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Trigonbmetry has @wide range of applications in the
sciencas. suah as. inthe measurcment of distances

between celestial bodies or in satellite navigation

.‘1}'."'-!'\?”],'1. -,

The solar systems has fascinated human beines
cvervivfiere since the start of ‘envilizatuon, We use
trigonometry to find*heights of high buildings, trecs
and mountins e andidistance of the shore [rom
painstherseaSAStronomers use trigonometry 1o
calculate how far stars and planets are from Farth
Even thbugh, weknow the distances between planets

; < Establish fundamental law of trigonometry.
< Apply fundamental law and its deductions to derive;
» trigonometric ratios of allied angles.
» double angle identities.
» half angle identities.
» triple angle identities.
%+ Express the product of sines and cosines as sums and differences of sins and cosines.
«* Express the sums and differences of sines and cosines as product of sins and cosines,
ancdstark.
|
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8.1 Distance Formula

The formula for the distance between two points whose

coordinates are (x1, y1) and (x,, y,) is: = )
d=AB= (5 -x) +(y-y,) ey SR
This is called the distance formula. '

For example, if A(S, 4) and B(3, 2) are two points in the plane then distance between A and B is:

AB= 'J(xl ‘11)2 ""(J"l "J"z)z = -J(S—B)l +(4-2)
= J@2F +(2) =8 units

8.2 Fundamental Law of Trigonometry
This law is stated as:

cos(a - f) = cosacos f +sin asin f where & > f#
Proof:

Consider a unit circle with centre at O as shown in the figure below. OC and OD are terminal sides
of angles & and f respectively in standard position where a > /.

The coordinates of points D and C are respectively (cosa, sin @) and (cos £, sin ).

Measure of ZCOD is @ - f. An angle ZAOB equal to measure of ZCOD =a - § is constructed
in standard position in the same unit circle.

As ZCOD= ZAOB =a - f3, therefore
‘ CD = AB

V(cosa —cos B +(sin a—sin A =y[cos(ax— §) 1] +[sin @~ )~ OF |
Taking square on both sides, we have:
(cosa —cos B + (sin @ —sin ) = [cos(a'~ g) =T +[sin( @ — ) —Of
_—.>nus’a+ms’ﬁ—stamsﬂ+sh’a+sh2ﬁ—Zsinashﬂ

=cos’ (@~ B)+1-2cos(a - f)+sin (a - B)




=> cos’ @ +sin” &+ cos’ f+sin’ f—2cosacos f—2sin asin §

=cos’(a - ) +sn’(a— f) +1-2cos(@—f) ......
= l+1-2cosacos f—2sin asin f=14+1-2cos(a - )

= —2cosacos - 2sin asin f =-2cos(a - )
After simplification, we get

cos(ax — ff)=cosacosf+sinasn f ............ (1)

This law is known as fundamental law of trigonometry.

Does the identity (1) make it possible to find

cos(90° —60°) =? Let us check. .

cos(90° —60°) = cos 90° cos 60° + sin 90° sin 60°

cos30° =0x0.5+1x0.866

0.866 =0.866 which is true.

Now replacing S by — fin the above law, we get:
cos(a + ff) = cosa cos(—f) + s e sin — )

cos(a@+ ff) =cosacos f—snasn f......... ... (2)

cos(—f) = sin@

Key Facts
Trigonometric identities
“are used in simplifying
complicated problems
in various fields such as
calculus, physical and
social sciences.

=

Key Facts
r sin(—@) =-sing

l tan(-@) = - sinf

Before proving the other identities, we deduce some important results from the fundamental law.

(i) Letting @ =0in the fundamental law, we get:
cos(0— g) = cosOcos # +smn Osin f
= cos(—f) =1xcos B+ 0xsin S
cos(-f)=cos

(ii)  Substituting & =§ in the fundamental law, we have:

r . i W
ms[i-ﬂJ-mszcosﬂ+sm 2511,6’

:rms(f—ﬂ)zﬂxcos,ﬂﬂxshﬁ

(iii) Now substituting f = ——%iu the fundamental law, we have:

A . ] : o .
cuﬁ(a*(-E}J-m’sams( 2J+smasm[ ZJ

= ms(a-+ %) =cosa x0+sin ax(-I)

Wﬁ(%@);—ﬁm

Check Poimt

1. Are the equations
sma = cos(90° —a) and
cosa = sin( 90° —a) true for all

_ real numbers or only for values
of @ in the interval
D<a<90°?

