completion of the procedure
times un "

certain resulis are observed. The experiments are Of two ty'pcs. S

gt An experiment is deterministic _|I', siven the
(a) Il?tlmninl!ﬂth_“?“h lheimﬂ'?&’i ment is carried out, the outcome is completely
mumﬂ?nzl@d“x@ if pure water is hrought to a lemperature _ul’ H)_D‘ C and
?5:; ETIM;IE- gl?:lmqjhﬂl‘il: pressure the oulcome is that the water will bail,

i hich the outcome cannol be
Random experiment An experiment for w : , _
;Ehridicrnd except that it is known to be one of a set of possible outcomes, is called

& random expenment.

Uit 6 | Permotation, Combination And Probabilty '

: i

For example (i) Tossing a coin (i) Rolling a die,
Since our interest lies in the random experiment, $o in this text
mean random experiment,
(i)  Sample space and an event
The set of all possible outcomes of & random experiment is called &

ints Of
sample space and is donated by S, The elements of § are called sample points
ffcomes,

by expenment We

For example (1)  Tossing a coin once, then

S={H.T)  where Hand T are the possible outcomes.

(b)  Tossing a coin twice, then the possible outcomes in the sample SPa -

.HH, HT, TH, TT.

e e B

Rolling a pair of dice, then we have the following sample space
s= {Gxi,j = I.2.314.5,6}

Ly .2y A3 L8 0.5 0,6
@20 22 @23) 24 25 @26
(3.0 (32) (33 G4 (3.5 0.8
Wh 42 @3 (d) 45 e
5.1) (5.2 (5.3) 5.4 (55 (5.6
6.1 (6.2 (6.3) 64 (65 (6,6)

Event: Let S be the sample space of an experiment. Any subset E of § is called

an event associated with the experiment. For example E = [HH, TT} is an event
associated with the experiment of tossing a coin 1wice,

fily  Muuaily Exclusive events
Two events are said to be mutually exclusive if they cannot both occur at
the same time. Mathematically, it is expressed as:
If AmB=¢,then AandB are mutually exclusive events.
_ For example rolling a die, let A be the event that even number has shown up
while B be the event that odd number has shown up and C be the event that a
number less than 4 has occurred,

Here  8={1,2,3,4,5,6)

Let A = {even number has shown up } ={2,4,6)
B = {odd number has shown up | = (1, 3, 5}

and  C = {a number less than 4 has occurred )= {1, 2, 3]

Now A B =¢=A and B are mutually exclusive while AnC ={2 ) and
BnCc={13 ) showing that A, C and B, C are not mutually exclusive.

) Byualty tikely events

e Two events are said to be equally likely if they have equal chances of

uxfpe“‘“g- 11_1 other words, each event is as likely to occur as the other. For
_f;l“]ﬂ folling a die we have S=[1,2,3,4.56] and each simple event
LI =1,2,3,4,5.6 ) is as likely to appear as the other. Hence they are

2qually likely events. Jithne ety ohgp




ey s

—

._ i

. is, while an event l:{rnm_inin
m:d 31mP‘[1: gven g
(L] Eveats of the fmn_lsl ;u:d ﬂ: compound event For ﬂalr‘l.p]t Ei = [HH) i
at least two samPle Pﬂdnu}l;wuﬂ | is a compound event IO Wit (e
Er= | HE
imple event ﬂﬂdl L 5
asl iﬂ 1 of tossing g comn wncﬁ A we say that the event A occurg op
“Pﬁ-lmﬂn - L qesults in & ands€
I the random eXPEMED” 7T ¢ one of (Did You Know ?
o R |
happens i s if all Aj OGCUT. Favorable or Successiul
the Aj oceurs. The "j"""*,w:'" Outcomes :
s A fA e outcomes which entaj
Cthen A (complement OF & “The outcame ntail
lf_lhﬂ event ﬁuc:ul'i ¥ the happening of an event are
reative ta §) fails 10:0¢24F q  said to befavorable (successful)
€42 Let § be the sample space of 3 random - the event,
: d E be an event. The probability  gor example rolling a die, the
expamans? ' edby P(E)is  numberof outcomes
ill oeeur, denoted by I3 ko
that an event E will o favorable (successiul) to the
given by happening of event of even
) nl ) integers are three,i.e 2.4 and 6.
P(E) ===
n( )

the number of favorable (successful | outcome
the total number of outcomes
_ no. of elements in the event E
" no.of elementsinthe sample space S

Since E is a subset of §, then abviously
0= n(E)Y<n(S) Dividing by n (5], we obtain

nis) ni{&) nis)

Hence the probability of an event is always a number between 0 and 1 inclusive.

By the above definition, it is quite clear that P (¢) = 0 and P(5)=!

is why $is called an impossible event while § is called sure or certain event IfE

and F e two events such that P(E)< P(F) , then we say that F is more 1</
to oecur than E and if P(E) = p (F), the events E and F are equally likely.

Ord s PE) 51

gxample 20: (a) If a coin is flipped, find the probabil

{b) If a fuir die is tossed, find the probabil;
o e probability that

(a) HereS={H, T}
Let A = | head has shownup | = [ H }
gince, the outcomes are equally likely, then using the formula:

an even number

Solution:

_n(4) 1
H}_Jr{S} S 2
(o) Here S5=(1,2,3,4,56])

Let B = even number has shownup }=12,4,6 )

1
n{s) 6 2
Example 21: In a three child family what is the probability of having
{i) three boys? (ii) at most one boy 7
{iii) at least one boy {(iv) exactly one boy ?
Sg&uﬁ;m Sometimes a tree diagram is very helpful in constructing a sample
space 5.

Since, the outcomes are equally likely, then we have p(B)=2 (8 _3

First Second Third Chutcomes
child child child
<v B BBE
B > 6 BEG
B /, B BGE
A G
G 8GG
x B GBB
v B <
a2 @ GBG
\ 8 GGB
G <
& GGG

H
Ulf:::ce S = { BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG | and the
omes are equally likely. nid) _1

(1) Let A = i & P(A)=—"=
{ having three boys } = | BEB | then F{A) n(5) 3




- e boy )
g jeast B GBG. GGB |

rH ={h in| i

(i) Let D_ : E[:;S,EE B, BGB. BGG,GBB,
1 /S

f then PGS 8 _
i d ) et E=(having exactly one boy J= | BGG, GBG, GGB |
| v,

! F(E}=uf5}=§
o TG

3 L LetS=1(1L23.4 5. ) be the sample SPace of rolling & die. What is the
o number less than one?

}Rolling a 57 (i) Rolling
iii) Rolling a pumber greater than 07 (iv) Rolling 3 multiple of 37

(v} Ralling a number greater than or equal to 47
6 green balls. 3 balls are drawn at

y All arc green (ii) All are white.

! probability of (i

2 Al:-agmmains*iwiﬁw.jmdmd

random. What is the probability that (3
student guesses the

3, A true or false test contains eight questions. If a
answer for each question, find the probability:

(i) 7 answers are correct and 1 is incormect.

iiy & answers are comecl.
{iii} 6 answers are correcl and 2 are incorrect.
fiv) at least 6 answers are commect.

4. Three unbiased coins are tossed. What is the probability of obtaining
{iii) one head

(i) all heads {ii) two heads
vit All tails.

{iv) at least one head  (v) at east two heads

5. Acummﬂmcufipﬁmismbesehmdalmudwﬂﬁmuﬁmmandﬂwmﬂ-

Find the probability that the committee will consist of
(i) 3 men and 2 women (ii) 2 men and 3 women.

Mathematics-X1

:"”‘b__.%_____‘_ i

S card is drawn at random £ .
57 Tom a
Then find the probability of each of the fo;";::iﬂ‘mmgd pack of 52 cards.
ng.

(i) ID}“'"".["E an ace card, W Bt
(iii) Drawing a diamond card, (iv) rawing either spade or hearts
{v) Mot drawing an ace of hearts, Drawing a face card :

Two dice are thrown simultane

y ously, Find o

(i} doublet of even numbers (7i) a sum !Ess‘i*:aﬁrgl?;l];;ltw of getting;

s ; as

(iv) asum greater than 10 (v) a sum at least 10 {vi) ,um ET" thes
six'as the product

; {viii

{ix) a multiple of 3 as the sum (x) : 2;[!& number as the sum

; a5 a pnme number

{vii) an even number as the sum

643 Laws of Probability
It is casier (o compute the probability of an event from k
g NOWn

probabilitics of other events, This is true if the event can be ex

umfm or intersection of two other events or as the complement of :‘“:!_;Ed i
basic clementary laws of probability are given below in the form of th bt
6.44 Use Venn diagrams to find the probability for the murr:m :2r::zm1

IfAdand B TFd
S and B .
are disjoint are overlapping IfRc A —[

,.:;Ib._ A

I A
‘ﬂn

=5

——

We know :
, that if A and B : g
?:Em];" i iort ALy are two sets, then the shaded pans in the following
¢ above diag v
Probabilities. grams help us in understanding the formulae about the sum of two
::;hm“ that:
i s
Ifa -'llfc[m: probability of the occurrence of an event E
P{a) = “;’.i are two events, then '
" e probability of the occurrence of event A;

MR )
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fevent Bi
of ALBL

mmmsnnﬂ

probability of
’mrd#pmba'bﬂiq'ofﬂlﬁu‘!t e
hability of the nc:unenfﬁl eoap e
addition-of pmbab:hlu:s are:
when A and 5 are disjoint.

(B
F{Auﬁ'}
P{AI”'EJ = the pro

The formulae for the

) p(AuB)= PO+ PO

iy P(AUB)= ) +FE)~

when A :sdﬂmawlnppingar Bc A

mdBmm}'fW"""“‘sj
(ﬁ}—P{A-""H}-

p(AnB)

o 4 sample space S, then
Theorem: IFA
p(auB)=P(A)+F

an diagram, it is clear that

—

Proof: From the Ve

::{Au3}=u{A}+n[’ﬂ]—n[ﬁﬁﬂ]

andn( ANB ) has been subtracted simply becaus
Now, by definition we have
H[AUB]_H{A}-I-H{E]—u[ﬂ.ﬁﬂ}
n(8) n(§)
n(4) . n(B)  n(ANB)
= + =
HI:S} ﬂ'{S} "{S}
=P(4) + P(B) = P(ANB)
This law is generally called, addition law of probability.

P(AUB)=

¢ it has been considered twice.

oy 1 If A and B
ﬁauﬂ’”"‘“”ﬂ}
?]-mﬂ gince A and B are mutually exclusive events, then
AnB=¢ and P(AnB)=P(g)=0
P(AUB)=P(A)+P(B)=P(AnB )reduces to
I;{,1u3]=P[A]+P{B]

are mutually  exclusive events, then

Hend€

NoW, generalizing the above, we have the following;

Corollary 2 If Ay, Az, .oy A are mutually exclusive events, then

P[,hudzu-”uﬂu .]= P(A)+P(A }+--~+P[A.}

Example 22: One integer is chosen at random from the numbers 1, 2, 3
Whit is the probability that the chosen number is divisible by 6 or 8 7
Solution:  Here §={1.2,3.--,50] and n(§)=50

Let A= { numberisdivisible by 6 }=1{ 6, 12, 18, 24,30, 36,42, 48 |

and B = | number is divisible by ¥ |
=[8,16,24,32,40,48 ) then ArB={24,48)

Now, substituting  P{ A =i Pl B =£ d Pl Ar =i
(4)=g5 P(B)=55 and P(AnB)=y

inthe following, we obtain
R N S
o B =

& 50 50 50 50 25
sample 23: 1f two dice are rolled, find the probability of obtaining a total
of Tor],
Solution:  Here S= {(i,j):i.j = L234506} and n(5)=36
Let A ={ atotal of 7 occurs
= [ (6,1), (5,2), (4,3), (3. 4. (2.5). (16 }
and B = { atotal of 11 occurs |

P(AUB)=P(A)+P(B)-P(ACB)=




2
1 o Ffﬂ_}=;ﬁ_ L H2%
W
f

i have
4nd B are mutually axclusive, 50 WE .

6
Since A =— % 36
p(aus)=p(A)+P(B) =36 © 36 73

2
9

[;'nm]lll-'m"“ml events

d E' such that
ple space 5 info two subsets {events) E an
- sme 5 ) e
Suppnscwudmdea 3 Eﬂfrﬁm 5 e
i
i E E' are called
lled the complement of E relative to S and E and
Then E 15 c&
i complementary evenis. R
f i Eand E are complementary events, then P{E y=1 (E)
| Theorem: IFE an
[ Proof: Since EUE'=5 Then P(EVE)=P(S)

i . o P(E)+P(E)=1. ¥ EnE =g
| or P{E’}=I—P{£]
i ili I
Example 24: A coin is tossed 6 times in succession. What is the probability tha
xam :
at least one head occurs? q
Sﬂlllll:ﬂﬂ: Tossing a coin 6 times in succession, we have n(S)= 2'=6d

Let E=[atleast]1Hoccurs) then E'={ noH occurs ]

ils pccur.
and P(E')= 5%' *there is only one outcome event , where all tails oc¢

P{E}:l-P{E’]zl—ézg

The probability of an even
pCCUITENCE of another c.venlt is piven,
dom from ceruu'r; pepulation, the
w’“g uld not be too high. However,
smﬂkﬂr is pmmdcd, then

may change if the
For example,
Probability of thay
if information that ¢
one wounld certainly want

information of the
if an adult is selected at

he person is also a heavy
1o revise the probability
up‘-'-’ﬂ"d'

Let A= { Anadult has lung cancer |

and B ={ An adult is a heavy smoker |
Then the probability of an event A, given he Occurrence of another event B, is
called a conditional probability and is denoted by P(AIB).

For events A and B in an arbitrary sample space S, we define the conditional

: Pl AMR
probability of A given B by P{AIB]:-—-.__._L[;}L P(B)>0.

P B
Similarly, P{EIA}:—LE-_},
P(A)
Example 25: What is the probability of rolling a
given that an odd number has turned up?

Solution: Here8=1{1.2.3. 4.5 6 }

P(A)>0.

prime number in tossing a die,

Let A= { a prime number has rolled I=12.3,5)

and B= [ an odd number has turned up|={1,3,5}

then ANB={3)

We have p( E}=% and P AnB }:%

Now,

using the formula  P( AIB) = . P(B)#0

P(ANB)

2

= ‘
P{AIB}:%:; Since P[BIA}=

6

P(4)
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T Rl LCRURRL of e pye Jeor
(il Andton j= 1 Ay A ee (TR

v e bl A bkl b i,

stk e vl l

Eaample Jp A
e Gl hoa g

i b ol 1l

gt vl anel ot
(e
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10 i ol el A {4 weeh il g

|
salutlomn Tl ponnithier ol bl = 10
(o hw A |t 1 bl it i el |
1o |t 2 Dl s il |

il
i g i st bt e,

I vl ol il =P AR ) =P AV iy

\ !
Sl ! = NBIA)=
Substiting 1 A) . il PLOIA) 5
L S

Weobtain, (| red and red )= =
Y 15

(i) Let  C= [ the 1" ball deawn b5 vesd )

and D = | the 2% ball drawn is green |

So using the multiplicative theorem again,
P(red and green)=P(CAD)=P(C)P(DIC)

] 1 L] I
Hulmtitwing - M) = i mml P niey- !
]

War nbtuln, vl vt Krven i— b o /
o

b Dhepenlent il Illlll'llﬂlllvu.l Vivensly
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pAntE ECANEY ik BEAY o ot il howovee, ther In
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““l"'“'“l't el ol oveitne T wihily iy
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Ao ey fhe
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: 0w iy il A
( Dbegren bt o B8 Sonb by, 0 PO )< 1 1), may it 1) Il I
' L (T TR T

& ke Iw il
o ATl dwes venic A diud 19 e wbd ibpeniont 10t oemig
b (NN
(o0 ) ol o o wt atbeod e bty of e o
L] PR TR

G Bt ahenan o isien ) of e ottior, ilewise ey ae callod de ol I
! [T TS

L CTE YL CerTs e T (TR
v o i i
il e o, pentiog o Dead® o (it

ORIk gt o bkl e e scomsel ool e Do mommlenit svoniin
LT i W
sl W ok il Booan o gk of wold shigiibed s juiil
fglicind b ] b
Ik Bwbomnn e siow o comed i dewwn, D omlt ol sevomd diaw is Tl pilisnl

L TR T
g
L} [0 P T
o b o -
it Whweaseonn grlven the goobiabiliitlos of sbonlisneous secarvence of

W bndeponibint wvents
Thewenm 1)

Wwiveag | A windd 1 g iilll"rll‘llill'lll WTNIES 1T p“'[ A |Hj-~ f*' A .”'{ ﬂ ’
If i

il s et ve e glves i

PlASB)=P(A)P{BIA) i)

=P(B)P{ALD) (i)

Further, A und B are independent, then we have PBIA)=F(B) and

Iz
LAln )= P{ A) substituting in ( i ) and { ii ) we get the required result:

LT




o v=p(A)P(B)
e S e e
s e .:r:n:]r:. ....Ir-l...ﬂ._'lsF{ﬁL,}F[AI] Pl A) .
. q’ ; o chuttle has four 'Lnde;ntlrndnnt cm:ﬂp::a:c{'sc::]n:::1';-:uf:;?{::3_ 5
E“mgra::lgtyifs?:i‘:um of any one system 15 0.001, \
Ifl::lul::c of 1l foar systems ?

E=| Failure of system =123 4|

:*- i = i ind dent, so using th
2 i n o be independent, g the
o j Since the events E;.i= 12,34 are give
! following- . E - d
[ P(ENENED E)=PLE )Pl E) P& )P E), i=L2%3
= =qu.ﬂaa1]‘=u.nummmm
Ij-_-. .I e I F T T e R —
"- EXERCISEGIS]
— { = e ; 1 ; -2_
se events A and B are such that P(A '_i=-5— : P ﬂ‘]_.s

g | 1. Suppo
| and P(AUB)=5. Find P(ANE).

: 2. If A and B are 2 events in 2 sample space S such that
g - 2 =3 Find (i) P(ANB) (i) P(ANB)
p(A)=1.p(B)=3 PAVE) =5 Fid ()L

3. Given P(A)=0.5and P(AuB)=0.6, find P(B] if A and B are

5 mutually exclusive.
o 4, A bag contains 30 tickets numbered from 1 to 30. One ticket is ‘-'Eh-"-'l'l*f at
g candom, Find the probability that its number is either odd or the sguars @

i an integer. .

- (i 5. A student finds that the probability of passing an algebra test s :. » Whet
§ is the probability of failing the test? '

' 6. In the two dice experiment, given that the first dic shows %, what s 1€
k| probability that the second die shows a number grealer than 4 7
Rl 7. One card is drawn from a pack of 52 cards, what is the probability th i
| card drawn is neither red nor king,
. i
202

Un

'it'ﬁ' I permutation, Combination And mhh[lh}r

[ a pair of dice i thrown, find the probabili e
8 neither 7 nor 11. probability that the sum of digits is

g, Ajmal and Bushri appear in an interview for 2 : o
heir selection being = and SRR T oy
of theirs B ab 3 respectively. Find the probability that

(i) both will be selected (1) only one is selected

(iii) none will be sclected {iv) at least one of them will be selected

10. A basket contains %{J apples and 10 oranges out of which 5 apples and 3
oranges are defective. If a person takes out 2 at random what is the
probability that either both are apples or both are good?

i) In how many ways can we name the vertices of a pentagon using an
five of the letters O, P, Q, B, 5, T, U in any order? B B
{a} 2520 (b 9040 ey 5140 id) 4880

fiiy  How many two-digit odd numbers can be formed from the digits
| 1.2,3, 4,5, 6,7} if repeated digits are allowed?
{a) 14 (h) 42 ()28 (dy 21

(i) How many six-digit pumbers can be formed from the digits
12, 3, 4,6,7.8] without repetition if the digits 3 and 7 must be together?
{a) 120 (hy 180 () 144 {cl) 96

{n+1)1{ n-1)!
() (n=3) (b) (n-1) ifig%l‘% “{ql::i

fivl  Evaluste

[ =

e I." h“'f" many different ways can 5 couples be seated around a circular
table if the couples must not be separated?

s (u) 768 (hy 724 {c) 844 () 696

Y1 A commitiee of 4 people will be selected from § girls and 12 bays in 8
class. How many different selections are possible if at least 0ne SO}
must be selected?

(a) 2865 (b)3755  (€) 4225 () 4773

203
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o, Cambinaton And PrOBabIE .
o p;ss];lg hatrices of order 3x3 with each entry O and

1" .

@18 (b) 27 RSE 6 f ?:5 ides?
< H ure o 51 i
2 iaponal cﬂnbedm'-fnmslﬂmﬂ I8

il How many &0 (c) 35 () 81

(ix) ITP(A

1

iz 0 (b _'i |

(x) IKfAandF arc events such that P(AIB)= P(BVA) then

(a) AcBbuazB (WA= B @ AnB=gp ) P(A)=P(B)

1f BCMG, ndr _(IFG= TG findC,

S o e ; G

Fr-rﬁ:. P"]-Jl]ﬂm.l.ﬁudrl % e .
In how many distinct ways can X ¥ " be expressed without exponents?

be six children seated at a round table if a

In how many different ways can L a Tou ei
certain two children (i) refuse to it next to each other? (ii) insist on sitUng

pext to each other? )
6. Six people including Faisal and Saima are to be seated around a circular
table. Find the probability that Faisal and Saima are seated next 1o cach
7. 1£P(A)=08P(B)=05P(BIA)=04,
find (IP(ANB) (iiyP(AlB) (i) P(Aw B).
8. How many 6-digited telephone numbers can be constructed with the digits
0,1,2 3 4,5 67 89, if each number starts with 35 and no digis
2 appears more than once.
9. How many numbers greater than a million can be forme
2,3,0,3,4,2,3? F
10. A party of n men is to be seated round a circular table, Find the probability
that two particular men sit together.

Given the following spinner, determine the probability:
P (Orange)

P (Red or Green)

P (Not Red)

P (Pink)

}=1.P{ﬂ]=u,mnp[ms) is
2
{¢) not defined 1

th £ we b

o with the digits

1

MATHEMATIC - —
. ALINDU
AND BINOMIAL, THEOE{TI‘E‘IEIN

Part 1

B s ians Sillbeabic to

L o

_ tutional values of n.

Describe the principle of mathematical induction.
Apply the principle to prove the statements, identities or formulae,

Use-Pascal's m'tmgig tofi . ;
" nd the enpansmn'uf + ]' where I
positive il'ltcgcr, : (x*y miswsmall

State and prove h_inumi,al theorem for positive integral index

Expand (x+ v)" using binomial theorem and find its general term.

Find the specified term in the expansion of (x+y )’

Expand (1 + x)" where n is a positive integer and extend this result for all

Expand (1 +x)" in ascending powers of X and explain its validity/
convergence for lx] < | where n is a rational number.

Determine the approximate values of the binomial expansions having indices
a3 -ve integers or fractions. :




are all propositions, statements which involye the natural number n, Equation (1)

ical i i he sum of first s : y
g f mathematical induction, suppoge , above asserts that t ISt n positive odd inte
71. % the basic Pnﬁlgie:h:wn in the following Figure (7.1), | n. We see that the L.H.S. of (1) reduces iz gers is equal to the square of
To ; plac [ I=1 if n=j

I1+3=4 =2% :If =2
I+3+5=9=3"° if  n=3 andsoon,
It is impossible to verify (1) for each n e N, because it involves infinitely many

calculations which never end. To avoid such situations, the principle of
mathematical induction is applied. i

7.1.1. The Principle of Mathematical Induction
The principle of mathematical induction is stated as follows,
Let P(n) be a property that is defined for integers n, and let a be a fixed integer.

- : * Figure 7.1 Suppose the following two statements are true,
e ) 1. P(a)is true.
When the first tile is pushed in the indicated direction, all the ies will pal. 2. For all integers k> a, if P(K) is true then P(k+1) is true.

it is sufficient to know that .
it s Then the statement for all integers n> a; P{n).is true.

To be absolutely sure that all the tiles will fall,
The principle of mathematical induction is explained through the following

(o) Thdutt e ot mlc falls its successor necessarily falls.

(b} In the event that any ti 3 ical induction examples.
ie i inciple of mathematical indu -
mgésﬁt:e 1:]:]: ﬂyﬁiglnmﬂpnumhem N is a special nlrldﬂr'?d S“b;;;r‘:; the real Example 1:  Prove that for everyneN, 14243440 ="_“'1_"'H
] = " “ 'r ¥ " 2
numbers. In fact, N is the smallest “b‘g’.ﬂ of R .mm s totans gsp heneverx 5. Solution: Step 1. For n=1, the statement becomes
A set S is said to be an inductive set if 1€S and "',""1 e s follows thal
Since N is the smallest subset of R which is an inductive set, it 1o |
any subset of R that is an inductive set must contain N. { in the — basis (p(1))
Mathematical induction is one of the developed techniques of szomcs-nf
history of mathemarics. It is used to check-conjectures about the out Thus the statement s true for n =1
processes that occur repeatedly and according to definite patterns. Step2,  Letus assume that the statement be true for n=ke N, that is, we assume
For example;
’ I+2+. . 4p= ﬂ——zﬂ —inductive hypothesis (P(E))
143454 i #(2n=1) =n? (1
Step 3, Let n = k+1 and consider
F4243 4 4 n = 104D (2) KK+ 1)
2 f1+2+---+.1:}+|[k+1}=—2—+{l‘+1:l
142043 4 oyt < MED(2R4Y) 3) (adding k+1 to both sides of P(k))

2




e = = =
i{.ﬁ*’l +‘2{k+1}
- 2

| 20k+ 1)
. HE+D) o 250 Kk +1)(2k
. — | 124224 3% 1l (k1 R = +1) (Adding fk+1)* 1o
- IR o]) L2 | : g R both sides of ()
a' { (D02 » k+1. So th k(k
v = 5.0 == L [A] : 2
: - jen by the proposition when © St e ohong = ZED@EDFOKAD | ik s 1)+ 60k4D)
£ Which is just the for™ 11 and thus by the principle of mathematical induction, 6 5 -
1 R for n=k+
F - lnsllwp:s'tti\'einﬁ:tsﬂ- | ‘ = CADI2ET+E46k+6)) _ (k+1)(2K247k+6)
3 it is true for 00 6 - 6
! PPV :
Example 2: (1) Find 2 S = &+Dk+2)2k+3) :
lii} Find 54_6*_ T L) ﬁ
d an integer h22 find 14243+-eee (01 ich is just the f - it
{iii) Find an Which is Just the form taken by the proposition for n = k + 1. So the above
i proposition is wue For 1 = k+1 and hence by the principle of mathematical
- G 00 3. (142434 +250) induction, it is true for all positive integer n.
250251 {by applving the formula [} m:_lsl_lk: noted that the application of the principle of mathematical induction is
=72 . for the sum of the firstn not limited only to P(n) stated by means of an equation. The principle can also be
with n =250) applied in cases where no equation is involved as we shall see in the following’
~ 62750 examples, :
Example 4: Show that a-b is a factor of a" - b" for all positive i
_ positive integer n.
" o450 = (142434 450) = (14243+4)  (by applying the formula = :
(ii) 5+6+7+8+---+50 = (142+ ) ; 4 IEE <um of the firstn | Solution:  To show that a — b is a factor of a"-b", we will use induction on n.
_50251_,, with n =350) Step 1. Let n=1, then a"~ b" = a — b and since @ — b divides a-b, soa-b
] . Ia 15 a factor of a - b, Therefore the above st i forn=
(by applying the formu ove statement 15 troe forn = 1,
=126 for the sum of the firstn Step 2. Let the above statement is true for n = & then a—b is a factor of a'-b",
withn=h— 1) = a-—bdivides a’ -b" and as such we can write
e (h=1).[ (h-1)+1] ’ (h=1).h ) a'~b"=(a-b) Q......(1) where Qis the quotient.
2 2 | S®P3. Letn=tk+ 1and consider a*~ 5, We can write

+12n+1) . i
Example 3: Prove that 1742437 4... 4 p? :n_[n_]{___ a™ —pM=gla_ptp {Adding and subtracting the term ab)

& .
| =a‘a—ab"+ab* -b'h

Solution: Step 1.  Forn= I, the proposition becomes
oo E N Ko g ¥ Ep - -
Pop MADQIED _ 123 _ e forn =] =ala*-b") + b*(a-b)=ala~b) Q + ' (a~b) (Using 1
_ 6 6 =fa-b)[aQ+b"]
Step 2. Suppose the proposition is true for n = &, then i = a-bdivides a**'-p*" with quotient aQ + b*
I
12422432 g 2 KUEHDQEAT) =  a-bisafactorofa'*'-p"*"




diy . siven to be a'posiﬁvendd‘mtnﬁﬂﬁ: “’: :?-ﬂ write

Solution: Smecnlas‘l. : g,,;'[‘b:rcfﬂrﬂxuﬂ""'x by

g ethod of induction on m,
ghove sia

To prove the

Step 1. Let m = 1, then

divides ¥+, sox + is a factor

temen

oy };f-.i =x + yand since X4y
gty 2=

of x + . Therefore the above stalement is true fg,

m=1 ; for m = k then x + ¥ is a factor of
above statement is true
Step 2. Let the .

= -1
.Ifu II"'J" i 141 1k=1
x + ydividesx™ Y

n-l+}.1'"=f:r+}’,lﬂ

7 (1) where Q is the quotient,

So we can wrile X

Step 3. Now let m=k+ 1 and consider
I =1

131 iy 22T ymz-:___ - 5

Py P g

e k-l .2
=gt ey y Tty

k=1
g

}Iza—m ___ x!H. x4y ¥

- _IIII“-I""'_‘!"H_JJT +Jrll:—] r}l! __XIJ

=x (x4y)@ + v (y=x Ny +x) {Using 1)

g
=2 (x49)0 +Jrn~1 (y-x)(x+y)= (x+y) {_-.,-? o+ }’n fy-xll
or 20IH 4 YOI (513) 0, where 01 = x* @+ (3-%)
=5 x+y is a factor of LFH _ (Ak4IHI rrue fordl

So the above statement is true for m = k+1 and hence by induction it is

positive integral values of m,

Therefore x+y is factor of x” +y" where n is a positive odd integer.

7.12 General (extended) form of principle of Mathematical Inductio |
Sometimes it happens that a given statement and proposition d“?s;:omﬂ

for first few positive integral values of n but after those values of 1 1t

true;  For example let us consider the statement n* > n+3

_f,.i.

we see that when n=1 then 13143 or | 4 which is false
mmn=21 then 2‘>2+3and4>5whi:hisagninfa!sa.
When n = 3 then 3 ::-3+30r,‘?>&whichisuuc.ﬂ;atis,tluabovesmnmmtis

" faseforn=1 and?hulistruefornﬂvalu:safnmmmz_

similarly if we consider the statement n'>dn? w4 )

then this statement is not true for 5 = 1,2,3.4 but it becomes true forn = 5 and
higher values. = L

In such situations the principle of mathematical induction is defined as under:
Let P(n) is a given statement or proposition such that,
(i) P(n) is true for n = m, where m is the least positive integer.
@iy ~ If P(n)is true forn =k where k> m then p(n) is also true forn = k+1] *
We then say that P{n) is true for all integral values of n > m, g

This is called general (extended) form of the principle of mathematical induction,
Example 6: Provethat n’>4n’4n+ I forn 25

We are to prove that n'>dn® en+l
Solution: In this case our induction will start from n=5
Stepl. Let n=5thenn’ =5 = 125 and

dn'4ntl =4(5)° +541=10045+ 1=106
Clearly 125 > 106 so the above statement istrue for n=35

Step 2. Let us assume that the above statement is true for n = k2= 5 then,
Pediz 4 k41 (1)

Step 3. Now let n = k+1, then n* = (k+1)?

andso (k+1)" = k7435 436+ 1> 4k* +ha 143k 3k 1

=(h+1)*> 9k 4367 +4k42 (using (1))

SR> 4 430k dk42=5 (ki 1)* > 45 +3h5+4k+2 as k> 5

= (k1) s 4k? 41 Skaedks? = (k1) > 4k 4 vke6kedk42

= (k1) > 957 4 Ok JOR+2 = (k+l)'> 4k* + G+ 6k+dk+2

= (k+1)7> qk* 4 946 (as 6k+4k+2>6)

= (k1) > 4k 1 8kr ks 42 = (k+1)7> 457 +8k+4+k+2

= (R1)*> 4k 424 1) +kt 141 = (ke 1)*> 4ke1)* +(ka )41

r::‘:;‘if-‘ﬂfﬂa._efqnn[n for n = k + 1, so the given proposition is true for p=k+1,
¥ Induction it is true fopall n 2 5.

fornz5




Example T
e 2”) for n >1 (0
Solution: we are to prove
4 g 432
Siep 1, - [1“]-[?'2]=U=:7—'_T.— ==
L =4 H-“d i 2 2 24 2 = i
]_.c[n-cz.ﬂﬁ-‘nﬂg- =2 n \
o I forn=2
mmmaﬁandmnﬁ -ﬁ[ﬂ} is true
assertion is true for n=k for k=1, then
Steszaussuppmmam; above ;- G
1“*[*] or T <Tak—h)
z‘.:_zfi..........,... (2)
EVE!
Sup3_[_.e.[n=k+l and midcrz‘“",wecanwrite
%!+ 2 3)
22T
N (Qk+2)2k+])_ 2k+Dk+E+D) _ 2k +E+D) [ k ﬂ]
T T A T | .y K+l k4l

ﬂ[LH]: % 25285k 1
k+] k41

s 9 (2EF2N2EHD) From (3), we have
(k+1y :
2'“{1"‘"2:c—¥i. {2&+2mi:+1} ok, g hol o (Zk+2)(2k+1) 2k
E-BCEET O gean? . kik +1) k1 +1)

g (2k+2) - e {2k +2)!
B R GG+

il 2k+2 T
2 -:[ k+|J which is of the form (1) when n is replaced by k+1.
So the given statement is true for n =k+1 and hence it is true for alln > 1.
Thus z'.:[z"] forn> 1.
n

Establish the formulas given below by mathematical inductio
. n.
1. 24+d+06+-+2n= n{n+]]

2. 1+45+9+ ...+ -3) = n{2n - 1)

3. 346+ 4. 30 = MA+D
2

4. 3+T+11+-+(4n-1)=n(2n+1)
5 P+2+3 +vn = [MT

2
6 11D + 22D + 33 +dnlnl) = (0 +1)-1
7. 12+23+34+. .. 4nn+]) = Mrtlntd)

3

; |%+z+z-‘+zJ+_,......+z"-===;n[_:3Lﬂ
0+ 0 Qmmelry -39
(02 B) e (@) - ()

|
F o=t

3t .
9 " 27 ST

11.

12. Show by mathematical induction that

. 57—y ==

(i) “5; isaninteger. (i) w is an integer.
3. () 2*>n VneN. (ii) n!>n’ forevery integernz 4

M. (i) Show that 5 is a factor of 3'+2% where n is any positive integer.

: (1) Prove that 2% —1 is a multiple of 3 for all positive integers.
5. Show thata + b is a factor of a"—" for all even positive integer n.




is called a binomial. The binom;y

Theorem
72 TheBinomisl suchas 8+ % L binomial (a + by, o

terms, 0
theorem EIVED ~ o and all real numos ®

3 nder.
&5 icit form is stated as U s
The Binomial m:nmmw:t_sv‘-‘;l::ﬁ;alnu rs and n is a positive integer, thep
d b are any

:ff an A=y F

. : o (M +["]a--=y’+....+ [':]a b ++[:] a’p"

{a+ bl]‘“ = [ﬂ] a'h® + [[J 2

which more compactly can be writlen
n N 'r

f‘ﬂ""br:E [r],g"‘b
i=D

Proof: Mathematical in
validity of the binomial theorem.

(arty=[l) s [Jorio[() W W
o 1 r
Step 1.If n=1, then from (i), we obtain
fa+b)'= [:}] d'&"-t-[:] d'b'=a+b

which is true. Thus the statement is true for n = 1
Step 2.Suppose that the statement is true for n=k, then

SNy Y P

Step 3. We now prove that the theorem is true for n = k + 1. Multiplying both
sides of equation (i) by (a +b), we have

(a+b)a +b)*=(a+b) [[:}c‘ah[k] u‘"a‘+[;] T __,.+(k]a""b'. L [i}ﬁ'j]

7.2.1 Statement and

in summation form as:

duction provides us the best way for confirming the

I r

i nrﬂ‘ ¥ b}hl = [[;] ni*lbﬂ+[f} nlb'l [':] ﬂ"_lb‘-l“f‘...._'l‘[k] ﬂt—r+l.ﬁf L —— + (i}lb‘]
ri

+[[;] a'h +[ﬂ at-1pt +[§] ﬂt-rlh3+”.+[ﬂ] . [:]a”bm]
r

R I T —
(o )

We know that [;]=(k;t]mi and (*]z k+1) [ & EY (k+1
k) k+1)l g )* r]’-[ 3 me‘ 0= =ik,
therefore:

k+] k+] k+1
:+b}“'=[ Ja“'b"‘+[ M il S k41
{: 0 i .‘]” * 2 [ F’!‘F..;‘F - ]#til-rhr+_.1+[k:1] aoblfl

which is of the form (i) forn =k + |

So the given statement is true forn=4 + | and i ;

is true for all positive integers n, #0¢ has by the method of induction it
7.2.2 Properties of the Binomial Expansion

The expansion of (a + 5)" has the following properties

(i) The number of terms in the expans; f ", i mber
terms are one more than the Bxpunr:mfn R e e S
Thus the expansion of (a + b)® will contain 8+1 % 9 terms.

(i) In the expansion of {a + b)" the first term is a"° | the second term is

0o bland the thi is 20D jizpa
. e wdtcrm =" b audsuun.lnmhtarmlhe:xpon:ntuf
@ decreases progressively by | and the exponent of b increases progressively by 1

but the sum of the exponents of @ and b in each terms is always equal ton,

(i) In the expansion of (a + b)" the terms ["] a"'p" and [ ]n’b"' are
F
equidistant from the beginning and the end. For ["] a""'b" is preceeded by r terms
: r

and
nd followed by n — r terms while [ J a't"""is preceded by n - r terms and

H
H=r

followed by r terms. Also since [ " J: A ™ =[“]
n-r (n—=ritrl  rim=r)! r

So s
; }'hﬁ coefficients of terms equidistant from the beginning and end are equal.

Iy
ere w[in the expansion of (a + b)", if n is even, the number of terms are odd and
ere W be only one middle term. If n is odd, the number of terms are even and
Wwill be two middie teriig;

Not For Sale




,|+2Jm term is the only one middle tery, ang

a0 0 (7
v For n even in (@ -
. n+l f_ﬂ_]m ferms are the two middle terms.
t‘ornuddthc[—i-)lhm[ = “ .
by _b then (a—b)" has expansion of the i

(o) In(a+b)” ifbisreplaced

fa-b)" = m g‘b"-m b+ [;] e PV
= : o
orfa-b)" = a"—[;J a=' +[;J U et {=1)" B

We note that in the expansion of (@ = b)" the t
| ; i 1 ; R=Fyp:

{"”E;u'-f;“ the expansion of (a + b)" the (r+1)th term which 15 [:} a™ " ig usually
vii

called the general term and is denoted by T

- al At pr

Thus Tyyy = [:] & = __-r!{n—ﬂ] p | |
We note that for using binomial formula for given value of n, in the expansion of

(a+b)", the most important task is to find the binomial coefficients

o}

723 Pascal's Triangle ) s
Consider the following expanded powers of (a + I) , where a + b is any

. binomial and n is a whole number. Look for patterns.

fa+8B)=1

(@a+b) =as+b

(a+ b) = at + 2ab + b

(@a+ b) = & + 3a% + 3ab? + p?

