Based on National Curriculum of Pakistan 2022-23

Model Textbook of
‘Mathematics

Science Group

Grade

11

National Curriculum Council
Ministry of Federal Education and Professional Training

@0

National Book Foundation
as
Federal Textbook Board
Islamabad




Government Approval .
Approved by the National Curriculum Council (NCC), Ministry of Federal Education and Professional Training, Islamabad
vide letter No,F.No.1-1(2024)-NCC/DEASDir/English, Dated: March 04, 2024

© 2025 Natlonal Book Foundatien (NBF) as Federal Textbook Board

All rights to this n are strictly reserved. No part of this publication may be reproduced, stored in a retrieval system
transmitted In any or hr any means—electronic, mechanical, photocopying. recording, or um;rvdn—nw:ﬂuut uu: prior u:Tru:
written consent of the publisher. Unauthorized use, duplication, or distribution is strictly prohibited and may result in legal action,

A Model Textbook of Mathematics for Grade 11
based on National Curriculum of Pakistan|NCP) 2022-23

Authors
_ . Dr. Khalid Mahmood (Managing Author)
Dr. Saleam Ullah Satti, M Dabeer Mughal, Dr. Maveed Akmal, Dr. Shahzad Ahmad (Co-Authors)

Contributors/Collaborators
Muhammad Ahmad Nawaz, Shahzad Ahmed, Zulfigar Ahmed, Abdul Qadir (Designers) i

Supervision of Curriculum and Review Process
Dr. Mariam Chughtal
Director, Natlonal Curriculum Councll (NEC)
Ministry of Federal Education and Professional Training, Government of Pakistan, Islamabad

: Internal Review Committes Members
Ms. Earkhanda Noar, Fazaia Teacher Training Institute Islamabad, M Ali Raza, Muhammad Anwar Ul Hag, Naval Education
Headguarter Islamabad, Zawar Hussaln, Federal Government Educational Institutions (FGEI) (C/G) Regional Gffice Chaklala / Cantt,
Tahira Bibi, Naval Education Headquarter Islamabad, Saadia Dawood
Sablha Kausar Toor, Federal Directorate of Education, Sobia Hasan, Fehmida Haroon, Bahria College Islamabad E-8 Naval Complex,
Khalida Tougeer, Federal Directorate of Education, Shahzadi Kanwal Mehmoad, Fazala Teacher Tralning Institute Islamabad, Zafar All

IPCW-1 Members
Mr. Gul Muhammad, School Edu Department Bolochistan, Mr. Abbas Khan, Directorate of Curriculum and Teacher Education Khyber

Pakhtunkhwa Abbottabad, Ghulam Murataza Khan, Azad Government Of Jammu & Kashmir Directorate Of Curriculum Research &
Development, Zawar Hussain, Federal Government Educational Institutions (FGEI) (C/G) Regional Office Chaklala / Cantt

M. Muhammad Anwar-ul-haq, Naval Education Naval Headquarter Islamabad, Mr. Ahmed Khan Zaur,
Government of Sindh, School Education & Literacy Deparment, Mr. All Ahmad Khan, Government Of Gilgit Baltistan, Directorata Of
Education, Mr, Muhammad Akhtar Shirani, Punjab Curriculm & Textbook Board

Desk Officer
Shazla Abbasi, National Currieulum Council (NCC)

NBF Textbooks Development Supervision
Dr, Kamran lahangir
Managing Director, National Book Foundation (NBF}

in-Charge, NBF Textbooks Development
Mansoor Ahmad, Assistant Director

Printed in Pakistan
First Edition: First Impression: March 2024 | Pages: 284 | Quantity: 24000
First Edition: Second Impression: May 2024 | Pages: 284 | Quantity: 52000
spcond Edition: First Impression: May 2025 | Pages: 284 | Quantity: 100000

Price: PKR 510/-, Code: 978-965-37-1604-7, ISBN: STE-692
Printer: Sunny Printing & Packages, Lahore

For detalls on ﬂdlﬂwl publications from the National Book Foundation, please visit our website at www.nbforg.pk
You can also reach us by phone at 051 9261125 or via email at booksi@nbf.org.pk
For feedback or corrections, kindly send your comments 1o "nhbftextbooks@gmail.com' and ‘textbocks@sn c.gov.pk’

Note :
Al ilustrations, artwork, and images in this book are intended solely for educational
' and promational purposes, benefiting the public interest.



Preface

This Model Textbook for Mathematics Grade 11 has been developed by NBF according to
the National Curriculum of Pakistan 2022-2023. The aim of this textbook is to enhance
learning abilities through inculcation of logical thinking in leamers, and to develop higher
order thinking processes by systematically building the foundation of learning from the
previous grades. A key emphasis of the present textbook is creating real life linkage of the
concepts and methods introduced. This approach was devised with the intent of enabling
students to solve daily life problems as they grow up in the learning curve and also to fully
grasp the conceptual basis that will be built in subsequent grades.

After amalgamation of the efforts of experts and experienced authors, this book was
reviewed and finalized after extensive reviews by professional educationists. Efforts were
made to make the contents student friendly and to develop the concepts in interesting ways.

The National Book Foundation is always striving for improvement in the quality of its
textbooks. The present textbook features an improved design, better illustration and
interesting activities relating to real life to make it attractive for young learners. However,
there is always room for improvement, the suggestions and feedback of students, teachers

and the community are most welcome for further enriching the subsequent editions of this
textbook. |

May Allah guide and helpus (Ameen).

Dr. Kamran Jahangir
Managing Director
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COMPLEX NUMBERS

After studying this unit, students will be able to:

« Recall complex number z represented by an expression of the form z = a + b or of the form

(a, b) where a and b are real numbers and { = v—1

Recognize a as a real part of z and b as an imaginary part of z.

Know the condition for equality of complex numbers.

Carry out basic operations on complex numbers

Define z = a — ib a as the complex conjugate of z = a + ib.

Define 2 = vaZ? + b? as the absolute value or modulus of a complex number z = a + ib.

Solve the simultaneous linear equations with complex coefficients, For example,
5z—-(B3+iw=7-—i

[(2—*i)z+ziw= -1+

*  Write the polynomial P(z) as a product of linear factors. For example,

Z2+a=(z—ia)(z+ia) and z* -3z +z+5=(z+1D(z—-2-)(z—2+1)

* Solve quadratic equation of the form pz? + qz + r = 0 by completing squares where p, q, r are

real numbers and z is a complex number. For example solve

22 —224+5=0=(z—1-20)(z-1+20))=0=>z=1+2i,1-2i

Explain the polar coordinates system

Describe the polar representation of a complex number.

Apply the operations with complex numbers in polar representation

Demonstrate simple equations and in-equations involving complex numbers in polar form

Apply concepts of complex numbers to real world problems (such as cryptography. wave

phenomena, calculate voltage, current, circuits, the velocity and pressure of tize fluid).