2. Amna said that, without finding
the values on a calculator, she
knows that sinl100° = cos(—10°).
Do you agree with her? Explain
why or why not.
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(iv) Replacing A with %+ a, the identity m[% s ,a] =sin f gives:

{35 =(5

= Cﬂﬂ—a}zgh(%-l-a]

(v) Replacing @ with %+ a, the identity (2) gives:
msI\%+a+ﬁ)=m(%+a]m&ﬁ~sh(’—£—+a]ahﬂ
:ms[—‘%ﬂa +ﬂ})=ms[%+a)cusﬂ—sh [%+ a]sinﬁ

W‘+ﬁﬂ)=ﬁamﬁ+mamﬁ ............... (3)
Now replacing £ by— fin identity (3), we get:
sin( @ +(—/)) =sin acos(—f) + cosa sin( - )

§i(@=p)=snacosf-cosasmf @)

Example 1:  Prove that: I Prove that - Check Point
o ) Y :2; b M

i e 1= 2222 A - et

sin acos ff + cosasin §
cosacos f—sin asin f
Dividing numerator and denominator by cosacos f, we get:
s a cos I + cosasin ff sin @ cos f§ . cosasin f
cos @ cos _ cosacosfl  cosacosf
cosacos § —sin asin f cosacosfi smasinf

cosacos f cosacosff cosacosf
sna  sinf Key F
cosa cosfl _ tana+tanf The identities of tangent ratio m]
sma_snf 1-tanatan f are true for all values of @ and f
_—— —— ;
cosa cosjf for which cose = Oand cosf # 0,
i+ ) = tan @ + tan / and for which tan(e + f) o tﬂ[{a_ﬂ] -
Eﬁ'ﬁ_.«b ; l-tanatan 8, are defined.
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8.3 Trigonometric Ratios of Allied Angles

The angles connected with basic angles of measure @ by a right angle or its multiple, are

called allied angles. -
If @is a basic angle, then angles of measure Zio,n iﬂ,T +8,2xr+ 86 ete. are called
allied angles. -

The following trigonometric ratios can be derived easily with the help of fundamental
theorem of trigonometry and its deductions.

s'n[%— ):ms& sh(g+ﬁ)=cnﬂﬂ sk xEl) = Eond
cba(f-.;_e)=ma_ m[£-+'§j-.; —sn® | cos(z26)= m
. .-2 - : 2 il e . .ﬁr- b 1, ke
mn[+;£~é)=mtﬂ mu(%+ﬂ]=-cutﬂ l:mi.rr:l:t?} +ung
[3—”1 aJ = —c080 (3” + a] +5in 0 (3—" ta]-;au‘f&r;f ;
2 2 z e e LA
sin( 2w £ #)=+sin £ cos(27 £ 8)=cosl tan{2r + @) =+tan @

Key Facts
(1) A trigonometric ratio changes to its co-ratio when allied angle contains
an odd multiple of right angle. For example sine ratio changes to
cosine ratio and vice versa.
(ii) A trigonometric ratio does not change when allied angle contains an
even multiple of right angle.
(iii)  The sign of ratio will change according the position of terminal arm of
angle in the quadrant.
(iv)  The above results are also valid for the reciprocals of ratios of sine, cosine
and tangent.

Example 2: Use (60° —45°) = 15° to find the exact value of:

. (i) cos15® (ii) sinl5°  (iii) tan15°
| Solution: Letting & = 60° and S =45", we have:
. ' (i) cos(a— f)=cosacosf+sinasinf

cos15° = cos(60° —45°) = cos 60" cos45° +sin 60° sin 45°
cos15° =0.5%0.707+0.866x0.707
cosl5® =0.3535+0.6123 =0.966

(ii) sm(a— f)=sin acos f—cosasin f




sin 15° = sin( 60° —45°) = sin 60° cos45° —cos60° sin 45°
sin 15° =0.866%0,707-0.5%0.707

sin 15° = 0.6123~-0.3535=0.259

sin15°  0.259

i) tan1s® =
(1) tan 13 = 15— 0.966

=0.268

Example 3: [fsin A z% ,and sin B = % . where angles A and B are in quadrant II, then find

cos(A + B). In which quadrant does the terminal arm of angle (4 + B) lie?