(@+b) = o + 42’ + 6a%p? + 4ap? + p*

(@+B) = a* + 5a% + 105%? + 1063 + s5ap° + b5
- Each expansion is a polynomial, There are some patterns to be noted.
(i) There is one more term than the power of the exponent, n. That is, there are
_ n+ 1 terms in the expansion of (a +b)", :
(i) i];]r:?:;fm' the sum of the eXponents is n, the power to which the binomial

i

erms are allemately positive and

(iv) The coefficionts start al 1 ind increase through certa; . m
and then decrease hiough these same values bag::k t:r;am Yok SIS WY

The above binomial expansions can be written in the following triangular form

- (Did You know )

a® + Zab + p? Pascal’s triangle is most
a® + 3a%b + Jap? 4 ) convenient to obtain the
a® + da’b + Gatp? 4 4qp0 o B4 ""“.dﬁ“.m"' L5 of the
&+ Sa'h + 10a%? + 10a*h* + Sab* + b5 :!mm:::l expansion
j @+ b)" whep :
For each of the above expansions, we write down the small :umber S

binomial coefficients in the fullﬂwing fashion

n Values of binomial coefficients
0 1

I 1 1

2 I 2 1

3 1 3 3 1

4 I 4 6 4 1

5 1 5 10 10 5 1

The above configuration of numbers is called Pascal’s Triangle.
Example 8: Find the expansion of (x+y)".
Solution: By the f; ormula,

1]
{x+ ."',} =x%4 ﬁqf‘y'}- ﬁl:-lx:y! + ﬁclxiy.l_'_ EI':'.I:}" 4 ECEJ.T"I- EC‘_}'E
=x"+6x"y+15x"y? + 202"y’ +155°y" +6xy° +y°,
On caleulating the value of G e i

Example 9: Find the gt term in the expansion of (3x +2y)",
Solution; I e Teaith term be the sixth term of the expansion (3x+2y)"”, We

I F

12
T"|_'-_[r ]fjlei—* {2}'Jr- H’El'e “-'f.hﬂ‘llc:ﬂ =IE‘. ﬂ=3.’.'ﬂﬂdb=2y




- mﬁ“dingm&hmi,e,T‘.suchuasingrzsaud
Since we arc Infere
have,
Fmgmmlﬂ‘m“ﬂ'm
12) 055 (2y)°
To =T,= [ {3x)

llll.lﬂ.g.s.ﬂxz}m'xjir'ly}
=Te= Tpaasn

-_‘-T‘_Sﬂz?ﬂﬁ'x} :
Example 10: Find the coefficient of x* in thaaxpanmun of (2x* -
Solution: Let T, .uf{‘i'.r’— '"bclhupnmculanermscﬂnlammgx :
s

3 W
Now for the given expansion (21 :__ )

T""[ sz,m ;)= ['°]2’“ G (—n'.f—’
= {-IJ’(WJI"“" 3 i =;_1j.r[iﬂ]2m "

= 'r,,_ws? X 2%y

= T, = 119821873277

TﬂFFI}'[?JEIH lzr.x?ﬂ-}r “:I

But this term contains x* and this is only possible if x* " = x*and thus 20-3r=5
=3r=20-5  or3r=15 = r=5 Putting this value of r=5 in (1) we get.

'rm,='ri=::-1:-*[;JzMH ol Lan =H'}’(:}J 2%.3%*
S0 the required coefficient js H}*[“‘Jz’. 3= -ﬂaz-m
Required Eﬂﬁﬁciml_= - %;—s’; 32 243 that is the reqtu.red coefficient of
x* =-1959552
Example 112 Find the term independent of ¥ in (Eﬂ 1]"

3x

9
thﬂm:‘ Let Tuith term of [ I:__) bo- dhes pareizilae secin. which 6

. independent of x. The T,.4h term for the aboye expansion is

(Y371 1Y (sysv- .
Tra = (fI'Z-fJ [_h] &l [,IE] XD e _31_ o
g 3 ] 1 ;
= (=1} = L L 9 -r
=1y [FIEJ Sl ST = (= [”I_;] ilr"‘“-h"
F Y3 o 1 %
i [I‘] F M)

But T,.,ﬂ'l?ﬂnﬂ!afmcﬂfxﬂndﬂllslSpﬁsﬂb]clfI Bl 0.
=3r=18andsor=6 A EvVing 18=3r=0

Thus Ter = Tsu =Trie Tth term of the given expansion is independent of x

6 3V o 3
Ty= (-] =z LI i 1
r={ }[L‘J[!] e 6131 27 30 2

987611 1 _987 1 | =

e e e B e s

6123 22 3 23 837 1§
Thus the 7* term of the T I ) :
& expansion i ) mdepcndantc}f.ranﬂmlvuiuz is%.

Example 12 Find the middle term in the expansion of [5+-’5]w.

X a

i)
Solution: Since in (7., * ich i
UEon: Since in [; +;-] .n=_1l] which is even, so that total number of terms in

the above expansion = 10+1 = 11. Thus it has only one middle term which is
n+2
[ Jthfﬂm [ Jthlel‘m = 6th term.i.e. 6" term is the middle term

Now T . for {-i_-l-f]“’ is given by
an[ J( }“"f )". Putting r=35

We get T, = ['“J [E)S[_’E]}_ 10! fa’)()_ 1008768 _,0
5 X a jl 51 _tj ds SL1-2-34-5

S0 the 6 term Of (44£)' is the middle term and it is 252




10.

11.

7.3
7.3.1 Expansion of (1 + x)" where n is positive integer
| ; ; .
By Binomial theorem, for any 1wo real numbers g and b and for a puc-;iiive

z ;
C@ () O T n=ii
-; (a+h)" =a" +ﬂa”'|fr+—i£—£a“'!bj 4+ M =1)(n - 2) a™p? " .
o 3o0s. | 21 oA Fovnat b (i)
: term in the €Xpé i i i :

Find the indicated e 3 10 i i ( a1 ' and this expansion contains (n + 1) terms, Now in particular if ¢ = | and b=x

;,‘]#“'tﬁmh {Z+H}T (ii)8" term in 5'; : ‘“"I:;’ : then the above expansion becomes

it i e leving cxpansions == = U

; : 10 ¥ =
#_‘f,,i)g i [x__3:] (iii} [1‘ == Thus W:': ob\zf::n'e t]::u whf..-n M 1S 4 positive integer then the binomial expansion
(i) T % ¥ - (a+b) or (1+.x)" terminates after {n+ 1)th term.
< ﬂm wari : ! 7.3.2 Expansion of (1 + x)" where n, the exponent, is a negative integer or a
coeffi ; " 4 4 [ fraction
: A 1 PP 1T SO _’] . wrhion :
o e I: x‘-x}m (i) ;‘- m[i—';] (iii) @b in | 2a 3 ;f n is a negative integer .ﬂr a fraction, then the expansion (i) never ends and thus
. o S in such a case the expansion becomes
middle term in the expansi -

ﬁndrhc ’_ e ( " (14x) "= 14+ nx+ ———"{’;”x"’+—-=—"{”_|;f”:£;’+,........ (iif)
Sl z i3 X iii 3.1-:—'—] ; ot :

(i) [;-:-bx) _ (i) (B' 2) (i) \ 3 | When n is a negative integer or a fraction then the series as given in (iii) is

. convergent if — l<x<1 or lrl<1 and it is divergent if lxi>1.

b
; 3 | :
Find the constant term in the expansion of [?\"r- - -JT] : Since at this level we will be interested only in those series which are convergent
| 50 We will say that if n is a negative integer or a fraction then the series

| (142" = 14 px 4 %Hx:-!-w.r!-ﬁm.“isvﬂ]jﬂmﬂj’i.fi.ﬂ{{,

) (2448) +(2-+B)’ (@)(14+42)" ~(1-v3)" (iid) (a+5)° +(a=bP

T
Find the numerically greatest term in (3-22)", when x = %, . The series of the type 1+ nx + "“;'1] f+“{"_gf"'2]'x-"+ ...... is called the
Find the numerically greatest term in the expansion of (v—)™" . binomial series,
when x=12 and y =4, _ ) The general term of the binomial series is
rove that sum of Binorial coeffcients of order n = 2°. Also prove the
sum of odd binomial coefficients = sum of even Binomial coefficients= 3 T nin—1(n—2).....n—r+l) 5
rel = : =
rl

Consider (1+)" and e [‘:]ﬂ;r,

Show that C, +2¢ FE30. a0 5 a-1
2 Xk + G = n(14x) Not For Sale ’




m-.usm
.‘“””’"ﬂ = '%"]Iz,,"i("i*‘l'a‘] :

o0 |
—

Example 14 Find th it our €77

Solution:
i - " 1 3—1
1 4\ 1 __.1= [I '—']
[H%]z'[g{“i;}] 591[“9:1 o
1) L
144}[“](1):: 2 N2 [.‘4_] +
96
2 111 16 2\ 2\ 2 (64 |,
i Rl “\ 7290
9x 2°2°2 81 6
FAR N
9 Slx] 8x6 TZ?J:’

s *

i ] ;
Example 15: Compute ]J; 1o an accuracy of at least four decimal places using
pinomial expansion

Solution:

11 5. 5

=1+ ﬂ.n&333~n.mmﬁ4 + u.m& —0000016+....coaemmrennnn
Taking only these five terms and neglecting the other we can write
ﬁ = 1.00000 +0.08333 - 0.00694 + 0.00096 - 0.000016.

Where= stands for ‘approximately equal to’. We have used here the symbol =
because we have omitted all the terms after the first five terms. So we cannot
expect even think for exactness.

[s
12 i
2 1L.07719=1.0772

Example 16; Evaluate 435 by Binomial theorem
Solution:

55 = (36-1) —' f{!—— ]‘ = (36) ? [1_ 1]%
' =“hl__‘_+£[_1]l 1) "1 w] ,'_;{E} i

a6

1% L




"
L=
—
L]

=]
=3

o small that ts 5quare

] T By i g B
-

Jaiz (if) i
O+ 1)’

—
&=

o Jses
1|, 1z Il4 o R draryred
| 33t 7 [4] L7127 144
i 2 A
1j, x 111 d
| By D S S Tt e
! z[”u 227216 ][ 12 144
4
1 1 ¥ X ; 5o 3 3
i =EE1+E+E+ lgnoring terms containing x*, X7,
§ 1 |
== [1+1"3"] 1 [ +£{]
2 2
i hal = l[].p;i]
X R
3

and higher powers may be neglected

1 1 &
1 1 i - ]
(1423 (16~ 507 =ﬂ+:¢=umi[1-ﬁx]

Now taking

i I
E ! 2
(9+25) 93[14.3):
L s ?
40+ 0 1-= .
= {H}[ 'ﬁx] = Lanpig-Sapige 2y -
= . I ;
: 3 16 9

1]
|| o=
—

*
|
"
+*
(%]

bk | =
1
M
b 3
5
| M
=
|
=
|
=
¥
i
TR
L oy
1
Jo=—
x
iy

(]
Il
—
4

2
+
[ - )
= ¥

]
[
¥

ey
ey
|
2.
+
;
i
i

wla Wl wle wlida
1 T L]

#

] Ignoring terms containing ¥, X, X'\...

x][ T7a ]_ 4[ Tix x] Again ignoring term  *
=] 1= =21 E 5k
2 ox3z) 3l ex3z 2 containing x*

+x206-507 _4(, x Tix\_4 Exm:—'ﬂ'x]=i[1+1441-ﬂx]
] T '3[”: gxaz] 3[“ ooz ) 3\ 258
(9+2x)? .
! 1
= (+2%06-507 _ 4, 67x
17 3\ 288
(94 2x)?

4 Application of the Binomial Theorem _
Approximations: We have seen in the particular cases of the expansion of

(1+x)" that the power of x g0 on increasing in each expansion. Since |« <1, 50

. Hr <|xl for 2,3,4...

ii'hjg, fact shows that terms in each expansion go on decreasing MUMENCALY

if lxf<1. o
i g the
Thug Some initial terms of the binomial senes are e.t:mugh for determinin .



[ s Lt

jal series are conveniently useg for

ap i pinom ; : :
s, ¢ it SeTiE L5 hose st required) is compared wjy
& i jes.
. infind
ation of 10

gami of n and x. Then the sum is calculated by putting the valye
alues of 7 '
mrmﬂaulm:? . 1251 258 1
D{"m“n{H:dmamnfthaSﬁﬂ“ *32736 7 369 2T
Example 18: Fi - es is identical with the expansion (14x)"
se that the g : _
Solution: Supﬂ: +n[u—|} 1+ﬂ‘.'_:l;-f—n-_.—?lx’+---------- (1}
| R n: i - 4
w¢have[1+x} =1+ 2
91 253 B8R i )
§ = 1.+ -3"‘2'*‘3?52: 369 2*
Comparing (i) and (i), We £¢ 1]' % 3
1 alp=l) 5 ==
M:%-Eami—'a'_z 36 2
i b ?
N(ﬂ'!ixg b ] -1 5 #=1 3
% =0y 1 5 9 n - ——
2:;1 =3 #nlni }'F=?ﬁ'x7 =m & n 2
n 1
g

2
= Sp=In-2 = Sn-2n=-1 :3ﬂ=—2:7ﬂ=--§

Putting this value of 1 in nx = %%

tht:t ——j:E-l:l = =Yr=|l=mi=—-—
11 3 2
3Ny B 3

So,5=(1+x)" :{1'%}] z[%]l =—1 = =713 =47

. 1]?
ie.5=43and so from (if) [2

] £ i
+2125] 1

&3 357

3
grample 19: £y =2+ 2w 200t . Show that y? +2y — 7=0
: 3 35 357
- '[h[ B e i e
golution: Given that y ==+ AT AT 3
:&}'+I=I+% 35 351 ¥

4
H.S. of (1) be identical with the expansion (

=

Let the series on the

Wwe have»
min-1) sz_L"{"_nE”"l} PHiiiiians

(145" =]+nx+ 5 3 PO 174
Comparing right hand sides of (1) and (2), we have
© 3 nn=1) 3 35 i ;
RES S nnl3) and T‘]=IE“'“‘"“"‘” Squaring
nixt= % v ® Dividing equation (4) by equation (5)
an=lx* 35
7 _F8 . oseend 135 6
e 9 2 W A B
16
jnl:ll—li_£=.‘J':---|=_5_|
m 6 n 3

or n-1)=5n=3In-3=5n=-3=5n-3n==-3

3 . 3. 3 3] -3 .. ¥
== =l ==, we gel | == ===
=n > Putting n > n nx= T g [ 2 3 3

-2 1
-""Tul' I—"E
) = N F e D T,
W YL =1 Y= I+3t 0t en

=k 3 1=
}'+1=1r1....%"1 or }r+l-=[.li}: ﬂf}""l]i:{-z'j

G  HPm =

1l+x)".

equation (3)



to four mgmﬁnanl figures.
(if) Evaluale ﬁm} of 126 correct 10 five decimal places,

f=E o’
3 Expand: H-.:up

4 If x is such that X

1-3x 1- 3:-
Vivax E

ﬂ.ﬂd h]gtmr PUWIS may be nﬁg]e‘:tﬁd then show “lﬂ

show that
2
(+35?

=1=- -5- x
(1+3x}34-5x

if - . the approximate Vi
6. Ifxislarge and if 3 may be neglected, then find PP l

rj:"' =1z

{x+1) _
7. If x*and higher powers are mglectle,d, such that

1 ! e -
(14x)+ (1 -x) * =a-bx". Findaand b. _ .
8.  Ifxis of such a size that its values are considered up 1@ ¥

Show mw 155

1-%: 8
9. Find the co-efficients of x* in [11:}
10.  Find the sum of the following;
B aaldly 5,58, 5B, e

21 2 1‘ ................ {“} 1+ 3 E = B P ]6

: ioher powers can be neglected, they
If:cismmalltha!nssq:;arc and higher po |

I|

11.

12,

13:

131 1351

Ify= 'i' ET LA TR AR theny? +2y-1=0
L1 181 188 3
If2y= -1"1‘ METie AT A then dy* +dy-1=0

If x is so small that x* and higher powers of x can be ignored. Show that

the nth Toot of 1+ x is equal to 21t(n+Dx
n+(n-1)x

If x is nearly equal to unity then show that px —gx¥ =(p-q) x™*

What is the middle term in the expansion of (2x+5y) ?

(@ 600y (0)120xy" (c)5000xy ()6 XY
/" What is the coefficient of the term containing x'%)° in the
expansion of { x* =2y° }1 ? =
{u) 84 (B 280 {c) 560 (d) 448
The expansion of {x+ Jx‘—-i)’ +[:r—»Jr::1_-1Tis a polynomial of
degree
(a) 5 (b) 6 ()7 (d)8
Number of terms in expansion of ( J_ +J§} +[J— -y }
{a) 6 by 11 ()20 (d)3
{ﬁ+1]5+{f-1)’=u--- _
(a) 58 ) 5842 ()-8 (@-5842
-["11}'("21}'_‘""“""'+C:11]_ .n:*l
T r-1 2 T -1 (@2

o .
(viil Sum of coefficients of last 15 terms in expansion of (1+x)" is

T
(a) 2° by 2° (2" i®?2
Wi o s i
(viii) 19C 4 19C; + 10Cs #.ruinetnnt " Co=
! (a) 512 () 1024 (c) 2048 (d)1023
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rm in the expansion of (Zx—dy)'?

S mm#

; -+ 2y)". Find a.
ansion of (ax +
4 27 isatermin the EXF

. 5 i
i e —
¢ constant term in the expansion of S35

5 Whatis th

: i first three terms of s
L £ [0_95}]1 using the
6. Find an approximation ©

expansion.

7. For every positive integer T prove that 7° ~3'js divisible by 4.

8, Prove that (1 +.c}'a{l+m-:] . for all natural number 1 where x>-1

1 3 3 1
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FUNCTIONS AND GRAPHS

Recall
function as a rule of comespondence,
domain, co-domain and range of a function,
one to one and onto functions.
Know linear, quadratic and square root functions.
Define inverse functions and demonstrate their domain and range with
examples,
Sketch graphs of
linear functions {e.g. y =ax+ b,
non-linear functions {e.g. y = 1
Sketch the graph of the function y = xi' where nis
@ + ve infeger,
a —ve integer (x },
a rational number for x>0,
Sketch graph of quadratic function of the form y =
are integers,
Sketch graph using factors.
Predict functions from their graphs (use the factor form to predict the equation
of a function of the type f (x) = ax’ +hr + ¢, if two points whee the graph
crosses x-axis and third point on the curve, are given). 4

Find the intersecting point graphically when intersection otcurs between
a linear function and coordinate axes,
two linear functions,
a linear and a quadratic function.

Solve, graphically, appropriate problems from daily life.

af+br+c,af#0),b,c
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Unit 8 | Funetions and Graphs

[.ﬂodncﬁ"‘ . f one quantity de

81 o sations the value © + Bepends temperature.

R A T e )
¢ anothel : som. For example, LLE =Rl licators gy I5
uluebid thematically :sl;:: the amount nfdipetml in Eall:nnz_s in the tan the
board of 8 €8 ST ator shows ‘nat the distance travelled in kilom ’,‘
dash another indicator that there areé WO variable qumﬁ;::m iy
ang

decreasing 4% Je, we 005 4
5 this exampie: ; ties are th
m. The variable quantities ¢ number of gqjig,

petween thert- ters travelled. Thus :

there is & Fe1at% e number of kilome - Thus, the dig Time of d

of peirol in the tmk;“:; the function of numbers of gallon of petrol in the ta‘;‘i‘ﬂe ay (P.M.) ; Temperature (in °C)

avelled i KIOMELEES S P opperature of 21 : . Figure (8.2)

As an eXEMP™ is on the instant of time, === _ Examplel: LetX={a,b,c}and ¥=(1,23). State wh .

roughout the 43 depen re of air 15 8 function A et 111 18 & symbol thay the following figures are functions from Xmlr"w PRI Tkt 1 '
|

we can say that lcmpmmh if a variable denoted ;alwa}rs represents the same
by v (say) i associated in 2 dﬂﬁniltﬂ way with 2 Anumhcr m1 l;j-l: m?ﬂ"“*-. _

v'::inbla ', then ¥ 1s said to be a function of x. mllxyi mﬁsnﬁmﬁ% BI: I:.?H

To be more specific, Tf the values of y depend o |values in the same problem,

x in such a way that each value of x determines m.
exactly one and only one value of y, then y15 @

function of X'«

y=f{x). (1

Symbolically, we write _
Which reads as"y is a function of x or simply ¥ is equal to f of x" ;“ f*]'fl“'-‘-“ﬂ" () Solution:
the variable x is called the independent variable (or argument ) whereas ¥ i (1) The figure {a) does no i
called the dependent w_rlab!e. the set X has Em bca;: us:iime:i jﬁiﬁenmil:::: ; o i
811 Function as a rule or correspondence (2)  The figure (b) does not define a function, because the element b of
1o this section, we give formal definition of a function. X has been assigned two elements of Y.

at assigns 10 Fﬂfh . (3)  The figure (c) does define a function, because every element of

X has been assigned a unique element of Y. It may be noted that
definition of function does not require that each element of Y
should be an image of some element of X.

A function from a set X to a set ¥ is a rule or correspondence th
element x in X a-unique element y in Y. Symbolically, we write it as f X
read as “f is a function from X to Y".

The elements of X are called pre-images
of Y are called the images, If ye ¥ is an image of re X under the .
write it as y= f(x). Equivalently, we say that y is the value of the function

see (Figure 8.1). f

i U -'1!]]

Let g(x)=—x"+dx+1.
Find each function value. 2.g(2) b. g(r) ce(x+2)
Solution:
' 4. Replacing x with 2 in g (x) =
g(2)=-(2) +4(2)+1="4 +8 +1=5

— +dx+] yields the following.

Figure (8.1)
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l:, For You Information ‘

T
WP

b. Replacing x with ¢ yiclds the following.
g(r)==(t) +4(r)+1= Pede+]
c. Replacing x with x +2 yields the following.
g(x+2)=—(x+ 2) +4(x+2)+1

- -{xI+4x+4]+4x4:ﬂ +1

Although £is ofien used g |
convenient funclion name apq
xis often used as the 1:
independent variable, other |
Ialn':m:fian'aim be used. For

example, f(x) =x’-7x 419, |
F@O=2-Te+12,and |
=X +5 8ls) =5"=Ts +12 all define
.the same function.

=y —dx-4+4x+8+1

§.1.2 Domain and Range of a Function . :
Let f:X — Ybea function from a set X to a set Y. Then st Xis called domain gpg
the set ¥ is called codomain of the function f. The set of all those elements of y
which f is assuming is called range of the function 1.

If the domain is not specified,then it is assumed to be the set of all real numbers,
If f is a function of X into ¥, the range is a subset of ¥ but need not be all of ¥. This

has been shown in (Figure 8.4).
{ Did You Know ! : )

! Funetion Notation |

13= F(2).f is the name of the
function.

| yis the dependent vaviable

! xistheindependent VEiriuT}iL‘.Ij

tyis the valwe of the function atx

Domain Fipure (8.4) Range = codomain
8.1.3 One-to-one and onto Function

(#) A function f: X —¥is said to be one-to-one (or injective) if distinct
elements of X have distinet images in Y i.e. if 1; and x, are distinct elements of X,
then f(x)# f(x,)inY. Equivalently, if flx)=fixy), ;han iy
Sometimes we write 1-1 function for one -to-one function. s

‘ i) A funetion f: X - ¥ is said to be onto (or surjective) if each element
of Y is the image of some element in X j ¢, the range of f is the whole set Y.
Not For Sale

Mathematics-XI

A function f which is both one ~ to — one and onto s called bijective function.
Consider the furictions £ and g as shown in [ Figure (8.5) i) and (ii)).

= ii
Figure (8.5) ()
Figure (i) represents a function f which is one ~to — one but not onto (why?)
Figure (ii) represents a function g which is onto but not one-to-one (why?)
Example 3:  Show that the function f: I[R— IR defined by f(x)=3-5x is both
one-to-one and onto i.e. bijective.

Solution: For any two elements x, and x,of X, we have
flx)=3-5x and f(x,)=3-5x,
If fix)=f(x,).then3=5x =3-5x, = x, =x,.
Thus [ is one-to-one.
Now the range of f{x)=3-5xis the whole set IR so it is onto.
Hence fis both one-to-one and onto i.e bijective.
Example 4:  Show that the function g : IR— R defined by g{x)=2x" +1is
neither one-to-one nor onto,
Solution: The function g(x) =2x" +1is not one-to-one, because
£2(=2)=2(=2)* +1=9=2(2) +1=g(2), that is — 2 and 2 both have the same
image 9, '
Now the range of £(x)= 2" +1is the set of real numbers greater than or equal to
I, that is, Range g= [1,%=) # IR, so g is not onto function. Thus g is neither
one-to-one nor onto.
8.1.4 Linear, Quadratic and Square Root Functions
We begin with the definition of:
(a) Lincar Functions

A function fis a linear function if it can be written as fix) = mx + b,

Where m and b are constants.

Mathematics-X1.~ 235
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(If m =0, the function is a constant function f(¥) = b, if m =1 and b=0, the
3 function is the identity function fix)=2

: For example,

flx)=x+lg ;

The domain of a linear function i

(b} Quadratic Functions

A quadratic function f 52

flx)=ax’ +bx+c, @ # 0, where a,

For example, f(x) =35 +4x+],an
The domain of quadratic function i< the set of all real numbers.

=3x-8 are linear functions.

(x) ==3z+4hix)
£ all real numbers.

5 the s610

function that can be written in the form

b and ¢ are real numbers.
d glx)= 55! — x—7 are quadratic functions.

{c) Syuare Roal Function

A function of the form f(z) =
The domain of square root function is
82  Inverse Function
Let f:X =¥ beaone-
to-one and onto function.
"Then for each element in
the domain of f, there s a
unique element in the
range of f and for each
element in the range of f,
there is a unique element
in the domain of £, In this case the comespondence f™':¥ — X 18 also a function,
which is called an inverse function of £ Thus the inverse function [ Pof fis

where x20, is called a square root function.
the set of all non-negative real numbers.

OO |

Figure (8.6)

defined by
x=F(y), Yye Yifand onlyif y=f{x), 7>
Damain of / Rememhe
r

_. i;@;}_-_ﬂm every function has an |
inverse - -
:m.,(ii}.-ﬁ:fun{':'l:ib_n has an inverse |
ifand only if it is 1-1 and o810

; I ;
Range of /* ®) Domain of '

! Figure (8.7)

It is evident that (f™'y"=j. Thus f
: : and [~ are inver:
The above figure illustrates the concept of inverse f::::: : of eachoter.

h-iﬁi]tmnzstiu_it’iﬂl:- ¥ 236
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pomain and Range of Inverse Functions

s.21
It is clear from the definition of inverse function

f7 that domain £~ = range f and range £~ = domain f
je5: If 7:x = ¥isgivenby

Examp
. S
! . ..--"'"'-r--___-“-""“ }"
Figure (8.8)
Find 7.
Solution: Since [ is both one-to-one and onto, so it's inverse exists, shown

in the (Figure §.9). We note that “'is also bijective,

Algebraic method for finding the inverse of a function

If the function [ is given by a simple t'ﬂmulm-mcn the inverse function f~' can
be found by an algebraic method which involves the following steps

Step-1 Write v = f{x) 1

ﬁTEIHl Solve the equation in step-1 for x in terms of .

Step-III In the resulting equation in step-II, replace x by f7( }}

zl?ll'-"l:lrr .Rf:plam each yin t_]u_* result of step-1IL by X to get (=)

Step-V Check the answer by verifying that 77(f(0) J=x
Example 6: Let f = JR—/R be the function. i
defined by “f (x) = 2x - 1, find £~'¢x), |

Solution: We have flx)=2x-1
Step-1

y=fix)=2c -l
y=x

: Write flx)=2x-1=Y
Step-Il  Then Ix=1=y
= 2x=y+1=> x= 3'2—“

Mathematics=X1 237
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Step-111. Replace X by #~'(y)so that

y+l
SPRT i
1=

nd SR, replace ¥ by x we have

Step-TV. To fi

SPPL. b
==

A== ==

2x-1+1 =2x -

EXERCISES.Io

1 f{x}=12+x-'l‘
If f(x)=5,then find the values of x

i i - 5
i1 Find the images 2,0,2,

Ky—=flx)
Find [0

(iify Find f(x+1)
——Zfr——.n‘IIEJt.‘r'—'*’e*-'?S—Jfz Jk(x)=x*+1, then
3 __4

2, Il'f{x]--?xuzigi.a:h.‘,
1 o FlR=F
detecmine f{ﬁ).g{—ﬂ.h{*ﬂ,kb] -4

% Find all real values of x such that f(x)=0.
Wl flx)y=15x=3
iy fim=2'-x

4 Find the domain and range of the function fi{x).

i f)=52+2x-1 f{.r}='~|'l_!:= _16

Find the inverse function of the following functions

Sf(x)=x"=Bx+15
fix) =3 —x=5x+5

BE el
(11 fixy=2x-3 f{xJ-=L1:-5 fo) =" (iv) fx) =A+42
If f(x)=x"-2,find ) £73)
_x-4
Iff(x)=53=7
SR Domain and range of !

i Domain and range of f.

{init:8 | Eunctipey and Graphs

83 Graphical Representation of Functlons

This s»ecli?n i:f devqtuﬂ 1o the representation of functions by . The
u:rn];hl ;r: i ;'ll:l:'l lr::_ﬂ 15 2 pictorial representation of function that is f’man[:i!ed by
Let fbe a function defined by y = r(x), The set of all points (x, y)such that
ris in the domain of f is called the graph of f and we say that the point (z.y)is
on the graph of £.To be more specific, if G denotes the graph of 7, then
G = fi=.¥1: ¥ = f1x) where zis in the domain of 7},
Equivalently, the graph of f is the graph of the equation y = f(x).
The graph of a function may be obtained by constructing a table of corresponding
values xof f. Each of these points may be plotied by placing a dot at appropriate
location in the xy— plane. Then joining them together by means of a smooth curve
gives the required graph of the function.

8.3.1(a) Graphs of Linear Functions
We sketch the graph of linear functions of the form y = ar 4+ b where ob e IR anda= 0.

Exampie 7: Sketch the graph of the function ¥

&
fiy=2c+1, xe{0.12.34)} 51 1“9
a ]
Solution: For graph of this function, we assign 15 m
vitlues (o X from its domain and find the % (25)
corresponding values of y in the range of f : :
5

as shown in the table:

1234367
¥y= flx)=2x+1
e X NP AN o Figure 811
i e
. 1 RS 5 R 9
Plotting the points (x,y) in Cartesian plane and ( Note
Joining them with curve, we get graph of the given
ﬂJrl.u[iu”, a5 shown m the “"IIEEHN 811 1, It is clear from the above
= figure, that the graph of a

Example & g i
< |. ol Draw the graph of the function linear function is a straight
Y=flxjl=2x+1,xe IR, ling
Solution:  The domain of the function is the set ;
of all real numbers IR. For the graph of y= f()=2¢+1, We assign some values to

xfrom its domain and find corresponding values y in the range of fasshown in
the table:

Mathematics-X1 - 239
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“The i hown in figure (8:12)
aph of the function IS shown in IgUTE 0

Eﬂfcfn be any real number, the line 15 Tﬁ::l;?s Tt

both the directions representing all the rea n e "

in the line. The domain and range of linedr functio

are the set of all real numbers.

Non-li tions
(b Graph of Non-lineat func
: 1n this section, We will sketch the graph of

non-linear functions, that is functions of the form
flay=2"flx)= £ and 50 0N . | i-m\
Example 9: Sketch the graph of the function
¥= f(#'} = ;: Ak i _llll_l‘]
In the following table some of the \ T/
and y are given

i

35

e b e
=
=

Solution:
comesponding values of X

y=flm=x".

N K

The graph of the function fixl=
is called a squaring function. The graph of squaring
Its domain is the set of all real aumbers and its range is the set

real numbers. -

| Figure 8.13

4

function is called a parabola,
of non-negative

2 is shown in figure(8.13 | The function f(x)=+

Example 10: Let f(x)=x". Sketch the graph of f, ¥

golution: We construct a table of values for
flx)= ' as follows: ol pam
: il
y=£ |
LB
1 e
: & AN
plotting the corresponding points and g ‘il1'.i}(’4 i =
sl |

jniniﬂf,! them by a smooth .corve, we
ahtain the graph of the function in figure i |
(8.14). The function f{x) = x'is called a : !
cubing funetion. bl
The domain and range of the cubing function

are the set of al
Fxample 11: Sketch the graph of the function f {x) :j?a S
Solution: The given function fis a square root funeti , :
some values of y corresponding to :g‘tues of x. e 'Iim R
y=fl)=x t

xRl g
EEEF 0 e 2

The graph the function is shown in
figure 8.15. //
!

83.2 Graph of the function of the form v=x"
: Snmmmes we group together different
funct!o_ns and write them in a single form while
uhser_wng the definition and properties of the
::ncuf}ns. For example, consider the power
nction y = x™ where m is any constant.
MNow, if

(1)  m=n ie.a positive integer, we have another function of the form y ="

Figure 8.14

Figure 8.15

(b) m=-n i.€. a negative integer, we have another function of the form

T T |
y=x" =_ul_-r;[r
X

: L ) .
© m=— ie. arational number, we have yet another function of the form

Mot For Sale .
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We see that all these functions are represented by @ single function of the fory,
" 1

y=x : . ) -

where n is any constant. The single function in (1) representing different funeyg,,

is called a family of function.

In this section, we will sketch

power function can also have fraction

the graph of the family of functions y = x". The
a1 and irrational exponents. However, i,
beyond the scope of this book.

discussion of such power functions 15 !
(a) Graphof y= +* where n is a posiive integer t .
o is the set of real numbers. | 7
|

Clearly the domain of y=
jp =1, we have y=x. The following 4

{1) When
tion y= flx)=x

i f the func =
table gives the values 0 /e
3|

2.2
If'3.-:|-E|/-" N
4 Fioure 8.16

The graph is shown in figure (8.16) w"h?:h is y
a siraight line passing throu gh the origin. e y= -

(2) Whenn =2, we have y= £*. The graph of
the squaring function y = x* was sketched
in =xamp!r. 9 which 15 IEPI:‘DdLIL‘Ed in R L L "

o (@, 00}

A=Al 4 LAY

figure (8.17). The graph of ¥ =x Figure 817 - -

is a parabola. y
y=x
(3) When n=3, we have y= which is called (2.8)
cubing function. The following table gives
some values of the cubing function y=x’.
N -1 8 . Figure 8.18
The graph of the function is shown in figure (8.18) e v
(4) When n=4, we have y=x', } gt
The following table gives some values of the function "™ e

{10y 5y
T LelyEam

y=x'
- ko |

The graph is shown in figure (8.19)

Unit 8 | Functions and Gripilis

(5) When =5, we have v=y The following table r
gives some values of the function =+ _
=
3 o
The graph of the function is shown in figure (8.20) 'ull'n i -
pemember that ; €
(1) When the values of nare even, the function wind ‘ Figure (8.20)

fixy=x" are even functions and the graphs of the function f(x)=x"are
symmetric about the y —axis, In this case, all the graphs have the same
general shape as the parabola y=

{ii) When the values of #are odd, the functions £¢x) = " are odd functions
and the graphs of the function f(x) = +" are symmetric about the origin.

In this case, all the graphs have the same general shape as ¥ =+ for
odd n greater than 1,

{iii} Fiy increasing n the graphs in both cases become flatter over the
1nte_rvu1 _i. < x < and steeper over the interval x> and 5<-1as shown
in figure(8.21) and figure (8.22).

(b) Graph of y = x"where n is a negative integer

Fae domain of the function 3.~=—’7 is the set of all real numbers except x #0.
X

(1) when n=~1wehave y = 1 gome of the values of the function are’
%

given in the following table.
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R

Figure 5.2

The graph of the function is shown in figure (8.23)
o following tablésome of the v
(2) ., When u:—‘;,wchﬂ'-"ﬂy—l-]—.lnlhe o g the values
of the function are given. )
: 4
2 |
7 2 N |
4
> 1

: | Frgure 8,24
Figure (8.24) represents graph of the function.
(3)  When n=-3, we have :r=—17~ The following tables gives some values
X

of the function.

Linit 2 ] Functions and Graphs

(4)  When n=-4, we have = % . The following

table gives some values of the function
] ;

Figure 8.26

The graph of the function is shown in figure (8.26)
Remember that

(i) When the values of n are even, the functions Jr(x}=_t. are even, and
. 3 x. )

their graphs are symunetric about y—axis. In this case, all the graphs

‘have the same general shape as y=L

(i) When the values of n are odd, the fuﬁcticn,s fix)=— are odd, and
" :

their graphs are symmetric about the ongin. In 'Lhislcasc, all the graphs
- have the same general shape as y = L
X
(ii) By increasing n, the graphs in both cases become steeper over the

intervals ~1<x<0and 0< <1, and flatter over the intervals x>1and
x<-1as shown in figure (8.27) and figure (8.28) respectively,

» %

I- I—I:l"' = daiiym J,_
'3‘T"J" x dati- L
2= s $=re L

':-l.'h_-"'-"l .1“_“ 11 ht_,]
e —-|l-'—--_1_-__-», X R — b
e - TS T I O T -'--‘I-tq'-'111|

=14 =111

1 e

al i

o]

Figure 8.27 Figure B.28

(€} Graphof y =2"(x >0) when n is o Rational Number

Generally the domain of the function x = is the set of all real numbers.
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I
sider y=x"with x>0.

ill con . =
However, at present we Wil which is the identity function. [y j ,

(1) When n=1we have y= flx}=#% 5 ;
special linear function. Its domain and range are the set o all r Lﬂl MUMber,

eral. Some of the values of the function are ———r

~ ingen - ..;_
given in the following table. S
y=¥

. Figure Egg.
The graph of the function is shown in figure (8.29) which is a straight line.

(2)  Whenn=2, we obtain y= x' =+xthat is , the square root function, The

following table gives the values of the function y = Jx

[ .

The graph of the function is shown in figure(8.30) Figuve 430

(3) When n=3, we have y::} =4x. Some of the values of the function are

ENRARNNN

given in the following table,

y=4s -

The graph of the function is shown in figure(8.3 1), - F"u_u_:u;t' 8.3]

«(4)  When x=4, we have y=,' =4{x.The values ofthe function are given
in the following table

L|:|]it H | Functions ind “F’Itpll\

The graph is given in figure(8.32),
Remember that =

” of n are even, the graphs of the function y=x" have
the same general shape as the square root function y = |

the graphs of the functions y= %" have
the same general shapes as y=x =37,

(1) When the values

(ii) ~ When the values of n are add

(iii}y  The graph of y=x" extends over the entire J.I'—
is defined for all real values of »
has a cube root,

axis , because f(x)=x'
The reason is that every real number
i
(ivi  The graphof y=x' only extends over the Non-negative x—arxis . The
reason 18 that negative numbers have imaginary roots.

Figure 8,33 2

whin g .l_:-lﬂ it

!3-3-3. The Graph of Quadratic Functions
n thig Section we want to look at the graph of a quadratic function, The most
_ﬁneml form 9[ a quadratic function is, fl)=ax+bx+c

€ graphs of quadratic functions are called parabolas.

Here are some examples of parabolas
Not For Sale

Mathemates-XI1
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is called
The lowest or highest point of 8 P2 bola 15 CI? t;e
its vertex. The vertical line pussmgur d-:;:&ﬂ o
vertex of a parabola is called the axis

iefly axis of the parabola.
?: rililét“:eh{;zﬂjy}. the dashed line passing mmui;g;; :hi:: R
lowest or highest point i.e. verteX of the parabola 18 7

the axis of symmetry. ! i
General Quadratic Func .
The Graph of 2 ra h?an o trary quadratic

Let f(x)=axr +bxte.d 20
omplete
son. In order to sketch graph, we ¢
et as follows:

the square in f(x)= ax® +bx+e
f (x) = axs +hete

=(ax’ +bx)+¢

P ara

(Separating )

=a(x’ +£ x)+e {Taking & as common)
i1

v

b bz hi e
= af vt 4= +—=)+C=tl—, ing and subiracting the square
= +dx+4ﬂ'1}+c a{-ﬁa‘j {A:ldnarl'mmem-erﬁcbanml zl.

s B oo
-a(.t+-2—d~]| +(e 40}

2 3 )
f{-t]=d[1+-2%] +(c-%],mt[l (1)  Tosimplify (1), we let

-

h =i and k= c—£ (2)  Then (1) becomes
2 da |

flx)=a(x-h)’+k J 3)

The graph of f is a Parabola with vertex at the point (4 k)

*he parabola opens upward if a>0 and downwards if a<0

he axis is the vertical line x = h. With the help of formula (3), we can draw @
:asonably accurate graph of the quadratic function in x by plotting the verlex
1d at least two points in each side of it.