- B @ & B @

Complex numbers are used in many branches of science; especially quantum mechanics (a
branch of Physics) heavily depends upon complex numbers,

In mathematics the need of complex numbers is to solve the polynomials which do not have the
solution in the set of real numbers. e.g., The polynomial x* — 1 = 0 has the solutions x = +1,
which are the real numbers. But the polynomial x? + 1 = 0 do not have any solution in the set of
real numbers, since there is no real number, whose square is —1. To overcome this difficulty, we
extended the set of real numbers to the set of complex numbers by introducing a number i such

that i* = —1 or i = V=1 . Remember that i? = —1 is the Euler’s notation for the imaginary unit
number.




1.1 Complex Number '
A complex number is an expression of the form x + iy where x,y € R. A complex number is
denoted by z, i.e., z = x + iy and the set of all complex numbers is denoted by € .The complex
number x + iy is also denoted by the ordered pair (x, y).The reason for this notation is justified
since there is one to one corresponding between x + ¢y and (x, ). j
Clearlyi=0+i=(0,1)and1 =1+ 0i = (1,0)

I.1.1 Real and Imaginary Parts of a Complex Number

Every complex numberz=x+ iy has two parts xandy x is called the real part and yis called
the imaginary part i.e., Re(2) = x and Im(z) = y.

If the real part of a complex number is zero then it is called pure irhaginary number and if the
imaginary part of the complex number is zero then it is called real numhcr

Since every real number x can be written as x + {0 thus every real number is a complex number
but note that every complex number need not be a real number. Only the complex numbers with
zero imaginary part are real numbers. Thus, the set of real number is a subset of set of complex
numbers, i.c., R < C.

Example 1: :
Let z = 2 + 3i where z is a complex number having 2 as real part and 3 as the 1 magmary part.

1.1.2 Condition for the Equality of Two Complex Numbers

Like real numbers any two complex numbers are not comparable. i.e., We cannot say that one
complex number is greater than or less than the other complex number. Two complex numbers are

said to be equal if both has same real and imaginary parts.

Example 2:

Let z, = xy + iy; and z; = x; + iy, be two complex numbers they will be equal i.e.; 2, = z; if
andonlyifx; =2, andy; = ¥,

1.2 Basic Algebraic Operations on Complex Numbers

1.2.1 Addition of Two Complex Numbers

Suppose we have two complex numbers z; = x; +iy; = (¥, y1) and 2z =x; + iyz = (x3, ¥2)-
Then their sum is:
242z, = () +@ay) = xtintntiy
=@+ x) +ibn+y2) = (a+x2 Y1 +Y2)
Example 3: Fmd the sum of z; = 2 + 3i and z; = 6 + BL,

Solution:
Zi+2Z;= (2 + 30+ (6+80) = (2+6)+ (3+8)i

= 8+ 11i = (8,11)
1.2.2 Subtraction of Two Complex Numbers
Suppuse we have two complex numbers 2, = ¥, + [y, = (2, y,)and z, = X, + iy -—(1’2, J!z)
The difference of the two complex numbers is given by:



zy—2, = (x, y1)—(x2 ¥2) = (xy+iy)— (a2t i:&_’z)
= (X —x) +i0n —y2) = (6 — X2 Y1~ ¥2)
Example 4: Ifz, =4 —3iand z, =7 + 6i, then find z, — 2.
Solution:

2,—2, = (4 — 30) = (7 + 6) = (4 — 7) + (=3 = 6)i
= =3+ (-9)=-3—-9i
1.2.3 Product of Two Complex Numbers
If 2, = x; + iy, = (%, ¥y) and z; = X + {y; = (x,¥2) are any two complex numbers, then
their product is given as:
7123 = (%1, 71) (%2, ¥2) = (% + in)(x2 + i)
= XX, + Xy, + Xy + 2yy2 = xypxp Hi(xy2 +x%y1) — 1)z
= (X3%2 — Y1¥2) + i(x1y2 + X231) = (¥1X2 — 1Yo, %1Y2 + X2¥1)
Example 5: Find the product of the complex numbers 2, = (2,—6) and z; = (4,9)
Solution: .
2,2, = (2,—6)(4,9) = (2 — 6i)(4 + 9i)

=8+ 18i — 24i — 54{> =8 — 6i — (—54)

=8 + 54 — 6i = 62 — 6i = (62,—6)
1.2.4 Division of Complex Numbers
The division of the two complex numbers is not simple. Since the number in the denominator has
two_independent parts. To make the denominator a single term we rationalize (multiply and
divide) the given complex number by the conjugate of the denominator. Afler rationalization the
denominator will be converted into a single real number and thus division can be done easily.
Ifz, =% + E.)rl = (x,, ¥,) and z; = x, + iy, = (x3, ¥), are any two complex numbers, then

_ (xuy) _ xatiny
z;  (x2y2) Xzt iy
— (X1t i}’i)x(xz— IJ':) —  XaXa—ixiy; + X3y - i*y1v2
xz+iy2 x2=1yz - lxy¥7 + (2, — 123,52

— X1xg +iCey,— xl:ﬁ) tyyy, — Gaxtyy)t I{xih = %1Y,)
xz% + y,* x¢+y,

_Xxz+tyy $X2Yy —X1Yp XXz + ¥1¥2 X2)1 —X1)2
T x4yl +i x;5+y3! = ( 2,2 + 52 2 ' x 24,2 )
Example 6: If z; = 3+ 7i and z; = —4 + 6i, then find thc sum, difference, product and quotient
of the two complex numbers.
Solution:
z2,4+2,=B+7)+(-4+6)=3B—-4)+(7+6)i =—1+13i
21—, =B+7)—(—4+60))=3+7i+4—-6i=3+4)+(7-6)i=7+i
2123 = (3 4+ Ti)(—4 + 6i) = 3(—4) + 3(6i) + (7))(—4) + (7i)(6i)
=—12+ 1Bi — 2Bi + 42i* = —-12—10i — 42




=—54—-10i .
zy _ 3+70 _ (3+?i)(—4—6i) __ —12-18i - 280 - 421
7z -4+6f \-4+6i/\-4-6i) (-4)2- (61)2
__ —12-46i+42 _ 30-46i _ 30— 46i

16-36i2  16+36 52
_30_s6, _ 1523,
T 52 52 26 26
Example 7: Write the complex number uﬁ;‘# in the form x + iy.
Solution: (2+3i)(2+1i) 4+ 2i+6i+3i® _4+8i—-3
1—i - 1—i To1-i
- __1+B£u1+3£x1+i _ 1+i+8i+8°
T1-i 1—i 1+i 12 — 2 ; -
el e W '
T1-(-1) 2 22
Example 8: Find the values of x and y if,ﬁ— y(1+20)=1+i
Solution: x (1420 =1+1
2+31i 7 =

x(2 - 310) S
='(2+3i)(2—3i)_},(1+20 =1+

2x — 3xi A+20) =1+
T@r-@p YN TE =T
=1“215---31:1' 1 20y =L
39E k2=t
2x — 3xi
=Sy 420 =141
2x 3ix
ﬁﬁ—iﬁ—y—zlﬁv—l+i
X 3x .
='.~(-i—3--y)-—(ﬁ-l'-2y)1—1+[
Comparing real and imaginary parts
Z_y=1 (1)
3 V=
3 —
and—3 —2y =1 2) .
Multiplying equation (1) with 2 then adding them, we gat:
X oy =3 ‘
g
x
*1—34-2}' = _1
= - g
13