Solution : We use the identity cos’ @ =1-sin’@ to find cos Aand cos B.
cos’ A=1-sin’ 4

2 "

25 25
cosd=— @ (Terminal arm of angle is in quad. 1I)

SIII'Ij].E.I'I}", msl B =I_Sh2 B Check Point
2 1y _ l Find the exact value
g el 3 =)= = of tan y, when
cosB = - (Terminal arm of angle is in quad. TT) ™ tan( y—45°) = 3

Now cos(A+ B) = cos Acos B—sin Asm B

oo 5
JI%_1 831

tﬂﬂ(/‘!'i" EJ:T_-G 5

As the value of (4 + B) is positive, therefore terminal arm of angle lies in fourth quadrant.
Example 4: If a, f, 7 are interior angles of a triangle, then prove that:

cot fcot y +cotacoty +cota cotfi=1 | Check Point
Solution : Given that a+ f+y =180 Find the exact value of .
a+ f=180" -y (i) cos105° (ii) cos (f;—'—- %]
cot(@+ ) = cot(180° — ) : ;
L e =  tan(a+f)="tan(180° ~7)
tan(a +f) tan(180° —7)
tan & + tan

=—tany = mna+tanﬁ=—tany(l—tanafﬁﬂ£}

l1-tan e tan f
—tana +tan f=—tany+tanetan ftany = tana+tanf+tany =tanatan ftany




Dividing both sides by tana tan Ftan y.
tan & ” tan " tan y _tanatan ftany
tanatan ftany tanetan ftany tanatan ftany tanetan ftany

cot fcoty +cotacoty+cotacot f=1
8.4 Expressing asin@ + bcos@ in the form r sin(8+@)

Let P(a, b) be a point ili_li;e coordinate plane and
let @ be the angle that OP makes with x-axis as shown in

the figure. _
If we let a = rcos¢ and b=rsing, then y—i:us
asin@ +bcos@ =rcos@sind + rsingd cosd Pla, b)

=r(cos@dsin@ + sing cos #)

=rsin(@ + ¢) r b
Where r=+a’ +b% and ¢ = m‘(ﬁ}

a
%

For more illustration, let us solve following example. 0 a - anls
Example 5:

Express 12sin# + 5cos @ in the form of rsin(@ + ¢ ).
Solution: If we compare 12sin# + Scos @ with rcos @ sin@ + rsing cos &, then:
a=12=rcosg and b= 5= rsing

So, r=va® +b* =|/(12) +(5F =169 =13

Now 12sin@ + 5cos @ = lJ[-:—;xsilﬂ+ichsHJ=l shﬂx%+cos£'x—$-J

13 13
= r(sin @ cos ¢ +cos@ sin @)= rsin( 6 +¢)
Where =13 and ¢ = mn-'(ﬁJ " m—'[.i}
a 12
Check Polnt

Express cos@ +sing in the form of rsin(@ + @),




1. Find the values of cus_{a + ), sinf @ £ ) and tan( & +-f7) for each given pair of angles.
() a=180° f=60° (i) a=90°, f =60° (i) a =180° f=30°

7 _T a 3 L7
(iv) a_x.ﬂ—T (v) a= 2"3-& (vi) @ 2.,.-3 4

2. a. Find the exact value of cos15° by using cos (45° — 30°).
b. Use the value of cos15° found in a to find cos165° by using cos (180° — 15°).
¢. Use the value of cos15° found in a to find cos345° by using cos (360° - 15°).
d. Find the exact value of sin75°.

3. a. Find the exact value of cos120° by using cos(1807 — 60°) and cos(90° + 30°).
b. Find the exact value of sin120° and then tan12().
¢. Find the exact value of cos75° by using cos(120° —45°),
d. Use the value of cos75° found in ¢ to find cos105° by using cos(180° — 75°).
e. Use the value of cos75° found in ¢ to find cos285° by using cos(360° — 75°).
f. Find the exact value of sin 15°.