Mathematics-%

Figure 835
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Example 12: Sketch the gra '
functions f and g defined E_-,r Dis o€ the guadatic
(a) fin=x" (b) pixy=—s"

Solution:(a) The graph of the quadratic function
fin=x" with a=1, b=0, ¢=0was sketched in
Example 9 and is reproduced in figure (8.36), = =X
The veriex of the graph is the lowest point (0,00, | Figure 8.36
(b)  Inthe following table some of the values of x and corre sponding Ealuts-uf
~x* with =1, b =0, ¢ =0are given:

y=glx)=-x , ¥
.
i - X
The graph of the function is shown in figure (8.37) i ': s et
The graph of f{x)=x" opens upward and the s
graph of y=g(x)=-x" opens downward. 2.4+ ] L[2-4)
In general if, f(x)=ax’,a#0, then the graph of f(g : F.igure 8.37
opens upward if o >0and opens downward ifa <0 A
Example 13: Sketch the graph of the function :
fix) =" =2x+1 ek pmn
Solution: We construet a table of values of the I' a -'I
function as follows: y=x"=2x4] vany U I fun
8 ,
FLaged = R
—I_—t—_i—_b-'?l?-'fi{-géi'-'—l_—qr— —> %
I Fopue 838

The graph of lhf: function is shown in figure (8.38) with vertex at (1,0}
Example 14:Without graphing, find the vertex and axis of the graph of the function

Jx)==2"+4x-5, Also determine whether the graph opens upward or downward.
Solution: Here a=-1, h=4, ¢=-5.

< vertex of the graph of f=(h.4) ={—i, 1-_"’_‘;
20 da
a |.-_4_I_.ﬁ_i|u|_" ]
J=1) Ji=1
Axis = 3= _b_ 5
2a
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Example 15: Sketch the graph of the function [

Splution: ~ Here a= 1, b=-2, €= -2, . = 2 -
vertex of the graph of f={-5£' f-"MJ':{"E{]_}"' T a) ) =(1,~3)
] -.-
Axis =x= -_‘2-.;:_=l [
Since a=1> 0,0 the graph opens upward. !
The two additional values on each side of the \ |I |
vertex are given in following table. : —_— "'*.,'*":‘;" — ,"I' -
y=x-2x-1 II".T J
Ea - B 1,
X Il__T..ti.:-i -2 =20 I-uul
The graph of the fun::tun is given in figure ( 8.39). Figure 8.39
EXERCISE8

|, Sketch the graph of the given function
(i) flx)=2x+3 (it} fx)=4x-3
Sketch the graphs of the following functions
(i f.(.t'}l=zj+1 (it) _.f'f.r]-———.r}+l

2 Without graphing, find the vertex, all intercepts if any and axis of the |
graph of the following functian. Also determine whether the graphs open

‘upward or downward.
(AR ¢} =%z‘ (i)  flx=-2x"+8

=

(1) flxy=x"+2x+1

(i)  flx)=—2+65-5 (iv) fl)=x"+2x-3
4, Match the quadratic function with its graph. [The graphs are labeled (a),

(b),(c), (d), (e), and (£).]

L f@ =G-2 i [ =Geed i f@)=X2

v, f {xl (x4l =2 V. f(x) =4—-(x=2¢ vi. f(x) =—(x=4
6T 6 y

[ o B B

:E ! 4.0 .'I. 4 :
'!' 2 "I!: . .{,'I -
%-TN—HI L M L P

3 R g o
(1,2 wi '}ﬂ:é?\zl/i 5 -+ E Iadﬂ i

{h}

Mathematies-s1y -
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8.34 Using Factors to Sketch Graphs

In the above section we sketched the graphs of quadratic functions by

plotting many points. In this section oo, v :
- ] 3 . W
functions but using their factors. e will sketch the graphs of quadratic

We know from our previous cl
: ass knowledge th : ;
written as a product of factors. For cxamnlf w;::taici:;cll:atm b

X +3x42=(x+1) (x+2)
w.]br!-rl;‘ {(x+1) and (x+2) are the factors of the quadratic expression x° +3x+2
Similarly, some quadratic functions of the form f{x)=ax’ +br+¢ l{-a b mx+ he
can

factored and their graphs can be drawn by using the factors. This method of usi
: using

factors 1o sketch the graph of quadreati s .
examples. ph of quadratic function 1s explained through the following

Example 16: Sketch the graph of the function f(x)= 2" +2x-3

Solution: Wehave f(x)=2x"+2 -3={x+3]l{xl--1]ln |

To find the points which lie on the graph of the functionf {I-]

we put {.x +3}(x—1)=0. The equation is satisfied if x =3 :.-llr+ x=1

Now f(=3)=0 and f(1)=0, Thus the points lying on the graph ;:f Fix) are
fl—3,!T.I and (1,0) that is, the graph cuts the x—axis at (=3,0) ;nd (Lo ‘

To find the point where the graph cuts the y— axis we o

put x=0in the function so that f{(0)=-3, Therefore -
‘_L|.1¢ required points is (0,~3). Al that remains to be done 11 [
‘: 1o obtain fﬁ:‘:\f additional points on the graphs in order \ _: |
0 sketch it, Some of these are given in the table below. I'.I o e
y=(x+3) (x~1) -
x | g III 1 L

et

Enie| 2 !
| GRS R o
Ih‘;" graph of the function is shown in figure (3.40),
Which opens upward, since a=1>0.

/

\

Figure 3.40

—p e —
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. )
Example 17: Sketch the graph of the function y
f{x}=-—4x2+12.: : -.4):(‘:_3} ; }

Solution: We have f(x)=—4x" +12%==

= gaxis, i
To find the points where the graph 5 'r:” ; fﬁ
—4x(x—3)=0. Onsolving W& £° T \
we put—4x(x SR (X 2
3 3 W '-,_-_.-_""')
x=0or x=3. i \
«. f(0)=0 and f(3)=0 1

he points (0,0) and T \

—axis att | 2z \
Thus the graph cuts x—axis t where the graph '.f' : |

(3,0). Also f(0)=0, so the poin

;'“t;y ;at.:: gfaﬁl?: need sofe additional points, Figure 8.41
o dra ; _
which are given in the table below:

}*5'—4.1' (I'—BJ

The graph of the function is given in figure (8.:41) which opens downward, since

a= =4 <.
Remember

We may draw the graph of any quadratic function f(x) which can be factorized as
y=Fix)=alx ~p)ix-a) by keeping the following points in mind.
| (i)  Note the points (p,0)and (g,0) where the graph of the function culs thr; z::;t:;m
{ii) By takingx=0 in the function f(x),note the point (0, ¥) where the grap
¥ —axis : .
(iii) The sign of the constant a tells whether the graph opens upwards or downwit
{iv) To draw the graph, obtain some additional points on the graph.
tf';r] The shape of graphs of all quadratic functions is a parabola.

8.3.5 Predicting Functions from their Graphs ;
In this section, we are concerned with the use of factor form to predict :hcequaill‘-"“
of a function of the typef(x)=ax’+bx+e, (a=0)if two points where the £rP
cuts the x —axis and third point on the curve are given.

The method employed in doing sois explained through the following exampie:

Unit 8| Eunetions and Graplis

Example 18: Find the equation of the
y= .-_u_'! +hx e, |:ﬂ. lﬂ}whjﬂh_uut& U:'HL", x
passes through the point (1.-¢)"

graph of the function of the type
—axis al the point {-2,0y and (200 and also

Solution:  The equation of the curve which passes through x —avis at the points

(e 0y and (4,00 has the form =alx=pi(x -5} (1) ¥

The curve which passes through the points (=2, and 1

2.0y is shown in figure (8.42),

Here p=-2 ¢=2,5% by (1), we have
y=alx+2)(x-2) 2)

The point (1-6) lies on the curve, 5o it must satisfy y B '

equation (2) and 50 —6=u{l+2) (1-2

=-b=-3a= a=2

Therefore equation (2) of the curve becomes Figure 8.42

y=2{x+2){x-2)ory =2 «* —%&, which is the required equation.
Example 19: Find the equation in the form +* +6x4¢=0 of the parabola which
crosses the x-axisat the point (-5.0and 3.0y

Solution: The form of the parabola is given by

' +brdc=0 (n
The general form of the parabola is given by

ax’ +hrsp=0 {2)
Comparing (1) and (2), we have

a=1>0

so the parabola opens upward. The equation of the curve which cuts the x—axis at
the points (p,o)and (g,2)has the form

y=alx—plix—q) (3
but @ =150 (3) becomes
y=lx=plx—q) (4)

e

The curve which cuts the x—axis at the points 1
(=3.0)and (3,0)is shown in figure (8.43).

We have p=-5and g =3 H\\ ["

v M -
Using {4), we obtain | T
Y={x+5)ix-3

ory=yx'4+2x-15
Which is the required equation.

e o T e

e &




" . Example 21: Find the point of intersection of the functions f(x)=x+

U nit § | Functions ani Graph*

B4 hm:m? 'ngﬁ': s at 1o find the intersecting points graphically when
N this section We mmﬂl 4 linear function and coordinate axis, two linear
g‘u:cm.mmn;n ﬁ;f:ﬁg:adnﬁr function. We will also solve graphically
tions and a -
i daily life.
appropnate problems from T
(a) Point of intersection of a linear function and cool dinate axes
& L
If a line | intersects the x-axis at a pomnt (a U{rl ihf} = {
umber a is called the x- infercep! of the line L. I;:: ';n; NG
intersects the y-axis ata point) fﬂ.ib.l' thﬂ[F:ﬂg 0 \
it ee (0 A44)
called the yeinfercept of the line.t. 5 E .
ear function f(x)= ax+b,. 3 S

Since the graph of 3 lin _
a,be IR is a straight line, 50 it will intersect the x-axts al |
the point {a,0),and y-axis it fo,b) thus, the points where

a graph of a linear function intersects the coordinate axes

are the x- infercept and y-intercept of the graph,
Example 20; Find the points of intersection of t
coordinale axes

Solution: By giving some values
corresponding values of y in the

flsper=t - i : |
E?jg 1 5 R 1 /

-1
5 g‘ﬂ )

The graph of the function is shown in (figure 8.45).
The graph intersects x-axis at x=4 and y-axis at sl
y=—4. The answer may be easily verified by finding ff |
the x- intercept and y-intercept of the graph. #
(b) Point of Intersection of two linear functions

We draw the graph of two linear functions on the sume g
determine where the two graphs of these two linear functions int

at the graph.

| Figure 8.44

he linear function f(x)=x—4 with

to x, we find the L
following table. -

|

AT

Figure 8.43

raph paper and then
ersect by looking

3and

glx)==2x+9.
Solution: For f(x)=x+3, we have the following table of values: y= x+3

..| :‘-— _‘r—.-. 1 i i

functions fix)=2"-dx+6and p(x)=2r+l

For g(x} = —2x + 9, we have the followi

ﬂ;:_‘]__- |, - E - ng table of values:y = —2x + ¢
v N SHER 1 B
The graphs of both functions are s i

The ﬁ;m ot int&rﬁnfli:ti?:::;:; ;n (figure 8.46). Looking at the graph, we
Although this seems to be a very simple method of *L—-‘“ i
finding the coordinates of the point of intersection B
of two linear functions, it may not always be very |
ncuum!'{i" cases when the coordinates of the point :
are fractional numbers. In that cage, (o find where =
exactly the graphs cross, we must use algebraic 6
rather than graphic method. We can find a value of =
yand value of ¥ that sausty both the equations of =:

lincar functions simultaneously. For this purpose = c
seversl methods are available. For example, we - - Figu ; 34
may use the method of elimination or method ituti i o

o of substi j
already familiar, I
() Polni of interseclion of a linear functi

] Lion of s al ion and a quadratic function

! .Thz. gir.lt_mfl for _ﬁnd_mg the point of intersection of graphs of a linear function

:Im auqu-:hr-m;l: lr'um::ml‘n is the same as that for finding the point of intersection of
wo graphs of linear functions, The method wi clari i
ey will 'hn: clarified by the following

Example 22: Find the point of intersection of the

A e E R

Solution: The following table gives the values of 5= =
the function v= f(x)=x"—4x+6 i

y=x —dx+6 =
X [ - £ =

18

% B R
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I mit B ! Functinms ane .
mﬂtﬂ"f""’" aily Life : - ’ -
$.4.2 Graphical Solutions of life can be Sﬂvé by means of graphs. Here arg | hc-:urd.ni -i:.-.:ll‘:;;ﬂd“mn of the question, we have HH
ily life i
roblems from dai | | :
Some Bﬁtlhn;lp};si- -]'_I_'Lﬂ'l:crz min 1@ SWim 24m dﬂlwnsl.'l'ﬂﬂﬂ'l. :l'l. ﬂhrl;t:; and | o :3 — 60
s It takes a sWI of water and the speed at which he cqy, = i =5 "
g P Find the speed of floW | i 0

4 min to swim back.
gwim in still water.

 swimmer in still Walet and y = speed of flow of waye, |
= speed ©
Solution: Let x =5

=x+y and speed upstream = x—Y

ed downsiream =-
Lh:l::frE$ts|1P; time x speed = distance
2{x+y)=24
d(x—yp=24
or i+y=12
x—-y=b ) |
ar y=-x+12 |
y=x+b (2) |

7 the equations of linear fupctiuns and they are
it m&ﬁ;ﬁ?&?iﬁiﬁhﬁm?ﬁa find the point of intersection of their
o Eevssuasassamaass e
graphs. ) .

The values of functions (1
following tables: y =1 412

| -r - s - @

) and (2) are given in the ' ¥

» 2

B 12 [§T 0 [ o |5

iy N 3 _ -

The graphs of both functions are shown is T taa sEaLAR RS ir'._ _. 'I.I_. e
= UTE B

{fgureB.48). o . iy 9
We find that their point of intersection is (3,9), that is x =3 and y =9 i of
Thus the speed of swimmer in still water = x=3m/min and the speed of flow |
water = y =%m/min. Use alpebraic methods to verify the answer. { 4,
Example 24: A group of 45 school children visited a zoo and paid Rs.60.00 e
altogether as entry ticket, The entry ticket of class 1 was Rs.2.00 per child w
as that of class KG Rs.1.00 per child. Find how many children were in the group
from each class.
Solution: Let x =the number of children from class 1 3.

and y =the number of children from Class KG.

..-;I":.'-_:;I-:..
Mathematies

e B R - |

Equation (1) and (2) represent the equation of linear || - -
functions whose graph are straight line, We find
that point of intersection of their graphs. The values
of the functions (1) and (2) are given in the H
following tables.

-

Figure 8.49

| The graphs of hoth functions are shown in ligurei£.49), The point of intersection .
of the graphs is (15,30), that is x=15and y =30, |

| Thus the number of children from elass | = x =15

and the number of children from  elass KG. = ¥=130,

ETaTT T

XERCISE 8.3

the following functions

() Sy ={x=Dix-3) (i) flx)=-2x+1Nx-1}

Using factors m. sketch the graphs of the following functions

) fix)=x"-2¢-3 (i) fly=-(-x=2)

Find the equation of the graph of the function of the type y=x +bx+c
which crosses the x—aris at the point (3,0) and (4,0),

Find the equation of the graph of the function of the type y =ax’ +hx+c
which (ijcross the x—axis at the point (=5,0) and (3,0) and also passes
through (-1,8) =

Eiir Cross the x—axis at the point (~7,0) and (10,0) and also passes through
4,11). '

Find the point of intersection graphically of the following lincar functions
with the coordinate axes. (i) finy=x=3 (i) fix)=2x+]

Mathemntich-X




Find the point of ip R (x) =25+
IR (e il

plxy=—% o z ;
i) fla=x-2 i grnph'lﬁﬂf of the following functions,
int of interses i
]::i:."m thnfr{l:} = —JG: ‘i"r g\:-: i lil_l % z
i1 ;{.ﬂ w=gi—2

: A ' ined by the
4 MR in the plﬂnﬁarﬂdﬂenmﬂ‘ y
The paths of two ﬁmiﬂ:fﬂﬁ:ﬂ E‘a respectively- Find the point where the
ight lines 2¥—¥= 3
:-::ﬁms cross each other. |
i akes a check ﬂighll: in an at
:usu::]r‘:;ndjmnm nf?.n#km:nﬁrplm_ e
the distance in 4 minutes. Find his air spee

km/min.

+ Going directly nto the wind, he
ites. Going with the wind, he covers
d velocity of the wind in

\ mtousaelhsmrrwnpliun. :
-X

: iz '__.-;

i \'ﬁmlismedumﬂmoff{x}— =

() (=22) (=2.2]

a) [..4,—2.] (b} [01 2} Il [] I
A= (~1,0,1,2),B= (0, 1,4} and £: A — B defined by fx) =

ii.

then fis
(a) Only one-one function (b) Only onto function
(c) bijective i) not a function

i Iff: R— R defined by f(x) = 3x - 3, then £ ({— 1. —2. 1.2))=

4.9 4 ' 4'?} 11_].-'.?,}
- il zE s fc) 2. —_— | o el B
L) {1. 3._3} (h) { 1.E 3} € {l, 373 {

iv.  IFf2x+3) =4 +120 + 15, then find the value of f(3x+2) is
(a) 9x*=12x 436 (b) 9x* +12x +10
(c) 9" ~12x+24 (d)9x*-12x-§
1
v If f(x) = & .1" Jivten F(x) + i ] Y
&

(a) 0 (B) =1 ()&  (d) None of these

6. If fixy=8x =7, find 1\ F(9) (i) *’1[?1)

ol

And Geaphs.
vi. ix)=x'-3x 44 then find the values of x satisfvi i
3 satisfying the equation
f(x) = f(2x+1) 8 g

fa) 53 by 23 eyl
E

:I,==-'-=-.f3

=3x+2
() (9. 1 (D)) () (o DURw) () (o0, 1 T (2, 0)

(viii) Ciuess the quadratic function for the curve given in the figure.

¥

() Mone of these
vii.  The domainof v = *

W g =x—2x-5 ‘ 1
Bl gl =x"+2x45

glx)==x"=2x+5 /\ \
L) E{-ﬂ—_-".lz-l-lr-pﬁ —_—f—rhe— .
2. Find domain of f{x)= “,13_—‘!(!-!2—_—?
5. Find a polynomial function f{ 1 of the second degreé whenf(Q) = 5.

fA-11=10,f{1)=6.
4. Find the range of each of the following functions:

fx)=x*+2 xeR
fixy=x, xeR

7. The function 't which maps temperature in Celsius into temperature in
degree Fahrenheit is defined by t(e)y= -gﬁi'-% 32

Find (1) 0(0) 35 (28) (i) 1(~10) the value of ¢, when t(c) =212

£ty

7. Given I]Iﬂl_]"{;l"}':xj_ ﬂ-'fz{".ii_?_"‘-' 1, “'_}'TE] =_3 ﬂﬂdﬂ"‘l}‘:n', G thie vatis of & il b,

Ciraph the fu]]nwmz v= -"I;.l."i-'] y= _3:'..1 y= ltl “TEES

Sketch the graph of the follﬂrwi:lg.

y=x"+2x-3 y=3(x+1)(x-1)
0. Find the point of intersection graphically of the following functions,
F(x)=x+4, (x)==2p+3
flx)=x*-x-2, g(x)=-3x-3
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Define lingar progr g (LE
n:;::umﬁs to abtain & optimal result.

Find algebraic golutions of linear inequalities 10
them on number line.
[nterpret graphically
Determine graphically ﬂ!lf rr.ginl
inequalities of non-negalive varl
Define

o linear programming problem,

o objective function,

¢ problem constraints,

e decision variables,

Define and show graphically the feasible
LP problem.

[dentify the feasible region of simple LP problems.
Define optimal solution of an LP problem.

Grming (LP) a5 planning o

the lingar inequalities in twi variables.

Find optimal solution (graphical) through the following Systema

o establish the mathematical formulation of LP problem,
« construct the graph,

identify the feasible regicn,

locate the solution points,

evaluate the objective function,

select the optimal solution,

from the feasible region.
Solve real life simple LP problems.

o= ha

Fampios W PareiEh KR AR D405

{ allocation of limited

ane variable and represent

o bounded by up 10 3 simultancous linear
ables and shade the region bounded by e,

region (or solution space) of an

verify the optimal solution by actually substituting values of v
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Unit 9 | Linear Programming

.01 Introduetion

“resources in @ best possible manner with the view to minimize cost of production”
and maximize profit, The limited resources may be in the form of cnpiral labour,
money, time manpower, maching capacity, ete. The linear prﬁgrammil; s Th'-;
mathematical method used in decision making in business to maximize Il'%c profit

of TINEILL= the expenditure subject to certain restrictions which are a result of
limitations on resources,

The term programming means planning and refers to a process of

determining a particular program. The term linear means that all relationships
invalved in a particular program which can be solved by this method are linear

111,,|>;.]im:ar programming s & method for solving problems in which a linear
function (representing, cost, profit, distance, weight etc.) is to be maximized or
minimized. Such problems are wsually referred to as optimization problems or
more commonly known as linear programming problems.

The theory of linear programming iz a fairly recent advancement in mathematics.
It was Idﬂﬂtnpﬁﬂ over the past four decades to deal with the increasingly more
complicated problems of our technological society.

ngr prup:rnmming (LP) is planning of allocation of limited resources to
obtain an optimal result

0.2 Einear Invqualities

Recall that an inequality is a statement that one mathematical quantity is less than
{or greater than) or less than or equal to (or greater than or equal o) another
quantity. Thus, if @ and b are real numbers, we can compare their positions on the
real line by using the relations of less than, greater than, less than or equal to, and
Sreater than or equal to, denoted by inequality symbols <,>.< and 2 respectively.
'_I"]u: tni!omng table describes both algebraic and geometric interpretations of the
inequality symbuols,

[EI TR AR AT T

a is less than b

a 15 greater than b a lies to the right of b.

a is less than or equal to b a coincides with b or lies to the left of b.

a is greater than or equal to b | a coincides with b or lies 1o the right of b,

Mathematics-XI
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i tion, we shall conside
two van?;h‘lt;f, "::: sh;l also interpret thes
9,21, Linear inequalities in ON€ variable i

[nequalities af the form % < a,“ a;' ; !,;D Mnne
" constants are called linear inequalit
in one variable.

jties in one variable ang

inear inequal
e B aphically.

¢ inequalities B

or ax = b where a# 0, b are
variable or first depreg

5 > x 3 are linear inequalities in

inequalities i
] =x 2xt
For example, < =2, <64 e
jable. :
one variable ality in one variable x are the values of x

i inear inequ ; .
The solutions of 2 linea 4 set consisting of all solutions of the Tinear

which satisfy
inequality is called
For example, the solution set of th

values of x that are greater than 5.

We solve a linear inequality in l]1l.¢- ke ’
Following are the steps involved in golving a linear inequa

Step 1 Shift all terms containing x on one side of the inequality.
Step IT Shift all other terms on the other side of the inequality.
1 Simplify the resulting inequality 10 find the values of x.

Solve the linear incquality x—2 = f. .
he left side; we need to shift the

Solution: Since the only term containing x is on L :
constant term to the other side. To do this, we add 3 1o both sides and then

simplify. x-5>0

(x-5)+3>04+3

x=>3
Thus, the solution of the inequality are all
The solution set={ x: x elRand =5}
The solution set can also.be writien alternatively in the form of
Example 2: Solve the inequality 3x - 228+ 5x
Solution: To solve the given linear inequality, we use step (D=(111) to obtain the
following equivalent inequalities. /o

Did You Know

e linear inequality x > 5 consists of all

spme way as we solve a linear equation,
ity in one variable.

Step
Example 1

values of x that are greatct than 3.

interval (5, =)

3x-2=8+5x
(3x—2) - 5x 2 (8 + 5%) - 5x When both sides of an inequality ar¢ multiph"-'d
-2x-228 by a negative number, the order (or sense) of

the inequality is reversed, that is from -

(2x-2)+228+2
<to>, from<to>, from>to< OF fromZ 0=

Milllmalins-?([

Unit 9 | Linear Programming
-2x =10
1 [ 3
[ K _Z_;I[_ Ex]ﬁil‘ - J[m}_

X==5 Thus, the solution set
Note D

In the above graphical re i

; presentat inear i iti
the real line, the open (unshaded) l!{:ll}c?: I:“Lﬂr ReqURes
not i;.e_lung 1o solution set. The filled ’
the point belongs to the solution set,

={x: xR and x=-5) = (~oo, =5]

: in one variable on
the point indicates i

; , . that the point does
in (shaded) circle at the point indicates that

The solutions of lincar i o
he s of linear inequalities in one variable ;
on the real line in'the following examples are graphically represented

i a3 . ! i |

4 3 2 e et~
.t B -1 U 1 2 3 4
(i) a>-l ,;lf-__l'- S ; ; :

LS "3 -2 _1 ﬂ 1 |2 :!3 ?4 -
(i) a<2 - L S

-4 3 2 A 0 1 2 H—r
i s Tt

-4 -3 -7 = | 0 1 '2 é :; -

9.2.2, Linear j iti
2.2. Linear inegualities in two variables

A |”|Ei'lr ”“—‘I"Lll”'l m two v h !|' a P
rﬂ < ana k"..'& A 1"‘“] 15 an ex !ESSiOII n! one l:" [IIIE

{i { /
{-.:; ax+ by <c (i) ax+by>c
Wh.';m 11' +by<c (ivi ax+byze
a and b are not both 0 and &, b and ¢ are real numbers

Ifa=0 orb =0
= (hn the above i L
the ¢ S ; nequalities, then the resulting inegualities
) ﬁf;rresplf_mdmg linear inequalities in one "'ﬂJ‘iiith esulting inequalities reduce to
ample, (i) 3x<2 (il 4r+320 Gi :
i"l'qumi:iSs lr‘_f !T 2 (War+320 (i) x-2y>1 (iv)Sx+3y < | are linear
two variables, With o (i) and (i) are in one variables while (ii) and (iv) are i
5. With each linear inequality in two variables v and y is assuciatch:

linear :
equation | IO VAT
q 1 in two variables x and y called the associated or corresponding

equation,

For ex
A 1 1
< Ein.;lm?El the associated equation of ax + by Scisax+ by =¢ (1)
e associated equation of a linear inequality in two variables, simply
C} L]

Mathematics-XI1 763
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m“'?”‘“mmi“ . o Tin our-later work we' wil
s » eion for the s}'mhullul' maciuﬂ'ilgtsl:l straight line.. .~ .~
*" gee (hal the linear €qud it e setof all D i : fi ot
; inequality 15 e make the incquanty a trgg
get ¢ 48 mﬁ:l;ll-:lll:s}} in. the _mgqualf'-!ﬁo;“:cl . -
: or VAraEss o its solution s&L
met :Ia'n[':t:;v{e: an inequality 15 1© ﬁm:,:-hblﬁ
statement. ' \ . ;
!‘12'1 G“FH[IE [ﬂﬂﬂ’“ﬁﬁ-lﬂT“ near EquﬂtlﬂﬂS, gl’aphmg thl:]_n 1%

'| A
ore closely ‘?"““"’*',15;3 graph of & linear equation of the
pLions. .i:mt: i dis}"i“" Tegions as stated

The gn'[l.lﬁﬂl.'-l

i i i lities
Sipce linear inequalltiss © i
imi hing linear equit]
i mmfa;}lti %:?E*: l?ne, which divides the p
form ax p= g1
below.
(1)  Theset of o rs (439
(2) Thesetof ardered pairs (% ¥) 8 i F
. 1 i ara called hal[-planes. |
;:e ?gm:: Er”b;“i ':L-z ::;::fle :;vidcs the plane is : gy i
e line

| + <.
airs (x, y) such that ax + &)
Tk uch that ax + by >t

called the boundary of both half planes. o T
da line 15 o ¥ -_‘- “ j.e half-plane

(See figure 9.1). If the bound oy e ie. Emlm ¥ Lum;:- Fplne

included in either plane then it 15 il e | Sk W

closed half plane. Since a plane has . |

infinite length and breadth, it cannot be

completely shown by a figure. Only _a

segment of the plane has been shown 1n il n 4

Figure 9.1

the figure.

a

left and right half-planes while
upper and lower half-planes.

ered pair of real
= il ﬂ'l'ld

A veical line divides the plane .inl.c:
non- vertical line divides the plane into :
A Solution of a linear inequality in two variables x and y 15 nn.ord 452,
numbers (a, b) such that the inequality is satisfied when we substit

}rz b. 3 4 : alirw +
For example, the ordered pair (-1, 2) is a solution of the inequality 3x

since  3(=1)+2=-3+2=-1<5 which is true.

v <5,

. " ordered
The graph of a linear inequality in two variables x and y is the set of all

pairs that satisfy the inequality. _ m
Thé graph of  single inequality, in more than two variables, is a half-plan®

Mathematics-X1
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0,222 Procedure for Graphin
To graph a linear incquality,

& i Linear Inequality in Two variables

we follow the followi
Step-1: Replace the inequality
Make the line solid if the inequalit
inequality involves < or =,
Step=2: Choose any
is not on the line, it is the

ng procedure.

y involves Sor > , make the line dashed if the

point that is not on the
most appropriate chojce.
Step-3: Substitute the coording
inequality. If the test point satisfies

line as a test point. If the origin

tes of the test point into the original

thi il'l.E{Iuﬂ]“y shade the h 1f=pl:
includes the test point, otherwise < : S alt-plane that
e P rwise, shade the half-plane on the other sides of the

Example 3:  Graph [h:.‘im:qu:li';lylx~5y2|[i_ M

Solution: The associated equation of the inequality js 1T 4 line intersects x—axis
2x—-5y = 10 il at (a,0), then a is called

x-intercept of the line.

If a line intersects y—axis

at (0,b), then b is called

y—intercept of the line.

x—5y = 10 (i)
Graph the line (ii) by finding x—and y-intercepts,
To find the x- intercept, let y=0,
To find y-intercept, let x=0),

Wehave  2x-5(0) = 10 X
= x=5 it

and 2 (0) -5y = 10
= y = =2 ﬂ

Thcn:l fore, the boundary line passes through (5, 0) and (0, -2,
The line issolid because the inequality involves =,
We choose O(0,0) as a test

We choo point, because it is not on the line (i)
Substituting x= Oy=0

into the original inequality, i

i

2e-5y>10 1
weget 2(0) -5 (0) = 10 1

= 0210 e S
which 9 T

b 15 not true. Therefore the test point does not
lltlhf}' the inequality, and so the solution is not the
alf-plane that includes the origin.

Tr}“‘f the solution is the half-plane not containing the ¥ : | Figure9.2
fngin (gep ligure 9.2),

Mathematics-X1

sign with an equal sign and draw the line.
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hie inegqu ality ¥ =%

le4: Graph! i ity i
::l::nt:.:; ﬂ:cpnssuciawd equation of the inequality 15
y>x-4 Y '
y=x- 4 (ii)
i)

To find the x-intercept put y=0in

f=x-4= x= )
Similarly to find the y=intercept put x=0 in (ii),
y=0-4
= -4
= ¥ = g
Therefore the boundary line pusses through (4, 0) and ¥
(0, —4). The line is dashed because the inequality [
involves>. We choost O (0,0) as a tesl point, because “ ,_51'}"
—pt Uj I’ ity 1 =

it iz mot on the line (ii).
Substituting x =0, y=0 into the or

yox-4  weget 0>0-4 =8 “

F
ane

iginal inequality

which is true. Therefore the solution is the half-pl
that includes the origin (sec figure 9.3).
9.2.3. Region bounded by 2 or 3 simultaneous inequalities

(i.e. System of Linear Inequalities in Two Variables)
Two or more linear inequalities together form @

system of linear inequalities. The graph of a system

&
o
F0.-4)
A4/ (0-4) Figure 9.3

of linear inequalities in two variables x and y is the 4
B ]

set of all ordered pairs (x, y) that satisly |Se=ohof

simultaneously each of the linear inequalities in the
system. Thus, the graph of a system of linear |
inequalities can be obtained by graphing each

ineguality individually and then taking intersection
of all the graphs, The common region so obtained is
called the solution region for the system of linear inequalities.

Not For Sale
Mathematics-XI

Unit9 | Linear Programming

Example 5: Graph the syste i -
i, 53' 4Jm of linear inequalities.

ATy 2 2
Solution: Following 1
e o e i e i, e g of
(0,0) g.nl':.qﬁr:s the inequality, so the graph -.r o i
inequality 2x — ¥ < 4 is the upper h"‘“‘Plaml: J'Ilt:ufj'lhc
the graph of the line 2x -y =4. The closed half-plan -m'g
partially shown as a shaded region in Figure 9.4 Gl
Th.u graph of the line x4 y=2is drawn by -j{;ininn th
P*‘-'J_"“ {(2,0) and (0, 2). The test pint (0, O) dne: nc:n
satisfy the original inequality, so the graph of the

. Figure 9.5
inequality x + ¥ =2 is the closed half gt
: alf-plane not on the origin =i i
ey . o " origin side of th
;;; o n_w c]us;_d half-plane s partially shown by shading in the figure E}SE "
solution region of the given system of linear inequalities J'sgd's II ed i
figure 9.6 by the shaded overlapping region of the graphs \ ¥ g e

.shown i[.i figure 9.4 and figure 9.5, The point (2, 0) is the
!nlcr.l;,l:t:llﬂll point of the graph of the sysiem of
inequalities that can also be found by solving the
cquations 2x -y =4 and x4y =2 |

Gragh of

Ex: =f: G i
ample 6: Graph the solution region of the following
(-3

system of linear inequalities in each case. Figure 9.6
-y 24 x=2y 56
a) riey 23 B Bew v =3
x4+ ¥y =< 4[ ¥ +3_:|' < l[ﬁ

S = Py ™. »
b:!““ﬂnﬁ (a) The graph of the inequalities 2x — y < 4 and x + y = 2 have already

en i Fer ; 57

' lplu:lufx:i in .hg_m-: 9.4 and figure 9.5 respectively and their solution region

Ea’]':“ ly shown in figure 9.6 of example (5).

3 :
m’ 13'Wllllg the procedure for graphing of linear inequalities, the graph of the
'I'I:j '-fiﬂll}j' X+ 2y =4 is partially shown in figure 9.7,
Qh‘.dl;tm.seeunn of the three graphs is the required solution region which is the

aded trangular region ABC (including its sides) shown in figure 9.8,

Mathematies-XI
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. Figure 9.7 i
ine x-2y=0 15 drawn by joining
O Emph.'::gﬂ:;.f;; gince the test point (0, O

the points o2 <6 thus the graph of

1,

i . jpequality x - ; . s
S:Eg;ez :“is :ﬁn;quppﬂ}r half-plane incluzlzgwli::gfn”nﬁ‘; ‘ ﬁﬁf«m;
of the line which is partially shown by a sha H_/,'*‘/"

Fipure 9.8
2115{:1::1:‘:1 of the ling 2x + ¥ = 2 is drawn .b}r jnin;ngd 1th Ly plre 9.9
points (1, M and (0, 2). Since the test Point (0, ) nc; g d7 ~\
pot satisfy the incquality 2x+¥ 2 2, thus l:he Lgr.’lph ul ol ,_\\
2xty22 is the closed half-plane which is shown _.4_‘“_%}1% SN

partially as shaded region in figure 9,10, -
The graph of the line ©+ 2y = 10 is dawn by joining the
points (10,0) and (0,5). Since the test point (0.0) sptisfies

the inequality x+2y < 70, thus the graph of x + 2y <10is
the lower half-plane including the gra

is partially shown by shading in figure 9.11.

The required graph of the solution region of the system 15
the shaded overlapping trangu
its sides) termed by the three griphs as shown'in

figure 9.12.
In example (8), we see that the solution region of either

system is the shaded triangular region ABC as solution in
figures 9.5 and 9,12 respectively where A, B and C arc
the points of the solution regions, obtained by the
intersection of its boundary lines. Such points are

ph of the line which H

lar region ABC (including _ 4500

b

Al

!
\ el

Figure 9.10

Not For Sale
Mnthunaﬁns—}ﬂ
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R e Points or vertices of the solutio
region. Thus,a point of a solution region wh . ty
two of its boundary lines where 1\ I

: intersect, iz ¢
cOTMEr POInL Or a vertex gl

of the solution regi

: _ region.

The comer pointsof the solution resjon cfn b
" i . . " :

uhmm_.d by solving the associated equatic e

linear inequalities in pairs, R

For example, in example 6 (a) the following three

P

comer points are obtained by solvi ; Figure 9,12
pirs. ¥ solving the associated equations of the inequalities in
Associated Equations of Inequaliii 3

x-y=4, x+y=2 Aalies Comer Points

2x-y=4, x4+ 2y=4 Af2,0)

Y+y=2, —X+ly=4 Efﬁig

The graph of & solution region of the 5
huulnde.d or unbounded. The graph of the solutio

region ]IS. bounded if it can be enclosed wiihE:

some circle of sufficiently large radius while th

graph of the solution region is unbounded, if {:

St ; i : :

;::_nq; be enclosed in any circle how large its

,'3 ulrl:|_:.;, rnﬂj' be. Inlcxamph: (5}, the solution r:giuﬁ

e unded while in example (6), the solution

Ln:.gmn of both systems (a) and (b) is bounded
xample 7: Graph the solution region. of he fi i I

system of linear inequaliti d F 1 Sl B

ar i 1es and find their i
graph of the solution region is bounded or nz‘:mﬂ ke Ch:Ck ISR

2% + 31,- {ﬁl

ystem of linear inequalities may be either
¥

Ix - 3y <6
o2 {rl
Solution: The associ

) on: sociated ations . ;
linear Inegualities gk : | x

ZX+3y €6 and 2x- Iy 6
T}:;“— 1}:+3y =6 (i) and 2x- 3y =6 (ii)

g i 5 eyl

@ “}; J:‘l;nr ?f line [JI:I ts drawn by joining the points (3, 0)and (0, 2).The test point
sdlishies the inequality. Thus the graph of the inequality 2x + 3y <6 is the

Figure 9.14

Mathematies-XI




Unit 9 | Linear Programming The closed half plane is partially

e line.
uding the 2eaph ©f th

som i e 9.12

d region in figd e
= Hﬁwgh: d; Jine (i) is draWT h{ﬁ"} jg;n;:EsﬁES
ol . oant s : @
e ' lity ———

mph of the 'n?quulhﬂ

the inequality: o . tape including
. . is pariiﬂllj’

luu:r,f hatf plane incl

(e}

Figure 9,15
. ¥

'r"‘-\.\_\_\.. .';..
s ¥ ks
e ol

- = @

7

=0 g
rmc ——I-l--I:-I—I T Kok Fici— —

solution 18 i
g5 15 the jntersection

gure 913, figure 0,14
displayed a3 the

in figure 9.15. The 5%
tem of linear inequaliti
partially ghown in i ,
5, This region 15
in (Figure 9.16) .

-2), BG,O) and C(0

R0 ~2) -";I:,~ )
\ B

Figure 9.16

5Ys
graph
and figure 9.1 _
chaded overlapping region
The comer points are ALD,
region is clearly bounded.

-
I

7). The graph of the solution

olution set in each case
Solve the following inequalities and graph the solution s€
1. 80 :
. i x+3<7 (ii)

(iv) "-’_I—3'_l.-'bﬁr

Ax-254

@) x+y<2 ™
following systems of linear inequalities.

2, Graph the
(i) 2x-=3y El’l} () ody md
3x+2y £6
Gig 2x+ y =24 vy 2x + ¥y S sl
x+yz3 x+ ysb6 I

Muthcmuti:s-?ﬂ
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3. Graph the solution region of the followin

the comer points in each case. Also tell whether the graph is bounded or

unbounded.
(i) 2x+ y<6 i ZRE
e x4+ y2i
xr=20 S

p )

4. Graph the solution region of the following system of linear inequalities and find

the comer points in each case. Also tell whether the graph is bounded or
unbounded.

(i) 2 + 3y =12 e
3X + ¥ s ]2 T . 5 5
X < 3 = 2 e }' 2

9.3 Feasible region

9.3.1 Define linear programming problem, objective function, problem
consiraints and decision variables

As mentioned earlier, linear programming consists of methods for finding the
maximum or minimum value of a lingar function in two variables of the form
fix.y) =ax + by:a belR,

where the variables x and y are subject to the set of conditions or constraints given
in the form of linear inequalities, In order to maximize or minimize the linear
function fix, ¥) = ax + by, called the objective funciion, we need o find points
{x, ¥) that make the function largest (or smallest) possible. Such points occur at
the comer of the feasible region as the following theorem asserts.

"The maximum (or minimum) value of the ohjective function is achieved at one
of the corner of the feasible region.”

Many practical problems arising in the field of business, economics, the sciences
and engineering involve systems of linear inequalities. In such problems the
choice of values of the varables is not entirely free but subject to some
restrictions or conditions given in the form of linear inequalities. The
linear inequalities involved in the problem are called problem constraints. The
vaniables used in the system of linear inequalities relating to the problem are
non-negative and called non-negative constraints or decision variables,

Mathematics-X1
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Z i o of the system of linear
The graph of the solution region O
inequalities

=2y<6

Ix+y22 ¢

x+2y=10 . ;
is given in (Figure 9.1':}:}% D'T:;:znﬂ:: ::h;mfrjll-l::c::

i system of linear 1 i "
Sﬂ?m” DH!;E:h;ﬁ!IIr quadrant, However, the solution :cg::l:]-:
can be restricted 1o the first quadrl:m-t ; Lo
pon-negative constraints x= 0,y 0 are inclods
the system of lincar inequalities. In cmjmplc f {b.L
if x 20 and ¥ 2 0 are included within the .syhtum
of linear inequalities, then the solution region can
be restricted to the first quadrant.t is the polygonal

region ABCDE (including its sides) as shown in

Figure 9.18 _
9.3.2 A region (which is restnc _
region, Each point of the feasible region is called fensible solution of the system

of linear inequalities (or for the sel of given constraints). In other words any
ordered pair (x, y) that satisfies all the constraints is called a fensible solution of
the system of linear inequalities and the set of all feasible solutions is c;ﬂlc:ll a
feastble solutlon set, .