x = B
7
: : j 2 13
Putting value of x in equation (1). X —y=
13 7 g
By A i
g ey R =y
y=—g P(3,4)
1.3 Conjugate of a Complex Number
Conjugate of a complex number z = x + iy is denoted by e 5
Z and is defined as Z = x — iy. x
‘ Geometrically, conjugate of a complex number is its mirror
image about x-axis. For example, if z =3 + 4i then Z = 3 — 4i. i P'(3,—4)
Example 9: Find the conjugate of z = (1 + {)(2 — i). Key Facts
Solution: IZ; = L5
z=(14+)2-)=2—-i+2i—i?=24+i+1=3+i _
e . 21\ _ 4
Now Z=3+i=3—{ (z_)=_
!
| 1.4 Magnitude or Modulus of a Complex Number
Consider the complex number z = x + iy = (x,y) its magnitude is denoted by |z] and
find it as follows
Dsaw a complex number z = x + iy = (x,y) on the complex plane.
Draw perpendicular from P on the real axis,
Itis clear that PAQ is a right-angled triangle.
| S0, by using Pythagoras theorem; we have y-axis
e R T 4 P(x,y)
[0B|" = [04|" + |4P|
| z
| = IZF = x?% + jf'z y
= lz] = x? + y? M ol & > x-axis
which is the magnitude of the complex number z. a
Also, |z| = J (Re()” + (Im(2))*

Obviously |z| is the distance of z = (x, y) from origin.
Example 10: Find the conjugate and magnitude of z = __.(3*1'1';'3‘}
Solution:

4+3i @+3D 4-3i 4 - 3i
: _3+6i—-2i—4i®> 34+4+4i T+4i 443i
T &=81 = 4=31 S-S 4+
_28+421i+16i+12i® 28-12+37 _16+37 16 37
T @-@ 16— 23 -~z

% [(3 +20)(1 - 20 _B+29(1-2) G+2)@-20 (3-2i)(1+2i)




And

. |{3 + 2i)(1 - 2E)| ol I3 + 2i]|]1 — 2i] Key Facts
| 4+ 3i | H + 3i| |21z = |2,]]22]
_ Y3E2A[P+(=2)% _
Vatiat JZ5 " L
Jas |31|
R :

Theorem:
If z is a complex number then |[z| = 0 and |z| = 0iffz = 0.

Proof: Let z = x + iy; then |z| = {/x? + y?, where x and y are real. Since the square of any real
number is always non-negative. Thus, value of x? + ¥? is non-negative, also square-root of the
non-negative number is non-negative. Hence ./x2 + y? is non-negative; i.e.; |z] = 0.

Now suppose that |z| =0 _ Key Facts
5 = _ 5 2 In order to calculate conjugate
ot L6 A g i mufnmmplexnumherwema}r
Which is possible only if x =0andy = 0 simplify it first then take
Thusz=x+iy=0+i0=0 conjugate or we take first
Conversely, suppose thatz = 0= 0+ i0 conjugate than simplify the
=]zl =02+ 02 =0 complex number. B

1. Evaluate the following:

@ B . @) (D¢ Gi) (DT W) ﬁ; (V) 23 + 158 4 21
=1)2

2. Write the following complex numbers in the form x + iy.
i @+2D+@2+4) (i) (4+3i) — (2 +50) (1) (44 7)) + (4 —70)
(iv) 2+50)—(2-50) (v) 3+2i)(4—-30) (vi) (3,2) = (3,-1)
(vi) A+ DA -D@+1)  (vii) S

3. Simplify the following:

(2+i)(3-20) 1+i i__1_
(i) L+ (ii) (2+0)? (iii) 3+i  3-i

((VVA+D2+Q-D2 (v @+D*+ 2 = [
4. Find the values of the real numbers x and y in each of the following:
() @+3Dx+(Q+3Dy+2=0 (11) m+m=1

T A L y i 2 2—-0)2=3+10i
(iii) ol o + p (w) x(1+i)+y2-i)¢=3 i
181

5. Find the complex number z if 4z — 32 = ==

R ————_e50n

243i




6. Find the conjugate of the following complex numbers:

5L 7

(i) 4=3i (i) 3i+8 (i) 2 +E & >—3
7. Find the magnitude of the following complex numbers:

(i 11+12i (i) (2+3i)— (2 + 6i) . (iii) (2 —i)(6+ 3i)
W2 ) B-VBEI+HE
1.5 Real and Imaginary Parts of the Complex Numbers of the Types
O VIR € 4 75 n=+1
' G) (222)% x+iy#0; n=i1
’ Type-1  Consider the complex number of the type (x + iy)™.
Whenn =1
z=x+iy
Its real part = x = Re(2) A
Imaginary part = y = Im(z)
Whenn=-1
- = 1 1 —{ e |
% 1={x+[y 1=x+£y= (!+f_}')(:-l;)= x:—.[ y2
! . Thus Re(x + iy)™ = Rez™1 = x—!—?zi = %2
| -y _ _Im(2)

Im(x+iy)*=Imz"1 = —
(x+iy) e g FE

Example-11: Find the real and imaginary parts of the following.
| (i) 3+4i (i) (3+4)™ () (B+4i)? (v) (B+4)?*
Solution: Letz =3 + 4i
(i Re(3+4i) =Re(z) =3
Im(3+4i) =Im(z) =4

(ii) Re(3 + 41)_1 = Re(z)™l = Re(z) — 3 = 3

|z]2 2 25
(J3’+avrz ’

|
g InG+ )= ima =) ___=4 =

; P ey
| (i)  Re(3+4i)? = Re(2)? = (Re(2))? — (Im(2))’

| =32-42=90-16=-7

| Im(3 + 4i)* = Im(2)* = 2Re(2)Im(z) ’

=2(3)(4) =24

.

|



S

- 2_,2 . &
(V)  Re(3+4i)~2 = Re(z)-2 = Be@) ~(m@)" _ _3*-4 _9-16 _ —7

|z|% ( > 2_‘ st T 625
,‘3 +4 |

—2Re(2)Im(z) _ —2(3)(4) _ —24 _—24

|z]* T (TR ¢ 65
i n ; ;
= h) ; where x, + iy, = 0.