4. Rewrite as a single expression.
(i) cos6fcos3@—smn 60sin 30 (if) cosTHcos26+sin T0sin 268

(iii) sh[%)cus(%}+ cns(g]sin [f—;} (iv) sin 138" cos46" —cos138" sin 46°

47
) 75 —tands’ i i s T
1+ tan 75° 1an 45° l_mn%frmz_;'_
q -
5. For sin & =%, tan =—;—2 with terminal sides of angles & and /S lie quad. 11,

find cos(a + f) and cos(a — ).

6. For cosar = —:—5 and cot fi =L—5 with terminal sides of @ in quad. II and S in quai_d. 1

find: (i) sin(a-p) (i) cos(a-p) (i) tan(a— f)

; 12 4
7. Given @ and f are acute angles with sin @ =5 and tan £ = 3 find:

(i) sin(a+f) (i) cos(a+f) @iii) tan(a+f)

8. If sm a=§,where ﬂ{aﬁ%aud cnsﬁ':-%.where 3?}?{,8{211' find:
(i) escla+ f) (i) sec(a+f) (iii) cot(a+f)
3
9. Given a and J are obtuse angles with S'na=—1— and Eﬁsﬁ=-'§ find:

J2
(i) smlatpf) (ii) cos(a = fg) (iii) tan(a + f)



IR,

10. Verify:

(i sin{%-a) = cosa (i) cos(r—a)=-cosa

(iii) cos [a +,})= %{cuﬁa -sina) (iv) sin (ﬁ+ %}= -‘;_E{gggﬂ +sinﬁ)

7\ tany -1 . ( 7| l+tany cosy+siny
e tﬂﬂ +— |= -
” tan(r 4] tany +1 e A 4) l-tany cosy-siny

(vii) cos(x+ y)+cos(x—y)=2cosxcosy (viii) sin(x+y)—sin(x—y)=2cosxsiny

11. Show that:
sin(180° + A)cos(270° + 1) =1 @) sin(90° + &)~ cos(360° —a) + cosa _
sin(180° = 1)cos(270° - 1) sin(180° —a) +5in(270° —a) +cos90° +a)

_ sm(a +f)
(iii) tana+tanf _—-___cusacusﬂ

(iv) sin(a+p)sin(a - p)=cos’ f —cos’a =sin’a —sin’ §
tan (x+y) tan’x—tan’y vi) cos@+f) _1-tanatang

v = 3
® cot(x—y) I-tan’xtan’y cos@-/f) 1+tanatanf
cota cotf +1 cos4f sin4d
vii tla-g)= viii =gi
(‘,‘) m(a ﬂ) cot - cola (viii) e + —>p sin 50
12. If @+ f+y =180, prove that:
(i) tana+tanf+tany =tanatan ftany (i) mt%+mt—§+mt-§=mt%mt§mt§

(iii) m§m§+m-‘g—m§+m§m%-l=ﬂ

13. Express the following in the form of r sin(& + ¢).
(i) 12sin@ — 5cos @ (ii) 3sin@+ 4cosd (iii) sin@— cos@

14. A telephone pole is braced by two wires that are both fastened to the ground at a point 3m
from the base of the pole. The shorter wire is fastened to the pole 3m above the ground
and the longer wire 7m above the ground.
a. What is the measure, in degrees, of the angle that the shorter wirc makes with the ground?
b. Let @be the measure of the angle that the longer wire makes with the ground. Find sin @

and cos 8. -
¢. Find the cosine of the angle between the wires where they meet at the ground.
d. Find, to the nearest degree, the measure of the angle between the wires.