Example 8: Graph the feasible region of the following system of linear

inequalities.
3r +5y S I3
3

ied 1o the first quadrant) is referred 10 as a fensible

~x +3y =
x 20
y 2 0
Solutlon: The associated equations for the inequalities
3x+5y<lI5 and —x+3y<£3
are  3x+5y=15 -(1) and -t+3y =3 (i)

The graph of line (i) is drawn by joining the points (3, 0) and (0, 3) by a solid ling.
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Similarly, the graph of line (ii) is drawn b Eainin ¥
the points (3, 03 and (0,1) bysa solid Iina.? g ' '\:

Since the test point (0, 0} satisfies both the qu.:,-y-"

inequalities 3x+5y<15 and-x+3y<3, so both the )
elosed half-planes are on the origin sides of It 3 I »
(i) and (ii). e St £ ol

‘Iﬁw intersection of these closed half- planes e f,_f'“
16 the shaded overlapping region as shown in Figure 9.19 .

H
FER
S - = X
Figure 9.20 Figure 9.21
ﬂlc graph of £ = () 15 partially shown in Figure 9.20. The *y
intersection of graphs shown in Figure 9.19 and Fisure I
= i1

9.20 is partially displayved s a shaded region in Figure
9.21, -_,_,

The graph of y = 0 is partially plotted in Figure 9,22, iy=gy” x
The intersection of graphs shown in Figure 9.19 and i
Figure 9.22 is partially displayed as shaded region in I
Figure 9.23, | Fige 922

The graph of the given
system of linear inequalities
is the intersection of the
graphs shown in Figure 9.21
and Figure 9.23 which is
indicated as shaded region in
Figure 9.24. This shaded Figure 9.23
region is the required feasible region of the given systern of linear inequalities.




asible region sU%)

ect 1o the following constraints,

Did You Know EI'

Example9: Graph a . wemtySH
ay, =81 I; 3 +2y 2 8 The feasible solution
s +2) 2 x+2y S 10 region in example 9(g)
5 &S 20 iz unbounded while the
y 20 y el feasible solution regiop
. tions forthe in gxample 9(b) is
{ (a) The associated €q17 6 bounded.
s 34512 w4 ST
N are 3x—4y = 12 @ afu:.l Mm: ';:5;3 (4, 0y and (0, =3) by a solid
ina (1) i5 drawn by joining : .
The graph ‘:f 1:"“&’};;;%3 () satisfies the inequality 3x = 4y EYIE- so the graph of
ine. Since the tes ' igi 4
!_:,I:E: il;;; 12 is the closed half-plane On ']_]::: i i
side of line 3x— 4y = 12. The graph of SYSE€ <
Jx - dy =12 o
120 i
.o Figure 9.25. Py
: 3 ed region in Figure 9 : -3}
3 Pef'ma“}r _;h::-w;;n: Su]-:'afmg (i?} is drawn by joining <
& (0, 3) by a solid linc. Since the  »~ ] Figure 9.25

the points (2, () and .
test i?}mt does not satisfy the inequality 3x + 2y 2 6,

5o the graph of 3x + 2y 2 § is the closed half-plane not on
line 3x+ 2y =6. The graph of system .

the origin side of the

Jr + 2y 26 ,
xz0
y = 0 is partially drawn as shaded
region inFigure 9.26.
The graph of the system =
3x — 4y 512
Ix+ 2y 26
xz20
y 2 0 i"il_lttl'il 9.26

is the intersection of the graphs shown in (Figure 9.25) and
figure 9.26 and it is partially displayed in (Figure 9.27) as shaded rag:'un.l
This shaded region in the graph of the feasible region subject to the given
constraints,

Mathematics-XI
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Corner Points: (2, 09, (4, 0), 0,3
(b) The graph of the system

Jx -4y =12
I+ 2y 26
=z 0 ;

¥z 0 is partially shown in Figure 9.27

Figure 9.27

The graph of the system

Y

X+ 29210 - i

xz 0 \\\uﬁi

¥ = s shown by shaded region in figure 9.28 : 23,

=ttty ]

The graph of the svstem ot 2 L
3x— dy £12 .
3r+ 2y =6 Figure 9,28

r+ 3y <10
Xz

¥ = Uis the intersection of the graphs shown in figure 9.27 and figure
9.285 and it is indicated in figure 9.29 as shaded region.
Comer Points;
o . i} g \I
(2,00, (4,0), | —, =], @5 0,3
\ 5 i
%44, Optimal solution

%.4.1 There are infinitely many feasible solutions

in the feasible region. The feasible solution which

maximizes or minimizes the objective function is / £
called the Optimal Solution, : Figure 9.29
The procedure for finding the optimal solution (maximum or minimum value) of

t!]{: objective function f(x, y)= ar + by, subject to a set of linear constraints
(inequalities) in variables x and y is as following:
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A _‘_ﬁ e 5 iz plillw] golutlon i F(0,0) = 200) + 3(0) = 0
i in aly
9.4,2 Procedure for ﬂl‘“l;“ feasible region by graphing the qualities £5.0) = 25) 4 3(0) = 10
; Determing e : : -
Step-1: ™ that form the .-,ﬂnitt_'-ﬂlﬂl-s-f (easible egion by solving two equations ;:tl} i:-:- ;:{1]:; 4 i{;:; = ;4
) .1 the corner points &% - - e feasible region. ; ) = + 31 = -
Bops Fmd'm: of the boundary lines of the Thus the minimum value of f(x, ¥) is 0 at the comer point O(0, 0) and the
. at @ tme o f the objective function flx.y) = ax+by at each maximum value of f{x, y) is 14 at the comer point (1, 4),
Step-3: Compute the va_tuc of xoTpr e el e \
~ of the comer potnls. . celect the Jargest value computed ip of the function fix.y) = 4x+ 2y subject to the constraints ™ :
i solution, ) d SN ‘
Step-4 To find the ﬁpt:ma1 “;!n' has 1o be maximized, and sélect the : + hz Z ; - .
step-3 if fixy) =r j‘T: ) = ax + by hasto be minimized. il & S Xﬁ "
: . ) I - s =y 5
apaltss: vﬂlu.“ J minimurm values of the function t=0 A
Example 10: Find the maximum an y 20 Fligare 9.31

2y + 3y subject 10 the constrainls ;

fixy) = Solution: The solution region of the system

4+ 2y < =
- y2 - S5 (ﬁ"u“_— @
x+ ¥y =5 T
x+ ys 3 5y ) F In example 11, the function f{x, ¥) has maximum |
xz 0 =% yS38 value at two corner points (4,0) and (3,2). It follows |

s 0 xz20 that fix, ¥) has maximum value at all the points of
y= i ! y2 0 the line segment between the points (3.2} and (2,3).
sy >—1is theclosed half-plane on the % :
Solution: The graph of the ineguality 3 = oh of the inequality x + y <5 is is the shaded region OABCD shown in figure 9.31. We see that the feasible
origin side of the line Jr-y=-1 and [hﬂ graph ol LW ’ | region is bounded and its corner points are O(0, 0), A (4, 0). B (3. 2), C(2.3) and
e closed half-plane also on the origin side of the line x + ¥ =J. D (0, 4}, We compute the values of the function f{x, ¥) at the comer points to find
The graph of the system its maximum and minimum values. The value of fix, y) at the comer points are
& gr

given in the following table.

. e Comer Points Ry =ax ¥ 2y
S Sl u\Y ; (0, 0) FeO =410y 2000 = 0
Ry 03 {4- u} - ! i, M =444y & 2000 = 16
=D (3:2) (3. 2)=4(3) +2(2)=1b
45 shown as a shaded region in Figure 9.30. o1} o {2,3) [ A=l 203 =14
This shaded region is the feasible region. —— 7+ | 0.4) e e

1
[_?]..m

We see that the feasible region is bounded

and its comer points are O0,0), A (5, 0), B(l, 4)
and C (0,1). Evaluating the given function y J
f{x, v) at the corner points, we get

From the above table, we see that the minimum value of the function f{x,y) is 0 at
the corner point (0, () and the maximum value of f{x, v) is 16 at the comer points

Figure 9.30 (4, 0) and (3,2).

Mathemuntics-X1
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formulate 3 mathematical mode] of
in section 9.4 to solve it.

ming problem

9.4.3. Real life LP Problems oroblem s

To solve a linear programming ;
e and then use the procedure given

the problem i
par programmy :
M“m‘mht““{! rﬂrm:::] If:jl;n?‘f;_g']‘i“c 31!1 Fmgrmnmmg. Pfﬂbifm involves the
“The mathematica
] ol x and y to them. These

ble and assign symb \
ies whose values we wish to determing

them as linear equations /

{rajnts and EXpress ;
fcm:;ﬁfm decision variables. These constranis are the

following haj'u:rstepsd F—
Step 1 Identify the dectsion _
E ; decision variables are those quantil
Step 2 Identify the set 0
inequations in terms

i ditions. ;
A function and express 1

tep 3 Identify the ohjective !
g decis[?n variables. It might take the form O

:on or minimizing cost. " _ |

Step 4 Eﬁ:?: non-negativity restrictions on the dccmmn_vnrlabtus, as in the

= physical problems, negative values of decision variables have no valid
interpretation.

Example 12: A furniture deale

{ a5 a hinear function of
f maximizing profit or

¢ deals in only two items, Viz., tables and chairs,
He has Rs. 10,000 to invest and a space L0 store at most 60 pieces, A table cosig

him Rs. 500 and chair Rs. 200. He can sell 4 table at a profit of Rs. 50 and a chair
at a profit of Rs. 15. Assume that he can <all all the items that he buys. Formulate

this problem as on LPP, 50 that he can maximize the pmm_. .
Solution: Let x and y denote the pumber of tables and chairs respectively (xand ¥y

are decision variables).
The cost of x tables = Rs, 500

Therefore, the total cost of x tables and
cannot be more than 10000, Thus  500x + 2

Also, x +y < 60 (constraint) as the dealer has
items. It is obvious that x = 0, y= 0 (non-negative restrictions} as 1

tables and chairs cannot be negative.
Profit on x tables = 50x,  Profit on y chairs = 15y

Hence, the profit on x tables and y chairs = Rs. 50x + 13y (objective function).
Obviously, the dealer wishes to maximize the profit Z=50x + 13y
Thus, the mathematical formulation of the LPP is
: Maximize Z = 50x + 15y subject to the constraints
Sx+2y< 100

X+ y<E0
xz0, =20

x. The cost of y tables = Rs. 200 y

» chairs = Rs. (500 x+ 200 ), which
D0y < 10000 { Constraint}

the space to store at the most 60
he number of

Not For Sale
Mathematics-X1
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Exnmple 13: B
two '“E:l‘hil!t:s L‘:.l;l;;ﬁ;; produces two types of food containers A and B by using
minutes. Similarly, to pn;l; E:TJSH::: container A, M works 2 minutes and M, 4
PR - o e ontainer B, M, i i
minutes. The profit for container A iz Rs. 29 asl'ldwfg:k; i ﬂR‘uqm:;;s :{n{l My, 4
s Rs. 45, How many

container of each type shoul
achieved? pe should be produced so that a maximum profit can be

Solution: Let x = the number of container A per minute and
¥ = the number of container B per minute.

If per hour production of M, and M. | i
: duct vl and M3 15 x container A an - { -
profit per hour is given by the profit function P (x, ¥)= Eé;jx}l:fin;amfr i

The constraints are

et Bys 60 (Resulting from machine M)
A4+ 4ys 60 (Resulting from machine Ma)
0]

B
y 2 0] (since container cannot be negative)

n

The above system of linear i litie ai i
Sl S e r mequalities/ constraints can be written in the
X+ dy < 30
X+ 3 51Is
xz 0
yz 0
We maximize the profit function P under the given constraints
As l'n:ll-.ru. graphing the linear inequalities,
we obtain the feasible region OABC which
is shaded in Figure 9.32. Solving the equations
X+ ﬂfrn-':ﬁ{]_ and x + y=15, we get x = 10, y=5,
Iah.-n 15, their point of intersection is (10, 5).
Thus, the cormer points of the feasible resion
are O(0,0), A(15,0), B(10,5) and C 0, 39,
4
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We find the value of the

p(10,5)=2

P (0,

0 4229 () +430F

Unit 9 | Linear Programming

Comer Points
(0,0)

(60, m
g P (60, 0) = 50 (60) + 40(0) = 3000
S P (20, 60) = 50 (20) + 40 (60) = 3400
P (0, 80) = 50 (D) + 40 (80) = 3200
From

[]'H: Jhu‘-‘L [JI][E WE Seg h' r
Al I.h{‘. maximum pn‘] 1t 15 g i at
= . 1.h|: comer

A
is Rs. 515 per hour at : St (7
. s i profit 18 Bz 10U e point (20, 60). Thus, the farm Tt [
From the above l??!]ckra'ii:ucsmtlll:r optimal production ot that _m:,.”;;nu-;.u the acres of crop A and 60 acres ::re.zr:pl.“ggm the maximum profit if he cultivates 20
corner POl Bﬁg by Fll'clldl.]{:'lﬂg 10 containers of A and 5 thﬂ1-11ﬂfi-fh of B.
profti2 ac::lm Af Tmcf msm§5c5 a0 acres of land and wish 10 grow two types of
frz;?fk]ind -B C::li.vmiun of crop & requires 3 hou$ ;1:::':::i;;d*"lléﬁuw;11‘"11:1 :J[ 1. Graph the feasible region of the following . i i
I i ar GUTES. Working hours ¢ e : gels a finc the comer poi £ system of linear inequalit
crop B requires 2 houts I;L;n‘lr":';p A and RS 40 per acre for crop B, then how | g Lw:;us{.: & : qualities and also .
profit of Rs. 50 per RIS i aximize his profit. = (i) 3p o= R =i ]
should be cultivated 1o max 2 ( ¥
many acies of :Mh Cl'ﬂ]j‘ " . " [ cro A X 4+ »'g 8 . +
Solution: Let x = ACTES required for cultivation @ oA =T y< 5 .
andy = Acres rgqui[{:d for cu1!i~.-;j,tinn of crops By i x 20 j x> 0 .
If P(x, y) is the profil function, then '\T - y 240 i3 o
= 50 + 40y g ; | .
PEII y" 5 L ialecﬁ%‘. Ty 4 vz 6 (iv) _— T ]
T8, 5i20.80) ; 2 : £
The constraints are B X x+ 3y = 12 2x + 3y < 12 1
Ik ~x+ y< 2 "
x+ y< 8O (Restriction of land) i e [ X ¥y 2} I
i . . 23 : |
It Iy 180 ( Restriction due 10 timad 1 § S x 2 0 _~
T T ! y 2 0 .
1 2, ) Maximize f(x, y) = o {
x 20 Non-negative constraints, 1 imize f(x, y) = 2x + y subject to the constraints I
y 20 since acres cannot be negative 1 f+yEQ i
' 1 X+y21
3 x,yz0 !
o 5 i , ] A T i y
: 1 'H.mﬁf‘ : Maximize fix, v} = 3x + 5y subject to the constraints
Graphing the inequalities, we obtain the feasible region OABC which 15 displal 2r+3y 212
Jx+2y S12 |

by shading in figure 9.33. Solving x + y = 80 and 3x + 2y =180, I

we get x=20 and y= 60, that is their point of intersection is (20, 610). "“1_“5 Eh. x+ y=z2

comer points of the feasible region are 0(0, 0), A (60, 0), B (20, 60) and C b xz0
yz0

we find the values of the function P at the corner points.

a
! _ Muthemntit‘i‘XI Mathematies-X1




1 Linear pmgrﬁm_mm

function flx.y)=5242y
Unit9 o

g of t
.mum an.ﬂ mjﬂimum ‘u'ﬂiuf-
57y Find the MaX :
subject to the constraints. g2 2
x+ 1}' = !'0
1z 0
yz 0

es of the function flxy)=Tx+2ly

i d
(i1) Find the mmmrm;: an
subject 10 the constrainits 5

; 4 A and model B by
factures WO models of hir:hf‘:":“é::‘?g&\aum available and

4. hmmﬁ%ﬂaﬁt . Machine M has @b THE wfacturing a mb(l::ldt'l F:.j
using two m 3 < in machine Ma an
machine Ma has ajn.:g:,ﬁuin machine M and 4 hours
bicyele requires

< rme 4 hOULS % e
. pEguITes 3 del A hﬂ::-"-'l'- and
; model B bicycle 2 40 per mo
mnnufﬂ;_f::f;i Dfl? the company Bets pratl s y nl?:e:uch model should be
in machi 3
: 50 per m
profit of Rs.

odel B bicycle, how man
1 i
manufactured for maximum profit?

1 smical and | it
 usi 2 units of chemicd .
5 A Tﬂﬂ.l:him can prur.luc& p‘[ﬂli!ﬂ{:l A b} USINE b ; i sl R

7 by using 1 untt ¢ A nd are
;E 1 compound or can Fmd“cﬁ.ﬂm?:;lciicil and 1000 units aof the compow
itsof ¢

800 s
k - ’ 5, 20 respectivel)
of the compound. E;_'l !I"H unit of A and B are Rs. 30 and Ewd e eve e
qvailable. The Frﬂ&!n 'Puniis N each product hould be produ

Determing how many

maximum profit

- - Use fhe
manufactures and <¢lls two models of lamps, Ly -

L :
1d be product

' féliuwinzm?ﬂmmim how many of each type of lamps shou

to achieve a maximum profit?

o ;_f:]if-j-f'[:!i. iMode

in machine v and § houts .

{11

(i)

%1

Choose the correct option

The solution of the system of inequalities x =20, x5 =0and x = ¥y
is a polygonal region with the vertices as

(n) (0,09, (5,00, (5,5) {h) (0,00, (0.5). (5.5)
(€)(5,5). (0.5), 5.0) (d) (0.0), (0.5). (5.0)

Find the profit function p if it yields the value 11 and 7 at (3,7} and
(1,3) respectively
(n) p=—8x+35y by p=8x — 5y

{c) p=8x+ 5y (d)p= —(Bx+3y)

The vertices of closed convex polygon representing the feasible
region of the objective function are (6, 2), (4, 6), (3. 4) and (3, 6).
Find the maxirmum value of the function f = Tx + 11¥

1) 64 (b) 79 (c) 94 {d) 87
Which of the following is a point in the feasible region determined
by the linear inequations 2x + 3y < 6 and 3x — 2y = 167
() 4, -3 (=24 (@G- (dE-

The maximum value of the function f= Sx + 3y subjected to the
constraints x = 3and y = 3 is

(ay 13 by 4 (e

I does not exist

Maximize Sx + 7y, subject 1o the constraints 2¢ + 3y < 12,
r+y< 5 x=0andy=0

(o) 29 (b1 30 (e} 2% (d) 21

Maximize Z= 4x+3y subject to the constraints
3x o+ dy=24
Bx + Oy =45
xS 5;
y=s 6

xyz 0
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TRIGONOMETRIC IDENTITIES OF
SUM AND DIFFERENCE OF ANGLES

: i d Y in such

= = - . z hﬂnmkmdsnffmd}(nn_ uch a wq

|5 b Adﬁn‘lflﬁlﬂ wishes mﬁ:aigf& units of vitamin A, 12 units Uf_"-'ﬂﬂmii,s ¥ -

that the m-mmrl; c?::;lj:sc The vitamin content of one kg, food is given belgy,. I
B and 8 units of iz + _

Vitgmin A oV in B Vitumin ¢ i

e

and one kg of food Y costs Rs.24, Find the leay
the required diet.

Dne kg of food X costs Rs:lﬁ
cost of the mixture which will preduce o
4, Find the maximum and minimum values of the function Z= 5x+ 10y
subject to the constraints £
x+2y =120
4 y=6D
x=2y =10

ny=0

Use distance formula to establish fundamental law of trigonometry

o cosfa-fi) = cosccosf + sinasinfl, and deduce that

o

coslo + 1) = cosacosfi- sinasinfl,
1 .\'ilﬂlft:';ﬂ } = sinoecosfis cosasinfi,
tetnice tan 3

1 Franetanfi

conslrain

/o s

-

-]

|‘ tanl e )=
i “nl:jﬂ'liw Tt |

Drefime allied angles
Use Tundwmenial law and its deductions to derive irigonometrnic
eplinal solution eatios of allied angles

Lspress asind -+ b cost) in the form rsin(0 +@ ) where a = reos g

il b= rsing

Derive double angle, hall angle and triple angle identities from
fondamental  law and its deductions.

xpress the product (of sines ind cosines) us sums or differences
(of gines and cosines)

«  Lixpress the sums or differences (of sines and cosines) as products
(of sines and cosines) ; : 4

vl !

Mot For Sale
Muthemntivs-X1
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uction
10.1 ::ﬁpmﬁgus class some basic !r:;gun::rn?clric id?nt:itinltslhmrc hm::n Proveq
and applied to show different trigonometric re:h_muns. Thlfdun |lt 1: sa c;anununu._-,n
of derivations of different trigonomietric identitics. These identities play an
important role in calculus, the physical am_l life sciences Iaml economics, where
these identities are used to simplify complicated expressions.
We shall first establish the fundamental law of n‘ig.unonwn 50 25 10 be.

able to deduce other trigonometric identities. !
10.1.1 Fundamental Iﬁi‘l’ of trigonometry
cos(er— ff) =cos ereos f+sinasin f.....(1)

Alt0d a, i )
Bleos [\, wn )

D eoadr- ¥ Linu.;.l]
Consider the given unit circle with _" i
centerat 0. : S G

To establish the identity (1), we use the unit
circle shown in Figure 10.1. The angles a

- and B are drawn in standard position, with -
oA and 08 as the terminal sides of o and §,
respectively, ' Figure 10.1

‘The coordinates of A are (cosa, sin),

The coordinates of B are(cosp, sinfi). o

The angle (o—p) is formed by the terminal sides of the angles a and B. An angle
equal in measure to angle (a-f3) is placed in standard position in the same figure
(«£coD).

From geametry, if two central angles of a circle have the same measure, then the
mmtivc chords are also equal in measure, Thus the chords AB and CD are
equal in length. Using the distance formula, we can calculate the lengths of the
chords AB and CD.

The length of a line segment with end points (x,, y,) and (x, y2) is given by the
following distance formula v
d=|RA|=(x-5) +(p-y) .
We apply this formula to the chords AB and €D

*As | AB |= | €D |, s0 by distance formula,
\J(cos @~cos B + (sin @—sin AP = J[cu-s{a-ﬁ}-]]z + [sin(e - B)F

gquaring each side of the equation and simplifying, we obtain

o< 7+ G5 - a1 Lot
= cos’ @ —2 coscecos B+ cos® B+ siner— 2sinaesin B+sin’f

= cos (&= ) =2 cos(a— B) +14 sin* (e~ 5

= cos’a+sin @+ cos” -+ sin’ f~ 2cosarcos - 2sineesin B

= cos" (= )+ sin’ (a— B)+1-2cos(a— )

simplifying by using sin’@ + cos’0 = 1, we have

2—2sin eesin § = 2eosacos f =2 - Jeos(e - ),

Solving for cos(ce—f), it gives us

cos(er— [7) =coscos fF +sin e sin 7

We refer to (1) as fundamental law of trigonometry.

10.1.2, Deductions from the fundamental law of trigonometry

The following can be deduced from the fundamental law of trigonometry
which are useful and play & significant role in proving the other tfigonometry

identities,
i cos(—f)=cos i

By Fundamental Law of Trigonometry,
cos{or— fF) =cosacos J+singsin §
Letting ar=0, we get

cos(0— ) =cosOcos F+sinsin §
cos(—fF) =1-cos B+ 0-sin ff

cos(— ) =cos

(ii) ms{% - B)=sin B

By Fundamental Law of Trigonometry,
cos(a— ) =cos ccos f+sinasin

i L
Letting e = e get

i . T
cos(—~ fi) =ms~"2£ms f+sin—sin




¥ = i £=ﬂ.sin£=1J

:ws{i‘ﬂ}-ﬂ-mﬂﬂ sin [ e 2
cosZ~ ) =sin f
(Hil) sin{gﬂx} =C05 ¢
By identity (i), msiguﬁ} —sin 8
Letting E:%m, we get .
ms(£ _[£+£]] =sin [Ed- R’J = cos(—¢r) =sin [£+ ch

2 \2 2 2
=5 cos @ =sin ( gﬂz] (- cos(—ax) =cosa)
-‘-sim{g +a)=cosa

(i) (@) cos(+0) =-sinx (iv) {b) sin(-@)=—sina

By identity (ii)

By Fundamenttal Law of Trigonometry,
h
cns[g - ;’ij= sinfd

cos(ar— ff) =cos rcos §+sin ersin §

Letting .5='-§.wegtt

& Setting f=-a
cos(a—{- E}} =c0s§ o:cos{—gj +sin -:rsin{-;] " _
< nns(-z--l-a]: sin{—a)

="¢°ﬁ(ﬂ+§J =cosa-0+sina(-1)
By using(iv) (a)

ooy B G, e 0
[.ms( 2}_ﬂ"sm{-5}"-ij it )

x i
W UU‘SEE +ﬂ'} ==5IN ¢

(v)  cos(a+f)=cosercos f-sinasin il
By Fundamental law of trigonometry,
cos(a— f) =cos acos f+sin arsin i

Not For Sale :

Replacing Aby -5, we get
cos(a—(=f)) =cosacos(~ ) +sin arsin (- §)
scos(@+ f)=cosarcos f-sinasinf (- cos(~f) = cos f§, sin(-f3) = ~sin )

(vi) sin{a+ ) =sin arcos § + cos asin §
By identity (v}, cosla+ i =cosercos f—sinasin §
Replacing « by %+ o, we get
7 [z WE: .
Eng[[3+a]+ﬁ]-msi2+a]c05ﬁ—sm[—2—+a]smﬂ
:ms{%ﬂanrﬁ}}=ms[%+ﬁ]cmﬁa—sin[%+a]sinﬁ
By using identities (iii) and (jv), we get
sin(e+ f) =sin cecos f+cosarsini
{vii) sin{oe— [y =sin zzcos §—cosasin §
By identity(vi), sin( @+ f) =sincos 8+ cosasin
Replacing Sby—F, we get
sin{a+(—fF)) =sin acos(—f) +cosasin(-f)
= sin{@ — 8) =sina/(cos ) +cos x| -sin f)
(v cos(— ) = cos B, sin(~fF) = —sin f§)
ssin(or— #) =sinecos i —cosasin f
(viti)  tan(-@)=-tané

sin (-8 - —sinf i

Bl cos(—8) cosd

tan ¢+ tan

1-tanatan ff

sin (o + sin grcos B +cos asin

tan(r+ §)= S0t sy
cos(ar+ f) cos & cos F—sinasin §

X)) an(a+ )=

Dividing numerator and denominator of R.H.S by cos grcos 8.




sing ‘:_“EE.IE‘E-E—SEE

msﬂrmﬁﬂ : =
m{a+ﬁj=mﬁ—m
msﬂ'mﬁﬁ
sin gin
A r—
cos & cos
= sinﬂ'_ii.n_ﬁ
cosa cosfl
tang+tanf
tan (e+ )= oran B

_ tma-tmnf
(x) m{a'ﬁ]'_wmnmuﬂﬂ
. _ unattnf
By identity (ix), *“ifﬁm’j-malﬂnﬁ
Replacing fby—f we get
am(a+(-p) - st

1-tanertan(=4)

tma+(-tnf) . o g)=—tan )
1 -tan & (—tan )
tan r—tan ff
~tan(a-f)=————
(@=4) 14 tan @ tan
Example 1: Find tan15° exactly.
Solution: We rewrite 15° as 45°~30° and using the identity

Ian[t;r-ﬁ}:%

= tan(a-f)=

singeos f | cosasin §
B
cosacos i _cosercos
cosarcos f_ singsin 7
cosacos B coscrcos

|
tan45° —tan30° l_E "ﬁ-l_S—-ﬁ

tan15° = tan (45" -30° | =
{ ) l+tan45’m30’_]+

V3

Example 2: Find the exact value of: sin42°cos12°—cos 42°sin 12°
Using the identity sin(@— ) =sin arcos f — cos @xsin B

Solution:

8in 42°c0s12°~c0s 42°5in12° = sin (42° - 12°) = sin 30° =
>

L LB 3443

< Gi inog=12 3
E_xampl.eiﬁ. Given SIH{I—-E and miﬂ'zgi where & and ﬂ are in the first quadram.

Find in which quadrant does (a+ ) lie,
Solution: Given thate , J are both in the first quadrant. Since cosine is positive in
he first quadrant and negative in the second quadrant, therefore, cos (e + ) will
decide the quadrant in which (& + 8) lies?

cos {a+ ) =cosacos F —sin asin § (1

p
.2 ; § iz 144
As cos® &= 1— sin® &, pulting sin® & = [—] = -t
» PURIRE 13 169

3 144 _ 169-144 _ 15
cos‘g=l——= =
169 169 1608

cosa = :tlj—].But cos e is+ve in the 15t guadrant,

eosa = b
i3

. 9
putting in it cos® f= —

T NP o 1
As sin® fi=1-cos” §, 25

. 9 25-9 1
gin® f=l=-—=
P 25 25 25

But sin # is +ve in the st quadrant,

; 4
s.sinfi= 5

sin § and cos @ in (1)

[ﬁ]zts-da=-_3§
65) 65 65

Putting values of sin a, cosa,

EN NG i] E]-
cos (a+f)= [ﬁ}[;] [13][5 &
Since cos(a+ §) is negative, it follows that (a+8) 15 in the second quadrant.
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102 Trigonometric ratios of allied angles
10.2.1 The angles of measire -:—.tﬂ.rt& 34 9,20+ are called allied angles.
Thus the angles which are connected with basic angles of measure # by a right

angle or its multiple are known as allied angles.

allied angles
10.2.2 Derivation of trigonometric ratios u!' ;
All the following trigonomeiric ratios of allied angles can be derived from (e

fundamental theorem of trigonometry and thus has been left for the students pg an
exercise. -
i. dnf%—ﬁ‘]:m&? 0 m‘nfEﬂﬁj =5 i

il m{%—ﬂ}:sinﬂ i ms{§+ﬁ'}=-sinﬂ

i, un[g-a} =cotd |, la.n{%ﬁ} ==col #
cos{x-f) =—cosd
cos(r+6) =—cos#

tan (#+&) =tan &

iv. sin{x-@)=sind
v, sin (x+8) =—gin & ,

vii tnf{m-g)=-tang ,

i P | I
Vil Slﬂf?w']:-cusﬂ. cus{—?—ﬂ}z—sm&

Vil sin{-s-zi+ﬂj=—::usﬁ, cus{?-l-ﬂ}:sin&

. Ir
Lx. Hln{-zﬂ+t9}=mtﬂ‘i lan{jziw]l:-cntﬂ

X sin (2r-@)=—gin 9 cos (2e-F)=cosd
. sin(2r+8)=sing cos (2r+8) = cosd
Xii. tan (2r-8)=—tan g , tan (2e+8) =tan &

Note: L The above results also apply to the reciprocals of sine, cosine and tangent.

'ghcﬁ:e ﬁaﬂtie are (o be cjiplied_ frequently in the stud y of trigonometry.
aJ. obtained by using the following two-steps procedure:
Eirst quadrint
Setomnd quadiig = All are +ve
T hird quadsini _ | _sin j_s ive
Fourth quadning lan is +vc

b) If we hav

¢ E or i{ in the fi
. G th the lormula, the formula changes sine to cosine and
cosine (0 ine, tangent 1o colangent and cotangent to langent,secant to cosecant and

cosecant to secant, If we have 1 or 2min the formula, the function does not change.

Example 4: Simplify each expression, given that 0 < x <n/2.
(i) sin (2 + x) {ii) cos(mf2 +x) (iii) tan{3m/2 + x)
{iv) co(2m-x) {v) sin(m + x) (vi) cos(2m +x)

(/2 + x) is in the second quadrant, so sin (W2 4 x) = cosx

Solution: (i)
(it) (w2 +x) is in the second quadrant, so cos(m/2 +x) = —sinx
(i) (3m/2 + x) is in the fourth quadrant, so tan(3r/2 + x)=-—colx
(iv)  {2m—x) is in the fourth quadrant, so cot(2m-x) = —sinx
(v} (m+x) is in the third quadrant, so sin{m+ x) = —cotx
(vi) (2m+x)is in the first quadrant, so cos{2n + x) = cosx

Example 5: Simplify €08 (90°+x) + sin(270° - ) + sin(180°—x)
cos(—x)—cos(360°—x) + sin(00°+x )

. eos(90%+x)+ sin(270° —x)+ sin (180°—x)
Solution:
€05 (~x)~cos (360°=x) + sin (90°+x)
_ —&inx—cosx+ sinx _ ~rosx iy
COSX—COSX+COSX  Cosx
Example 6: if e, B, y are the angles of A ABC. Prove that
i) tana + tanf + any = tana tanftany
S T - I

i [} B
tan— tan—+ tan— tan—+ tan —tan
1) s e e Wbt b

Solution: Asa, 3, y are the angles of AABC ~a + [ +y = 180°
i} a+f=180"-y

tana 4 tanfl
= tany

tan (e + B) = tan (180° - y) 1-tana tanf

=> tana + tanfi = — tany + tena tanf tany

S tane 4+ tanfi -+ tany = tana tanf any

i) As o+ 4y =180 ::-E+;+E

SL‘IP-:- +-I3-= T
2 2




I il

o 5. ¥
tan — -+ tan = 1 a ¥ ,M_.mn—:I—lﬂn—lan—
z_a__z.nﬁ=cﬂ[-;—r= ——? j‘;‘"j_z-lﬂnz-k e 2 2
I—tan—tan i

22
a g 4 ZanZ=1

m"im'fﬂmzmzﬂmz 7

10.2.3 Writing a sin@ + beos@ in the form rsin(8+#) where.a =rcosg

and b= r sin ¢
Writing a sin#+ bcos #in the Form rsin(8+¢). Do)

Let P{a, b) be a coordinate point in the plane and let & .
be the angle with initial side x-axis and terminal side ;
the ray OP as shown in Figure 10.2. A

y Figure 10,2
We can express a sing + b cos@ in the form rsin(#+¢)

where r = Jai+5 and ¢ is given by the equations rcos¢ =a and rsing = b.
The method is explained through the following example.
Example 7: Express 5sin@ + 12cos# in the form rsin (#+¢ ), where the terminal
side of the angle of measure ¢ is in the Ist quadrant,
Solution: Identifying 5siné + 12cos 8 with rsin{ #+¢) gives
Ssind + 12 cosd = reosg sing + rsingcos ¢ (1

50 S=rcosg lund 12 =rsing
A r=Jarl = JER ) =

J35+144 = 69 = 13

and reosg = § = 1lcosd =35 = cosg = 3’
1
rsin#: 12 = I35m¢=]2 = 5&“¢|=E_
Thus, from (1) we get 13
Ssind + 12 cose= |3[—:;- lnﬂ+-|3cm6'}
I3

n

13| sing=4 2y ...
[EIIJ5'|3+ cnsﬁ'-ﬁ = r(sinfcos g+ cos @ sin ¢

rsin {5‘*?} where S.[H_ﬂ = %1 CDS¢:% and r = 13

1.

LM

f.

"f'"'lfﬂ “‘jh of 'hf following as a trigonometric function of single angle.
(1)5in 37" cos 22" + cos 37" 5in 22° {11)cosB3" cos53° +s5in 83" sin 53°
(iii) cos19" cos 5° —sin19° sin §" (iv1sin40° cos 1 5° = cos d0° ginl15"
(v) tan 20° + tan 32“. (vi) tan 35" =tan 12°

1—tan 207 tan 32 1+ tan 35" tan12°

Evaluate each of the following exactly.

. - y——"- e
(i) sm-l-; (1) tan75% (i) 1an 105 -;w;mn% ‘(vicos]s" qtirsin%

; 3 ; 4
If sinu =; and sinw =-§ and u and v are between 0 and J—;— . evaluate

each of the following exactly,

(iycos(w+v)  (iijtan(u—v)  (iii}sin(u—v) (ivycos(u—v)

il’mm-—— and cos § ﬂ%, a in Quadrant ITl and # in Quadrant I1,

find the exact value of: l
sin{e-=p2) (1) cos{e+f) (i) tan{a+B)

If tan e =§ , sec fi= ]T;' . and neither the terminal side of the angle of

measure e nor § in the first quadrant, then find:

(i) sin{e+8)  (ii) cos (a+8) (i) tan(a+f8)
Show that:
(1] cosa=2cos’ % Gy I-Zsin:%
(i) sin(a+8)sin(e-F)=cos’ f—cos’ &
Show that: (i) cot (e+5)= ':::T:ﬂ; (ifh ::T;ﬂ; = ana+ tan 8
: : K _ cosd#sind ) K _gy I-tné
Prove that: u]mn{;-&-ﬂ}_m {n t:ln[ = i
i...}lnn{ahﬁi‘; n’ g—tan’ § Ffﬂﬂﬂmﬂ*ﬁ' m&{ﬂ+¢}
b 1 = - =
M@= p)  1-un aun’ g l+tan6|;an¢ ms{ﬁ @)




R e i R gt

TR TR

AN Ll

= alg T

o Pl o ;

. Is]- g —acos (210081
sinl s

fa shﬂ&ﬂ"*-ﬂ}l:ﬂﬂfm e

Ifa, B fm;hsmg]mnl’nmang!: :

13 L
¥ _ cot—cot —-col
ME.I.mg--j-Dﬂl-z—rfﬂtzcm 2 2 B
2 ¢ cotacotf +cotfeoty +cotycota =1
g in the form r sin { #+¢) where terming) ray

show that

fFa+ py=180", show tha
Express each of the followin
of 0 and ¢ are in the irst quadrant.
() e gy 3008l
(i) 2sin g -5 cosd:

(i} 15sin & + 8 cosg,
.' (iv) sin@ +cosé,
=X : |
10.3 Double, Half and Triple Angle Identities
In this section we derive formulaclidentities for sin2 &, cos2 & and tand g

for s:in-l—qs"| cns—l-ﬂ and tan-%&;md for sin3 @, cos3 # and tan3 # called
2 2

double angle, half angle and triple angle formulae respectively.

10.3.1 Double Angle Identities
We know that. sin (a4 #) =sinegcos f+ cosasinf (1)

and  cos (@+ ) = cosecos f- sinasin § (2)  Putting f=a in(l).

sin{e+a) =sinacose +cosa sina
| sin2a =2sinacosa (3)

Now putting f=a in (2)
cos (e+a) =cosacosa ~ sinasing

cos2a=cos’asin'a (4)

Putting cos® & = 1 - 5in? o in) (- sinla + coster = 1)

cos2a=1-sin g -gpl,

(652 = 1= 2sin g (5)

Now putting sin® @ = | - cog? in (4)
cos 2a =¢cos" & — (1 — cos? al

cos2a =cos” —1+cos’ o

cosla =2cos*a -1 (&)

We also know that tan (a+ g) = Wna+ian § Pulting § = &
I=tan ¢ tan F
LN ¢+ tan

tan (xda) =
I—1an & tas &

2tan o
1—tan® o

]

tan 2a =

Example 8: Given that tanf = -%r:urd' fis in the quadrant I, find each of the

following,
i) cos 28 i) cos 268
i) tan28 i)  The quadrant in which 28 lies
Soultion: By drawing a refernce triangle as shown,
we find that
sim?:% And msﬂ=§
) 4,305
Thus we have the following. 3 4
i) sin 28 :Zsin9m59=2~§-{"%)=—§_‘i ) ;
Figure 10.3
i i , P 1 1 R
1} ma?.ﬂ:cusrﬂ—sml&":[—%] —(-{] =55 3525

(4

2tan @ L4 _E

Hf) lan 28 = — &= s

" |-tan* & |“["'§] I—i 27 7
16




é&‘%’!‘ﬁﬂ ————

more easily in this case simply as

d
Note that tan2 & could have peen foun

following: 24

- mositive, we know that 28 isi
Since sin2 @ is negative and cos2 4 is positive, We kno i

iv) ince

quadrant Iv.