Im(3+4)2=Im(z) 2=

Type-11 Consider the complex number of the form (
Iz+!}'z

Letz; = x; +iyy; 2 =25+ iy,

xq+i n PARLL Key Facts
So (xh1+i:1) = (2—1) where i + 0. Re(zy)Re(z;) # Re(z,z,)
“"]Iﬂlan --—--2 1 : s Im(z,)Im(z;) # Im(z,2;) )
Cl + i}"1) _ X +iy C, + fl’i)x(xz - E}.-z)
2 Hiyz x; + iy, 2+ iy2/) \x; — iy,

_ X%y — iy, + iy, — Py, %%+ i(0y; — 0y;) + Y,

(x2)? — (iy2)? - x% — i2y?
— (X123 + y1y,) + (2, — x7)2) _ (x122 + ¥1¥2) i (xy1 — x1¥2)
x5 +y; x; + ;7 xZ + y2
ci s ih) (zl) (x1x= + ¥1Y2)
2+ iy, x3+y;
1t iy _ (RE(zl))(RE(Zz)) + (Im(2,))(Im(2,))
fie (.x - 2
2 + i)z |z, |

+ 13’1 (X271 — x1¥2)
(X 2) ( ) Iz + y:
(11 3 il’l) Umtzt))(ﬂﬂ(zz)) (Re(z,))(Im(z;))

+1y; |z, |2
Whenn = -1
Cl + i]’:)n - (:1 + i}'a)_i _X2 + iy, _X + IJ": -1y
2 +iy; 2 +iy; Xy iy, x4+ iJ’i Xy — iy
_ 5% + ix1yp — ixayy — i2y,y, e L +ixyy; — Xy + 1y
xi = (iy1)? xi + yf
_ B4y y) Hx Y, —xay,) ’flxz +}"1.‘r'z 4§ X%y

,_.Z_H,E x5+ ¥i xi+yi A

(xl + f}"1) _ XXz + 31y, _ Re(z1)Re(z2) + Im(z,)Im(z;)

+iy, x+yi |z, [?
(: + ih) ' _Xys — Xy _ Re(z))im(z,) — Re(z)Im(z,)
2 Hiy; xi+yf ||

—__
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Example 12: If x; + iy, = 12 4+ 5i and x, + iy, = 3 + 2i then find the real and imaginary parts of
the following: -

. FIC 1478 Nl Xy +i ARG
o 2w (G2 @ @R e @2
Solution:
(i) -
It+iy1 _ 12+ 5i
x;+iy: 3+2i
Now,
Xy + iy (xa+yyr)  (12)(3)+(5)(2) _36+10 46
e(l'z'l'i}’z)'_ I%'I'}’zz v 32422 = 9+4 _13
And
- x; + I}"1) (%201 — %1Y2) o “(3)(5) — (12)(2) e 15 —24 = __9
2 + 1Yz x3 + vy 3% 422 9+4 13
(i)
X +iy\"t 12+ 5K
z+iyz) - (3+_2f)
Re (2 + f:ﬁ)" _MXtyiva _ (12)3) +(5)(2) _ 36+10 _ 46
“\xp + iy xi + yi 122 + 52 144+ 25 169
And
m (2 + i}rl)"’ _NYa =X _ (12)(2) - (3)(5) _ 24— 15 _ 9
2 + iy, xi+yf 127 + 52 144+25 169
(iii) :
x + iy \? _ (124502
,(xz+iyz) _(3+21)
MNow,
g (x1 + I.vi)‘ _ G —yDad - yd) + 4xixayy
X3 +iy2 (x3 + y2)?
_ (122 - 5%)(3% — 2%) + 4(12)(3)(5)(2)
i (32 + 22)2
_ (144 —-25)(9 —4) + 1440 _ (119)(5) + 1440 _ 595 + 1440
i (9 + 4)? i 132 S
_ 2035
T 169
And
m (22 + in)“ _ 2xuy(xF - y3) = xa32(xf — ¥)]
Xy + iy, (2 +33)?

_ 2[(12)(5)(3% - 2%) - (3)(2)(12* — 5%)] _ 2[60(9 — 4) — 6(144 — 25)

(32 + 22)2 B (9 + 4)?



 2(300—714) _ 2(—414) —828

132 169 169
(iv)
(:1 + iyi)'z_ (12 + 5!)'2
. +iy,)  \3+2i
Now,
xy + iy 7 _ Gf —yD)(ad = ¥3) +4xnnys
felu+ f}'i) B (7 + )2
_ (122 =5%)(3? - 22) + 4(12)(3)(5)(2)
B (122 + 52)2 -
_ (144 —25)(9 — 4) + 1440 _ (119)(5) + 1440 _ 595 + 1440
B (144 + 25)2 B 1692 ~ 28561
_ 2035 a
P ~ 28561
(-':1 + ‘J’:)—z _ —2[xyy; (x% — y3) — 255, (xf — y{)]
2+ iy2 (xf +¥{)?
_ =2[(12)(5)(3% - 2%) — (3)(2)(12* - 5)]
- (122 + 52)2
_ —2[60(9 — 4) — 6(144 — 25) _ —2(300 — 714)
(144 + 25)2 1692
_2(—414) 828
T 28561 169
Whenn = 2 -

xy + iy )’ _ (2 —yDaE - y3) + 4axanys

sz +iya) (x2 + y3)?

" [(Rezy)? — (Imz,)?] [(Rez;)? I (;If;nzz)z] + 4Rez, Rez;Imz,Imz;
Z3

And

x + I.vl)’  2[x, 1 — ¥3) — Xy (xf — yD))
a (3 +y3)?

s 2[Rez;Imz; {(Rez;)* — (Imz,)?} — RezzImz,{(Rez,)* — (Imzy)?}]
- |zz|*
Whenn = -2
x + i\ 2 (33 —y3)(xf —yi) + 45X Y0
e (-"z - f?z) B (xZ + y7)?

(x2 — y2)(x2 — y3) + 4x12201 72

B G+ y2)?
_ [(Rezy)* — (Imzy)°] [(Rez,)? — (Im2;)*] + 4RezyRezplmzyImiz;

|z4]*




fii C‘l + U’z)uz _ 2[xy2(xf — ¥f) — 1y (x2 — ¥3)]
+ iy,

(xf +1)?
- —2[xyyy (x3 —¥3) — "~ X2)2 (xf —y1))
(xf +¥i }2
B —2[RezyImz,{(Rez;)* — (Imz,)?} — Rez;Imz,{(Rez,)* — (Imz,)?}]
- AN

Example 13: Write the equation |z —2i| = |Z + 3| in terms of x and y, by taking

Solution:

z=x+1iy.

Since,z =x+ iy

= Z=x-iy

v |lz=2i] = |7+ 3|

= |x+iy—2i|=|x—iy+3|

= |x+i(y—2)| = [(x+3) - iy|
=+ (=27 = /(x +3)2 + ()2
Squaring both sides.

2+ (y—2=@x+3)*+()?

> x*+y’—4yta4=x*+6y+9+y>
=—4y+4=6y+9
=6x+4y+5=0

Example 14: Write the inequation Re(z — 3) < 2 in terms of x and ¥, by taking

Solution:

z=x+1iy.

Re(z—-3) =2
Re(x+iy—=3)<2
Re[(x—-3)+iy} =2
x—-3=<2

=x<5

Y Eicreise 1,25
:&. by -

1.  Show that for any complex number.

i)

Re(iz) = —Im(2) ii) Im(iz) = Re(2)

2.  Use the algebraic properties of complex numbers to prove that:

(2122)(232,) = (2423)(2,2,) = 23(2,22)24

3., Prove that for zeC.

D)

iii)

zisrealiffz=2 (””)

x-l-f Rez
z is either real or pure imaginary iff (2)? = z2

4, If21 =2 —3iand IZIZZI = 16 find |22|.