8.5 Double, Half and Triple Angle Identities

(i) Double Angle Identities
The double-angle identities for sine, cosine, and tangent can be derived by putting a =

in the following identities.
sin{ e + ) = sin @cos f+cosasin (1)
cos(a+ f)=cosacos f—-smasn f  (2)

tan @ + tan
+f)= ——— 3
tan(a + ) —Waon (3)
Check Foint
Putting £ = @ in identity (1), we get: |
sin{ & + @) = sin @ cos @ +cosasin @ = Does cos 28 = sin 2(90° —0)?
sin( 2a) = 2sin a coser (4) Justify your answer. .
Now putting f = a in identity (2), we get: |
cos(a +a)=cosa cosa —sin @sn a
cos2a)=cos’a-sn’a (5
Using relationcos® @ +sin * @ =1, the identity (5) becomes:
m1 =2cos’ @ -1 (6)
2sir (7)
(8)
(9)
Again putting f = a in identity (3), we get:
Ma+aJ_M r I Check Point
|-tanx tan @ -, Use the double angle formula to
——— /] find the exact value of sin]20°. -
tan(2a) = 'IT* (11) "

I.r_....____

(ii) Half Angle Identities

L= & e
Substituting a = 5 in above identities, we get the following relations.



: From identity (4), we get:

sﬁ{Zx%FZsin[g]cus(g] = sm(ﬂ}=2m[%]ﬂm[§] | (12)
Similarly, identities (5) to (7) imply:
cos0)=cos’( £)-su’(£) _zm‘(g-)-hr-z : E) W
And from identity (11):
0 m”{g) _ 28R
tan(2x—)=—2 = tan(@)=—— (14)
Y« , . o

From identities (8) and (9), we have:

m(a)# 1+?6 (15)

(16)

These 1d;:nnt1cs are useful in simplifying complex lngonnmetnc expressions.
(iif) Triple Angle Identities

sin 3a, cos3a and tan 3a etc. are called triple angle identities. Let’s prove these
identities.
(a) sin(3a)=sin( 2a +a) =sin (2a)cos @+ cos(2a )sin @
=(2sin acosa)cosa+(1—2sin* a)sin @ Ey (4) and (7)
¢ =2sin acos’ a+sina-2sin’ &

‘ ' =2sin a(l-sin* &) +sin @ — 2sin’ & (v sm*a+cos’a=1)
=2sin & —2sin’ & +sin @ —2sin’ &

sin(3a) = 3sina—4sin’a (18)



(b) cos(3a)=cos(2a + ) =cos(2a)cos a —sin (2a)sin
=(2cos’ a@—1)cosa —(2sin acosa)sin & ... by (4) and (6)
=2cos’ a —cosa—2sn’ acosa
=2cos’ @ —cosa—2(1—cos’ @)cosa ... (- sin‘a@+cos’a=1)

=2cos’ @ —cosa—2cosa+2cos’ a

by(11)
2tana +tana(l-tan’ @)
B l—tan’a _ 2ftana +tana —tan” a
l-tan’ @ —2tan’ 1-3tan’a
I-tan’ @

5x 2
a'a )
ot

Example 6: Given s 6 = %, where @ lies in quad. I, find the values of sin 26, cos26 and tan26.

Solution: First we find the value of cosf.

3V 16
2 =]—si 2 2 =I— -— = e—
cos"@=1-sm° 6 =>cos @ [5] T
msﬂ:%
Now (i) sin 28 =2sin #cosf — H————Chrckl'nlnt
3 4 24 Find sh[—]when
sin280=2x—x—=— )
- S ‘%

3 L1
(ﬁ:l Eﬂﬁ23=l—2xsh’9 L E'DSH-:—;'H'ETEE‘:FﬁIr.

3]]-1-15 T e —_ =




J
;
|
-
3

Example 7:Use the half-angle identities to find exact values for: (a) sm15° (b) tan15°

Solution:
@® sin15°=m(3g"] - J““‘f‘z‘“’ =J"‘;Eﬁﬁ =J“‘1234 =/0.067 =0.259
30°) _ 1-cos30° _ [1-0866
tan15° = tan = = ; 8| _ 1-cost
®) (2) sn30° 0.5 Sunos, “‘"[2) =
=%=ﬂ.263

0.5
=T - . (@ a
Example 8: For cosa =?5- and & in quad. I1L, find values of sin (-z-) and cos [E}

Solution: When 7<a < %meu %«: %«: STE. Thus, siu[%)}ﬂ and cus(%){ 0.

Example 9: Express 4sin* x in terms of an expression containing only cosines to the power 1.