10.3.2 Half Angle Identities

infa=1-cosle
ms?:a_I-Esm a= 2En" & 1-co

5 We have
f . 3 1-cosda
i = sina= —-—2-—‘

s 1“2’@53“ . {E:F
sing = &=

f Now putting & = % in (8},

8
|
| ing = 2= ©)
2= 2

If g lies in the first or second quadrant then we will write the identity (9)

1=cosd

¥ 2
‘f‘: lies in the 3rd or 4th quadrant, we will write the identity (9) with the

with the positive signie.  sin % =

negative sign i.e.

a8 e
R L T
Also wekmwmal
cos2a=2cos’ @ -1 = 2eos'a=1+cosla
1, _ I+esla g
= ete=ET o cmn:ifﬂﬂ_ Putting @ =3
2

Mot For Sale

1+Cﬂ5{2-£’j
+ --_2.2_

o 1+cosd
o 10
:.e:h:1 s (10)

sin—

From (9) and (10), we havetan 2 = — 2 ¢ fl=c0s€
EQ}EE l+cosd
2
2 . {l-cosd
e 11
ml 1+cosé (11)

lution: .
Solution N_{ﬁ - IE -

V241 1'le"_livel'-l-i-l] N2+42
_J'E—ﬁll-ﬁ=J4—zJ§—zJi+z= 6—4J§:m
N2+d2 2-42 4-2 2 :

The identities that we have developed are also useful for simplifying
irigonometric expressions.

Example 10: Simplify cach of the following.

[
it

z
tan — = tan
8

sinxcosx D ek
B m——— b) 25m'5+msx

—cos2x .
2

sinxcosx Ewumsx Zsin xcosx

Solution: a)-

- x
—Lcnslx 2 —o0s 2% Uvs
2 2
_SIn2Y_ an2y  (usingsin2x=2sinxcosx)
cos2x
2 - R 1 |=cosx - 1“_1—".‘.'05-1
b) 13"“'§+¢:}$J=2[1 Tx}rcas_t[usmgsmizi 3 . Or s 5= 2

=]—-cosx+cosx=1L




msﬂ C

ssigta (- sin?+costa=1)
na—

)+ 5 .
- 2sina(l -5in*®) _pginta= dsina — dsin*a

Lo dsinte +sin@
= Jsima {1.2]

ms?a-m{!n+ﬂ}
=52 @eosa— sin2asing -

:1:‘:05:&— 1) cosa = — Jsin@cosasing {(by (3) and (6) )
;Ima’n—cusa ~ Jintacs &
=Jcosta-cosa -2 (1 —cos? @ jeosa
=Jeosta —cosa — 20058 s+ Joosta=deosta — Jcosa

BT T (13

(- sin?+costa=1)

2lan &
=T sune
T anla+tane _ |—tan’z (By (7))
tande =tan (Zata e £ N tan & e
1—tan®a
2tan g+ tan e (1—tan” @)
L 1-tan’g __Stanaf-tanlfx
1-tan’ @—2tan* & 1-3tan2a
| —tan 3z
(14)
Example 11; Prove the identity ~ 02X _0S2x _
sinx  cosx
Solution: F’iﬂ—zf-ﬂs_lf=.2_sl'n_ﬁ'ﬂ cos’ x—sin® x , o
Sinx  cosx smr o ( using doublc )
g angle idnetities

cos’ x—sin® ¢
T R - (simplifying)

2':“5 X = CDS -I+51'I'I ¥

Cos X = l:ta'h“g LCM and mmphfymg)

=2oosx—

_cos’ x+sinfx ]

o8 ¥ 08 x =seCx
We started with the left side and obtained the right side, so the proof is complete
Example 12: Prove the identity
sin’x tan*x=tan® x—sin® x.

Splution: For this proof, we are going to work with each side s-.-pmarle!l}r
We try to obtain the same expression on each side.

i 4 .3 [sin®x) sin®x
sinx ran X=510 X = 2

- el 1)
cos”x) cos'x
= g AT ) i S inx
tan® x—sin” x = —=——sin’ x [-;mx:” ]
COs5° X CO8 X
sin® x—sin® xcos® x
= r {Taking LCM)
cos’ x
Sinlx{l—:nsz x} .
=-——————=~  (Factoring)
cos” x
sin® xsin® x
==—————— (Recalling the identity 1- cos’ x=sin" x)
cos” x
o
sin” x
=—?
cos® x

We have obtained the same expression from each side, so the proof is complete.
Example 13: Find the exact value of cos 105°.

Solution: Because 105° =%(21(}°} we can find cos 105° by using the half-angle

identity for cos a/2 with d&= 210°. The angle a/2=105°lies in Quadrant 11, and the
cosine function is negative in Quadrant 11, Thus cos 105%< 0, and we must select
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(i) st ) = Wsani e w1/ A fpetelt
P

{ohani” fivd

“Ulan i by {igrah S

sin
Moy ]
o ﬂﬂm &

= Luin e i
= nin 24
(if) sin 40 = Buin Veon’ 0 - Asin oo o
L .S = sin A0 = sin| 2(20) |

= Znin 2020 (Use sin2a = 2ein uoimd, with a=240)

= 2 2sin foos ) (Beos’ - )= dsinficond(2ee’ 0-1)
= s s O Asin oo dt = g0

m 1 -1:

|

4

#

Findd the vl oF sin 20 , cos24 and tan 20, given tang =<1 trin equssdeant 1§
: ’ :

-

1T &in = :J' andiermimal ray of @ b in the seconed quades, then find

fiy sl (i) wmlo iy tan2o

; 4 . ;
I8 6he e = antl Weammingl g of 0 bs b the seoom quadean, then find

i YA fiii i ¥
2
(]
IR I; avt leeaionl ey of 1 35 i S aguaddeand, then find -:m:.

e ebrankile, sngehes beleid Wies Der ecitinlinietes e My
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s And Diference o Ansles

) : 7 " Prove the following idmmjﬁ_‘l i tal‘tE‘H:‘}'LE= i
i : WA () BR57" 27 sing
(i) eds g-sin 6=5028

(iv) cosec2f—cot28 = tani)

1+c0s 20 _ %9

i m L osin3f  cos3f o
sin3p _cosif g W) "Gp T sma 028

{i'l, -_-Si.lllllﬁ' m;ﬁ .
i a _
i - in28 iy 2C0S T _ 2 cos O+5in 20
 gosfi—sin'd _ 2+sin vl —/—— =2 sin
{vii) ——-m'“ 2 1—sin @

I = 2
Lix) m{‘lﬂ=£( EF:GLEJ

i sina+cosa , SNASEL =2 an 2a

{ Wl :
! (2} cosa-sing cosa+sing

! i . @ sind {xif) mswﬁ—cﬂtﬂzcu“cﬁlmg_ﬂ-
I (%1) LA —== =" I+cos 1

| 3 ldcosa o

| 5 !—I:Inz—

(i) con? 2 = 2252 (v} ——== wona
A 3 222008 |+::mzi

(xv) sin20-4 sin’) cosf =5in26 cos20 _
8 Write co' in terms of the first power of one or mote cosine functions,
9. Prove the following identities: {—tan’ 28

i cot’ 8-3cot
{11i) m!ﬂa‘:—:m—:ﬂ_—l—'—

10.4 Sum, Difference and Product of sine and cosine
10.4.1 Converting Product to Sums or Differences

We know that

sin (0 8) = sin o cos § + cos sin 8 (1)
and  sin (o 8) = sin o cos § - cosa gin g (2}

Adding (1) and (2) we oel

Haihemati.ﬁﬁ'ﬂ.

gin (oe+ #) + sin (o-0) =2 sintcos g

. 2 sinoeos § = sin (o4 §) + sip (-5

MNow Subtracting (2) from ( &

sin (o+ ) = sin (0= ) = 2 cosee sin g

2 cost sin f = sin (o4 7 — sin (a-8) @
We also know that;

cos (o4 f) = cosocos £ ~ sinosin § {5)
and  cos (o= 0) = cosocos § + sinosin g (6)

Adding (5) and (6) we have,

=2 cosoeos f = cos (0 8) + cos (o= ) (T
Subtracting (6) from (5) we get,

-2 sinatsin f = cos o+ F) = cos (o= )

o 2since sin § = cos (o~ 8) = cos'{oe+ §) (8)

So, by converling products into sums or differences we get the following four
identities:
2 sincrcos F = sin (o §) + sin (o= 8)
2 cosee sin # = sin o+ #) - sin (a-8)
2 cosorcos § = cos (o 8) + cos (o— )
2 sinasin § = cos (@-4) - cos (a+ 5)
These identities are usually called the Product-to-Sum formulae.
Example 16: Write the product 2 sin 5 @cos 3@ as a sum or difference of sine
and cosine, :
Solution: Using the identity 2 sincweos # = sin (at+ £) + sin (0= §)
We have, ‘ :
2sin50cos 3 0 =sin (58 +36) +sin (34-36)=sin §6 +sin 26
Example 17: Express sin10#cos 49 as a sum or difference.

Solution:  Using the identity 2 sinacos§ =sin (a+ f) +sin (&= ) -

We have, sincicos § = % [sin (oo + A+ sin (& - A1

2 [ ;
sinl0gcos 46 = % [sin (108 +48) +sin (108 -48))= 3 (sin 14 8 +sin68)

e — T e T Rt =




a5 a sum or difference,

7 cos 45° ¢0s 157

have

; ct - + )+ cos (o
2 . wmejwf;j:w 2 cosewos f = <08 (044 4)
8 Using the
i e o oo (45°+15%) 4 €08 (45° = 157)
: 2 cos 457 c0s 197=¢ "
) = C08 ﬁf}“{.cﬂ.&}u
Products
i |ferences 10
:": 10,42 murﬂnlﬂ"’"'"":lj
:'-;1 Letof =8 e
:ff. ﬂ"rﬂ:#"' N 4
&
|

Adding (1) and (2), W€

Suhlrac-ung {2} from (1), we have

-2 in the four identities of section 10.4.1,we gt

) _2=¢
Substituting & = -—"' and f ==

-

i3 g 6—¢
‘ ' sngrsing=2sin L oos "

e T )
%mv sing=2c0s— - in —

’%m#+m¢ Zm—z—‘I oS :
Wﬁ#ﬂﬁ!é;-!m‘g—zg sin —?E

B

These identities are usually called the sum—to-product formulac.

Example 19: Convert the sum sinl6” + sinl2° into product.

a-¢
Solution:  We know that,sin 8 + sin ¢= 2sin E—EE oS =3~

sin 16% +sin 12° = 3 gjp 1674120 cos 18120
2 .

'3 U
=1 sn %—mi—

=2 sin 14 cos 4°
Example 20: Express cosd.- cos26 as a product,

Solution: We have

cosB-cosp =24 E%*i:inﬂ-i
2

N —

2o cosdB - cos26 =2 5in 40+20 4ﬂ+2ﬂ o d6-20
NS 2

LT
==2 sin —lrsm% =1 gin 38 sinf

cosg-cosd _ 1
snarmg | g e-f

oo @ g
LS See-coy) “‘5’"_2'&“‘&3’_&: =y
sing+sing o g;—_ﬂmﬂ a-f 2

Example 21: Show that

Solution:

1
- lan 3 (e~ ) =R.HS

Example 22: Show that sin 58 + 2 sin 38 +sinf =4 sin 38cos* #
Solution:
LHS=5in58 +2sin38 +sinf =(sin 58 +sin38)+ (sin3 8 +sinf)

_ o [56438)  (se-38) . (30+8) [36-8
_?_sm[ = )msi E ]+2&m[ 5 ]ms{uz—]

=2 Smy-ms—; + 2sin 4: cns%:ismﬂrawsﬂ + 2 5in 28cosd

49+20)  (48-28\]
=2::+:ls|!?{sin4ﬂ+5in2ﬂ}=2w&ﬂ[‘lsin[ ; }ms[ - ]J

=2 cosd (2sin 30cosf) = 4 sin 3pcos” 8-=R.HS.

sin 3@ +sin f cmﬁ+cnsﬂ]="=mlg
sin 30 —sin 8 J\ cos 38 -cosd

Example 23: Show that [

Solution:
sin 3¢ +sin 8 [ cos 38 +cos 25in20cos 8 2cos28cosd
el b =| 35inBo0s 28 )\ 2sin205in 6
sin 3¢ —sin @ )\ cos 36 —cosd 2sinfcos sin

)
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Solution:
LHS. = C0s

et

0P cos80°]
5607 + cos20™) 2 cos Rn‘]]

o 2 =t [cosEU" + 2cas80" cusnzn“]
=14 [(1/2 + cos2 +msw°j=',&[r:053““+¢m“3‘3 ‘E‘Jﬂhmsmn]

20" cosd
mﬁﬂ“.—.‘ﬁ[‘i Cﬂb:z
mnms;i:sz&“} 2 cos 80°) = %4 [0

= 14 [{2 cosd s 80°

— 14 [cos80’ + cos100”
14 [cos 80°-cos80’ + 4]
-3 (1/2]=18=RHS

- cos (180%-8)=— cost

ms or differences.

i u
Express the following products as S - -
© @)  2sin6asinx (i)  sim55°cos1Z3
Pyg . P-0
(i) sht%icnsﬁ%q- {iv) cos “_; cos—=
Convert the following sums or differences to products:
cos36° —cos82°

i sin37T +5in 43" (ii)

A+ B A-B
P-@ (y) cosT—— +cOS

-
2

(i)  sinE2-sin

Prove the following. ; : :
., o875 +eosld® _ o (ii) 5’“33_°"E____U$GBD =33 1anf®
w snfs-snls® cos 689+ sin38°
Prove the following identities: ” 3
i i cos +cos3f+cosIF _ 5 3
@ Rarndd_ o SRAret el
cos &+ cos 9o sin ff+sin 3 +sin

(ifi) sifi28-+sind6+ sin 68 = 4cos fcos 28sin 36

(iv) sin 56 +sing + 2 sin39=4 sin 34cos ¢
{v) sin30 +sin58 +sin78 +sin9¢ = 4 cosg sin 66 ¢O3 L

(¥1) €050 +¢05 25 4 con 5 = eas 2 (143

cos3 )

5. Provethat (i) c0s20°cosd0” cos6f eoeggr = | . ¢
16 = '

(15i) sinl 0° 5in30° sinS0° sin70° = -
16

{ii‘mini.n'n I—H.n'nf m;i{=l
9 9 16

1. Choose the correct option
(i1 cos50" 50’ cos9” 10/ - sin 50° 50sing® 10 =
{a) 0 (b) —?1.'- fe)l iy V3 !
2
i) 1 tan15°=2—+/3 , then the value of cot® 75% s
(@) T+d3  (5)7-243 (cj7-43 () 7+4-3
(i} ]I‘[anLa+[i}=1-"1-m1dlanu=1f3,ﬂmn tanfi = ..
(). Li6 (b} 17 €)1 (d) 16 |
(iv) sinfcos(90" - 8) + cos® sin(90° -B)=___ . i
| {2 cid (il
iv1 Simplified expression of (secB + tanB) (1 - sin) is
(a) sin’@  (b)cos’® {c)tan’® idicos @ |
f
{vi) sin| .1'-£]=? |1
\ 2 B
() siny {b1—ginx icicosy l1i=C0sK

(viil A point is in Quadrant-TIT and on the unit circle. If its x-coordinate is—i;f-.
whiat is the y-coordinate of the point?
(m13/5 L1315 (c)=2/35 (1573
(viii) Which of the following is an identity?
{a) sin {a) cos (a) =(1/2) sin(2a)  «b)sina+cosa= 1
{c) sini—a)=sin & {1 tana = cosa / sina
Prove the following identities:

28inBsin2h
2. m= tan2@tang 3

sin10a-sinda _cosTa
s =
" sinda+sin2a  cosa
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HTE

sin Gxsin x-+00s4xC08 I

sin (20 )sin(F+ 8)= o526

sin® (w4 ﬁ]'ﬂ"[ E;;* 0]
— ) cos*( " Ejm{z“' 0)

cos(90°+6)sec(-0)ran(180°~6) _
D a0 gjsn(150°+6) cot (90" ~6)
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Solve right angled triangle when measures of
twao sides are given,
one side and one angle are given,
Define an oblique triangle and prove
the law of cosines,
the Taw of sines, !

the law of tangents, and deduce respective half angle formulae,

Apply above laws to solve oblique triangles.

Derive the formulae to find the area of a triangle in terms of the
measures of

two sides and their included angle,

one side and two angles,

three sides (Hero's formula)
Define circum-circle, in-circle and escribed-circle.
Derive the formulae to find
circum-radius,
in-radius, \
escribed-radii, and apply them to deduce different identities. *
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Linit 11 Application ol Tri
111 Introduction variety of P

s
sty has an €00MMO
Trigonometty o mic ficids

plication. It is used extensively

atics, science and engineering,

in & pumber © en used in the easurement of heighs

- B arwise measured. For example,
d igsmmuﬁes of ob distance o the Haﬂ?" Even today, in

an . ysed to find the dis able, trigonometry 15 often used for

. 'I ; i
spite of more accurate mexhndila'i‘?;:i ?:;;:,ding heights and distance of far-off
; : ulation:

s,

i ancient 0

ohjects. : conometry is gnlving triangles. BEvery triangle
One of the important usﬂls;s ﬂfu::;ih are called the elements (or parts) of the
ANEIEs,

has three sides and three & : solved when all six gismcnt:slurc knuwln and
triangle. We saY IMLET:;:;I;“'NCFI one is side, u.-lll_ be given and it will
listed. Typically l;u‘;: Th ¢c mha;‘ {hree elements using trigonometric laws and
be our task to I

definitions. ndard lettering for naming the sides and

f 1 we use si@ i ; ,
As shown ﬁgllrts:;: a is opposite 1 angle A; side b is opposite to angle

angles of a right triangle,  and side ¢, the hypotenuse, is opposite to angle C,

B, where a and b are the leg
the right angle.
A triangle is

usually labeled as shown in figure 11.1

Figure 11.1
The vertices are labeled A, B, C with sides opposite 10 these vertices ul‘;
denoted by a,b,c respectively and the measure of three angles are usually denole
by o, P and ¥ respectively.
We begin with, using the trigonometric functions to solve right H"%Im
Lﬁ-ﬂ.ﬂglﬁs. Later we will leamn how to solve Lﬁﬂnglﬂﬁ' thal are not HECL‘SSari.]}' F!ghl

angled triangles. We will also derive formulae for finding the areas of
triangles.

guch

Lni L. 11 |."‘"F““i."" Hap ol Tripontimogey

11.1.1 Solution of Right Angled Triangles

We can solve a right angled triangle provided tha either i
(i) two sides are givenor (i) ope acute angle ang measure of
one side are given. We consider the cases g follows: B
Cage=ts : vhen measure of twi sides ury --i'l.r1-|| s a=|§
Example 1: Solve the right angled triangle ABC. )
in whicha = 15, ¢ = 17 and y = 907, '
Solation: From figure 11,2, we have /i b § E
qinﬂ=i=1570337 AL ¢
s =1y = 0882 5 Figure112°
—~ @ =sin”(0882) = 61.80° Nt -
gince e+ fi= 90° -
= B =90"-a The side b can also be
= 00°-61.80° = 28.11° ' found by using
Pythagorean Theorem
MNow cose = fl cf=a?+ bor
= b = ¢ cosax :ITEniqul.ﬂS’p omet = IR g
= 17(0.471) so-that b= 8.
= §
Cos ] Iy nensure of one anule and one side sre given
Example 2: Solve the right angled triangle ABC, c
in which b = /12, @=T70" and Y= 90 I
Solution: From figure 11.3, we have I
tan 70" =L g |
12 4 I
or a=12 tan70° A ?
= 12 (2.747) _ S |
= 32.97 fi. gl'mu ;
To find the length ¢ of the ladder we have AL o —B
. 12 "
el Figure 113
or & =12 sec 707
=12 (2.92)
= 35.088 f1,
nd 42m from

Example 3: The angle of elevation of a tree from a point on the grou
s base is 33'. Find the height of the tree?

afathemanics-xt, 313
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Tt ] Abpeita e 0
1 of elevation =
Solution: Let the WS =
a'['l.d- [}ﬂﬂhl ﬂf the tree : _{:_
= 1andd =g

-

Then tan 6= 25

= p =42 tan 33® i s
= 77.28 a7m
Figure 11.4
is 27m tall.
Exam T:!IF ﬂu]?;hl house 120 ft above l_he sea, the angle
seship pﬂ'll'ltnf: pﬂ':l:{:f is 5°. How far is it from the light house to the
i boat
of depression of 8
e ion ] = -
Solution: Since the angle a[_dcpms-ff 5 = __,_._..—I —TF -
is th acute angle formed by the line of sig vl T
md :j..: horizontal ling’ passing tlunlugh the — . .
a.nm'tinn of sighting. Figure 11.3 indu:atﬁ:s the e ths
Eimaliun. The angle A must also be 5° i
measure. We have
b ¥

col A:i-;ﬁ or cot 5 = 0 |
= b = 120 (11.43)= 1372 f1, approx. ’xf |

Example 5: From the two SuCCessive y i
positions on a straight road 1000 meter /, |
apart, @ man observes that m; an_gle of - )
elevation of the top of a building directly LTIt i ’

ahead of him is 12°10’ and 42°35", How
igh is the building?

hsﬁ?tllignm Let A gand B be the two successive positions of a man on the

such that | 45| = 1000m. CD denote the height h of the building and Jet BC =x

Fipure 11.6

road

a8 =E£= i =_'F'_.
In AACD we have tan 12°10° T T
or x+ 1000 =heot12°10° =4.6382 h (1)
In ABCD we have  tan 42°3% <A
x
=x =hcot42°35 =1,088 h @)

From (1),(2) 1.088h+1000= 4.6382h
= h=2816Tm=282m

Now from (2) we get
+ % =3068 = 307m

Not For Sale &
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1. Solve the following right triangles,

(1) _~8 (1Y -l‘
~ 4 ftit) 1
" |a 125 I\

-~ A=—"" \a | %10

500 - — bl ;

Pl SN 1 | ==

A — B C € ll.H \.\.
e N,

[ ]

Solve right triangles ABC inwhich =90" gnq
a=14, =% (i1} b=3.9.ﬁ=2!.ﬂ*:::-| b=14, c=450

The angle-of elevation of the top of a post from a point on Jevel ground 38m
away is 33.23°, Find the height of the post.

4. A masjid minar 82 meters high casts a shadow 62 meters long. Find the
angle of elevation of the sun at that moment,

5. The angle of depression of a boat 65.7m from the base of a cliff is 28.9°.
How high is the eliff?

6. From the top of a cliff 52m high the angles of depression of two ships due
east of it are 36° and 24° respectively. Find the distance between the ships.

7. Tweo masts are 20m and 12m high. If the ling joining their tops makes an
angle of 357 with the horizontal; find their distance apart.

The measure of the angle of elevation of a kite is 35°. The string of the
kite is 340 meters long. If the sag in the string is 10 meters, find the height
of the kite,

7. A parachutist is descending vertically. How far Suexhe] bse uji;ll‘f;lrlun:. |
the angle of elevation changes from 50° to 30 which is © her:;“' round
point 100m away from.the feef of a parachutist Lo g .

||:.| A“ iBDS::EIE:S lriﬂng,l& has a \lgﬂ_'i_(.‘ﬂl Hﬂ.gle ﬂr ||:|:8' :]_I'Id a hﬂse Eﬂ £m lﬁﬂg.

Calculate its altitude.

— = == 315
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1  pyplicaticn ol Trigonol

Unit 1
i & is -

l_riﬂﬂgiﬂ is ngh[ ﬂﬂﬂle. lhclll'_laﬂgl C'al].[.‘.'d uhhque

If none of the angle of 2 T are oblique ANE e

triangle. In Figure

[EETES AN
Figure 11.7 . )
(2

an obligue triangle has either
11.7(a)) or

obtuse angle (figure 11.7(b))

We see thal
(i) three acule angles (figure
(i) twoacute angles and one
ved right angled triangles, however, in this
les. Given three elements of a triangle we wij|
ree elements; Thus;, we have the foll owing

In the last section we“.wl
section we will solve obligue Iang
be asked to find the remaining th
five possibilities:

When three parts of a triangle including at least one side are known, the triangle s

uniquely determined, The five cases of obligue triangles are

1. A.A.S: Given two angles and the side opposite to one of them
2. A.S.A: Given two angles and the included side

3. 8.5.A: Given two sides and the angle opposite Lo one of them
4. 5.A.5: Given two sides and the included angle
5. 5.5.5: Given the three sides

In case of (S.5.A) there is not always a unique solution. It is possible to have no

solution for the angle, one solution for the S T ot el
its supplement, angle, or two solutions—an ang

mathzfr::tii;f:;llg m:ﬁ”“’ above cases of oblique triangles, we develop special
scalled the law of cosines, the law of sines the law of tangents.

(a) The Law of Cosings

In this section, we

case 5 of obligue u-imgl'esWIn erive the law of cosines and we use it to solve 1€

Not For Eai
Mathematies-

Unit 11| Applic

LT 'n':,'_l'lr:lulllrfn

Theorem {Law i

» o ,ﬂlf Fz::l::::f: In any trangle wig, usual Iabelling B
(i) #=c +a’ ~2eacos g |
Jiii) ez=a*+b=—2u¢cmr
Proof: Case 1: All (ha angles are acue, , isan

acute angle in figure 11 .8, Ifhi :
vertex B, then in ABCD, we h;:hc Yt

a* = b () ()
In ABAD we have

I ]
—

—_——
Figure 11.8

B

X
CEAS L = =
e

>
iesega 4N g
B T Ar ol T
i A =

Put (2) and (3) in (1) =

r:3=1r.'!—.1:2}+{£|n= -Hipexty | L
= hi""-'"l‘-lftl:uﬂ' :-]]1 *II’E'?\I\.J
Case2: One angle is obtuse, i is obluse !'uemnu XN b
]'I.l ABCD at =t (b4 ¢10hiuse
giving a® =4 4% 4 x* 4 2y (1) AL
In ABAD, CO5 (180 =) =
c

S E=CCOS{IR0 ~a) =~ ¢ cos @ (2

and el mhdpyt (3)

Put (2) and (3) into (1)
4= =540+ 4 W{x) =B +F L= 008 o )b 4 =B casa
In both the triangles, we obtained a* =5 + ¢ ~ 25¢ casar.

By ideiing s ot p
¥ considering angles B and C in a similar manner, we can prove that

¥=a +c3—2,q;m=ﬂ

el ma® b = 2nbeosy

}J:? fearranging the' formula we can express the cosine of the angles in terms of
three lengths sides of the triangle.

“Alutheniaticsxl - 317
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§£.5.5. and 5.A.8,
possibilities could be
tackled by using cosing”
law, However in 8.A8,,
where two sides and
included angle is piven,
it s necessary that the
given angle must be
less than 180%.

Jest angle of 2 triangle whose sides measure

Example 6: (S55): What is the smal

25, 18 and 21117

lution: If 7 represent L e. then ¢ (the side opposite) ¥must be
Solution:

he smallest angl
b - _ (S +Q) 08 oo

the smallest side, so ¢ = 18. Then cosy=——" ==Zmman

s y=cos '(0.707)=45

Example T: (SAS.): Find ¢ wherea =52, b= 8.3, ¥=38.5"

Solution: 7 is the angle included between @ and b.
=gt b =2abeos ¥
= (52) +(28.3)7 - 2(52)(28.3) cos 385
=t 018.355
=¢ = 30.30 unit
Example 8: A body is acted upon by
25°35" with each other. Find the magnitude of the resultant of the forces.

the forces 10N and 20N making an nngle

Solution:

L L e —
 amnllnt W ? iy == _/-.'_ % Ié‘lﬁid't.m[l]t":'}';_‘?ﬂ fri
e . Tl & e .

U_ﬁit' “- i Applieation of Trignnnmey o

The forces of 10N and 20N are representeq by sides of parallel
Ogram.

Figure 11.10 (k)

The resultant R is the diagonal of parallelogram ABCD, Hence
R = (100 +(20)° = 2x10x 20 cos(180°- 25° 35)
=860.TEN =R =203 N.
Exiumple 9: An equilateral triangle is inscribed in a circle of radius Sem.
Find the perimeter of the triangle.
Solution: Let O be the centre of the circle. Join O
with vertices B and C.
In the equilateral triangle ABC, we have

ZBOC = ZA0C FAAGB=%GED“}I|.W
05[] 5

Using cosine law
5] o8] ] 28] Efascoc

=5%4 5% — 2w 5% Scos120°
=+/75 Each side is Ji5em.

Hence perimeter of AABC =475 + =% 475 =W75=153em

(b)  The Law of sines ‘
% In the last section we discussed the two possibil
angles
: Illsl‘i?s. ssc‘zion we will consider the fourth case ASA or AAS which is one’
case because knowing any two angles and one side means knowing all Ii!; three
angles and one side, The law of cosine does not work where at lcast two sides are. |
needed, We state and prove the law of sines for 1his purpose.

ties of solving oblique

A athiematies=Ad
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ABC with usual Jabelling

m:- I3 g“f
Theore Siﬂasslnﬁﬂ"—'_'_

11.12

gwn in figure
g as sh .

[ Spx
(i) 7 s obiluse
i} s acule } Figure 11.12(b)
1.12(a ; .
lfi;ur:fllh: u:angl: with base CA. Then in figure | R
Let h = hieight

ERTIe | Solving for h)
sinﬂ=£‘~'ﬂ’55'“?‘3 ; :
c *
h=csingand h=asmy
dng ST (1)
This ¢ sdng=asiny = 0

b= a sin(180°-7) = asin ¥ and h=csine

In figure 11.12 (b)

Hence ¢ sina =a siny

Simjlarly if we draw perpendiculars from the other two vertices on opposite sides
1

of AABC we get -
sing _sin @
a b
g Snf_siny (3)
b €

Combining (1), (2) and (3) we have

U_Iii'l ”l' '“'T"““ﬁﬂ“"‘II'Tl'ipl_.num“n

Example 10: For a triangle ABC, given g = 30, b=

Solution: Using law of sine 70 8 =85° Find .

sina _sin§
i ]

gL sin 85°
— sina = 3 x e =04269 =, o=25"6725"

Example 11: From 2 point A the angle of elevation of the 1 -
1 Cips op C of a tower is 28°,
From a mnd point B.’ which is 2200 fi closer to the bage {:I:Iht tower, the angle
of elevation of the top is 66°. What is the height h of the tower? '
" 7

.
' = R ey
D B 2200 fi A
Figure 11.13

Solution: For AABC, AB = 2200, £ ABC = 180°-66° = 114° and £ BCA=38°,
Applying the law of sines to A ABC, we have

§in38" sin 28"

200 e
Thus a= 1678 ft, approximately.
Now for A BDC, we have

sin 66° = x - .ol
a 1678
Thus = 1678 sin 66° = 1533 fi, approximately.
Using The Livw of Sines for SAA Trisngles
Bs*
AW00 - (03 ¢ 50}
AmAS 7 a

ALt henatice=l

I e T




ation of Trigupomee:

Uinit 11| Applic

- : in which .
12: Solve the triangle In ROk o igaa i |
Example ¢=3E',,ﬁ'=lﬂ'm‘d a=120 . and siné —=sin g = 260 zﬂ smazﬁ ;
: = 180° : we get ;
Solution: Since a+f+y ,,_,J o 21° Use the law of sines to get b | :
y= 180°-121"- ath _ §
.= a=bh =2
S-iI'IF T osing 11212 |
o ot g _. bp=20x f:._‘."nl_:m;.. = 28 approximately,
R l—— 1
sina . = ; n=(y- ’
g | Use the law of sines again but this ime using a.' :rnm gel Similarly and  |CEERS ey
g . a s =0 xm“ﬂ =116 =12 uppmximm;y_ i | 1 'hi?_!'_ﬂ?
i e = 8 =g —— N AT sin 38° i ;
! }1 siny  sin@ sin @ I'hese three relations are known as the law of tangents. Note that the
I‘i interchange of lengths a, b result in the interchange of angles &, §. Henece if
fi (c)  The Law of Tangents ' bxa then it is better to use the tangent formula in the form.
IR ; I
' Thearem: In any trlanglﬂlﬁﬂ':r show that Ll bra _ B34 : :.
@ ath _ tia2 (41 (ii) bre =+— b :un-:;{_,ﬂa-a} .I
i —= bt oL : 2
a=h tan-lilﬂ-ﬁ} l.ui?t.ﬂ ¥ Example 13: Use the law of tangents to solve the triangle ABC in which :
a=925 c=432and § =42°30'.
|
1 P tan —{ar =)
) ;M Solution: b _%__._
“1' 7 s hll‘i‘ﬂ"i‘”

R unlz{:-f-m
ines i ; Buta + 5 =180"- g =137°30" = L(a + 3)=68°45
Proof: By the law of sines in any triangle ABC g == (o + y)=68

i

|

|

| . = b = .L- =

' sina  sinfl "o 10 Hence
1

1
ing sinf  siny ; 915-432 _ Bol@-p) !
sin sin PN 5 = —2i_
We have . / \ " 25+ 4I3? 1u.n{{;$ 457 i
a=Dsinand b=Dsin J ; a/ Therefore :;.ﬁ.im_?ﬁ%x 25?15:“-9'3:?‘%{:!—}1 =43°7 = a-p=86°6"
, a+b=D(sing +sin §) (1) . 3
| [ ow + 3 =137°30
|- a-b=D(sina —sin ) @ ¢l —— ! i
| From (1) and (2) ; a-y=86%
| ath _ sing+sinf Figure 1. By addition 24 =223°36
| a=b  sing-sinf a =111°48
sin@ + sin f = 2sin MEQ‘EE-—‘E ' y =25°42 ||

2 2 |
Ak Alaihematic-xl 323
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e gelry
ypplicanat af Trigonens

ines
To find b, WE use the 1aw of sl

c

[ -
sin sin}’ 92 si“q,g'“gﬂ' — 673
i & = ’
b= £ sinf = G254 .
siny

rmulae fangle when th
lhﬂlﬂﬂ“" eful to golve a tr!ang n the
) B gle formul are very "fi.cn and no angle 15 known. Thess
The alf an aaglp en

cosine of Half the Angle in Terms of Sides

D any triangle ABC, show that &

Theorem: In any 2 bz | | |
2

a S{S = ﬂ:l cos—= e \\
005 —'1-' = —-'_'_'EIE

|
y [s5-9 wmﬂ:ssiia-rh)rc}
ms_'fs ab

proof: Let $= 5 @+ +9) Y — "
: 2

Uﬁng the law of CcOSINES i
et - a*
e

cosa = 2he

[
Butcosa =2 v:u\s]'—i-—-'l.

prac-a’
& a =
HEI‘IM 1DDS!-E—I.- :__.Ebc-—-—

2 3

1 :I_‘t I:ﬁ-?f} -

= 5 o B AR wi=
2 be

i1 5
The numerator being difference of two squares, can be written &
3 _ [{b+c‘l+n][tb+c1-g!
e 2be
Since a+b+c=28 ,
and h+c—a=15-1ﬂ=1{3_a)_

2bc
= tsz = ___S[Sﬁ;a} or

Hence 2 m&%:

L nit 11 l -f'.n_illl“uuﬂ'.ln ol Trigin ametry

&

Asn LY 5 15 ameasure of acute angle, the value of cos & will be positive.

2 - 188=a)
Hence, |cos> JT

gimilarly we can prove

£ a au=n
cos J‘

A ———

r. [56-9
=l

i)  'Thesines of Half the Angle in Terms of Sides
Theorem: In any triangle ABC, show that

(1

-

. i f{.‘:.'—ﬁ]{.!l-‘-c']
Sll'i—"?'= b‘{ -
B [B-a5-a)
2 ac
¥ f{s-aus-m I . B
sm2 = JwhereS= zfu+h+:_]- ;’if}
Proof: cos& = 1-2sin’ % u/ |
"t Fd
Henece 2 sin® % = l-cos& / E‘
) _y Pecd-ad _ al--o L2 : o
The 2be Figure 11.16
_ (a=b+c)la+b-c)
: - 2bc
Since a+b+c=28
50 a-b4c=25-7b=2(5-1) and a+b-c=25-2c=2(S-¢)

Substituting these values in the above equation

2 gt & - AUS-BIXAS-6) o gn Koo fl:S—bus—:)

I : . By Ewe
Again sin % is measure of an acute angle sin = 13 always positive

Hence  |[gn@ = [E=b)XS=0) y
2=k




plicalith AT Triaonemetes
P i

(S-S —al
mfé..s “55-B

T5-als—b)
m.-:s -_-E-I:"S_.'_EJ_'_

B3

1
~{at+b+e)
where s = 3

|=

&in

o
Proof: 7

(5 -c)§-b)lbe
= m.n-z- - S{S—lﬂf“

L]
8
3| &

=]

..ak i (5—.11.5-!:-‘:
B (§-cH5 =8| and |50 a |
o ae
2

gle jn Terms of the Sides

-
¥ (§-b)}5-c)

= Bao= %
| = ¥

. e (S—c)S-a)
imilarly 2 S(5-=b)

e 5(5-¢)

e
Yoo (5 —a)(§ &)

Now

i (3-q)

Denoting |5 =9X5~

}

|

BHS=0) b . we get

A
"
AN

Figure L1.17

A

(by (1) and (2))

(3

, i e gel
if we multiply and divide the right hand side of (3) by R
a1 [G-alS-bXS—0)

Example 14: Solve the triangle ABC with 1 fhe o
bt oo b 5:;1 usual notation for its sides given that

- =] 1
Solution: 5= 3 la+b+c)= E{qu. 55+ 50)

=90
S0 S—d‘:!}ﬂ_?j:]‘i
S-b=90-55=35
S—c=9%-50=40

Using half angle formula

a _ [st5-a) _ [9005 _ |
2V ke Y (55)(50) =0.700649 i

cOs

- =453 or =912

g S5-I G035
== |— = | =
ARG SOk = stxsu Lo

a

2

B~ 2 — 4o
= 2—2.3 35, f =471

Hence p=180"—(a« +4 )= 180°-138°17 =41%4%
QEXERTISERI?

L. Solve the triangles with dimensions.
() a=209,b=120,c=241 (il @=120,b=240, y=32°
i) @ =100%c=345, 7 =564° (iv) a=245,c=438, f=112°
W b= 16, ¢=32a=100% (Vi) f=39"30",y=34°10",a=240
Vi) @ =35°, # =70°, c=115 (vii) @=375, b=124, §=T0°
ix) b=125,c=23,@=38°20 (x) a=168,c=319, A=1020

Find the angle of largest measure (Using half sine law).
i a=74,

b=52 and ¢ =47
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Unit 117 Application ofTrigdnometes

i)y a=T, b=29 andc=7

(i) a=23, =15 andc=2.7 . |
o Sul\le[hemwf,fNWMCh length of uweesndesnresl\'ﬁ“-ﬂhmg alf cosine

aw

Iii])asﬂ. b=7 andc=3

(i) @ =L.2, b=9 andc=10

(iii )a =6, b=% andec= 12

4. Tins diagonal of a parallelogram is 20cm long and at one end forms angles 200

and 40° with the sides of the parallelogram. Find the length of the sides.

Two planes starl from Karachi International Airport at the same time and fly

in directions that make an angle of 127° with each other. Their speeds are

§25kmv/h. How far apart they are at the end of 2 hours of flying time?

A city block is bounded by three streets. If the measure of the sides of the

block are 285,375 and 396 meters, find the measure of the angles of the street

make with each other.

7. ‘The diagonal of a parallelogram meets the sides at angle of 30° and 40° If the
length of the diagonal is 30.0cm, then find the perimeter of the parallelogram.

8. Use the law of cosines to prove

(b+e+a)b+c—a)

(i) =
1. I+cosa T
@ jecma=i=ttelatb-d
: 2be
11.2  Areas of Triangular Regions

To find the area of a trdangle ABC
we discuss three cases SAS, SAA and 555

separately as follow | .

(a) Area of a tdangle when two sides v

and their included angle is given, ,j’ o i
From elementary geometry we know A - G B
that the area of a triangle is equal to Figure 11.18

Uit ILLAeplication of Trigonuineiry

one half the product of measure of the
11.18 for the triangle ABC. Lct h be the nzﬁuﬂfnf“;‘g of altitude. In figure
¥

Then arca & isgivenby A = -2. [AB)h)
. = A
But since AB =c and 5 =8in & orh=bsin o

A=

B[ =

hl =l 1
c{bsin &) 2 be sin o (1)

Also hcnnbcwrir.;ten as %=5inﬁ aorh=g gi_“ﬂ'

gp that A becomes: A = — {cj (asing) = —ﬂcsm,ﬂ
2
Similarly by taking other md:s of the triangle ABC 45 base
We have A= ; ab sin ¥
Hence the area A can be found by either formula
1 ¥ 1 =~

A G ab sin y = = acsm,.!_l'=-|£bcsintx

This shows that the area of a triangle is

‘Dnzhalfmepmductuf themaumnftwomﬂmdﬁ. ;

(b} fﬂxrea of a triangle when ﬂ'u: Teasure nf one side and measure of two
angles is given (SAA).