5. [Ifz, and z, are any two complex numbers then prove that
|2y + 2;1* — |2, — 2;]* = 4Re(z,)Re(z;) + 4 Im(2,) Im (2,)

"~ 6.  Find the value of 4; |f|;+«'ll =vVA+2;wherez; =3 +iandz; = 1+1i.
7. Verify that v2|z| = |Re(z)| + |Im(2)| Hint: (Start with (|x| = |y|)? = 0)

8. Write the following equations and inequations in terms of x and y by taking z = x + iy.
(i) 12z-il=4  (i)lz—1]=|z+i| (i) |z — 4| + |z + 4i| = 10

(iv) jRe(iz)=4 () m(Z)=-5 (vi)-2<Im(z+) <3
9.  Find real and imaginary parts of the fnllbwings

Q) @+4D7 ) (B3-v=HT i) (”2‘) | .
: 4421\ "2 5—4i)2 3-7i
) (2-1-51) W 5+-u) W) s
10. Forz; = —3 + 2i and 2z, = 1 — 3i verify the followings:
. L e e o TR T e e s
M) lml=l-al=lE=-2a 6 (2)=2 () zmm=55

(iv) zZy+z, =5+ (V) |zzz] = |z4]|z,] (vi) lzy+z;| < |z | + |z]

1.6 Solution of Equations

When we consider more than one equation then it is called system of equations and if we find the
values of variables which satisfies all the equations under considerations simultaneously, is
called the simultaneous solutions of the equations.

If z and w are the two complex variables then an equation of the form az + bw = p is called
equation with complex variables z and w. Here @ and & cannot be zero at the same time. If @ and
b belong to the set of complex numbers (i.e.; they are itself complex numbers) then the equation
is called linear equation in two variables with complex coefficients.

Here we will find the solution of system of two simultaneous equations in two variables with
complex coefficients.

* A system of equations is
1.6.1 Working Rule to Find the Solution by consistent if it has at least one
Elimination Method solution.
Consider the two linear equations: * A system of equations which has :

a1z + byw = p; and @,z + b,w = p, no solution is called inconsistent.

Step 1: Multiply the equation or both equations by suitable numbers so that the
coefficients of one of the variables become same.

Step 2: By adding or subtracting the equations thus obtained in Step 1, eliminate the term
involving the variable having same coefficients.

Step 3: The equation obtained in Step 2 will have only one variable. From here find the
value of this variable,

SRS
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Step 4: Substitute the value of the variable found in Step 3 in any one of the given
equations and get the value of the other variable.
Step 5: Writing the values of 2 and @ in the form of ordered pair (z, w) is the solution of
the system of equations. T
1.6.2 Working Rule to Find the Solution by Substitution Method
Step 1: Find the value of any one of the variables in terms of the other variable from any

one of the equations given above.
Step 2: Substitute the value of the variable obtained in Step 1 to the equation which is not
used yet. .
Step 3: Equation obtained in the Step 2 will involve only one variable. Find its value.
Step 4: Substitute the value of variable obtained in Step 3 in any one the given equations
and get the value of the other variable.
Step 5: Writing the values of the both unknowns z and w in the ordered pair (z, w) is the
solution of the system.
Example 15: Solve the following system of simultaneous equations:
2z-(1-3Dw=14+2i, (A+dz+(2-Dw=2+i
Solution:
2z—(1=-3Dw=1+2i (1)
A+Dz+2+Dw=2+i (2)
Multiplying Eq. (1) by (1 + i) and Eq. (2) by 2 then subtracting Eq.(2) from (1).
(1) = 204 Dz=-A+DA-3Dw= (14 i) +20)
(2) = 2l+dz +22-Nw = 2(2+1)

T —(14+D01=-3Dw=-2@2=-Dw=1+D1+20)—22+10)

“[(1+DA-3D+22=-D]w=0+DA+2{) - 2(2+1)

—~(1-3i+i-3%+4-2Dw=1+2i+i+2i2—4—2i

(1 -3l 4+t+3 44— =142 +i—2—~4—2

—(B—4i)w =—5+i

(8 +4i)w = —5 +1i

~5+1 _ —5+i —8—4i 40+20i-Ri —4i% 40 +12i+4

—8+4f -8B+ 4 —B—4i  (—82—(4)F = 64+16
_44+12i_44 12 11 3

80 80 '80 20 ‘70
Substituting value of w in Eq. (1) [ QR Chailcoge ]

U B UL

=

1 13 ~ Solve the system
(1) = 22—(1—31)(ﬁ+i~2—ﬂ)=1+2l by Cramer’s rule.
71 495
= 23—(1—31)( = )—-1+2i
Multiplying both sides of the equation with 20.
= 40z — (11 + 3i — 33i — 9i*) = 20(1 + 2i)

- 40z — (11 —30i + 9) = 20 + 401
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= 40z — (20 — 30i) = 20 + 40i
= 40z = 20 + 40i + (20 — 30i)
= 40z = 40 + 101
= z= ﬂ + -1-9—:' =1+ li
40 40 4
(l + ;; A ﬁ + fﬁf ) is the solution of the system of equations.

1.7 Complex Polynomial

If z is a complex variable, then the expression ag + a,2 + a;z* + -+ + a,z" is called complex
polynomial of degree n if a, # 0 and n is a non-negative integer. Here aq, @4, @z, ..., @y are -
constants and may be real or complex. Let us denote this polynomial by P(z) i.e.;
P(z) = ag + a,z + azz® + -+ + a,z"
When n = 1; then the polynomial is @ + @,z and is called linear polynomial. We are interested
to factorize the polynomial of the two types as a product of linear factors.
(i)  P(z) = 2® + a?; where a is a real number.
(iiy  P(z) = az® + bz? + cz + d; where a, b, ¢, d are all real numbers.

1.7.1 Factorization of Polynomial of the Type z° + a* as a Polynomial of Linear Factor
The factorization of this type of polynomials is simple . Consider
z2 +a® =2 —i*a® = z* — (ia)* = (z + ia)(z — ia)
(z + ia)(z — ia) are required linear factors of z* + a®.

1.7.2 Factorization of Polynomial of the Type az® + bz* + ¢z +d = 0 wherea # 0

To factorize this type of polynomial first we find one of its factors with the help of factor

theorem and then do ﬂw synthetic division to find the depressed equation.

Recall that z — a is a factor of the polynomial P(z) iff P(a) = 0. We may say that a is a root or

zero of the polynomial.

e.g.; z— 2 is a factor (root or zero) of the polynomial P(z) = 223 + 3z% + 6z — 40; since
P(2)=2(2)+3(2)*+6(2)—40=0.

Example 16: Factorize the polynomial P(z) =z*+ 22> -5z —6.

Solution: Product of coefficient of z%and the last term is (1)(6) = 6. N
The possible roots of the equation are the factors of 6 which are 11, +2,+3, 16.