Solution: 4sin*x=4(sin? x) = {l—msth

2

1+cosdx

» 4[1—2mslx+ms’(2.t}
4

J =1-2cos2x+

_2-4cos2x+1+cosd4x 3-4cos2x+cosdx

2 2
Example 10: Find the exact value of sin 22.5° . ¢os22.5°. Verif
Solution: As sin( 2a) = 2sin acosa (shﬂ-msﬂ)’ =1-sin 260

. sin m:asa=3h(;m —




Substituting the value of angle, we get:
sin 2 +22.5%)

sin 22.5%. c0s22.5° = =

=5u(2-22.5 }=sm45 - 0.345
2 2
2 l—cos@
: - tan| — |=%
Example 11: Prove that [2) ( o J

Solution: We know that:
tan(g)=:l: [1-cos@ i (1-cos#)1-cos6)
2 1+cosé (1+cos@)1~cosd)

i =i\’(1—¢059}1 _iJ(l—cnsH)’ zt[l—cusﬂ]

1-cos’@ sin’@ sin @

sin fcosd .
0.5cos26

sin @cos@ 2 - sin @cos
Solution: LH.S = 0.5c0s28 2-0.5c0s28
_ sin 26

Example 12: Prove that: tan2 @

=tan 260 = R.H.S

cos 28 : |
1. Suppose P (=3, 4) lies on the terminal side of & when ¢ isrplutted in standard position.
Find cos 26 and sin 260 and determine the quadrant in which the terminal side of the angle

20 lies when it is plotted in standard position. 1
2. If sina =y and a lies in quad. I1. Find expressions for sin 2a, cos2a and tan2a in terms of y. ‘

3. Use a half angle formula to find the exact value of cos15°.”

|
' g
4. Find (a) sin 28 (b) cos28 (c) tan28 (d) shg (e) ms% (f) tan— when: . |
i
|

2
2 3
(1) cosE":% where ﬂr:&«:% (i) tm_19=15— where rr{ﬂ'cT’r
(iii) sinﬁ=—% where 3%-:9{2;:_' (iv) secf= where 3?3{9-:2# - {

!
(v) cscd=y2 where Z<O<n (vi) cnsﬁ=-5 where E-m?{:r




5. Find exact values for sin @, cos@ and tan @ using the information given.

(i) smn2f= -i—:, 26 in quad. 11 (i) cos2é= —%, 26 in quad. I1I
(iii) s 23:—%, 28 in quad. I11 (iv) Eﬂﬁzﬁ=%, 2@in quad. IV

6. Use a double-angle identity to find exact values for the following expressions.

v (i) sinl5°cosl5® (i) cos’15°—sin’15° {iii]-l-ls‘n’[%]
zum[EJ
12
o,
! m(u)

7. Rewrite in terms of an expression containing only cosines to the power 1.

(i) sin’acosa (i) sin'‘acos’a (i) sn‘acos'a
8. Verify the following identities.

(iv) 2:053[%)—1 v)

1 1

i m & @) =1+smn 260 i tan 2x = -
(i) (sin @ +cos@)’ =1+sin (ii) T T
8 snd ; tan & + cota
— = et s e
i) 2 l+cosé () o 2
(v)  8sin*@=3+cosd4f—4cos2f (vi) sin 48 = 4sin fcos’ @ —4sin’ Gcosd
(vii)- sin 20 =2cot@sin’ @ (viii)  cos® 2x+4sin® x cos’ x =1
: (ix) cos46=8cos*#—8cos*H+1 (x) sec2x =— cusx. mx'
COSX+sSmXx COSrYr—SmXx
(xi) cos'x—sin'x=cos2x (xii) m§+mt~§=zmﬂ
B L.ass .
(xiii) csc2a—cot2a=tana (xiv) il s,n X L2t
cOS X —Sin X 2
sin3a  cos3a  l=cos’p 2 B
- =2 ———— = [
(V) sma cosa ) 2—-2cosfi s
- T-tan?—
(xvii) 1 e d i t‘mg (xviii) —i =cosx
hees 1+tan® E
' Ghg SiG ik (xx)  2sin’*Z+cosp=1
sina@ cosa 2 :
. (xxi) 2cosysec2y= 1 — + . -
cosy—siny cOsy+siny
(xxii) 2sin ysecly= l - !