. i ;
If in the formula 5 4c sin # of the area of a triangle one of the sides say ¢ is not

known we can replace it from the law of sines.

We have
a b : asin
e — _"' — c= ",—'—'}:
Eine sin 7 sy SN

So that the arca is now £iven by

2 A= 2 sina} s
A 1 a sin,_Ei’s:inr (2)
2 sin &

Aathematics-X



Using ball k'::rmF};T_H Jﬁﬁ' ~ JS(S—-aNs -5 =c) (3)
e ®
as Hero's formula (alternatively known as Heron's
fmown
This formula is :
the above mentioned formula,
formula). f a triangle by using LIS il b

now find the arca©
E::mp]t 15: Find the are

A -_-—I'hcsi-“

o of the A ABC where a=18.4°
= -{154}f111}{5in 18.4%) = 5128.349
Solution:
decimal pla{::s the area is 51
le 162 Fi dlh:amaofarrmng
E"F;::il; the ﬁﬂ“nmgla is 24 inches long. ]
Sotion:  Leta =20% 8 =30 =110
Now b is given which is 24 inches
Hence the area Ais

_| 1$|ﬂﬂ3m?
A= smﬁ

L (o4 2sin20%sin110° _ 120,83 square inches.
2 sin 50°

Example 17: Find the area of a triangle having sides of 43
Solution: Since three sides (but none of the angles) are known,
formula to find area.
Let a=43,b=89and c= 120, then

§= %{43+39+11ﬂ; =126

28.35 square fect.
fe with angles 20°, 50° and 1107 if the side

ft, BOfL ;md 120t
we need Hero's

A = 1260126~ 43)(126-89)126-120) ~1523.70
To two decimal places the area is 1523 square ft.

|
ic

Application o Trigenomet

Example 18: What is the vertex ungl:uf an isosc

are 134t long if the area is 50 2. eles triangle whose equal sides

c
solution: Area A ABC= —1: ab sin ¢
50 = % (13)(13)(sin c)
3 13
. 100
sinc= s =0.5917 )
c = sin""(0.5917) = 36.3° b
= 36°18' Figure 11,19 "

S EXERCISEM3

1

. Find the area of the triangle ABC in each case

{1) a=15 b=280 y=1g°
{ii} b=14 c=12 = g2°
iy a=30 A =500 y=100°
(ivi b=40 =50 ¥= 60"
(v a=70 b=8.0 e=20
vi a=11 b=90 c=80

) b=414 c=485 o =40°47
vill) a=32 f=47°24 ¥ 0°16°
(ix) b=47 a=60°25"  y=41°35
(x) e=57 a=23"24 B=71°36"
(z1y a=925 c=433 ﬁ:ﬂ“f?*
(xii) a=92 b=71 y=56°44"

2. The areaof a triangle is 121,34, Ifa=32°25', f=65°6S' then find ¢ and angle 7.

lh
3. One side of a triangular garden is 30 m. If its two comer angles amzlipnll
" .
11 15 , find the cost of planting the grass at the rate of Rs. 5 per square meler.
4. A new home owner has a triangular-shaped back yard. Two cflbt_! Saet s;des
measure 53 ft and 42 ft and form an included angle of 135°. To determine the

Mathenratice-Al
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[rioonomelrs

ymnlication of
] 4, the owner has to know

L pit 1]
nearest square foot.

e

yard to the

—— with Triangles )

113 Circles Cﬂnﬂ:‘-:ih: A circle passing through the vertices of any triangle
1131 (a) Clrnl ircle, The measure of radius of this circle called
iz called _thﬂ :i“d i< denoted BY R. The center of this circle is called
circumradius

m::;mr is the point where the right bisectors of its sides meet each

e ci
other. a triangle and touching its sides is called

ipcle: A circle drawn inside gle

:II:: incirl:?l:;tswcial:d with the iriangle. I8 radius 1
is called incenter.

The student knows

which internal bisectors of the angles of a

(c).. Escribed Circles: A circle, W

Htt?ﬂalljf, and the other two sides internally when pr

or e-circle.
circle uxﬂm E-uc;ccirclus. wouching the sides a, boand ¢ externally. Each
circle is associated with the side of the triangle it touches externally. The ma&?lﬂi:
of the radius of the circle opposite 1o the verteX (touching side emermﬂlf!r} B
denoted by rand measures of the radius of the circles opposite 10 the VeroeH

and C are denoted by ryand 7, respectively. The centres of U

g called inradius and its center

from elementary geometry that incenter is the point ot
triangle meet each other.

hich touches one side of a triangle
oduced is called eseribed

ex-centres are similarly denoted by 1, , T;and ;.

The ex-centrel, with respect to the vertex A i
the external bisectors of angles B and C and internal bisector of ang

s the point of 1N
le A

hese circles called

gersection of

Uit I Anplicatian of Trigonain ey

11.3.2 (a)To find circumradius
for any triangle ARC

(i) To find R, the circomradigs
a side and its opposiic angle, i FiApgle ABL 5o Jerms:of imchsmre of
Let O be the circumcenter of the trign

meel the circle at D, Join C and D gle ABC. Join B and O and produce it o

; _— ‘. &
A P A
.-"-:_."I. ] ™ "-.__. :_.r' o ::;-_ o ,/" // i % : ",
B & 0\ * [ B"'}"'F = i ™ 1ll
|_: — ""_.l‘ I.'"__ ::.. O 5] B_- i S—— —ic
o o - 2 . ’ !
i) ) {II}I e . ....___‘#_/

' (iii)

e , Figure 11.20
Figure | 1.200 (1), (n) and (i) depicts the cases meas
obuse and right angle respectively. S MRS
Now measure of 8D is the diameter of ci i
e circume
<l meircle. Hence
mBc =a

In figure (ijm < BDC = a<Z
2

‘ Hence —— =sin £ BDC =sin @

mB

So =g
T I ix (0

[ s o y
n figure (ii) £BDCand Za are supplementary angles because they are made
by the same chord BC i i BAC

same chord BC in two opposite arcs BAC and BDC.

Hence
mBC ? &
" sin £ BDC=sin (R-@)
=5in & (2)
In figure (i) o =%

Not For Sale

Stanhematics-Xx1
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ol Trigonomeirs

Unit 11 Application

Hence in this cas¢ A ]
—-----""E =1=sin F _gin i 7 = si0
BD .
mﬁw three situations jead 1o lha ccmcl_n;snm s
Hﬂ'ﬂﬂﬂaﬁ -'-'R=,_£-_—.—_|. —_—= 7
m=-2— o [REgiaa" 2608
sin & )

f sides of a tria
4 the measurements o ngle
5 jus in terms of
Circumradi ved that

i)
® We have already pro (E-bN5-€) 4 {5_.__{5 =..
Z-2 '—"_'E_-_- be

-
Sin-ﬂ ::25"] Emz

— S BNs-c) _ 24
_ WSE-alSTR = = 0

be
R el
R=-—""%T4

- FE-a6-hE-9 _ . |
where [-‘5 i ;:nd IZ:H circumseribing radius for a triangle whose sides are 3,5 and g,
Example 13

Sﬂ!llﬁﬂg:_ ath+e =_:!_'L5_tﬁ.=7

Sz 2 45

abe = Juixb 9% _ A 3 Cioodon
e 4J5(5—a)S-bNS—¢) T 410 456 2456
(b) Tulludlnm&lm‘rmunruhngie&ﬂ{:
_ |(s-a)§=b)S~€) .
We shall prove i e X

where S = %{a +b + ¢) is the half perimeter.

Let the internal bisectors of a triangle ABC meet
at the point O which is the incenter. Join O with
vertices A, B and C, We obtain three triangles
OAB, OBC and OCA. The altitude OF, OD and
OE respectively of these triangles is a radius of
the inscribed circle. The bases of these triangles
are sides of the original triangle. Then from

figure 11.21
Area AABC = Area A AOB + Area A BOC+ Area A AOC

l ““ 1L Applictog of Ttie

BOT i 61

Hence r= ——

If we write. & for the area of wriangle ARG 4
[l

=4 S

r=—=
R e 0 )
L S

Example 20:

7, 24 and 25.

Solution: We must firs caleulate the ha]
Sm Tt 7424425 36

Ik L E
F: I I‘“: A Us o il:{_‘ II::BmSI:IIhE-: na 'nﬂn | wh.l]SE are

f perimeter S,

: = Pan
Then r= [B-TNB-2WB25 ' [ !
1|| 7R ___'.HI_T= vi=73

Example 21: Prove that i 1 :
In any triangle ABC r=4R sin % sin £ g

Solution: RH.5 =4R gin g §in -'g sin X :

2

T -
= Hobe) (5 S=0)  [G=akS=0) , [G=axs=h)
¥ ae il

b3 |

44 be

[ (8 —aVirs —pire — i
;i{"ht'? _I{-‘s a) r51 b5~

a'b'c

(abe) % WS -alS—b)S—c)

1
A

[}

1
LS S . 1 - A
3g ARG = TR

A &= S(S-a)§ -b)S~c) .

(€) To find the Radius of e-circle of a triangle

Let O be the e-center opposite to the vertex A as
shown in Figure 11,22

Let LM and N be the points at which the e-circle
touches the side BC externally and touches the sides
AB, AC when produced respectively.

Then from elementary geometry OL, OM and ON
ire perpendiculars 1o the side. 5C and sides AB, AC




1ol rimnomet s

. Jaljeatine
Unit 111Aeene o the e-center O with A, B and C.

Joi
uced) wgpecllvbl}'
pl‘Dd =m oN="H

(when
OC - Area A BOC

m OM =
Clearly moL = i
Area AAB o A AOB + Ared
2 “ ‘?m Ihr——ﬂr-—q{c-rh.,m
=—entzgP 727" 2
1 _::r+b+::
ﬁ-l—r,{zﬂ-?.ﬂ}whcres-_.—-—-
2 -
i BC s
Thus the area A of u‘mng,[-::,ﬂ«;‘th

A=g(S-3)0Ni" 54

i the e-circle touches side b directly but sides a, ¢ yhy,
o 1
+ Similarly ﬂ

produced. . n
; d with vertex C is given bylp= .8
The e-radius r; of escribed circle associate b=

i ith measures of the «
i . and r forthe triangle wit Sies
Example 22: Find R.r, R I
5, 12 and 13.

Solution:
Let a= Eb.-]".l';m-dl.-m

g= _[5+12+]3}:

2- o —
A = JS(S-a)S-b)5-€) = JIsx10x3=2 =130

(abe) _ 5¥12x13 _ ¢ 5

:.‘45 430
A 30
r=}§'= E = 2
15
Jh = o0
=5 T 15-5
. 30 ’
om0
"=50 T 1512
_ A 10
T 15-13

+2:3
§ i a l r R -l
Example 23: Prove that for any equilateral tnangle e h . denotﬂd by ¢

Solution: Let the measure of each side of the triang
§= CHete _ 3

2 2

Uit 1 Apnilcaiionr Teiginamee
. %

Area of the triangle js given by

A \lﬁcz 3
re—a — oy 2 ¢
4 "% ToR
\".; 5
el ’
Now r= = 4" _ B 2
- 3e 4 =
.2 E 3
2
! iz
Hence riRin=_5_.. €. 3%
23 B2
'
c

Example 24: Find the area of the ineec i
i € inscribed
measure 7, § and 9 unit, kihikp

Solution: Here § = 14849 =12
7 — =12

of the triangle whose sides

Area of triangle with sides 7, 8 and 9.

A = {S(S-a)f5-B)S~c) = JiTxsndns =2683 it
A 2683

r = E: ---t-_’— =224 it

Area of inseribed circle = 1+ = (3.1416)(2.24 ¥ = 15.76 unis®

& EXERCISE A

. Compute the in- mdlus {l‘.'l' and circum-tadius (R) of the wriangles 'u-hnse
Hldes arg ““"Cl‘.l

(1) 3,56 i) 21, 20,29

2 F:ind the area of the inscribed circle of the triangle with measures of the
sides 35m, 25m and 70m.

3. The measures of the sides of a triangle are 20, 25 and 30 decimeter. Flnd
the radius of the described circles

(it} Opposite to smaller side

(i) Opposite to larger side

Alathematics-N1




(i1) abe(sin e +sin B +sin Fi=44,

A
s Show that (i} 2% = :
L {'ﬁi',l rlrz.ﬁ = r¥ C
s onele AB ) 3
< Prove that for any triang 4R (i) e = S0
(i) T]|"|'":+r-'~ ]
fiii}rrl'*",;*;; r
Show that S =Stan-£ ) remSiaaZ
" san— N 2 -
: (i) K= - .
f . :;Ic are in the ratio 3;7:8. The radius of the inseribeg
- ridn :
5 The sides of a o o the riangle

008 he correct pption. o : _
3 Chf“nc]t :1 Lm, iriangle ABC, find bifa=2,¢ 5, a:ﬁ_l =
fi)y In fﬂ? fh) 3 2 | H%ﬁ_-h
a) | ent store makes an angle of 457 with the
o mul}latirl:::; ifi:l?:r;:::n}amr if it carries people a vertical distance
ground. HO :
24 feet? s
;' @ 1242f 2142 1t 83 fit i
. 1fin an isosceles triangle, 8 18 the length uﬂ_l}r: base an
s ;ifnugll;nc:f?gnc of the equal sides, then its arca 15

i -h ] 'l.

b 3
a H) = 2 .3
(W) 7 Jan’-a’ Wl 7 J4p'-a

H -1' I
ivi If Heron's formula is used to find the area c_rf lr;:'lzilf
- a=3 meters,b = 5 melers, and ¢ = 6 meters, W

l’}
shows the correct way to set up the formula® | /]E

P
@ a=7J10)(12)(13) (A= J4)(2)(1) G\ﬁ/
(¢) A=\[1(3)(5)(6) ) A=J7(4)(2)(1)

o
(v} Inthe adjoining figure, the length of BC is

(a) 24/3 cm ()33 cm 30
(e)4+/3 cm {d) 3cm

e ABC having
of the following

.

(vi) T the angle of depression of an’oh

then the distance of the object fmmj?;lc il';l;rm a 75 m high tower is 30°,
i _ €T i5
i i*;;zsﬁ m M0 Bm 915 Fm () 150
i int of : 9150 m
tvird - 1€ point of Concurrency of the right bi / |
triangleis called isectors of the sides of a
i) In-Centre | Orth
: DCenter (o0 = X g
With usual notations P, = Circumeentre () Centroid |
it A A abe A '
2. Solve the triangles, 4 " abe .,
(ira=07, ¢=08 f=14130 a=34, b=23, =358
: a=136; b=18, y=35"10 a=48 b=32 ?'_5']"&'.
j =32, = !

" b=35¢=37,@=23°2%

la=584, B =372° y=100° {
ye=13.6,@ =30°24", § =72°¢'

- Find the measure of the smallest angle of the triangle whose sides have

lengths

4.3, 5. and 6.3 3,42 and 1.8

Find the measure of the largest angle of the triangle whose sides have lengths
29,33 and 4.1 6.0, 8 and 9.4

The sides of a parallelogram are 25¢m and 35cm
long and one of its angles is 36°, Find the lengths
of its diagonals. '

e

m,
A man is flying a kite. He has let out 50 m of [}
string, und he notices that the string makes an angle _ j -
of 60° with the ground. How high is the kite? ® 3

- A robin on a branch 40ft up in @ tree Spots A wommn at an angle of depression of

147, From a branch 15ft above the robin, a crow spots the same worm at an
angle of depression of 19°. How far is each bird from the worm?

The angle of elevation of a building is 48° from A and 61% from B, If AB is
20m, find the height of the building.
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U'ﬂ“ 12 I'ﬂﬂl'll of Trigunomeiric and laverse Trigommeire

A e

Funetisn and Sobition of Trignemoiy, S

Graph of Trigonometric anq
Inverse Trigonometric Functigyg
And Solutions of Trignomotri,

Equations

I Sin 6

Genera
Solution

- 1 n

ST R
7Es =g
e =S,

Find the domain and range of the trigonometric functions,

Define even and odd functions. i
i riodicity of trigonometric functions. _
gﬁ;ul:; Lhmﬁ P_ﬂm“m nnﬂ minimum value of a given function of the type:
e a+bsing,
« a+heosh,
s a+bsinfc+d),

€ beos{ch + d) ,
alh: mdp{;u-cujs of above, where a, b, ¢ and d are real numbers.

Recognize the shapes of the graphs of sine, cosine and tangent for all ::ug_!:s.
Draw the graphs of the six basic trigonometric functions within the domain
from—2x to 2x. . o
Guess the graphs of sin 28, cos 20, sin 8/2,cos /2 ete.without actually drwing
o i i . hs of sind,
Define periodic, evenfodd and translation properties of the graphs of $
cos and tand | i.c., sin @ has

« periodic property sin(B = 2x) =sin @,

« odd property sin(— 8) ==sin @,
sin(8-x) =—siné
sin(x-6) = sinf
Deduce sin( + 2kn) =sin § where k is an integer. Qi
Solve trigonometric equations of the type sin 6 = k ,cos = k and tan =

* translation property

II uSin'g Eeﬁﬂdiﬂ, evenfodd and l.'l‘ilns].ﬂiiﬂ“ pmpeﬂigﬁl _'___'_._,_,_.—-—-—""

|
|
g,
é‘f
|
|

o sin@=g7, o Omelrc equations arine type:
o cos0=g,
= tanf

=20 when
= Define the inverse 'ﬁEunmfl Sh<an

1 ein nction ir domain

»  Find domains and ranges of o4 * 406l heir domnin i
= principal trigonometric functions
o INVERsE Ingonometric functions,

»  Draw the graphs of inverse trigo o

s Prove the ud_x:litmn and sublraction Tormulae of

’ hppl:.-'_ addition and subtraction formu]

1o verfy related identitips,
= Solve trigonometric

f INVerse rigonometric funetions.
e of inverse trigonometric functions

12 Introduction

Trigonometric functions are usually defined either with the help of a unit
circle or right angled triangles. We will alsg study their properties with a special
emphasis on their graphs. Rest of the unit js concerned with inverse trieonometric
functions and solutions of trigonomeiric equations, =

12.1 Trigonometric functions

We know that the domain of the function defined by the equation y=f (x)
is the set of all those values of x for which the function attains finite definite
values, and the range is the set of all those values which v attains. So far the
functions we have studied all had subsets of real numbers as their domain and
range. But the domains of trigonometric functions are the set of angles, rather
than real numbers, We can however, make the domains of the trigonometric
function, subsets of real numbers, by defining them on the unit circle, that is a
circle whose radius is 1.

Let @ be a central angle of the unit circle and P(x. ¥) be the point as

shown in the Figure 12.1 then r= OP = | = Jx'+* . and the six trigonometric
ratios also called trigonometric functions or ¢ircular functions of @ are' defined
a5 follows:




5 X
cosine & = i

=2 (x=0)
fangent & ;{I

cosecant & = ':._ (y20

3 ¥ Figure 12
secantf = % fxz0) gure 13,1
cotangent@ = = (y#0)

; i lows: y
The trigonometric functions are abbreviated as follows: y
(i)  Sine & assin # i

(i)  Cosine & as cos &

(iii)  Tangent & as tan &

(iv) ~ Cosecant§ as cosec g

(v)  Seccant §assec a

(vi) Cotangent & as cotd
It can be seen that

i o5 8
=E£|Eundcutﬂ=c—,-
cosé sin

Since any real number can represent the length of exactly o

circle. If t is a positive number, we can find the
Arc of length t by measuring a distance 1 in
counter clockwise direction along an Arc of the
Jlnit circle beginning at C(1,0). So we get
ArcCP of length t.
If t is a negative number, we can find

the Arc of length t, by measuring a distance t
in a clockwise direction along an Arc of the
unit circle beginning at the point C( 1,0).

" In each case, we get a.unique point

1=a

O e

J Gl

1’.

¥ Fio
y Figure122

ne Arc on the unil

® 0
t<o
o i Plxy)
v . 23
y'  Figurc L2

MIErlY Funeiiogy

) and Solutams i R
P(xy) that commesponds 1o the pay of Trigometric . qustions

n
which subtends an angle g o th er't, We also know that if s is an Are
= € centre of circle i -
(@in radians). © with radius.r, we have s=r @
Lets= tandr=1 then Hbﬂ\re equ alE{.‘ln
Thus we obtain - sin # = sin ¢
COSH =cos |

N & = tan i

reduces to =g or =y,
» COSECH = pogec ;
I
» COL & =¢op ¢,

where @ is the angle measured in tadians and ¢ i5a
real number. i
Thus we can think of each fgonomerrs  * 9 J¥
egxpression as being either a trigonometric function Q
of an angle measured in radiape or as a
trigonometric function of & real number ¢
Thus the trigonometric functions can be ¥ Figure 12.4 '
::;::if; -m’ -as functions that have domains and ranges that are subsets of real
12.1.1 Pomain and Range of Trigonometric Functions
{a)  Domain and Range of Sine and Cosine Functions
Refer to Figure 12.1, sinf=y  cosf=x '
Domain of sine and cosine is the set of real numbers R. Since point P(r,y) |

]
:

. is on the unit circle

-15y=£] and  ~l=xsl or -1Ssin @< 1 and-I<cos@ <],
Thus the range of sine and cosine functions are [-1. 11
(b)  Domain and range of tangent and cotangent functions

Refer to Figure 12.1. tan8 = LAY

X
When x# 0, then terminal side OP cannot coincide with OY or OY"; in
other words

t?:t{!ml}%:usz

ortZ 47
2" 3

Therefore for the tangent function.

Domain = R {l| t= .[gn+1].f; ne z} and Range = R (the set of real numbers)
2 )

T
F i or
2




= mﬂl. B ; wﬂwﬂmm“m““tﬁmﬂhl

}'aﬂl

X
Sincecot & = ;
terminal side OP does not cowne

ide with OX or OX’ in othe,
when y# 0 then

words )
g+ na,neZ

g20, 7, 2T e ar. i

Hence in case of cotangent function Domain =R [tit=n.T ]

R (The set of real numbers}

Range =
o Range of Secant and Cosecant functions

(¢  Domainand .
cosec@=—r y#0
Refer to Figure.12.1. comé‘—y ¥

If y 0 then as secn in the case of cot, & # NANE Z

Domain of cosec function = R-{tit= nxineZl.

Jr+y'= igure 12.1
Since | y | = J;,-I’_g P4y =l (Figure )

1
< l.or—21.
Hence Iyl £ 1 urlyl

& < | that i cosec 8= | orcosec g=<-1.
J_!

1

Thus either —21 or
Vv

That is cosec @ attains all values except those which lie between

—1 and 1.

: |
Hence Range of eosec function = R— {t1-1 <1< 1).Now secf= o x# 0, Then

by
as seen in the case of tan@. = (In+1) 3 » ne 2.

T ;
Domain of secant function = R— [t ={2n+1) 5" ne Z}.

Also Id = J;;E..sz+_~,r1=|

MﬁlmizL

2

: 1 1 ;
Thus either —2 1 or —<-] thatis sec821 or sec@=<-1.
X ]

That is sec & attains all values except those which lie between —! and 1.
Range of secant function=R- {ti-l1 <t <].

Mathematics-X1

ﬁﬂit lzi“mﬂhﬁum..m ]
“’hm.um- ¢ = =

i ¥ _ B
i i ﬁ
= " and ‘fange of trigonometric functions;

N symbolic notatione: .

— ——

We now give table of the dqg
which are written in words as wej
ffunction _ __ Doma

y=sinx | All real numbers; "“":.t{

Hinge
=15 real numbers <1
~1sy<i O
=15 real numbers <1 A
-l<y=] y

=tan x All real numbers gxp 9 n
Y “P'{-"H}E,nez. all real numbers;

y=cost | All real numbers; - os < ye o

—m L L] 4 x
<x< x# {2n+1]|ri-.ne Z. e

y=cotx | Allreal numbersexceptna,neZ. ' | all real gumbers:
—p0al Yeloe 4y ||_;|T|nEz, Y on .

- | All real n anE _
y=SEC X real numbers except(2n -+ UE.HE Z. | all real numbers <=1 oot

T
—oo < Y es x#{!nﬂ-]‘.l:r,nez. y=lory= -1

y=cosec x| All real numbers exceptnz, neZ. all real numbers<—1 ar21
—soC X<om ' XFE IE,NEL, yzlory=-1

Example 1: Find the domain of each of the following functions.

(1) sec 3x (i1} t.'m-;— 1 (iil) cosee % X

: 4
Solution (i) We know that the domain of sec tis —s < t <eo 15 (2n+1) 5+ 0e Z

' iy
If 1=3x, then dom sec 3x is —eo<3x< e+ 3x # (2n+1) T e Z

r
OF  —es<xges, x#(2n+l) i ne Z

x
Do sec 3x = R=[xl x = (2n+1) ?‘-: neZ)
neZ

"

ta | =

()  Domaintantis —ee<t<es, t# (2n+1)

Mathematics-XI




.I'#"" wad Solutions vrw Exjuarian,

1
— xE NANEL
Z

1
dom cosec Ex = R-{alv = 2n7, nez)

1
3311 7 cosec — X
(iii) 2 cosec 3 X

mcos t, —1=cosl =1

' 1 - '-' Lk ,ﬂ ) M
Uit 12 o mogomomerc st 7
1 |
ift= Exthmdummn ;j-zls
| X o7
—:ﬂ--r.':j-,rc:w_ - X¥ {2n+1) 2 , NiE
or —en L X CT, x#% (2n+1)- 7 .BE &
! =2 .neZ
dumlnn-gx=ﬂ—{1ﬁ—2{2n+l}£ neZ}
(i) Dom cosec Lis e L <29, t#ﬁx.nez
I -
Let t=%x then dom CcOSEC EIIS -w«:-i.n: -
or s xees, X 207, neZ -~
Example 2: Find the range of each function.
(i) cos3x (ii} 3 tan Zx
Solution: (i) We know that forall L & do
Let =3z then _1<cos Jx= 1.
Hence range cos 3x is the closed interval [-1, 1]
(i)  Since forall t € dom tan 1, —es<lan t<en

UIII.t 131W-ﬁmlm|u|mmn " ok w._“w-
12.1.2 Even and Odg Funetions - . - ;
Even Functions
A function f is even if fo
=Rl revery x in the domaj

Even functions are ¢ : R e

o :m:m dre symmetric about the y-axis. For each I'-l[ %
graph, the point I:-x. ¥)is also on the graph . {II ﬂ e

The rﬂ“DWit‘lg are the E!‘&ph:i of even runctim

Figure 12.5

Figure 12,6

Figure 12.7

Notice that for any point (x, y) on each graph, the point (. 7)alst i o e

graph. Therefore, for any x value in the domain, flx)= f(-x)

Odd Functions

A function f is odd if for every x in the domain, — f(x) = Fi=x)
Odd functions are symmetric about the origin. For each point ( x. 1} on the

graph, the point (—x

.—¥)is also on the graph.

—mae tan 2u<os

(iii)

Let t=2rthen

Hence —eo<3 tan 2x<es. Thus Range of 3 tan

Since for all t & dom cosec |
cosect < -1 orcosect 2 1

Let t= -I-x
3

2ris R.

1
Then cosec 3 r< =1 or cosec % x= 1.

Hence 2 cosec % x<=2 or 2cosec % x&d

Hence range of 2 cosec % x=R-{pl-2<p<2}.

Not For Sale
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The following are the graphs of odd functions.

4 va "

(x2)

i (%)

. —— ¥ /\ fo)
{-xm E—x.—:-fwl ......... : N ; - v i

Figure 12,8 Figure 12.9 Figure 12.10
Notice that for any point (x,y) on each graph , the point [—x,-}-] also lies on the
graph. Therefore, for any x value in the domain, f(x)=— f{=x) orequivalently

=f(x)= f(-x).

-l
4

bk
—




Wi‘.ﬂmm Solutivst af Trignomotric Equaion,
12| Geagh ef Trigonometric and taverse o
Ennlp. . 3: Prove that: (i) ;'(.:;:fis an even fupctio 23
le 3: : (@
(i) f(x)=x"isanodd !‘uncuon. 2
Solution: (1} flx}=x 3
: -
f=x)=(-x) .
=x! i L™
:'-f{x} 373 1 0] 1| 2 § 4 54
: = |
i i s 6 Figure 12.11
(ii) flx)=x : =
3
fl=0=(-%) 4
#F;J[ ) Figure 12.12
=—f(x
) is odd | |
Dt , riies of the trigonometric functions is that of being
One of the important prope
either even or odd.

We know from trigonometry that:

e |
cos(—) = cos &, tan(-&) = —1an &

sin(-&) = —sin 8, co-6) = ot

—cosech, sect-6) = sec6, s i
core) 2 —eme ’:ﬂ 8 are odd functions and cosf and sec are even
tand, ¢

Thus sin®, cosec,

functions. .
Example 4: Is the function f{x) = sinx

f(=x) = sin(-x) — cos(-x)

H o]
_posx even, odd, or neither?

= —§ifx— COSX l)
The sum of an odd

function and an even
i i 'en
function is neither gve

= — (3inx) + cosx
Because —(sinx + cosx) #-(sinx—cosx)

— (8inX + COSX) # Sinx — CO5X
s nor odd.
the function is neither even nor odd.

Maﬂmmaticr}ﬂ

Unit 12|ﬂ1pn_«rrwmmulum-mmu Functions and Salutions of Trignomatric Equatians
12.1.3 Periodicity of Trigonometric Functions
Periodic Function

A function fis said to be periodic if there exists a positive constant p such
fixtp) = fix) for all x in the domain of [ The smallest such positive
number p is called the period of the function..

All the six trigonometric functions are periodic functions, because they

repeat their values after their periods. This behavior of trigonometric functions is
called periodicity.

Note E:E} B A |

that

If fix) is a periodic function then affx) and fix) + b mh]supniddfé’ﬂhrﬁmﬁml
and the periods of all these functions are the same. Can yousaywhy? |
Theorem 1: Show that the period of sin® is 2x.
Proof: If p is the period of sinf, then
sin (8 + p) = sinB (1)
for all Be dom sing.
Since (e dom sin 8 = R, put @ = 0in (1), we have
sinp=sin(=0

Thus possible values of p are 0, + 1, +2x,,......

The first smallest positive value of p=n, for which sin{B+n) = — sind
which contradicts (1. Therefore & is not the period of sinf

Mext put p=2a then sin (84+2%) = sind

Hence 2m is the period of sinf,

Theorem 2: Show that the period of cos is 21

Proof: If p is the period of cosB, then

cos (8 + p) = cos@ (1)

for all B domcost

Since Oe domeos8 = R, put 8=0in (1), we have

cosp=cos0=0

Thus possible values of p are 0, 27, Hn,....... .
The first smallest positive value of p = 2n, for which cos (8+2r) = cosb.

Hence 27 is the period of cost.

Mot For Sale
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i n
Theorem 3: Show that the period of 14
Proof: If p is the period of tanf, then

g is 7.

1)

tan (8 + p) = tan® :

for all 8 dom tand

Put 8 = 0 in (1), we have

tanp=tan 0=0 PL Y, ' the: petiod  of secy
Thus possible values of 7 are U, f is the period of cog

The first smallest positive value ofp=m,
for which tan (B41) = tan B.ﬂ
Hence n is the period of tan 8.

Example 5: iod of 5 sin x. .
tion 5‘:&’?]}];:31 that period of sine function is 2.
Solution:

gin & = sin (x + 27)
inx=>5 sin (x+27) I |
N e 5&131 {zhm ¢ is increased by 2, values of 5 sin x repeats, hence
It means that w. _
i inxi as that of sin x.
riod of 3sin x is the same . i
Pa' F§is a triponometric function, period of cf (c constant) is the same as
"Thus if f is a trigo
i that of £

: Find period of cos Gu. =
::l“;'lg;e ¢ lWepkmw that period of cosine function is 2.
ution:

cos 6 x = cos (Gr+2m)
2z
= cos 6(x+=—).
;i ins the same; hence period of
is i / ¥ TEMAINS s 3
when x is increased by T value of cos fi
- x
€05 Gx is + or T

Thus period of cos 6x is equal to the period of cosx divided by 6.
This result holds for other trigonometric functions also

Thus, if f is a trigonometric function, then for any
Period of fi(x)
-constant &, period of fikx) = R

‘1— : R ———
-,,{ Unit 12!“"‘?” Mmmmmmn.mﬂumnwm i

These functions reach its minimum when both sing and cos& are at the minimum

Example 7. Find periog of each function,
M Lupa,

2 (ii) 3»::;%
Solution: (i) Perioq of 1 tan 3 - Periodof tany
- 3
=k Co i o
=3 «period of tanx is )

(i) Period of 3 sec 5‘ = Period of secx I
1
3
(= period of sec xis 2r)

|
'...-|—-_|'z|"l

=3 (2n) =6m.

12.1.4 Maximum and minimum values of certain trigonometric functions

In this section we are concemed with finding the maximum and minimum
value of a function of the Lype:;

(1) a+hsing (i) asbogss

{iii) n+.!:-:m[:.-ﬂ'+.-,z'} (iv) a+beas(ed+d) :

and the reciprocals of the above, where a, b, ¢ and ¢ are real numbers,

Before doing so, we recall that the term g in the above functions allows for
a vertical shift in the graph of the fanctions. The term b in the functions allows for
amplitude variation of the functions,
Now 10 find the maximum and minimum for sine and cosine functions we only
need (o remember that the maximum and minimum for both sin® and cosfare |
and =] respectively,

Consider types (1) and (i) above. These functions reach its maximum
when both sing and cosg are at the maximum ie. sin@=1 angd cosf=1,
So the maximum of 445 sin g = a+lb| (maximum of sing)

'—-ﬂ-rrial[[r i
=r:+|i|f (n !
Similarly, the maximum of a+bcos@=ga +|H] ()

Le.sinf=—land cosd= —1.50 the minimum of a+ bsing =4 +§b] (minimum of sing)

Mathematics-X1 4RG3}
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=a+p](=1
=a-p|
Similarly, the minimum of a+beos@=

Cons vl In
ider types (iii) and (iv) .
matter I:m:aulﬂ. rh:fc do not affect the amplit

1o eimilar Wi ﬂs{i}ﬂﬂd{iﬂ- ,
m-ulyp-ﬁs:nmmn!n: c}l-nfﬂ”'”"":‘“d}””’

(3)

a Flbil ':4}
hese types the values of ¢ and 4 do noy
ude of the function, s0 we treat these

| (5)

o the maximum valu S 4

and the maximum value of a+beos (c6+d j=a+| . o

The minimum value of a+bsnfcd+d)=a =|b| o
fa+hsin[r.'?+.d’}:n-|!.l| g

and the minimurm value o

Thus, we conclude that,

value and minimum yvalue of the
E-:fﬁﬂﬂfl and : .1‘_.'{_;'.-_1

d mbe pm value and minimum value of the

for m=0, M=0 and

if M and m respectively denote the maximum
function, then we have the following formulas.

Let M' and m'be the mixim : ;
¢ of the above functions, then clearly

reciprocal !
m<l, M<0 = -
e [‘“’w%
s E’il P Ty

Lo B and Jf.:- Bilas

and for m<0, M>0

Example 8; Find maximum and minimum values of the f
()  y=1+26n8 (i} y.=3+2cos(36~2)
Splution: (i) Herea= land b=2
+ the maximum value of
=1+[2=142=3
and the minimum value of y =m =a-|
=1-fg=1-2=-1
{iiyHerea=3and b =2
M =a+[b|=3+ Ii=5 and m =u—i};l=3—lf—; =]
(i) Let ¥ =1+3sin{26-15)

: 1
(i) ¥ =?:55-|;{EF_"' ljd:l

y =M =a+b|

Mathematics-XI
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Then m =1+{3)] =4 and m=1-J =-2
m are the maximum value and minimum valve of ¥ respectively, then

T | L1 |
M i g -

M 4 andm'=—=

0

If M" and

i -2
Sincem<0and M > m

1, Find the domain, rangé and period of each of the following function:

@ 3sin3x @y lnn%x (iii)  cosec 2x : |

(ivd cosdx (v} Gsec2x (i) % cot 2—’:‘: H J|

(vii) —lmnx (viii) > cosecx (i = |
: ) 'R X} secox

1

Find maximum and minimum of each of the following functions:

(i) y=—2+%sin(%£‘+2] {ii) ¥y =5—4sin(8+30)

2L, ] 1 1 al
iy —————— iV y=———o !
Y= 19 " 10sin (36— 43) )y = s a0 _ _i

122 Graphs of Trigonometric Functions

The graph of a real vatued function is the set of points in the canesian
plane, whose co-ordinates are the ordered pairs, belonging to the given function.
For example to graph a function y=i{x), we give a number of values to x. which
belong to the domain of the function, and find the comesponding values of ¥,
which satisfy the equation y=((x). We plot these ordered pairs (x. y), join them by
smooth curves or line segments, the diagram so formed is the graph of the
function. .

In case of riganometric functions the points are joined by smooth curves.
Since trigonometric functions are periodic, it is sufficient to draw graph over a
period, This information can be used to extend the graph 1o the right and the left,
because the graph will be identical over those values of x which form the period.



e Solatom of Trignometric Equstigg,
mictric amd [RVEriE Trig
12.2.1 The shape d':! m:ﬁ in fact the main difference is that the
= sin x and p=cos x loo ine at (0,1). . :
{ine araph starts at (0.0) and tk;i;?ﬁig degrees, and the cosine graph is essentially
p T L
Both of m:selgmp:ls f::if:;uph-'i“ peen translated al_cmg t:w D: :.h_lﬂﬁ?} f}% -
a transformation o 1b¢ul the fact that sin x = €08 i J-L} :}?; rfl"h ora Tl{ s
degrees. Thmhnf]:l: -axis a1 0, and has an L e
= tan X CIOSSES 2 :
every 180 degrecs.

y= ginx
’ =
o 1E TR
1%
: y=cos X
I“_\
o e R 60
¥
y=1anx
|
"
9I|:|' 1 0 360°
J

Figure 12.13

1222 Graphs of six basic trigonometric functions
(a) Graph of y=sinx,- 2x<xsdx

Since sinx is periodic function of period 2 .
sufficient to draw a detailed graph over the interval [0, 2x]; portions ¥ of the
over the intervals [-2x,0], [0.27], [2x, 4x] and 50 on will be identical. _

Suitable values of x, and the corresponding values of y, satisfying ¥= M
are given below in the form of a table.
Values of y for different angles x, can be found by use of trigong

7. whose domain is R, itis
graph

mcmr:' identities.

Uﬂ“- ]I |¢HH of Trigonametrie and Inverse Triganaesstric Fenetions and Sajatlens l:ll"l'l’f.;l-;mnlrit-'ﬂﬁllﬂlll-

Take a set of reclangular axes, choosing a convenient length for 30° on the

x~axis and a c‘unvcnicnt length as a unit on the y-axis, We plot the points (x, ¥) to
get the following graph of y=sin x in the interval (0, 27)

-

g } % } 4 1
607 90° 120¢ 1500 1sof

L T L R, + —f=
2107 2407 2707 3007 3300 a0

¥ VRSN G [0.2x] Fl.gure 12.14

We note for all values of x, -1 < sinx< 1.
We often call the graph of y = sin x, 4 sine wave and the graph in the

interval [0,277] a eycle. Extended graph of sin x which is the repetition of the
griph in figure 12.14 is given in figure 12,15,

¥
F

y=sin x Figure 12.15
B

(b) Graph of y = Cos x, - 2rSr<2s.
| The cosine function also has a period of 27, and its range is [-1.1].
Values of (x, y), satisfying y=cosy are given below in the form of a table.

Mathematics-X1



— e r iar T e

4 ==X

g0 2107 240° 4700 3000 3300 3600

Figure 12.16

y &
Extended graph of y=cosx is shown in fi

gure 12.17.