Since P('—l] = {_1)3 + Z(_I)E = 5(—]) —6=0.
So z — (=1) = z + 1 is a factor of the polynomial. To factorize it completely use the method of

synthetic division. 1 2 -5 -6
-1 0 -1 -1 6




23 +222-52—-6=(z+1)(z2 +z—6)
=(z+ 1)(z* +3z— 2z - 6)
=(z+1)[z(z+3)-2(z +3)]
=(z+1)z+3)(z—-2)
1.7.3 Solution by Completing Square Method:
Example 17: Solve the equation 2z? ~ 6z — 9 = 0 by completing square method.
Solution: . ' '
The given equation is
22°—62z—-9=0
Dividing both sides by 2 (coefficient of z*)

; 9
i 2_3 —_—=100
b 4 Z 2

N
]
I
w
b
I

Adding (- ’;i)zon both sides

o-ae(-})
(:-2)

Taking square root on both sides

2

(39 ]
]
0 o MO
+
|
| wa
|

I
r3| o
+

2

Lot = ity
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Excrcise 1.3

1. Factorize the following polynomials into linear functions:

() z2+169 (i) 2z2+18 (i) 322+ 363 Gv) z%+ %
(v) 2z3+32%2-10z-15 (vi) z3—=7z+6 (vii) 2>+ 222 — 23z - 60
: (viii) 223 +922 = 112 —30 (ix) z2—7z—-8 (x) 42z2—-7z—11
2. Solve the following equations by completing square method
y (i) 2z°—6z+2=0 (i) ~3z> -5z +2=0
(i) 4z% +5z=14 (iv) 22 =5z—3
3. Solve the following quadratic equations:
0] éz*-+ 22-16=0 (i) 2 -3z +17=0
(iii) 2z°—6z+25=0 (iv)z2=9z+11=0

—— =
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4. Solve the simultaneous system of linear equations with complex coefficients:
M A-Dz+(Q+Dw=3; 22— (2+5Dw=2+3i
(i) 2iz+@-20w=1+0; (1-20)z+3+2)w=5+6i
aan a " — i E_l . l
(i) Fz-(6+20w=S5; 24+ (3-21)w=(3+2i)

V) —z+(+Dw=3 2z-(2-3Dw=2+6i

1.8 Polar Coordinate System

Another way to locate a point in the plane is polar coordinate system consists of a fixed-point O

called the pole and the horizontal line emerging from the pole is called initial line (polar axis).

For a point P in the plane if r is its distance from the pole and 8 is

the angle which is measured anticlockwise from the initial line to : '

the line OP then the ordered pair (r, 8) are the polar coordinates

of the point P. P(r.8)
The angle @ is also called the arg(z). #
e For z = 0 the arg(z) is undefined so it is under stood
that z # 0 whenever we use polar coordinate system. (i) ~
e Ifacomplex number z = x + iy has polar coordinates 0 Initial line

(r, 8) then its conjugate is Z = x — iy has polar coordinates (r, —8).

1.9 Complex Numbers in Polar Form
1.9.1 Polar Representation of a Complex Number
Consider a complex number z = x + iy in cartesian

form. Draw it on the complex plane as shown in the P(x,y)
figure.
Let r = |z|, and @ be the angle in positive ¥
direction - »x-axis
which OP makes with the initial line(x-axis).
Draw a perpendicular from P on the initial line
then by Pythagoras theorem, we have Key Facts
[OLI? + |LPI* = lop|? Eﬂ is called argument of 2z and is written as
= x? +y% = |z|? 9 = arg () ]
= x2+yt=r? -
Or r=vx2+y? .
Also = =cosf = ==cosf
Izl r Key Facts
= x =rcosb cos @ + i sin# can also be written as CiS @
And X =sin@ =Z=sinb and cos@ + isin@ = e'? is known as
” : . Euler’s formula.
= y=rsinf




By substituting the values of x and y in z = x + iy
We have z=rcos f +irsinf
z=r(cos 8 +isinf)
This form of the complex number is called polar form of a complex number.

1.9.2 Principal Argument

The symbol arg(z) actually represents a set of values, but the argument @ of a complex number
that lies in the interval —x < 6 < x is called the principal value of arg(z) or the principal
argument of z. The principal argument of z is unique and is represented by the symbol Arg(z),
that is, = < Arg(z) < m.

If B is the principal argument then principal values can be calculated

n—8
As in first quadrant value is 8, in second quadrant value is T — 0, 8
In fourth quadrant value is —8 then in third quadrant is 8 — 1.
Example 18: Bt 0
Find the modulus and principal argument of the following complex numbe
(i) 3+i (ii) — 3 +i (iii) — /3—1i (iv)v/3—i

Solution: (i) /3+i

Since the complex number /3 + i lying in the first quadrant, has the principal value
B =a=n/6.

Moduluis = r= X +y2 = [(V3)' +12=V3F1=2

n
a=tan'1(z)=—
x 6

Therefore, the modulus and principal argument of

V3+ i are 2 and n/6 respectively.
(i) —3+i
Modulus=r=2and a=¢

Since the complex number —+/3+i lying in the second quadrant has the principal value

Therefore, the modulus and principal argument of —V3 + i are 2 and 5?“ respectively.
™ 5m

— =g
r=2and a -

Since the complex number —v/3 — i lying in the third quadrant, has the principal value,

il S5m
B=—mt+a=—-n4+—-—=—-——
VB
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Therefore, the modulus and principal argument of — /3 — j are 2 and —5/6 respectively.
(iv)V3—i
r=2and a=n/6

Since the complex number lying in the fourth quadrant, has the principal value,
n

f=—a=—-—
6
Therefore, the modulus and principal argument of 3 —i are 2 and — /6.
In all the four cases, modulus are equal, but the arguments are depehding on the quadrant in
which the complex number lies.

Example 19:
Represent the complex number (i) =1=i (ii) 1 + i3 in polar form. )
Solution: Key Facts ,
(i) Let =1 =i =r(cosf + isin8) The value of

sin(@ + 2km) = sin @ and

cos(f + 2kn) = cos @
M—

Wehaver = /x2 + y2 =12+ 12 =42

a = tan™! I%I = tan~'1 =§

Since the complex number —1— i lies in the third quadrant, it has the principal value,

14 3m
H-a—n-z—n——T

s =1=i=1v2|cos (—BTH) + isin (— —)] \r(cus—— !sin:%r)
~1=i= ﬁ[cus (~:1E+ 2.&7:) — isin (:%H + Zkrr)]
(i) 1+ iV3
12+ (V3)' =
= tan™! (ﬁ) ==
Key Facts b
Hence arg(z) = % m Arg(z,2,) = Arg(z,) + Arg(z;)
Arg(2) = Arg(z,) — Arg(z,) ‘

Therefore, the polar form of 1+ {+/3 can be written as -
1+iV3i=2 (cusg+ i sin%)
=2 [ms(%+ 2knt) + i sin (’3-' + 2k )|

il ik P TR
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Example 20: Find the principal arg z, when z =
Solution:

1+ i3

=arg(-2) —arg(1 +iV3) ( arg Gi) =arg(z) - ary(Zz))