cosy—simy cosy+sny




8.6 Sum, Difference and Product of Sines and Cosines
8.6.1 Expressing the Product of Sines and Cosines as Sums or Differences
We have proved the following identities:

sin(a + ff) =sin acos f+cosasn (21)

sin(a— f)=sn acos f~cosasn (22)

cos(a + ff) =cosacos f—sin asin § (23)

cos(a — ff) =cosacos fF+smn asin F (24)
Addition of identities (21) and (22), and then (23) and (24) gives:

sin{ @+ )+ sin{ @ — f)=2sin arcos (25)

cos(a + ff)+cos(a— ff)=2cosacos (26)
Subtracting (22) from (21), we get:

s @ + f)— s & — ff)=2cosasin f (27)
Now, subtracting (24) from (23), we get: «

cos(a + B)—cos(a — f)=—2sin asin S (28)

Identities (25) to (28) can be re-written as:

2sin acos f =sin{ @+ )+ sin(a— f)
2cosasin f=si( a+ f)—sin(a— f)
2cosacos f=cos(a + f)+cos(a—/f)
— 2sin arsin = cos(a+ f)—cos(a— )

-

Example 13: Express the product 2cos68sin 36 as a sum or difference of sine and cosine.
Solution:  Using the identity (6 ), we can write: i Bl
2cos 6@sin 36 =sin (66 +36) —sin (66 —36) I : S
. : Express sin 60° cos30” as a sum
=sin (98) —sin (36) ) . .
;- 74 or difference of sine and cosine
Example 14: Simplify sin 40° cos20° +cos40° sin 20° /4 and simplify.
after converting into sum or difference |
of sine and cosine.

Solution:  sin40° c0s20°+ cos40° sin 20° = %(Zsin 40° cos 20" ] + %[2:054[}" sin Zﬂ“)

= oin 40° +207)+ sin (40° ~20°)} 7 in (40° + 20°)-sn 40" ~20°)
=-;'{m 60° +sh20"}+% fsin 60°—sin Zﬂ“]=%{sinﬁﬂ“ +5in 20° +sin 60° —sin 20°
l V3

=E{25h6{}"] =




J,-"" =t ie L
Y=
8.6.2 Expressing the Sums or Differences of Sines and Cosines as Product

2 2
<BYT., P 2D _pg=P*4_pr-q_2_
a+fl= 5 + T 2_;:Jam:lc:r Ji} 2 3 > q

Above identities are known as sum to product formulae.

Example 15: Express cos45°— cos15° as product.

a (¢} I:I_ (]
Solution:  cosd5°— m15°=-zsh[45 +15 ]si{‘“ 15 J

2 2
=-2sm 30°sin 15° |
snx+sny = x+y ™
16: Show that =tan Check

o il cos.x+sin y 2 Provide two different methods of

x+y = calculating cos195° cos105°, one

iy Mizshy TB o - MA KR Bica fie prodact fo sum.

' €Osx +sin y zm-f"'.}’m -y | Which method is easier?
2 = —

=mn£ft

2
Example 17: Show that: cos6a + cos S +cos 3a + cos 2a = 4cos(4a)cos(1.5a)cos(0.5a)
Solution: €056 +cos S+ cos 3 +cos 2a = (cos 6a + cos 2a )+ (cos S + cos 3a)
ba+2a 6a-2a Sa+la  Sa-3la
=2cos cos +2cos cos
2 2 2 2
=2cos4acos 2a +2cosda cosa = 2cos da(cos 2a + cosar)
2a+a  2a-a
N

=2cosda x 2 cos

= 4cos(4a)cos(1.5a )cos(0.5a) ‘

Example 18: Show that: sin70°sin30° c0s20"cos10° = zlmslﬂ" +!iﬁi- +%Siﬂ4{]’
Solution:  sin70"sin30’ c0s20°cos10° | |
=%{sin?ﬂ'cns20“mslﬂ“) (silﬁﬁ“ = ,-11] |



=

-i-_{lsin?ﬂ“cuslﬂ“ Jeos10°

4l[stn{m° +20°) +sin(70° - 20°)]cos10°

cos10”

cosl0"”

cosl0®

=

l[sin'?llll“ + $in50"Jcos 10° =l—[1 +5in50°Jcos10°

—cosl0® + %s'mi[}“{:uslﬂ“ = i-mslﬂ“ +% % 25in50°cos 10

+ a;—[sin[il'}“ +10%) +sin(50" - 10°)]

1(\3

+ %[Sinﬁﬂ" +5ind40°] = —cos10° +§[T +sin4{}“J

|
4
N | ‘

+—+—sind()
16 8

4

Use the product-to-sum formula to change the following to sum or difference.