.
&

. DN e K
¥ f\\;//ﬁ\\_ﬂ//;\\zf

—2n 14
) Y =005x Figure .in-;r
Y
(¢) Graph of y=tan x, 0sx< 7

T neZl
The period of tan x is 7 and the domain is the set R—{x|x=(2n+1) 7 y

' jon i 0
When .x=|[2n+l}£2. neZ orx=+90° +270°,......; the tangent function
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dc,ﬁn::d.lalitt:m;c values of x,it becomes very large. in other wards it approaches o=

i . 1:& interval ['I'l..fr]as we approach 90° from the left, the tangent becomes
larger positively, that is, it tends 10 +eo; and when we approach 90° from the
right, it becomes larger negatively, that is it tends to —se, Table of values ix. ¥)

safisfying y=tan x on (0,7 ] are given in the below table. The graph is shown in
figure 12.18,

'l

00 60 90 1200 131800

B, L8 &
+ ; Figure 12.18
¥ y =1anxon [0, 2x]
Extended graph of ¥ = tan x is given in figure 12.19.
] .
PoA o : !
| L/
Hi— o '
A = i iz
.. s
’g ! '
L E r E .
i i Figure 12.19
¥ y=lanx

(d)  Graph of y=vot x ~ #SXST.
The period of cotangent is also T




and Sofutives of Trignamodric Equatioa
T e = . Unit 12 |Graph ot Triganometric snd taverse Trigamomutric Functisas snd Sabatiany of Trignemotric Equations
W“‘“-"‘ , £]is given below, while graph is
Table of values (x. ¥) satisfying y=cot x of [0, x]i5 B (e) Grophofy=secx,- 2r<x<an.
ral l ) We know that period of secant is 2x, table of values (x, y) for y=sec x on
n e ) 10, n} is gwcn below. Graph is shown in ﬁgurr: 12, 21

44 24 i i \
, X E PN
A O s e o ~320 W 1 ] : —~ ¥=1
=1+ 1 : :I
| ¥ i : .
-2 . Aar B SO 120 1500 180° PH 250_, H‘?ﬂ‘ P - X 4
i . H i
Y ; |
y=cotronfoml  Figure 12.20 a | \ E
. Fth 1 B : i
Extended graph of y=col x is given below in figure 12.21, which is the repetition : '. \:
of the graph given in figure 12.20. ) L. : :
{ y=sec x on [0,27] Figure 1222
i I ! i | ‘ Extended graph of y=sec x
| | \ i Y
N\ i- | | :} Wb 5
i | ! I I | . .
i i | | I '\ ad S -
i | o | I 1
1 ! | 4 i H 1
e i L i b 4 : ! ! .
-x r 2n i \ Xt : ' . — X
| ; i : ” ' : I s an
| | | | B Fa
i -"—2 : i !i |: -2+ E .
| | i h ¢
! ' i L] 1 1
i ! | . o !
Y | ' i y=58C X Figure 12.23
e Figare 1221 Not For Sale
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U Iﬂt 12 I Graph of Trignaometrie mnd '|I'IH'I'I1WE|I'|¢ Funedans sadt Selutiont of Tgmmotric Equations
_Ix<xsin
f values

() Graph of y = cosec X,
” Period of cosec is 27, table 0

i5 as follow

(x, y) satisfying y=cosee x on [0, 2x]

___|___|-—-l——'|—-_'-_+_hk
* ay 60" 0DO° 120° 150" 'I..'il\'.'l‘ np° B 20 w3500 '.'.'6'0
...... — ; : ....*1_1
X © y=cosec x on [0, Errj Figure 12.24
Repeating the graph in figure.12.24, the extended graph of y=cosec X 18 obtained

as given in the figure below ¥

Unit lzlﬂn@hdm,nm i i : = =

12,23 Graphs of sinA® and cosA® where A is a positive constant.
In figure 12.26 the graph of v = sin® is shown,

SRV RV

-1
Figure 12.26
We see that the graph of y = sinf has period 2, 50 the constant A in
y = sin A8 indicates the number of periods in the interval of length 2m. If y = sinf,
we notice that A = 1. This means that there is only | period in that interval.
For example, if A =2, then

y =sin20
means that there are 2 periods in an interval of length 21 as shown in figure 12.27.
The graph of y = 5in28 is the compressed version of the graph of y = sinfl in the
x-direction.

AAAAA%\A Af ;
VAVAVA'LYAYAYAY: |

Figure 12.27

If A =3, then v = 5in30 indicates that there are 3 periods in the interval of length
21 as shown in figure 12.28. The graph of y = sin30 is more compressed version
of the graph of y = sin B as compared to the graph of ¥ = sin20.

NARAANANAAD.,
NNmmmwwvwvw

Figure 12.28
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Uit 12| Graph of Trigsaametric sad Lverst Trigemest
E ns that there is only half a

|
oL then y =g ? MRS

On the other hand, if A
1 2 as shown in figUre 12.29. The graph of

period in the interval of lengt
= sin-L.9 i the expanded version of the graph of ¥ =1 8
2

in the x-direction,

Figure 12.29 |
gimilarly, multiplying 8 by 2 positive constant has the geometric effect of
compressing or expanding the graph of y = = cos0 in the x~direction.

n 1 compresses the graph of sin® or

Thus, multiplying 8 by a number greater tha

cosd in the x~direction and shore
nember less than 1 expands the graph an

period is given by Peri 2k ~

ns its period. Multiplying 8 by u positive
d lengthens its period. In this case the

_A
Example 8: Without drawing, guess the graph of cos- i-' Also find its period,
frequency and amplitude.
Solution: Here A = -_% <1, 50 the graph of cm%ﬂ is an expanded version of the
graph of cosB.Also in an interval of 5
length 27, there is one third of a pcﬁnd.ﬁ“ You Know =
We have Period = 2% (i) - Theperiod is also called the wave length.
A (i) The reciprocal of the period is called
- Pericd of cos g = X p=6x ﬂmimqu:nny of the functipns. Thus
3 1
3 Froquancy = —’
= A (i) The maximum distance betweent the
Fi =4
RN graph of the sine or cosine and the horizontdl
i axi is called the amplitode of the function.
" Frequency of cus—a = Thus, the fonctions v = sind and ¥ = cosd have
o lmpli:ud: 1. Tn general, the amplinade of
Amplitude of Lin | periodic function s half of the differente
mprk s m’?ﬂ' =1 )  between the maximum and minimum values.

Mathematics-X1 ZRAZ

Ul'lit 1 z'tcr'?. of Trlganamei
¢ 884 Tnverse Trigeasmedrhe Fanciiom and :
Ealutiems of Trignamatric Equations

e b and Translation Properties of the Graphs of sinég,

Insection 12.2,
we draw the graphs of all six trigonometric functions, If we

Cxﬂmi“ﬂ IhE mel]s GI sindg L dad hﬂl. !lﬂ hl“t many
" Eu&fiand inea, -]
y : . ] ﬂhhﬂu e 1 L }'

* Inthis secti N P T .
P sections we are concerned with the periodic, evenfodd and translation
properties of the graphs of sing, cose and tan g

1. Ssmnwlrj* properties of the graph of Sing
The graph of sing is reproduced in figure 12,30,

N A a
Y IR,

Figure 12.30

{m}  Periodic Properties
We see that the graph of sing keeps repeating itself after a period of 2x

units. Therefore
sin(@+ir) = sind

This property possessing by sin# is called the periodic property.

(b Even/Ddd Preperty
The graph sing is symmetrical about the origin. This means that if we

replace # by —#, the graph is changed. Therefore
_sin(-@) = =siné
This shows that sin@is an odd function whi:ﬁ is in conformity with the
results in thearem of section 12.1.2. This property possessing by sin@ is called the
odd property.
&)  Transation Properiy
If in figure 12.30, & is decreased or increased by . then the sign of f{g) is

changed. Therefore — —




Fanctitnt ud Selut

the ransiation property.

Unit 12|com ol Trigonametric and 121¥00%
gind is called

This property possessing lled the tF2
Using the odd and transiation propertics: wlr. ha 2
[—{ﬂ—nH = —sinlff= g = ~(=sinf] = 50

T

sin (xr—8) = %0
i.e. (ST .:::.—-n_«- L} 185
Thuﬁ-EE- ﬂ;'ﬂph of ;n g possesses the following properties:
& andic Pmpeﬂ.ﬂ: Hil'ﬂ =&néf

[—-F} = —S-'il'lﬁr

. Ddd Property:

gin |
sin
‘;sil‘l w_‘]. = —sinf
Transiation Property: on(x-8) = sind

PI{IFI'E‘E of the

2 Symmetry Graphs of cos?
The graph of cos@ is reproduced in figure 1231.

L]

@)= coefl

)

L] 1 .Inl'l
7 x

Figure 12.31

rod of 28

(a) Periodic Properties

Like sing, the graph of cos@ al
R B2 = oxe
is called the periodic property.

so repeats. itselfl after a pe

This property posscssing by cos ¢
®) Even/Odd Property '
The graph of cos# is symmetrical about the y—axis, This means that if W&
ceplace @ by =8, the graph is unchanged. Therefore ‘cos(—0) = cos 6
This shows that cos @ is an even function which ié also in conformity \‘-"“rh
o5 8 15

the results in theorem of section 12.1.2, This property pusseasing by ¢

called the even property.
(¢)  Translation Property
If in figure 1231, @ is decreased or increased by mu

f(g) is changed. Therefore [EOS(B=7) = —cosd,
Cu. T el

nit, then the sign of
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:,

This property i
possessing by cosd i

Akt e Rt mqls_c:}!lfd the translation property.
ie. (cos(r=g)=-tosd o

'}"hus, the gtntplh of cos @ possesses the following properties:

Periodic property:  cos(@+2x) = cosd

. Even Property: cos(—@) = cos @

cos(f—m) =-cosd

™ Translation Property: {
: cna{n’—ﬂ} = =05

Symmetry properiies of the graph of tanB
The graph of tanf is shown in Figure 12.32.

+ ]
[ iEy=tan @
2 K A fr ¥ T [P Ix
Figure 12.32

The symmetry propertics of the graph of tan® can be ohiained in similar
d cosf, However, it is pertinent to nate that in the

fashion as in the case of sinf an
present case the period of 1an is & Therefore. the translation property of the

graph of tanf equals its periodic property.

Not For Sale




;ﬁn&i'w Equatiog,

—
Mk #

and Jeverse
Uit 12| Graps st Trigsnometric 212 : ven as below:

hed g
iy me m'ui-ﬂi — —tan8
e T _m'{a-;r]nanﬂ
:I' . $ ‘nanlklmonPrapﬂﬁ? tm(f;.‘-ﬂ}—.-#mnﬂ

! T { ol s of the cosing, 1o establish
i¢ and periodic properties ©
Example 9: Use the symmetne

. . £_ ~ dnd
the following identty. ms[z ﬂ] sin

Solution: R direction of the ositive B-axis
" ¢ ® nits in the directid p axis
By translating the graph of cosf by 5 VT

the graph of cosB becomes the graph of sinfl

5 9 4
That is L":E{H"E] = sind

= w
. : F_b|=cos|@——
But the cosine is an even function, st::w:rws-|k = ﬁ'] 5[ :]

Thus, m{% -a] = siné

EXERCISE2:2)

1. Draw the graph of the followng functions in the indicated interval.

(i, ~y=2sinx O<x<2n (ii). y=cos2x p<xsSin

(i) y=—Hsinx 0<xsm (v) y=-cotx -WSX=F

X :
(v) - y=2cosec2x 0<x<in (vi) y=see 5 p<xsln

2. . Without drawing, guess the graph of each of the following function
find its period, frequency and amplitude.

: (i) = cos 2 b)) y=sin6d
SRR U W y-so

Mathematics-XI 360

5. Also

Unit 12II:rllihﬂMnMrhnﬂlmm‘m,“m”“Im“ =

41 Use tl st ikt i :
: e _11: symmum:l and periodic properties of the sine, cosine and tangent
unchons to establish the following identitics.
: .3
i) ilﬂ% E*E"J = gosad (it m{iq-ﬂ'] = —zin
L 2
(it} sinfr=4) = sing (i¥)  codw—#8) = —cos@
(vl wnlr=6) = —tng (viy  wnf2x-8) = ~@nd
4, For any integer k, deduce that
() sinff+ 2hr) = sind fiil  cos@+2ke) = cosd
(itiy o+ 2tx) = Emg (iv)  cot{gs2kr) = cot§
(v} secl@4 2k} = wecf {vi :

cosec(8+2kx) = cosect

123 Solutionfgraphical solution of trigonometrie equations
An equation involving trigonometric functions is called a trigonometric
equation.

There is no gencral procedure for solving all trigonometric equations.
However, we can solve many trigonometric equations by means of algebraic
methods such as rearranging equations, factoring, squaring and wking roots and
by using the basic trigonometnc identities already proved in earlier units.

12.3.1 Solution of {rigonometric functions of the type sinfl=k, cosf=kand

tmi=k
The simplest trigonometric equations are of the form
sinf = k (h Did You Know 2
-k 3
cosh = k (2) An identity is an equation
tan@ = k 3 which is true for all values of
' the variable.

where K 15 a constant.

In this section, we are concerned with to solve these equations, using
periodic, evenfodd and translation properties.

In section 12.1.3, we noticed that the sine functions and cosine functions
are periodic and both have period 21, i.e. they repeat their values every 2 units,
Thus. if we want to find all colutions of (1) and (Z) then we simply add and
subtract integer multiple of 21 10 he solutions in the interval 0 <8< 2. We also

Mathematics-X1 LY




Wﬂ'l‘ﬂ;mnlm. Equatinng

Trigab Fﬂ“l’llﬂ
e T2

3 spdic having

poticed that tangent function is als® Ff':nd ibiehS e

all solutions of eguation (3), we

in the interval () <B<R.
p jutions of such T
jength 15 €4

its pn:l'iﬂd. Thus to fing
multiple of 7 W the

Unit 11\::”1-«1#»!"'“"““““"

:onometric equations, first of all fing
mE

solutio aal 10 i1 periods and then find the

the solution OVEr the inte
formula for all solutions

ol
Solvalheaqualmns; . "
; e @ =-—. SInce sing i

£ _ 1 go the reference angle is : .

he equation has WO solutions in the

Example 11 2’

Solution: We have sin = = 7

1 ﬂ1 50 e
oo i quadrant T and quadean : 1 e
!“‘:: muq-c:;c oxt. one in quadrant | und the other in quadrant 1
intery = ¥

T — -
a= —ﬁ-— ar g=x & I
equation, we add and §

, BE ar
f the ghtract integer multiples of
i o
Mow to find all solutions

im

- x
an to the spiul‘l.nns = or z

I
r = _'E_,_',_rf;_ £.+4.i".'. . L RS
35—6".—{:‘41:5, = 5 & ,
5= T
§5 S o 3B oy g — R
ar H‘-——T.T"'M- 3 x, 3 6
These solutions can be written compactly as follows:

3:5-}'13 n or =%+1§T” for n =0kl £
i

. 1
Example 12: Solve the equationcos & = —-

o g X Thus, e
Solution: ~ We have m&% = % so the reference angle is 8= Thu
= and the

equation has two solutions in the interval 0 <B< 2m, one in quadrant |

. s
nthcrinquadrantll ie. ﬂ=f§— or ﬂ=M‘"§_:T

: fan
To find all solutions of the equation, we add and subtract integer multiples °

to the solutions % or 5’%
Not For Sale
Mnmemntic&-}ﬂ

TUnit 12 |Graps of Trigossmeiric and Taverse = AT o

3 3 =30, — A, A,
s = 5x
o = =, = 5#
) 3 3 + —‘-'-'Iﬂ'.—]-+4 S—H—Iﬂr ...........
Thus, @=—+2rn or p=T12
: =T +txn For n =DEL+L 0. A 1

solutions of the equation.

Example 13: Solve the eguation tan 8=- vl

STy, g gle E .
Solution: We have tan ’; = *.‘.1—. 50 the reference angle is 8 = _%_ The tan

is negative in the quadrant II and gquadrant TV, however, in the interval 0 sB<m,

the equation has one golution in the quadrant Il ie.8 = m- X .2
fi 6

Thus, all solutions of the equalion are given by

A
g= 'ﬁ£+2}r nforn=02L+2 e

12.3.2 Graphical Solution of some Trigonometric Equations

Recall that the graph of a function is the set of all points whose
coordinates satisfy that function. If the graph of two functions intersects, then the
coordinates of their intersection points represent a pair of numbers which satisfy
both functions. The points of intersection are called the solutions of the given
functions. These facts can be used to solve trigonometric equations by graphing.
In this secticn, however, we are concemned with the graphical solution of
trigonomelric equation of the type:

e

. sin ff = —

2

» sl =8

L on @ = 28
; ! T 5

in the interval — < # £ —.

2 2

The method of graphical solution of such equations is illustrated through the

following example.




nl‘Trlgmmnu%

of the r.':qualmn cosB —0=0in the

7 oqp be written & cosB =6
ation
glution: The ea¥

« set of coordin
Lety= cosf and ¥ = [+ - unctions O the same seL 0 inate axes,

 solution of the given equation.

Figure 12.33
' e - dway betwee
We see that the graphs intersect al point A, The point lies about midway

0 and % Thus, we estimate this solution as 8 = fi' :

- . : in
Verification. Substituting the value of 8 in the original equation, we oDta!

Mamnmaticﬁ‘}d

Graph of Trigonometric and Inverve Triganametrie Functions and Solstiony of Trignametric Equations
Unit111 s - : o
3.4
0T =——= & =
- . 0 [ x =?:3.14 {Apprm‘.j]
= 071=-079 =0

= —008 =0
This agreement seems quite good for a graphical approximation.
Note 1

{1) If the graphs intersect ai more than one point, the other solutions of the
equation may similarly be estimated.

(2) We could have estimated the solution a% coordinate pair (g,y). However, the
variable y does not appear in the original equation. Hence, we are .
interested only in values of the angle that satisfy the equation.

(3) A process of successive trial and error with use of trigonometric tables or
scientific calculator would give the ¥—coordinate of the intersecting point
Ii'nccurnu:ly as desired. ‘e

(i) :usﬂ-——% (k) tanﬂ:ﬁ

1
i1 sinfd =-—
2

{ivy cosf = iv) tan@=-1 [ wik s‘-mﬁ'=--%

wol=

124  Inverse Trigonometric Functions

12.4.1 Inverse trigonometric functions and their domain and range

We know that if f: x— ¥ is ong 10 one and onto, then there exists o ungque
function g: y — x such that glyy=x, where x € X is such that ¥ = fix). Thus, the
domain of g = range of f and range of 2= domain of f, The function g is called the
inverse of fand is denoted by 5

Thus, fix)y=y= I"{!F} =X




5 uil Sehutlons 8 Trigaomotrie Egumting,

Trtgenometris

b and IRTETEE
Unit 12/
Function
(@) The Laverse S0 o ofth
ducing the 8P ©
B g e

s gine function

=17

Figure 12.34
It follows from the horizontal line test that any line
and,+1 intersects the araphof ¥ = sin x infinitely many
However, if we 1€

y = b, where b lies between =1
times. Hence the function

crict the domain of y=sinx 10 the Tnterval

g s, =& X S represcated by bold

15 ot one Lo one.
% 1 (he restricted function

=21,
portion of the curve in Figure 12.34 15 one-to-one and hence will have an inverse,
This new function with domain [--@,%] and range [-1, 1115 sometimes called

and is denoted by Sin (with capital S).

principal sine function
is the inverse of the principal sine

The inverse sine function denoted Dy Sin™"
function and defined by:

y=Sin"xif and only ifx=Siny, =
That graph of y = Sin'x can be obtained by
the restricted partion of y = Sin x about the line y = .
The reflected graph of y = Sin~'x is illustrated

in bold portion.
Nots TR

E :}j&';srin_‘-‘&wm-y is the'angle between - ©

.I-Elmd El,'buth inclusive) whose sine is x .

s SRS : : . i

Tﬂpsupersmp! -1 that iny=Si-lxisnot K
‘exponent i Sinlr —.

fee - Sinx

T F s
| gxg 1, -=SVES
2

' 7 .

reflecting

4, k Figure 123

172
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Inverse Relation of Gmuﬁ] Sine T - .
unctions

Generally y = sin'x gi
X BVes the relation defined by

¥ =sinx if and only if ¥ = sin y,
fm‘-IEA'EI,].rEEQ .
The various values obiai
- 5 abtatned for & part
cular x represen
1}

the angles for which x = sjg ¥ and are cafled
H a1 g 3, E.:. I
inverse values of general sine functinns Sinctl::
5. @ %

domain of siny is not restrieted, sin='y | i
s 8107 38 mot jlself a[uncliui
s

This can be proved by vertical line test
Sin (1) !
3 3

Example 15: Find the values of
M sl i
5 i (i)

Solution (i): Figure 12.36 shows the graph of
y =sin"'x for y & R, The line x= 1 cuts the
graph at more than one poeint shn'-zving thut sin~'x

is ot { Cli v i
1 o function. However the infersection of y = sin™'x

| s
and x= - i ;
z provides the various values of sin™ (2 ),

b -

Henee from the graph in Figure 1236 the solutions
of y=sin"! (L) are
2

yY=— 4+2km . keZ or y:%dhﬂ.ket

-k

. T n
ieye | . +2km kez) U | %ﬂk:r.ke Zl
(i) Only one of the above numerous values satisfies the equation
: |
¥ =8in ' (=) thut is. the value which lies i i S
(=1 thot is, . 5 in 1 al == = 2
s in the interval | 33 |- Looking at

o L ;
the erph ngain E is such a value. Hence }":S[n 1 .;i. == £ A
2 ]




amd Sotutient of Trignomairic Enuatlans
ctiont

e Ful

i wid TVt
Uniﬂ;lw‘ﬂ - SHimEs gsed for sin~'.
¥ i5 SO ! .

4 1 ith caFl“"l A) I8 s iAVETSE functions
Thenoto! A gl values of the following ! .
Example 16: Find the ex _ . ...-:'_r:’*_] (i) Sin {HE]

4 i 1.m {if) Sin L 2
o) =i jations.

p snding jnverse 1€
-1 (1), we seek

after evaluating thieir ¢o . sine function sin(y),

{i'] Lﬂ}’:ﬂiﬂ
FL
{. Theyare | 3

for the gener
Solution: o
{he values of y Whose gine 15

Chat of these values , the golution of

o
y=sint() & el

SR |
w21

3
a .1..'\_._ ﬂI’E
=sin" (— )

(i)  Similarly the solutions of ¥

x
E£+?.nn, neZ} U {13 s, ne Z
3

However, ¥= Sin

e
fiii) The general golutions of y=3m {- ..';.] are

ix
ye 4-% sanx, neZ) U (-== +2n7 )

RO PO
However y=3Sin '{—E]ysckdb g

. -1 oy = x that hold for
Important Results. The relationship f/~ I(y)=yandff (=%t
every inverse functions gives us the following important vesulis.

Sin~' (Siny )=y if-'% sg,-s-g-

Sin(Sin"'x)=x if ~15xs]

Mathematic

Unit 11|thbﬂ1dmmw& nd 1
b S Trigsmametrie Fusciiong nad elose %
m mwm.
Exomple 17 Find (i) S fan (35,7 .. 1
() Sin [lan{ 5 J] fif Sin"[m%]
Solution: (i) We know that l:mH
-

-

=]
Let y=Sin[ian 2%
& ¥ = Sin [tan 3 ].lhn-n y=8in~" (-1}

By definition Siny=-1, iE-.Es; vs o
3 <

Thus y 18 an angle in the interval [“%. E;—] whose sine s - L itfollowsy = . 4

v o =
e L I[m 3 ] £ %= ¥3 and B¢ [-1,1) L

Hence no values of y exist which satisfies y=S5in™'( \.EJ

Thus the solution set of y = Sin ""Lmn % 118 empy.

(I} The Inverse Cosine Function
In figure 12,37 we reproduce the graph of the function o
fry) | y=cosx, xe-1Sy%1)
Because every horizontal line y = b, where b lies between ~1 and +1 intersects the

graph of ¥ = cosx at infinitely many points, it follows that cosine function is not

one-16-one, ‘ri

[ ]

!
Figare 12.37

However if we restrict the domain of y = cosx 1o the intervad {0, 7] :1_3 ilima:mli:d

by the bold portion of the curve in figure 12.37, we obtain a decreasing fu_nctmn .
that takes on all the values of the cosine function one and only once. "l'l't13 ;ﬂw |
function is ealled the principal Cosine function and is denoted by Cosx{capital C).
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1y i[’mld only it
cxs 1,and
ction, Using

y= Cos
y = Cosy, for =1
o Arc cosifte fun

ﬂ;yﬁﬁ

seneril i'rl'l:l]’!t'.‘.l‘ﬁth'- of inverse
(-

This is also referred ¢

i wif-lsxsl,
functions, W an-““CﬂEJ 1= Cos (AI¢ coay) =4 if=1
Sl =y if0SYSA.
Cos™ (Cos y) = Arc €0 (Cosy) =¥+ 1 { 6FCosx
e : oed instend O X
cost (Capital A) s SOMEUIES e 4 by reflecting the bold
Thapomatitn ACEE0 osine function can be found D) A
The graph of the e :, line v = The resulting curve ol ¥= Cos  xis show
. . 12.38 in the lme 7= y
portion of Figure ’
in Figure 12.39 in bold poriion
¥
A
v = Omr

’_'r el - T

—ciapt psasm
2 +

Graph of Cosx and Anc CoS X

!.‘igu]‘f ]1]9

Figure 1238 & GraphofCosz

Example 18: ﬁnﬂﬂm:xactvaliucsofm w e “_llr_i}
(i) Cos 0 (i) Cﬂg"{ﬁ} (i) Cos f_—E} (v B

Solution: (i) Let y=Cos™'0, we know that
y y = Arc cos (0) if and only if
cosy=Dand ye[0, 7]

"

Consequently, y= £1 and Arc cos (0) =

]

, 376
Mathematics-X1

+ Whose cosin equals .

Cosy= L iy
Thus Cos™' E-Iﬁ]

S |
i) Lety=Cos™ -2y v

3 ) owe seek the angle whose cosing equals _l The
reference point in the firs guadrant isE 2
Hence for negativ

¢ sine we go 1o 11 quadrant by finding supplementary anple

& _Ix
}I=E_E=TE[D'H[
Henge C“5F=—;=u_-.-;1_x,
Thus (:{:5"{_,.'.]= g?{
2° 3

{iv) By definition,
y= Cns"{—?}, if and only if

-
Cosy =—3;131and{=£y £

The reference angle (15t quadrant) is %. But for negative cosine, ¥ lies in the
second quadrant (as 0 <y = o).
Thus y=g- E EE.
& 6
ar
2 6
EN“'“]}]E 19: Find (i) Arccos (Cos2) (i) Cos (Arccos 0.5)

Hence Cog ™! f_ﬂ )=
3

(iii) Arccos(Cosd)  (iv) Sin {Arcsin 2463 (v) Arccos (cos4)

where the angles are measured in radians.

Mathemnatics-X1 JREE




LF

m'.ﬂ'rﬂlﬂmlrk Egaailam
the ranges of

lution:  When finding thes i famctions.
:;:;ipal uigﬂ:muﬁiiuﬁigli:j: {:!::clir;:}ﬁc verse function and 2 radians
(i) Since Arc cOst
is between 0 and 1. Herice '
Arc cos (Cos2) =2 cadians
iy Let@= Arc (Cos 0.5), thien
Cos 6 =0.5 and by substitution
Cos (Arc cos 0.5) = Cos (8) =02
(iii)  For Arc cos (cos 4), we see that
d therefore ©

radians in the third quadrant an .
cosine (inverse function) of a negative value will be a second quadrant

cosd (general function) has the angle 4
osd is negative. The Arc

angle.
Hence Arc cos (cosd) = Arc cos (-0.653644)
) « 2.2832 radians.
defined, since 2463 is not between ~1 and +1.

(iv)  (Arcsin 2.463) is not
ween 0and 7 .

(v)  Principal function Cosd is not defined as 4 does not lie bet
Hence Arc cos (cos 4) does not exist.

(¢) The Inverse Tangent function
The graph of tangent function shows that every horizontal line intersects

the graph infinitely many times,it follows that tangent function is not one-to—0ne.
b
A& ] 4.
|
N r i f
1
| / A
: i | I|
K| =) = ! i
2 2 O %1 3; . X
' i
l &
Figure 12.40
Not For Sale

Mathematics-21

The reference angle in the first quadrant is J—:-.Sinee tan (- 6) = — tanf.

= Frd ¥ | i
¥ =tan x T5 <x< il 2 Ej'lhﬂmmﬁﬂdfunctinn

is o

NE-10-0ne and hepee has an iny i
. S ) erse. This js
e ion of inverse tangent fun
mverse tangent function Tag-!

called the prinei

pal tan
leads 1o the defi de
3 noted by y = Tanx ;

: % (Capital T), Thi
clion as fﬂ][u'ws - This
is defined b )
" ¥¥=Tan"rj ;
x=Tany, WhRHE e 23 coc. E : an " x if and only if

i—ye
oy

The graph of Tan ™' x can be obtained as before b
¥

I ; reflectin g
function in the line y = x as shown below: ” g the principal Tangent
Example 20: Find the exact values of “ T s
. ) « G
(i) Tan™'(1) (i) Tan™" (=4/3) - 7 {:#_uTm";
{iii) Tan (E;} _ : ;y i
- - f..f-
bﬂh“lﬂrﬂ L,e'[ y= T“n =i "l:l R __-“_.ffl':fﬂw e
7 L %
We zeek the nng'c, Y- 'J_':'-_{ y< £ _-'J,:-':l.
272 ‘71[{.. 473
whose tangent equals'1, i.e., ¥y
Y=z ;
Tan'y =1 _for _f{}rqﬁ ; Figure 12.41
2 9
n o s
= !r’: —_—
Therefore y =Tan ()= il
4

(i) Let y= -1
t y=Tan f—\'@ ). Weseek theangley .,I-,,-hcm,_i:h <v<

b2 |3

whose tangent —J3. that is

-

Tan y=-4/3 , -% -:].-{E

Mathematics-X1
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Unit 12 [Gupn O Trigomometiic an
i Invereg Trigondenetric Funesions e
utlazs of Trignomatric Equatloms

is the angle in the closed interva) % %

5 T 3 7 | such that
=Tan™ ~¥3)5773 Sl mwis Iy f Sin y =1 = &
Hence ¥ incipal angent function exisls only 1or ¥ == ym =
Tan represents P P _
(i) Ta.nl:"'}whm - 5 Ll {__%.1?], Hence  Sec (Sin™ £}=Scc(£‘]= 2 - 23
the Fange between ~—and o 2 - ¢ 6 :?5 i
" 2
the angles in T T
( }isnntdeﬁnad. B -) ==
et lue of Here cosd is the general cosine function.
: Find the exact V&
E“mpit_ﬂ ,J"i 7 an™' (=13 Hence eos [Tan ™' (-1)] = cos f___], _ __ii_
(i} Cos [T :
(i Sin (Cos™ =) 2 2
I [Tan” 1 =1 (d) The Remaining inverse trigonometric functions
cos :
(iii)  Sec (Sin”" ‘} {“} h that : The inverse ﬂi}[dﬂgﬂ-t‘il. inverse secant and inverse cosecant are mot used
; We first find the angle, ¥ € o, &) such tha very widely. However, we list their definition as follows:
Solution: (1) A (i) y=Cotx, where 0 <<= is called Principal Cotangent Function
Cosy =7 which is one-to—one and has an inverse,
- ’ﬁ] = }':EE [0, @] y =Cot™ x means x = Cot y , where 0<y <ntand
or Y= Cos {T 6 [ XE [=oa, $oo)
B - \ (i) y = Sec.x, where 0sxsx, x== is called the Principal Secant
: -+ 22y = Sinly ! 2
Now Sin (Cos 2 ) Function which is one—to-one and has an inverse,
o r 1 ro— S o =i 3 2 =& i
ES’H{E}ZE . y=3ec” xmeans x=S¢cy where

X

TR D<y<m, y#= and x| 21

R 25 for which U=y oY

(ii) Lﬂ:.r:Tﬂ.ﬂ_l {—]].Wﬂﬁﬁlﬁaﬂkthﬁ angel y € ( Tl )1 : 2 .
r Ir} [ (iii) = (Cosec x where —%S:. <=, x#0 is called the Principal

Tan}l:—l:ﬁ}'-— E{. 1 ) = -

Cosecant Function, which is one-to—one and has an inverse.

0s is the
Nug. Cos (Tan™ (-1)) = Cos (y) = Cos {——] is not defined because COS 15 e Gl o s i T {F {_ L
prmcipﬂ Cosine function whose 1‘-“85': must be in the interval 0 o 7 12.4.2 Domains and ranges of principal trigonometric l‘unr:tlnn and inverse
trigonometric functions
Sinm—zﬁ [0, ], hence Cos ("E} is not defined B e ocsalis i s 80 e N

jtion ¥ -
(iii) ForSec (Sin™ %} Jdet y=Sin™ ;:Sm ¥ 2~ then by definiti® functions and their inverses are listed in the following table.

Mathematics-X1
Mathematics-X1 :




snd Solutlons O Teigaomitric g,

S = i Fanstot

5 £
% (-5 5 HO)
T
1 e e | e =100
olzee1,x yel-7 51-(0)
— S >1
eln, s]~l5i-} ys-l,yzl .
=], x2l ve [0, J‘!J—[E}
xe (0, ) ye IR .
IER- ye (0, )
Example 22: Evaluate: (i) Arcsec2 {ii} Arc sec (-2)

(iii) Arctan(3.5) (iv) Arcian -2.3)
Solution: (i) Let @ = Arc sec2, which is an inverse function. By definition,

Sech =2, where fe lﬂ,ﬂ] - % }

We Knowthat  Sec g— =2 =0= %E [0, 7]

um " i - rel
() Let®=Arc sec(-2). This is an inverse relation not a function. Therel

PR ance A8
there are infinitely many values for 8, Since sec is neguli\"-‘- the referenct

He bohin the quadrants (1) and (1) which are. @y = 71~ = 3

lb.-'i:a,thvz:rnai.im'rJlﬂ

Unit 12 [Graph af Trigonamersic S Tavir :
THIRONMAtEE Finetines yag . : —

Hence, adding the multiples of

m
{BE";"PEHK . —11;3{ +2n 7

periods of sec e, 27 m, we get
n is any integer,

(iii)  Arc Tan (3.5) is an inverse function whose solution must e in ( T oz N

2

Since exact values for Arc tan(3.5) are ‘ot known, we Pt s calliies i
i\ ian

mode, to gel
Arc tan (3.5) = 1.2025 rad.

{iv) By definition of inverse tangent function —Z < Arc Tan <= Using a
caleulator we have, Arc tan (-2.3) ~ 116 2

Example 23: Evaluate: (i) tan [ccr;'l{——l-zj] ' (i) tan[Cos™ i“‘%lll

(i1} Tan [cos™ {-%}] (iv) Tan [{:m'l{_.lz.}g
Solutlon: (i) For ¢m"{a% ), we seck an angle whose cosine is [—-%j.
The reference point is % . But cosine is negative in the II and T quadrants.
Hence the required angles are (7~ g } and (;r+£;~ ). Adding the period

2nT we get, -::os‘."f-:l’_-je {%#nﬂr}ﬂl%ﬂﬂﬂLﬂEz

MNow tan {;; +2nm) = mn{?]:-—ﬁﬂnﬂ 1an{4—:~+1nir}=lﬂnﬂ%ﬁ}=+ﬁ

4
‘. lan {cus“:}%}j:iun -E;E U {tan —:‘ = ‘"'"'E""‘ﬁl

i g
(i) Cux"{-%]:McCos{-%}:E:re {0, 7] But W{T}:'ﬁ

Therefore tan I{CCIS_I'{—-%}} = {—\E } only




4
ap L 2F onp ) U(—+207)
(iii) Again '[—-E]l—{ 3 +n7) 3 :
2 xR AR
But since —3--;{--—, EJ and :l.lw 3 gl 2]

could be the argument of principal tangent function. Thus

T 4r
. Meither 2 il 3

Tan (cos” {--}',I does not exist.

. S
= defined.
{iv) Similarly Tan [Arc cos{——JI- Tan ( 3 ) is not defi

i aluate
Example 24: Evalu s “ » E}
(i) Arc sin{sin—;—] (i) Arcsin (sin 3

h : 9=
(i) Arc cos (cos —E-E;E‘} {iv) Arccos (cos Tl

£
Solution: (i) As Eﬂia [—%-.—2-],“ follows that

. Y 2%
Arc Siﬂ{ﬁiﬂ-‘g‘} #—5—

s S
However, since sin {%J =sin[27+ = ]=sin—

: 5
and% € [-;E1 i +%}. we find that
r. 2r
Arc sin (sin %j = Sin™ (mn—‘_i: =
(ii) By definition of inverse relation of sine function
A 3in (sin EE; 2 %

(i) Are Cus{m& ) s 33_"’

becuuse%e'[ﬂ. 4

Mathematics-X1

guomatric Equatiens

29 4y
Arc cos {cos __Ir—x ) exists when
Arc cos (Lusz—gi Y= 29’7 i -
| 7 T Do >
Exampte 25 Find the value of sin[Tan™ (-x)), x being i i
a positive number V14324
Solution: Let Tan (-x) =0, Then tan 8 = g b

B cos 29% (4 - T T

L = Cos e 2

" 7 Frydmeoss mize'0m

Hence Arc cos (msz_?rnj =5
7

(iv) By definition of inverse relation of general sine function, we see
that

B lies between —m/2 and 0. If angle 8 is constructed

in standard position, as shown in F'.gmv; 12.42, then sinf is found to be
Hence, sin[Tan '{(—x]=

1

Vitset’

1."1+ e
N3 EXERCISE 12.4
1. Evaluate the fulluwmg.invnrsc relations of general mgonomﬂﬁc

(i arcsin (1) (i) arccos {m-‘?} (i) ntc-i_ﬁn{:_"'
2, Compute the following expressions *

(i) arc cos ‘tan}:".‘_] (i) SEnETan"l‘.‘—}gﬂ
(i) .'_ﬁn[drc cus[:;ﬁ]jl W) L&n[mms{:;;]] i :

3. Find the exact value of each expression.

(i} Cos 155;:'1%] (i) Tan [c*as“"r mm[ﬁ”

(iv) Coses [Tan™ (D] (v Sin [Tan(=1)] 8



12,43 Graphy of Inverse trigonom

mTﬂmﬂﬂ“‘ﬂﬂ Identitles
I t, Arc cosecant, or Arc cotangent functions,

f to evaluate Arc secan
It is hard to ince most of the calculators or computers

i t values are not known, i : i
whcnn:h;; :xac i functions. For this purpose we introduce the inverse
Arc m Tami

of the reciprocal functions. The procedure is summarized by the following inverse
identifies:

. 1
P =l T
L. Eosm"x=55n"{,l?]-“*ﬂ 2. Sec"x=Cos {.\'}“ 0

1
N -t 1 -1 = T (= "
3. Cot'x=Tan" (5),x>0 A CoCon Seiba X asD

5. Sin'(-—x)= ~Sin”™" (%) 6. Cos '(-x) = n—Cos ™ (x)

7. Tan™'{-x)=-Tan"'(x) 8 Sin"'(x) = % — Cos™'(x)

Proof. (1) Let y:Sin_[i. =0 (0
1

Siny

= Cosecy=x = y= Cosec”'x (1)

—] Elﬂ}'=£1-‘=ﬂ = =4
X

From (T) and (II) Sin"[ﬂ:ﬂum"x

Similarly (2) can be proved.
To prove (3), let
y=Col'x where x>0 (TIT)

=  y=Col'z, O<y<nf2 =Cotx=y, 0<y<n/2
= UTanx=y, Ocy<xf2 =Tanx =1ly, O<y<nf2

Mathematics-Xx1

Unit lgjﬂﬂﬂiwmm“ﬂmmmuﬁ:m nad Sahutiass ef Trig Equatiom
i " nmirie J

= x=Tan "¢y
(1y) where x>0 ()

From (II1) and (IV) Cot'x=Tan™ (1) x50
x "

To prove.(5), let
y= -Sin" () W
= ¥=SinT() > x=Sin(y)
= x==Sinfy) = Siny =y
= y=8in"(=x) D
From (V) ﬂTid (V) Sin™" (—x) == §in ! {x)
Similarly (6) and (7) can be proved. Finally to prove (8)

let E:% - Cos™'x (VID

. . T
it Cos™x = 5 -f=x :CDS{-E - 8), for l’]ﬂ%—ﬁs.ﬂr

Fra T
Now l=— -8 implies —— = in thi i i
3 = & implies > = 955 and in this range for 0, SinB exists,

Hence from (5) x=Cos ( i;——E} = Sin 8, where fe [
2

Y

]

1
el

Now x=S8in8=8=Sin"'y (VTI)

Substituting @ from (VII) in (VII), we have Sin~'r= & Cos™'x
)
Example 26: Solve the equation  2Sin~ x ~ Cos ' x =
Solution: The given equation can be writlen as
X X

251n'1x—{:‘u5"_+£¢ o o =
i e e

b | 3

3 o B - | el
e 28I x4+ 8in"x=m [-.-siu“ .rzga—cns“‘zj

or 38in'x=nx

= Sintr=2 = -r=51ﬂ‘;£=




Unit ﬂlw of Teigomomeiric and umw-f-mwmw}m of Trigsomire Equationg
¥ 3
Example 27: Evaluate Cos (Sin™' g +Cos™ E} without tables or a calculator.