-"[rr tun“(n)] tan~?! g =m Xt
- 2 1) 2 3

This implies that one of the values of arg z is ZT” : =

argz = arg

Since 2 lies between — and , the principal argument Arg z is 2*.
1.9.3 Properties of Complex Numbers in Polar Form

Property 1:
Ifz = r(cosf + isind), thenz™* == (cos — ising).
Proof: Gl 1
ol r (cos@ + isin@)
ol 1 5 (cos@ — ising)
r (cos8 + isinf) (cos@ — isinf)
(cos8 — isinB)
4 r(cos?8 + sin?@)
=5 =% (cos@ — isinf)
Property 2:

If 2z, =ry(cos @ + isin6;) and z; = ry(cos #; + i sin B;) are two complex numbers in polar
form then their sum is given by z; + z; = (r; cos 8, + 1, cos8,) + i(rysinfy + r; sinf,)

Proof:
Zy + 2; = ry(cos 6, +isin@,) + ry(cos @, + isind,)

=rcosf; +irsind, +1,c050, +irpsiné,
= (r,cos@; + r; cos6;) + i(rysinfy +r; 5in6,)
Property 3:
If z; =r(cos@, +isinfy) and z; = ry(cos @, + isin@;) are two complex numbers in polar

form then their difference is given by
Zy = Z, = (ry cos By — r;cos6;) + ((rysind, — r25in6;)

Proof:
zy — z; = ry(cos 8, + isin 8;) — r;(cos @, + i sin 8,;)
=rycos8; +irsinf; —r,cos6, —ir;sind,
= (rycos8; —rycos0,) +i(rysinfy, —r,sin@
Properiy s 1 1= T2 2) +i(n 4 =13 2)

If z, =r(cosé, + isin@,) and z, = ry(cos &, + isin @,) are two complex numbers in polar
form then their product is given as

7,2, = nyry[cos(8, + 8,) + isin(8, + 8,)]

" National Book Faundation RO R



Proof:
212, = r;(cos 6, + isin 8,)r,(cos 8, + i sin 8,)

= r13[(cos 8, +i sin8,)(cos B, + isinb,)]

= 117;[cos 8, cos 8, + i cos 6, sin B, + i sin#, cos @, + i® sin 6, sin ]
2,2 = 1y13[cos 0, cos 8, + i cos 6, sin @, + i sin B, cos B, — sin G, sin 6,]

= 1373 [(cos 6, cos 6, — sin 8, sin 6;) + i(sin 8, cos B, +cos 6, sin 8, )]

= nyra[cos (6, +6;) + i sin(6; + 6,)]

Or ZyZ; = ryryet®1+2)

Property 5:
If z; =1y(cos@; +isin@,) and z; = r;(cos 8, + i sin 8;) are two complex numbers in polar
form then their division is given as = = 2 [cos(8; — 8;) + i sin (8; — 6,)]

k) F

Proof: L
zy _ 1y(cos@y +isiné,)

z; ra(cosB, +isinfy)
_ 11| (cos 8, +isind,) (cosf, —isind;)
" 1, |(cosB, +isin®,) (cosB, —isinf,)

1y |cos B, cos @, — icos@, sinf, + isin 6, cosf, — i sin 8, sin 52]

m (cos 8,)? — (isin B,)?
_ T [cos 8, cos 8, — i cos 0, sinf, + isin @, cos @, + sin b, sin Ez]
T Py (cos 8,)% — i%(sin 8,)?

_ 1 [(cos 8, cos 8, + sin 6, sin 8;) + i (sin 8, cos 6, — cos 6, sin ;)
T cos? @, + sin2 6,

A = Dicos(8, —6,) +isin(8; — 6,)]
4] ra
Or s § == 7'_181(91——93}

2z Tz
Example 21: Find the product ;(cosg + isin ;5) x 6 (cus ST” + i sin ST") in rectangular from.

Solution:

E(cusg+isin§)x 6(ms%+isin%—) =§xﬁ[mﬁ(§+%)+isin(g+5?n)]

3 .
=4 [cus??n + isin-?] = 4[cu5 (‘n‘ +%) + isin (" + %)]

T ) T vﬁ 1
= —4 COSE — 4 Sing = —4 (?) 4i (E)
=—-2v3 - 2i
Which is rectangular form.

Z(CDE%EH slnq-’-r)

Example 22: Find the quotient 4[:05( _%F-_F_ : sm( %)] in rectangular form.




2 (cos = + isin ™) i [m ( ( :)) it (9:1: 3:))]

s P

S

3 12 1 1
+T +iEinT =-i(cn53n+isin3rt) s

Which is in rectangular form. ;
Example 23:lfz=x+;}-mdary(:%:) =E, show that x? + y? = 1.

_x+iy-1 _=D+iy (x=-1D+iy (x+1)-

z+1 x+£y+1 (x+1)+iy (x+1)+iy (x+1)-

sineearg (577) = § = ton™! i =

:—-lz(x’-i)+y
z+1 (x+1)2+y?

ML)

0 1
m= tun-2-=-n-=hrx=+}r=—1=ﬂ

2x+yt=1

A

Example 24:Find the equation in Cartesian form, if z=x + iyand arg(z - 2) —arg(z +2) = ':'

Given that arg(z — 2) —arg(z + 2 =E

arg(x+iy—2)—arglx+iy+2)=—

= arg((x-2) +iy) —arg((x +2) +iy) = E*

-—1.-"’__ > Sy )
- e T
_I.L— -1—!— = E
#tan(tum P tan :r+2) tan4
.L _L

TEE

J'(x+2)—y(x—2}_1
(x=2)(x+2)+y2

W 0 i i NI BEEIL: oy PR

x2=44y?
=2x2+y'—4y-4=0




L.10 Application of Complex Numbers in Real World

Complex numbers are used in many real-life situations such as cryptography, wave phenomena,
pressure and velocity of the fluid and for the calculation of voltage and current in the circuits, These
applications are of higher level so will be discussed in higher classes. Here we are going to use the
complex numbers by giving an easy example of the simple harmonic motion. In simple harmonic
motion we have to determine the position of the microscopic particle from its mean position. The
equation which gives the position of the particle from mean position is {

= 6 (1)
X i@

Where x is the displacement of the particle from mean position, X,,,,. is the amplitude and

e'® = cos @ + i sin @ is the complex number. It is also called Eular’s equation.

4 -
Example 25: A micro particle is performing to and fro motion. Find its position at an angle of =

z ¥
when its amplitude is 0.05mm.
Solution:

We are given Xmax = 0.05
.
d ==
and @ 3
Using the formula
X a8
" & _ ] s
x = 0.05e's = 0.05 (cos5 + isin 5)
x = 0,05(0 + i) = 0.05i
It means particle is at the position where we cannot see it but just think about it [
The above formula can also be written as x = x,,,, ™ where w is the angular velocity and t is |
the time. Also w = 27f where fis the frequency of the particle.

Electrical Engineering: :

The flow of electricity 7, in a circuit, the resistance to flow Z, called impedance and :

the electromotive force £, called voltage is given by the formula E = L.Z. Electrical engineers \
use j to represent the imaginary units. But for understanding we are representing the imaginary

part with . _

Example 26: An electrical engineer is designing a circuit that is to have a current of (6 — 8i) amps.

If impedance is (14 + 8i), find the voltage.

Solution:
Here we have I =(6-8i) .
and impedance Z = (14 + Bi),

Usiﬂg the formula E=1Ix2

E=1]%xZ= (6 —8i)(14 + 8i)
= 148 - 64i.
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Use of complex numbers in the wave phenomenon

Example 27: Compute the potential difference across two AC power supplies with respect to
time. When V = 3cos(t + 30°) and Vy = 4sin(t + 120°).
Solution:

To find the total potential difference, simply adding V4 and Vj is not correct. so
we have to follow the method given below

Let Z, = 3{cos(t + 30°) + isin(t + 30°)}

and Zz = 4{cos(t + 120°) + isin(t + 120°)}

therefore, V, = Re(Z,) and Vp =-Re(Zp)

Note that Z,; = l(t+30%) 554 Zg = 4l(t+120%)

Zootar = Zp + Zp = 3e'(0430°) | 4ol(+120%) = glt(3530% 4 4120%)

Ziorar = e*{3(cos30° + isin30°) + 4(cos120° + isin120°))

V3 A 1 3 33
= ic — — — — |—] ——
Ziotal = € {3(2+:2)+4( 2+12 } el {2 +12 z+rw'}
Ziora = €'{0.5980762 — 1964102} :

r=/(0.5980762)2 + (1.964102)? =25 =5

—-1.964102
1 = 936°
0.5980762 ) ARE

Vrpm; . RE(zm:nﬂ = 0.5980762 E"
Vit = Scos(t + 106.9357)
Use of complex numbers in Resistor in AC circuit
Let us consider a simple AC circuit with a resistor as shown below. Let v(t) be an AC voltage source
given by v(t) = V, cos(wt) = Re(V,e'™") {
Where ¥, and w are real quantities =
The relation between the current ( through and A
voltage v(t) across the resistor R is given by v(t)g = Ri
Using the single loop shown above we have v(t) = v(t)g
v{t)@

v(t) is given by v(t) = V, cos(wt) R | vt)a

Hence v(t)y = V, cos(wt) = Re(V,e'“t)
Combining the above we write  Ri=Re(V,e'™!) ..(i)

Let Vi = Vo' and rewrite (i) above as  Ri = ReVy

Since R is areal quantity, the above may be written as i= He_ﬁﬂ)
Let Zg be defined as the impedance of a resistor such that Z; = R
Since R is real, the impedance Z, of a resistor is a real number

Current i then may be written as I=9ta(;:-)

Let! =22
Zn
The above gives a relationship similar to Oham’s law in DC (Direct Current) circuits. The above
relationship between complex quantities [,V and R makes calculations much easier,

This simplifies calculations in the sense that we do caleulations using complex impedance, voltage and
current and then take the real part as the final answer. :




1. Write following complex numbers in polar form. '
()2 + i2v3 (i) 3 — iV3 (i) —2 — (2

2. Write the complex numbers in rectangular form
cos=—isin™

w
2 cosy i sin%}

(i) [ms%+f51n—:;:—) (cns§+isin§) (ii)

3. I (g + iy ) (x + i) (x5 + iy3) ... (2, + i¥,) = a + ib, show that:
() F +yD3 +yDF +y3) .. + y0) = a® + b?
e o ¥ry _ - b
(i) I tan™! (x_, = tan ‘(;) +2km, keZ

4, Write a given complex number in the algebraic form:

(i) VZ(cos315° + i sin 315°) (ii) 5(cos 210° + i sin 210°) (iii) E(cusz—"+isln3{)
(iv) '1-(4::1:155?1'I + fsins?“ (v) 2 (ms%+ isin%) (vi) cos135°+ isin135°

(vii) 10(cos 50°+isin50°)  (viii) V2 (cos "+ isin7)

5. Convert the following equations and inequations in Cartesian form:
() arg(z—1)=-% (ii) zZ = 4|e’®| (i) —<arg(z—4) <3

v osagGnsy  Mang(E) =t

(vi) -;-arg[z -i)= ;—r— inrg{z + 1)
6. Calculate the position of a particle from mean position when amplitude is 0.004mm and angle is:

@ = (i) 3 (iii) = ,

7. When particle is at a position of x = 2 4 3i from its mean position and X0, = 1+ 2v/3 1 is the
position at maximum distance from mean position as it can be seen under microscope at this point.
(i) Calculate the angle at time t = 0 and find the position of the particle.
(ii) If x = 2 + 3i and Xpey = 1+ 2V31. Calculate the frequency when t =2.

8. Find the impedance Z for the following values:
(i) E = (—50 + 100i)volts,l = (—6 — 2i)amps
(i) E = (100 + 10i)volts,| = (—8 + 3i)amps

9. Find the impedance in an AC circuit if v(t) = 3cos(t) and { = 10 amperes.

10. Determine the current flowing through an AC circuit having an impedance of 5 oham where
voltage source is given as v(t) = 4cos (3t).




11. Compute the potential difference across two AC power supplies with respect to time. Where
V, = 5cos (t + 45%) and V; = 3 sin(t + 307).

12. Given that V,; = 4cos (t + 120°) and Vz = S5sin(t + 607). What will be the total potential
difference of these AC power supplies?

1. Choose the correct option:

(i) Every real number is also a number.

{a) natural (b) integer (¢) complex  (d) rational
(i) Every complex number has part(s).

(a) one (b) two (c) three (d) no

(iii) Magnitude of a complex number z is the distance of z from
(a) (0,0) (b) (1, 0) () (0, 1) (d) (1, 1)
(iv)  If z is a complex number then its mirror image is
(a) |zl (b) 1/2 (c) -z (d) z
(v) In complex plane imaginary part is drawn along
(a) x —axis (b) y —axis (c) origin (d) xy —plane
(vi) Ifz; =3+ 2iandz, =5+ 6i then
@z;>2; (b)z;<zy (c) |z1] > lzz|(d) |z] < |22]
(vii) Diagram representing a complex number is called diagram,
e (a) vector (b) Venn (c) argand (d) ordered pair
(viii) Ifz=3+4ithenz"tis

(a) er%) (®) (__ ) d){ }(235 ;;) (d }(235 ;;)

(ix)  The value of (V=25)(V=4) is

(a) 10 (b) —10 (c) 10i (d) —10i
(x) If (1H = 1 then least positive value of n is
(a) 1 (b) 2 (©)3 (d)4
2. Find the values of the following:
() RIS 0190 (D) ]“ :";*”
(i) [@-20G-10| (iv) (:*::
3. Factorize the following:
(i) 3x%2+108 (i) 4x%+40

Locate the complex number z = x + iy on the complex plane if |z+2£| = 1.
Find 2z whcn (z—30D(2+5i))=3—4i,

Evaluate .!“ —+(2—-i)* ++-25 ]

Solve by completing square method 2z% — 11z + 16 = 0.

When particle is at a position of ¥Z + ivZ nm from its mean position calculate its
amplitude when 8 = 45°,

®N A w s