3
Solution: 'Lctx=Sil1'l§ and y = Cos _'E then

L]

Sinx= 2 and Cos ¥ =§ Where x and y are in st quadrant,
5

We have Cos .{x +v )= Cos x Cos y — Sin x Sin y.
We know Sin x, but need to find Cos x, where

p Cosx = 1—5in’x ,as Cos x is +ve in 1st quadrant

_fl_E_E
J 25 5 v

Again we know Cos y but need to find Sin y, where

Siny= 1-Cos* y, Siny is +ve in Quadrant |
e || 9 4
e ]m———
§ e 5
: . a4 41
Therefore Cos | Sin §+Cus = = Cos (x+Y¥)

=Cos x Cos y — Sinx Sin y

Example 28: Evaluate Sin{Arc tan % = Arc cos -5—}

4
Solution: Let u = Arctan-;— and v=hmms§.

L | g

1
then Tanu = 2 and Cosv =

Z
o
F3
T T SRR
As Tan v is +ve, and u.e [-5 ,-2-] hence u must be positive i.c. 4 I
ue [0, %]. Similarly Cosv being positive means v & [0, % ) "
4

Figure 1243

We wish to find Sin (u - v). Since u and v are in the interval

n . Mathematics-X1

These triangles show that

Sinu = e 3
V5 5

2
Cosu=
?:S.' etg,
Hence,
Sin(u - v)=Sinu Cos v- Cos u Sin v

L& 2.3Y 4.6 <
=X N = "'.__-EJE
55 5T SE TSR e

Example 29:  Write (i) Cos (Sin™' x)
(i) Cos (sin™ x) as an algebraic expression.
Solution: (i) To simplify, let v =Sin~'x Then Siny =x for ye I_f. ET
2'2
We wish to find an algebraic expression for Cos (Sin™'x) = Cos y

. T I
Since ve [w?,E]. it follows that

Cosy= +-‘||I|—Si'.l'lzj_|' = ofl—x
Consequently, Cos (Sin™'x) = 4/1-x°
(ii)  Let y= sin™x, ~1<x<1 which is an inverse relation
=X = sin y is not a principal function. Hence its argument y is any real

number of the set IR . Consequently. Cos y =+4/l=sin’ y = +41-5*

or Cos(sin't)=+1-7

E‘.mmpte 30: Express tan (Arc sin x) as an algebraic expression in xif -l <x< L.
Solution: Let y = Arcsiny = x =Siny, ye [ug-.%}

Since tan {-%] and tan (2-) are not defined, we seek to find

Mathematics-X1 J#EEM




i'._- Aoy : T -. : lﬂ. v lﬂm“ﬂ:h‘“jg“.ﬂ“lﬂmﬂmﬂmﬂm

T T X - &Y Py}
_E Zye 2,27 for which —15x<]
tany for ye ( 2.2};[2 2] or whic x
x L] L
(i} If xispositive then ve {U.—i}- ¥ i
i ' o x> s
Figure 12.44 (i) shows the triangle for y. a e
¥
{ii)  If x is negative, then il \
ye (- % 0 mid the triangle for v is shown in Figure 12.44 {ii) | s

g .
s # # 2 * }I* 4 F'Igllrﬂ 12.44
From each of the triangles. Payt=r [51“-"=?="‘}

=]

BARGE s it gﬂﬁiﬁwif x i5 positive’and |
ye©,2) or ye-2,0) negative if x is negative,
9 e L : ;
f ¥

o -u'-"

tan i.e. tan {Arc sin X} =
Thos tany = - E"i_x -2

Example 31:  Verify the identify

1 =1 4 (1=
= 2} = Tan
5 o5 X

for |x|<1
+x =

—
Solution: Let y = Cos ™' x, we wish to show %}':Tun" I-x

\- l+x
: ||I—~C '
By half angle formula Tan -i— = I:E%'}y:

Since y = Cos ' x and |x|<l, it follows that | Cosy|< 1 and ye (0, & )

Consequently -;'E [0, %] and thus Tan %.}{]

We may drop the absolute value, obtaining Tan% =

JI_CUS}T L =

1+Cosy ‘|,J!+J:

; Mathematics-X1 SRR

P S B St Y Y § B
i { ( Remember !-!.__ )
r=r'l-x%as 1 is positivein ° . . .

tan(Arc sinx) itself is

2 S A Be sm-'(,aﬁ-aaﬁ—:m:

} : Sabulont of Trignometric Equations
U R ) ‘

Thus 5 = Tan \m » @5 required

1244 Addition

and Subt
Addition raction Formulae of Inverse Trigonometric

In this section we aim at to prove some j import
ant

formulae of inverse trigonometrie functions, addition and subtraction

T T

1. [El‘n”;if-l-sm"g._ Sf"%'_ —

Let x=Sin"'A ~ = Siix
2 = A = i
al'ld"r-..Sm B = Sty = §

Since Cos"x +5in°x =1, 50 Cosx = i*"ll—Sr'n"'x =+l 42

For Sin x = A, domain is |-Z X
R in which Cosine is positive, so

Cosx =1-A*. Similarly Cosy = w.l"il_:ﬁ_ We have
Sin(x +y) =5inx Cosy +Cosx Siny '
Sinf{x+ v) =5in xCos y+ Cos xSin ¥

= Jin(x+y)= Aai-a7 A +BY1- ]=-.r+y Srrl"{du'l-— A+ By1- B)

= Sin"'A + Sin” lﬂ—‘mr"(ﬂ. 1-A" - By1-B°

e

F'muf of this fm‘mula is similar to (1), so is Jeﬁ as an exercise

Lad

Ca.s ‘A+Ca.s"3=(;‘gg'L(,,43_" =

e B

LEL x=Cos'A=>Cosx=Aand y=Cos'B=Cosy=FH
We have sinx=+/1-Cos'x = #4/1- A? i

For Cos x=A, domain is [0, x] in which Sine is positive,
So Sin x=+1-A>  Similary Sin x=+1-8

Now Cos(x+ y)=Cos xCos y~Sin x Sin y

= Cos | 1+1]-A5_ - A= B = x+ y=Cos (,.15_,}'-,4*,,!]*3:}
= Cos”' A+ Cos~ B = (_’,‘m"{dﬂ—ﬂ] — AN Ez}




~ﬂlﬂt11|chhqwr—mmmwmmm

4.
5.
l x=Tan™ ‘-.-1. = Tanx=A and y=Tan'B=Tany=E. We have
: A+ B
Tan x+Tan ¥ £ —-'-—F = Tan A+ Tan ' B=Tan™ ——
=————=»Tauf,r+_1-':l- i AD
L S 1=Tarx Tan ¥ _AE
6.

Proof is left as an exercise.

Example 32: Show that 2Tan"ﬂ=Tnn"!—:;F

24

Solution: Put B = A in the inverse trigonometric formula

A+B
Tan ' A+ Tan ' B=Tan™ —" we have

A A

A+
-1 ly= A =Tan” —=
Tan A+ Tan™ A=Tan A A

_,E il

-1 - =
E+Tan 5 Tan ) a1

Example 33: Show that Tan™

Solution: Using addition and subtraction formulag for tan™, we have

43 R T g 3
Tan™ %+Tau 1-5--—?':111 'ﬁ=[]'"an ":1—+]‘au ’;j}—fﬂﬂ T

i3
] Z{‘; =1

=| Tan 73 = Tan ﬁ
|-=x—
4 5
15+12

i 8

=| Tan lf‘ui =Tan™ I-'_EI'-
20

Salutlons af Trignomeiric Equatlens

L -2? 8
= 2 — i
Tuul_."l-]"an —=Tgy 1119
ey 1 27 .8
-I-T[u;.:i_g

Sk3-gg

Find x, if
" P ! 1 T
Show that
{1] Sin .Ix +‘CBE 2 X= %r- {in

(i) sec (Arctanx )=+1+2* {iv)

Evaluate. (i) Sin [—-Cus“: {a1)

Show that (i) Cos (Sifi'x— Sif'y) =+/(1—2)(1— }r}-t-:qr '

(i) Cos (28in"'x)=1-22 “1 <e<+1
(iii) 2 Arc Cos x= Arc Cos (2x%-1),0=x=1

; 1
(1v) Cos (Arc tan x) = Tfnt =0
1+

Express the following in terms of Tan™'(x)
@ Sin~'x (i) (iii) Arccotx
Verify that:

T

@  2Tan '{-} + Tan™ ¢~—} = "I

Arc cosx

(&) Sin"{E}-Sin"{ghﬂﬂs"[ﬁ? e ke

- ; L

Sin [Arc ms-g-uré] :




12.5 -SuluﬂmomeemlTﬁgennmetricEquatinn_s _
Recall cqu:rtions'mat contain trigonometric . functions  are called

trigonometric equations: These will generally have an infinite number of solutions
due to periodicity of the trigonometric function. For example the equation sin8=0
has the solutions: © = 0, &, 22m, #3m,... which can be written as: B = k&,
where k is an integer.
angle itself. For example in cos(2x+1) =
(2x+ 1).and the function is cosine. We first use the definition of inverse
trigonometric function to get the angle (2x + 1) and then solve for x to arrive at
the solution of the equation. _

When a trigonometric equation contains more than one trigonometric function,
trigonometric identities and algebraic formulae are used to transform such
trigonometric equation to- an equivalent equation that contains only one
trigonometric function,

12.5.1 Techniques for Solving Trigonometric Equations
Many trigonometric equations can be solved by methods already known. The

" following examples illustrate by these methods.
1. Using Factorization,
Example 9: Solve tan’x + secx— 1 =0 in [0, 2m)
Solution: We have, tan’x+ secx—1=0
Sec’x -1 +secx~1=0 using id’tt}r 1 + tan’x = sec’x,
or tan’x=sec’x— 1

In a trigonometric equation, the unknown may not be the
0. the unknown is x while the angle is

Not For Sale
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T2 i T v —
o S —

Sﬂcﬂx.'_sm_z:[}
(secx 42) (seex~1)= g
[T v e |

COsX = = /2

Faclmizing
i Pnlm:iple. of zero producs
=1 Using the identity cosx =1/secx

or secx =]
5 ar Cosy
=203, 4n/3 ora= .
AL ToiAER Lllmf"' k. The solutions i [0, 2%
Example 34: Solve . 2 sinxcosx— siny= ()  2%) are 0, 2373 and 4n/3
Solution: 2 sinxcosx— sinx= ()

= sinef2 cosx- 1] =0 :1]
; : i
Equating each factor 1o zero, we get Y
sinz=
ki U] (iii)
o CoSX = — .
r = 2 (iv)

The equation (1ii) sinx= 0 is satisfied by 0 and 7 giving the solution
(2w ) U {2k, T+ ), wherek, k, eZ,

This is all even multiples of {2k} and odd multiples of & {{2k +1)r)
which can be simplified to {kr, ke Z). :

The values of the x satisfying (iv) in the interval [0, 7] are:f—and 2r- E} L
3

Thus the solution of (iv) cosr= % is {-‘; + 2% UL 2 2%m) ke
: .

-

Combining the two we get the general solution of the givien equation (i) as

: T
(k7 ) U {2k + 31U :%r+2kn'|,whmksz

2. Using trigonometric identities

Example 35 Solve 4 cos? x + 4 siny—5=0,0<x <27
IS'}]llilﬂn: We cannot factor and solve this qﬂaﬂrmic equation until each term
"volves the same trigonometric function. If we change the cos” x in the first term

e | - 5
01 —gin x, we will obtain an equation that involves the sine function only.




TrigneomHris ﬁmmmﬂ‘rﬂlmﬂm Equations

ulﬂﬂlwgﬂmmﬂmr.m-
4 cosix +4sinx—3=0 . |
d{i—sinzx}+4sinx—5=ﬂ cos® x =1 —sin’x |

. Distributive property .

4_4gin3x+4sinx—5=0
_dsinix +4sinx—1=

; 4sin’x-4sinx+1=0
@sinx— 1)} =0 Fector
2ginc—1=0
sinx =12
= /6, Snf6

; 1
Example 36: Solve sin?x cosx + Cos2x SINX =7

Solution: We can simplify the left side by using ;
' sin2x cosx + cos2x sinx =75

-3x=§+2ku or 3x=7 +2kx
_n  2kn _=n  2kn
gty 0 FRETTS

Example 37: Solve sinfl - cos=1,if0=B<2n

Solution: If we separte sind
square both sides of the equation,

0 ° Add4and-5
multiply each side by -1

— cosP on opposite sides of the equal sign,
we will be able to use an identity

gt factor to 0

the formula for sin{A+B)

k is any integer

Divide by 3

and then
o write the

equation in terms of one trigonometric function only.

ginfl —cosh =1
sinfl = 1 + cosf
sin" = (14 r:::-sB}1
sin“ = 1 + 2cosh + cos’d
1—cos = 1 + 2cos0 + cos’0
0 =2 cosd + 2 cos’d
0=2 cosh (1 + cosh)
2 cnslﬂ =0 orl+cosfb=0

Add cosf to each side
Square each side
Expand (1 + cosO)’
sin?0 = 1 - cos’0
Standard form
Factorize

Set factors to 0

Mathematics-X1

equation to an even power, we have (he - ﬁn; ti
08sibili

solutions. We must check each possible soluti
n

o e Taise both sides of an
. ty of introducing extraneous
In our origing| equation,

Checking # =n/2 Checking =1
sinn/2 — cosm/2 =1 sinft— cost = | _ Checking § =3z2
!_?:: ﬂ_'{—”:l] SIﬂ:!mpz-‘:':"53]":12=1
= ] [ru == T i i n-_.—
Tizas i " =1 » frue 5 :
p=n/2 is a solution 8= is a solution ~1=1 _ fakse

0= ;
3, Using Quadratic Formula ™2 is not a solution

Example 38: Solve cos2x = 3(sinx—1 ) for all ea] values of
Solution: cosx =13 (sinx - 1) - give i
1-2sin" x=3si y m
] Tbm r=3sinx-13 double angle |
25" x+ 3siny-4=0 D
quadratic equation
e =31 0@ .
— use quadratic formula
o =344 4]
5 = mmm—
mux &

sinx=-2351or H,ES—I 8
The first answer, — 2.351, is not a solution, since the sine function must range
between — 1 and 1. The second answer, 0.8508, is a valid value.
x=gin" 0.8508 + 2kn, x=mn—sin" 0.8505 + 2=
In radian form,
¥=1-0175 +2kn x=2.124+2kx
Example 39: Find the general solution of the equation.
2sin*x + 3sinx-2=0

Solution: The equation is quadratic in sin x, we get

-3+/9+16

N _ -345
4 4

Mot For Sale
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St ];ﬂm. phof

1
iny=—, =2
= 5l 2

1 ! .
1.1], it follows that sinx= = has a solution but sinx=—2

i [—LI].

sinx € [~
has no solution because

k is satisfied by the reference an

1~£andf£i h
ﬂlc:qualionsith':E L é n the

interval [0,2r]. Thus the general solution set of the given equation 15
{E +2nm) U { S—I:- +2nr), where ne Z
]
o A Reduction Identity : _
Applications of inverse trigonometric functions are Very useful in
graphing to study the behavior of some wave functions and also in caleulus and
space sciences. It involves an identity to reduce the form of a trigonometric lincar

Function i.e. acosf +bsinf =¢

where a, b, c are constants, gither a=0 and b#0

Example 40: Solve the equation.
ﬁcus&—sim‘? =0 (i}
Solution: Compare the given equation with the expression
a siné+bcos@ we get, a=-1, b= J3
Let —siné + 3 cosd = rsin (6 + ) (ii).
We know that r= Jat+b?, coser = & sinG = —p—
at+b® Jar+b*

3

T
t = r=2, cost=—— s8N0 = —
2 2
The reference angle for ot is — but since sin o is positive and cosot negative, the
& ]

angle x lies in II quadrant.

This & ={n’—%}+2mr= %ﬂzu #. neZ (iif)

Substituting (ii1) in (ii) gives
= —sind +43 cosf = 2sin (8 + o)

=2sin(6+ 2%, _,
3
= E+G.=k_x1 kEZ

= O=kg 2%
| "EII..?T,IHEZ

in

ok f=-=
3 tM¥,mez

2z
Loy 1
.515. { 3 +m:r.m52}_{__.3 tmn

mEZ )
. Solve each equation giving general solutions -
. V3 '
(i) cosx=— .
5 (i) sinx= %
(iii) tanx=—3 (iv) cos(28-%
3 1==1
sec—=-72 ;
(v) > {vi) 4cos’x-1=0
2. Solve each equation. Use exact values in the given interval
(i) {sin x) (cosx) =0 ; 0< x<360°
(ii) {zin x) (cot x) =0 : y Osxs2x
(fii}y (secx—2)(2sinx-11=0 i DEx<2r
{iv) (cosecx—-2)(2cosx-1)=0 |, 0sx<2x

3. Find the solution sets of the following equations,
(1) cosh = sinf (ii) tanB = 2sind (iii) sinB = cosech
(iv)  dcos(B)-3=( gionng. WY o by
: $(3)-3=0 (v)sinvcosr =T  (vi)sin20+ sinf =0

4. Solve the following equations.
(i)  2sin’r-3sinc+1=0 (if) cos™x sint=2

2 .o ) :
(iii) cos x—sin x=sinx (i) cos Zx+cosc+l=0

(v) 1-sinv=2cos*x (vi) l.an:x=5w::g:

(viii)sing + cosé = 1
Not For Sale .
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(vii) 3 -sinr=cos2x




ANSWETS

Unﬂ [z IW" of Trigooometrie and Inverse Triganametric Funetions and Solutions of Trignomotric Equations

REVIEW EXERCISE 12
(,‘!‘:mase the correct option. '

/ "ﬁ} '.iSnlvc sin 4x cosx + cos 4x sin x= -1 for all radian solutions.

iy 12 .-._ ' T Dar 3n 1 2n hiit 2 I r"@“\ 0 ﬁ} . L
b M A e = _k ._.+_...k |’] .....+._._k ST 41 :
.‘!'f'l;}'r:l;,. o d e {aj 5 k (b) 10 5 kel 2 3 4 ] 3 . n . i % i g i

(pelry |
I;: G Tul.,f' Sec”! (-2) s equal to BB 1 D ®
i 12 R s w (b) /3 (€) m/3 (d) 2n/3 - 241D +(2 41y 1
fags; Fod ""-'... 1 = (a=2)+bi R i {
:;',*f":].'l:‘r{ui} If Siri'x =y, then m - o e ~6+0i @ E'\E_?\ﬁl' i
il
3 - ' i . -2 2 : 2

; (a) O<y<n  (b)—mwl=y=nf2 (c)O<y<n (d)=nflcy<nfl E“’A‘_”T—‘- *“%‘-Hﬁ:‘ T+Jﬁ_|'

{iv)  sin {Taji' = ]xl < 1is equal to — — —_

' f ¥ 1 _ 1 % A 1 l ./.%‘5._3 F...
SRR (b) ¢) @ P -
iz \ : 53 53 ® -

: ® Vi- & Vi- 2 1+ x* Ji+ x? == —=—65 65
= T b, ."3_4 "'ﬁl\f__ E 1
(v) Tan™ [i]— Tan"[x F] is equal to __, 4 QP65 o E+EI
Yy Xty
T 3n
{n‘l% {h]% GES (@) =% |
2. Find the period of each function. i
; o B 3
{i) —2cosec wx (ii) Gtanme (i) Eumi ~—X I
LY = P
3. Solve the following equations. e R ISELL
: (i) sin2x=cosx (i) siMx#cosx=l (i) coecx = [F+coty } S B o ol
. 4. Prove the following. A u L i—li @» (-7, 9}(1—1]
: | it - 2 ——
: {i) 21‘ 4%_=555‘ 1% (i) Tadl i_ +Taii.§ —Tait ]ﬁ) =% 29 29 130 130
4 1 -1 § = I = ; “ o i.{..lﬂ Real i; nary r”--—_li
(i) Sia ."L+ 5-Sin %% W Tadl J; + Tadl = Ta — Tan « ZQI eal partx=— maginary pa %5
b, 1
"t E Promthcfullnmmg &7 —-%—éf. Rm!pﬂr'in':—i.hungi'uu'ﬁtﬂﬂﬂ}'=*?
= {": Cos'A ~Co$'B = Cos' (AB+/A% B”) =" 2 |
x'i} T&ﬁlﬁ —T E Tar (A-B) ; ‘ﬁ“ —:II—%I, Real }'.Jm':.!.':-—%.J'umgf'""ﬁ“Pﬂ”-"" =3
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Yorswers

- ~4 ab

4ﬂ1 -bz dabi =A4a’ =8 i imaginary part = —=22__
@a+b) f4tz‘+.b‘} Gy Realpart (da’+b’) (da’+b"Y

: , =1 Realpart x=~1and imaginary part y=0

? Q T3 3-08 i, Real = 533 and imaginary prm=£’-§
e
E

T T e—
EXERCISET.30 S _

Iﬁ :dku= -, -l‘!'lu'"‘ﬁ.ﬂ:?- =0, -{"-J| ==3 ﬁu=—],ﬁu=5‘|p~|=_14

'j'-_'_izx-i-r-ﬂ‘f, w = 2-6i @ Gl @z= ot EE @ =12 9 o Q =1 Q -1 Q‘E Q i}
- Q[’HEJ (z—1 + 3i){z~1-3i) @ Az +\TD(B2=T0) I @Singulur & Non-singular ﬁﬁingﬂtﬂ: E A=0,+-2
@ -2 @ -aevie- Bt @01 @reoos

——

[ b,
-'ch it is-a solution - @—?i ﬁf} ']‘:t ,,— [15 -10 -2

¢ 1+ - @ +2i [ @ +—+—:~f_ B —2,1i3 2 2
8 8
cuneh sy 38R N

go]—d ml
|
v

- EXERCISE 2.3

Mathenniics=X1 :-jE*l’v?f?
: eI

i3




Answers

B Q":'l' y=3, z=2
EE i.x=—2, y=1, z=3
4, § ! Trivial solution

A=l

" EXERGISE'3.2

S @ 135-21f @:m‘-mj' Qﬁ Qﬁ-#ﬁ |

3+ 4 - = —=
ST P _— ._.__k
@?fﬂ.ms u@ = ;*ﬁlﬁxﬁ
iy o
Ll . PEUSEI .
Length of AB =2'Jﬁ.unil vector in the direction of AB= _J:.'%"i + %5 i

m ~-1~4 Q components; 3. =3, magnim&e}fi
6 components; 4, 2, magnitude 25 Q components;3-2, 1, magnirudw"ﬁ

Q components; — 1,—6, -3 ,magnitude Ji6 Q %=1,




———————

ANswers

@0 2 oq. 1—5}@ pa.2.8 K 27-47+4K
[10 | Ln:erna]ly—%H;_; +3k Externally - 37+3k 118 0 -

Qﬁfﬂ?f - No real value of & u z=-3

o, | Boms mO. G ®» |

m Vesthey lie in a plane m Q %3 Q] 9!?-
m@,3@§m919-1 | B

- PRECNTY. mY .9 @a? 9 &. 0.0

13 137 13
0 90" Q 73° (approximately Q 99" (approximately ' . |
o * ) j1-ou= BB V-0 g0 B '
& V130 £ ' '
r 21 pEm oe=Z ! i J
674 1 8= : -j-squﬂre units. [l V3336 square units.

=26 it
. m Y- T

215'” QT n uwurk funits 12 uniis
EXERCISE 3.4 =5 :

1. 8 Q 3i Q -3i-2f Q —i+36j+22k
3. 3 L is7j+5t) € ——=(25i+3 |
Q. i @ i ‘@m@i 2 B .23, 2. 3@ 31 1L

(43 Q ~19i-2j+9% Q —3i+6j+3k 9 38i+4 18k
a 1
- 2 15 Q Jio m ﬁ‘ =1%1+3+3+7+9 Q -1+2—4+3-152 E+£?+%+%+m !
61+ ] +4F m—m e e P 7 | : 3 :
v ] : +j +dk Q 22i+3j-12k . 2 ;5’_;,__.5.1_‘5 ﬁ‘ 1+[§£}+[%) +£%} e | 9 1.5.10,10,5.1,0,0,0...
35 -

5:+E_r+2k
¢ MO @2
110 o
e Q 1,6,15,20,15,6,1,0.0,0, 0 1,8,28,56,70,56.28,8,1,0.0.0

2

e e T n—
- L Y e L
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Ingf ab™")

o« BN mn-zﬁll” e
T 3

6. | L--— the sequence is 14, 19, 24, .

- 3m m 15135 m 45!!011?53

Q QuTII Qa +b° B Q % éu%
3.: E

3
Qnﬂ): a, =57 9 n=15 ;.rf=? s g, =0 m 12375

P s.0206:16,12.8 [ 2.4.6.8:8.6.4,2
BB -4 Bl 21978 Rs.280, Rs.260, Rs.240, Rs.220

66 115 801
N s76feet BN Rsd65 3140 717

-3 !'—_1- 2%

§
ﬂ: 13 :20,10,5 EQEQEW—EQEQ%M—% &+ 77

QDD&SMEM[“QIE 3”'”"'@-? L Ly ) ?1%

4'8716'32

= '@ 3(2"-1) € EE @wsz@ 65 9‘””_9 192

B O n-15-0 -@ n=9.4,=255=511 € a=3n=6

R l i- y = L E .1.’} ﬂ ﬁ ...4-1..
ey s EO; €5 95 @5
EE: [N~

18,12, 8org, 12,18

) 2 27
e 293—2_.&

EE7  Rs. 16384; Rs. 1073741823 m =

( EXERCS A |
o A 1 o T ¥ 3.3 |
e d Wom— R — ,-L_ l 2_- e ey e | P - Sy,
i ©; ©; @ & 37577 9 11 18
BE €D A=2925H=291,6=%292 44?!‘3—-}1! H =—11.68.G =36

/':'\ }1:.":-'.62'5IIJ':-Z‘P:.H=I-_1I- B - R 16.24
%

BE 2223 maamdi2; 2ads B 3and12:12a0d3

23 31 39 47

ERCISED =
m-_\‘;f;\"-c ”'**b x’%‘.! @b @ @ @b @b
& b \‘* d "} c E @ I, =9-n

[m_ -1 @s ——{n 1), 8,5 =35

— e




- 19 " 5.11,17..... and nth term is 6n-l - 156375
n="18or

and 18 (or) 18, 6. and 2 [ 25 BEE 196575 foey

o O O
'@ Znin+1(2n+1)

-Q {411}in’ii'_}_{_"_—2—} b i x

Q n{?.n’-—n]l 0::{]6!15-16:15-2!#5} - A3 100 =101
-_".1_[\"_;_})— - %l{lrr:+3;:+?]|

n(n+1)(2n+1)(n+3) 7. 1 n(n+1)(n+8)(n+9) 4. 4 (320 + 54n+125)
4 4 3

-0—;-{:&1 {n 4+ 3m+1) 0 Al —4-|;|:n+ﬂ|[;r —— |)
EXERCISESIQi i e
1={3n—2)2" .1'{' -x" l}

n+]
-QIH"_EH € T u-a

_ P 50x333
(0|

s M .'En—l 1= (6 —=35)-x)" - E"’-'“—E—-ﬂ""]
¢ Q 2+4(1-1.) 0 =3 ot

(1-xy I.r

- ]+?x+Sx “9-1‘2“-9 ‘]1

A= (-2

EXERCISESIS ==
| K +l:%.n{2n’+3u+3:} Bl 37 ninin+1)
i - +3u aln+1)(n+5) [ 3 2 Lﬁ-ca" ~1)+2n

o -t [ s

+27; iﬂ'a_—l +27n

Mmhemaﬂcs }{I 410

R —

\mwrru

]
Q 2n+] 2F _,:‘-, Qilﬁ

m —H["Hl}m"'z} —HI:H+U{H+4}[H+5} u 12 - uﬂ -

3 e {1-x)

e nin +dn +dn—-1) n(n+1)(3n" +5n+1)
L B D gy
Aﬁ'_». n:{ri-'-lf F o nin+1)(4n+11)
R s T I s | @ —_—
—_— 4 1{‘ ) — [

l ; -
éﬁ!” 12 n{n+1)[3n" + 230+ 34) @ %[4;;“ -1y m Q %{HI +3n+5)

=3O MW -5 2oy
EXERCISE 6.1

Dro H ST D Do

T ' — (n- ’er 2l e "{” 1) b

I‘ & 70 r‘%wsﬂ% 360 - A-n Do b

n 40320 ::.'5-"-_ 5040 {388 120, number of even numbers is 48 n 0 125




=2 Q 335095040 Illazs
H EEE 37500 € 1512
EE 2 B

SEQ 664> 2203 o

Qd.ﬁr—ﬂ—Ich r=;1- 211 |
S O 6. Q unﬁum@ 0.98
n'ﬁm - 360 MK <7 1 I 4‘5'3’4

41’ 1
H-

= @‘ TR 3 ".T"'“i‘
@ 1+ Tay+ 215y +35°y 4352y + 217y + 7250 + 07y

@ ?1-_.[}-3+5}-‘+1u}-+tu+5+_1-2-]
e ¥

¥

@Sﬁﬂrf i R @fu m&.zﬁs &405
c, [HE € -190 @ e @ 2
27
15
(550 @ 70a*b* @ 3TD?1” and 2102 4 @ -252:"y*

16

@ There is no constant term. “ 9?24 Q 242
@ 24" +20a°b* +10ab* T, = -885735 [N} To=—""c,12"4

u@ 1+ Ql—it+1t!+LI}+
—+ +—6'l: i GEEEY TIEE b

@ 4+4.u-_r1+:,1.-‘+.,. Qs.uasrﬁ 1.001&5.{}13311
3
nl—m-i-%rr-—r -l ’-"11 lﬁ'“‘in



Answers

O o- )" 2, pa)=12. (Y)-7 @7
mo: O O & +5
: ©°

" Domain f=R Rangef=R

@ voriin =R~ (49 Range £ = (0, ) Q:‘;.
g’.’rxﬂi Ql-jx Q -l,i{x—4}: 6. 3 Qv fx)= Yx+2 -@ s

; S 1}
Dom( _r‘"_l.=R~—{3} Dom(f™)=R {
_ g Range{fj:ﬂ-—{f} Q Rt:ngf{f]IR-{3:>

EXERCISE 8.2

A
|
I'i‘
1
T
|'{

cesistat

[
1
|

_-‘: o
& HrrETHA
EEsssssssrcqinanas
e
T s S

By changing the values of b in the quadratic function, the axis of symmetry of the
graph moves in the x-direction

m A5 Vertex: (0, 0), y — intercept: 0, x — intercept : 0, Axis : 0, opens upward

& verex: 0.9), y — intercept: 8, x — intercepts: +£2, Axis: 0, opens
— downward

4@&, Vertex: (3, 4), v — intercept: — 5, x — intercepts: 5 and 1, Axis: 3,
— opens downward

!-El'% Vertex: (— 1, =L ), y — intercept: -3, x — intercept: 1, Axis: 1, -3,
=~ opens upward

B o) D 0 D —0) D ----tn}ﬁ—-~tﬁﬁ---(ﬂ)
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¥ =i ll%f‘?ﬂ‘ﬂ

(6,-2), (3,0, (4,0); unbounded

& x_

Gﬁlﬁ ) _%\.
-2 K

SR SR R

| (i.il:munﬂﬂd
"\aafl\22

= oare DL -

u"x-lzuhuul'.nius-}.l__ ;

ANSwers

P St

3 Y 4 10
, ,u,r—.al.[-. -—J.{a,z;
(0. 0), (3 sz ] |

18 B
]. [-— ‘-'} (o, 4, (0, 3)
B 5

_ @ Maximum value is 12 at the comer point (6, 0).
@ Maximum value is 20 at the comer point (0, 4),

- Maximum value is 50 at the corner point (10, 0).
—— Minimum value is 4 gt the corner point (0,2).
Maximum value is B4

at the corner point (0, 43,
—= Minimum valye

15 7 at the corner point (1, 0),

Maximum profit of Rs, | 140 if 16 bicycles of model A and 10 bicycles
of model B are produced. :

Maximum

profit of Rs. 14000 if 200 units of product A and 400 units of

Product B are produced.




Liswers :
{ of Rs. 1760 if & lamps of model L, and 24 lamps
o

produced
REVIEWIEXERCISE 9.

mo. O O DO

24 and {5 4
- Maximum value of =i5 24 attwo different comner peints | <= o= J )

B Rs: 112, when x=2kg Y=4kg
- Mnmmum vaIue of zis 600 atA(120,0) and R (60,
EXERCISE 10.1

- o El"sgn ‘Ilh Eﬂssuﬁ ‘I . DO&Z# I 5“’125“ il Iﬂﬂ 52“
@ ﬁ = 2. ® ﬁ Y o
[E'Hi _ 2-+\|'|§ e —"."-—v'r_i SE T+\||3

i 30 —-:— 4 o — e

Maximum profi
[

of model L; are

30}

P @ﬁ:ﬁnm%—@%ﬁ-g;; u

33 33 —56 8 33
OEAAImMOIAEDS

'—-—65-.-65_-..-5\6 _
4 e
-A*fsin{ﬁug‘:}whamsinﬂ =3E,r:ns¢ =% and r=>5

6Tsin{9+¢}wh:resin¢ =-3—,c05¢r='—:— and r=17

s @ = T_ and r=
ﬂfsm[ﬂ+¢]wher¢sm¢=ﬁ.cm¢=:§ and IV=‘\"':

ﬁbvsm{&+¢}wh¢msm¢--- V29

EXERCISE 10.2

512 5 H-10 ﬁ 19 A -120 A -2
e iR T —
13'13" 12 . Iﬁﬂ s = 25

inawe rs

O:m: m@»f@

¢ Fh‘”—f:ﬁ* Lizom@m
O i@ VoY

m 3. 1
= o thn52ﬂ+;c¢:a4ﬁ

Ex ’-% cosIx—cosTx 4@’- _[ﬁi“ 178" —sin 55"] @ l (sin A + sinB)

ey
i-: {cob B+ A Q'} - {% 2 5'“4““ cDE?n ﬁ _2_1“-“ 5g,n 5-'“-1-3']

f‘%..cns sin—[%-— f@-luusi EGEE

R u"cr'i‘f‘"‘i?"r..p}% ~ U AEV
el J-‘:n.'-:t"“ ; B ek R T e T A 1 ERA |
‘m\ "& Y T P e e L
E‘_:_‘:'_b -'r-"ﬂ*%h%dﬁd@d‘@-a@.:

- e e e e —
C
1 ﬁr?l‘ 1=3,b=3./38= 60" \"%" a=52.7, ¢=136.6, @ =22.7°
i@;‘ a=5+2,b= 52, =450

@a ﬁﬂﬁ“'-??i'ﬂc-ﬂlﬂf'%*a 8822°, f=178° ,a=44978

ERE 24 .50m [ 52.9° G 36.3m [ 45.3m [ 11.43m
H 189, 3m% 61.4 feet . ?'Jﬁacm

P O o= 62, b=7.44, c= 1556

u@ﬂ G0° ﬂ‘ 3{}::?, 00°

i@f 4=408,b =166, 4 =23.6° € o =23°, y=45°,b=5756

™ o =25°, f=123°c=152




i

A!.mn ers

Q a=068b=112 y=15° Q Mo trangle possible
Q 5= 1531, f=30°26", 1= 111014
Q b= 400.00, a=22°39", 7= 16059 R Q a=96°37

& st @77 QT IO I
Q a= 40, f=3167 y=1444° Q p=1264° f=364° y=117.2°
Rl 79cm, 14.8¢m i 1379k apart

B =417 [=64°26, y=T12°1T “ 72.9cm

EXERCISE 11.3

The answers are in Square units,

Q 369.42 Q %3 Q 680 Q 564.7 Q 6.4 ﬁ 355 @‘mﬁﬁz

Qdms Qﬁil?&ﬁldﬁ Qizmﬁ&@wm?
Bl 2224, 7=82% Bl Rs 1125 B Bl s’

mQ R=30, r—lﬂ?QR 14.5,1=6 - ©— 8.16m, Area=209m’
“Qazmdm € 170m [ 35,7353

=59°4 : . |
@a ¥, f=85°7,c=104 Q =40.68, a=81°43, f=41°17
@ -1070, 5=7039, p=35°56' @) =128, b=52,c =847

@ y=71.5%a=7.050b=133 |} Q 42.7° 40 43.7° uo 825
ﬁ%} 83.03° Bl 57.1cm, 20.84 em 25 1155..;;“ 578 m

EXERCISE 12.1

@ R {t|~:-[1n+l])r ::EZ.} R.2m

T I
%._-'_ R_{'“"‘:"7;HEZT,R—(—LH.H Q Riyi-1<y<l, yeR}Z
£ p ! 3

& r-lix= i
T R .xl.x_[?.n+l.}g'.r:EZ},Rm{y|45}.sﬁ‘}.Eﬂ}.ﬂ_

A5 { B3 3
f} i MJ_T‘HE'{' A @R-Jlxlx={2n+l}%;nez}.ﬁ.ﬂ

(ﬁ R-{xlx=nm neZ}.R- i—%% R 2

@3&5 R- :4.1t"'-4u-'-7 HE.{.} R-{-11),8 - Q
ﬁ 9,1 *‘"r l.-

@s'-f

29 2 4
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ﬁ E~-+Enz ney Q E=3-T'1r+m:; nez

| .
L I3 #
1 ﬁ ﬁ"—'i+ ng or &-1 ]E+2m'r neZ |

[ @ {—§+ Inw, rzez} U{E- e Z}

- 2

3 | % {3—K +2m, mE?

3 il n ETH 2mr, mEZ}
y .
0 i : Q | \I gﬁb{——+1nn nEZ} {S?I T, nez}
i | -
—_ 34 :
b iUl g 14 '
2 L— H H H a3 B 1 1 =3
VM e | meecaie 3] 82 .
S P e P P | 2 | & ' i
= ra L -1- 2
uzi 7§ (2 T -; -“ﬁ*ﬂ ‘% 4% %J_ TQE-J-;
4 ! litude 1
tude
R s nis
o — E 3 i
o Period %' Frequency —, Amplitude | . m "E},. ,.% J_ - ,ﬁ,‘; @ Dhse: satidet
— ] . 1
@ Period2,  Frequency —. Amplitude 1 - "ﬁ\ Sin'x = Tan™ m s . 5 |
l .
9 Periodd,  Frequency . Amplitado | @ Cos'x=Tar' V=¥ |, gcx<

EXERCISE12.3 i na N @c.m x<Tanr L)ﬂﬁx{m 7 T““'ISE

; i = =H
W O =—+2nTnEL \ &%
-0 8= 4+2u,f; or . .0 o I «%":‘m

T =£ nEL
Q E=%+2mr or =—é—+2nxiﬂ63@ o 3+”}r'” n@lﬂ%ﬂkﬁ}U

f

{Emu } keZ
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, 'QI{E'-FMK}U{EH#} k is any inleger. Q {?’T-b.ﬁ:m}.k eZ
LA 6 6
Q B= 2% 4k, k any integer.

. Q EE{—-+~.#:#.#EZ}U{~9—+ELJH:EZ}
£ 4

g Q {—+2.uz "EZ}U{f{f+g"m,,Ez}u-{-zjf+2.rm.:IEZ}U{T-r—EM.nEZ]r

3 " 3 L 2

- = T 3:r £ X 08 5=
o o 180°, 270° P 5. 5 € 557
&5 i E “0 { +mz‘} {-—”mm

5 3

Q { k;:'}U{SB +2££}U{~;E+?,k1r}. keZ

: LS ?ch} U{%r-f 2k n’} , k any integer.

o
& {%Hk:r}U{-leM%ﬁ}U{%+MR}U{%’E+4M}.-’cEz
o

Q {%+ Z.rur} U{nﬁﬁf + Zn:'r} UJ[STE+ Enﬂ'} . nisany integer.

i :

Q {E+2mn‘}» g {Iéi-i- ZF’JW}U{I !&Jr 1,;;;.1-} m is any integer. . ~
I 5 " o

;@ 'IE +1kx}'U{—,:—r +2.‘:z}. k is any integer. ;

@Ng real solkion. @ { +2krr}'u{ 2kn }, k is any integer.

REVIEW EXERCISE 12

m& DO O- MmO O O
-ﬁ'l ”h} IE+IW}U{E-b?h}U{%%—Ih},kzZ
@ {Ekn + % i-l_}{lﬁ:n + 2—1}U {2k },mz@ {Zﬁ.ﬂt—i-z;-},'.ftzz
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