(i) 4sinl6xcoslOx (i) 10coslOycosby  (iii) 2cos5rsin 3tx

(iv) 6cosSxsinlOx (v)  sin(=u)sinSu - (vi) —2sin(-100°)simn(-20%)
(vii)) co0s23°sinl7° (viii) 2cos56°sin48°  (ix) 2sin75°sinl5°

@) 4sin u-lz- Y cos ; v (xi) Ecﬂszuzzvsin 2!:;21!

Rewrite the sum or difference as a product of two functions.

(i) sin70°+sin30° (ii)) sin76" —sinl4’ (iii) cos58° —cosl2®
(iv) cos P ; q +cos P ; q (v) sin(—10°)+sin(-20")

Prove the following identities.

(i)

cos{a +f) _1-tanatanf (i) 6cosBusin2u _ -3sinlOu +3
cosf@—F) 1+ tanatanf sin(-6u) sinbu

(iii) 4cosdv sindv=2(sinTv—sinv) (iv) sin3@+sin@ =4cos’ @ sind

(v)

(vii)

cosdx+cosx= Zcusx(r:uslr} (vi) Z2tanycosdy = secy[sintly —siuZy}

Sin6p+sndf _ . os s (viii) SS9 ¥C0SD _ _cat20c0td

sin 64 —sin 48 c0s30 - cosf




cosbx+cos8x cos2a —cosda _

tana

i =cotxcos7 5 =
() sin 6x—sin4x RSBk [0 sin 2ax + sin 4

(xi) 2cos2ucosu +sin2usinu = 2cos’u (xii) 2sin2ysin3y =cosy—cosSy

.... c0sl0x+cosbx
(xiii)

cosbx—cosl0x

Prove that.
1

(i) cos80°cos60° cosd0° cos20° = % i) sin70°sin50°sin30°sin10° =

= cot2xcotBx

i) sinZsinToinTen® 3
9 9 9 9 16

[ Rovicw Fxcrcise 2 —

Select the correct option in the following.

(i) sin(45°-30°)=...

(a) ‘E;*@ (b) ‘E:‘E © “'E;“E (@ ﬁ;&
i X K -
(ii) M[E+E]=

V3-1 V3+1 S+l V3+1
® A ® B EEaT B 28

(iii) sin22.5° c0s22.5" + c0s22.5° sin 22.5°

Il

-1 1 1 =]
- (a) o (b) B (c) B (d) B
(iv) cos(z—-6)=...

(a) sec# (b) xcos@ (¢) cos@ (d) —cosf
(v) :an{%+a]=... '

(a) cot@ (b) —coté (¢) tanéd (d) —tan &
(vi) 2sinacosa =...

() sin(r—2a) (b) sin(r+2a) (c) sin(-2a) (d) sin2(r-a)

(vil) sin 2a cosa =
cos’a —cosasin’a
(a) cscla (b) —sec2a (c) tan 2er (d) -tan2a




) Irsiaﬁ=%, then cos2 = ..

=7 7 =7 7
(a) = (b) 5 (c) ‘ﬁ' (d) 75
(ix) cos’3x—sin®3x=...
(a) sin6x (b) cos6x (c) ~—sin6x (d) —cosbx
(x) (sinx-cosx)’ =...
(a) 1+sin2x  (b) 1-cos2x (¢) 1-sin2x (d) 1+ cossin2x
(xi) cos(60°~30°)=...
@ cos30°  (b) sin60° (¢) V1-sin?30°  (d) cos60°—cos30°
(xii) 128X _
sin x

® w(i) ® cg{g) © i) @ o)

2.  Given that shﬂ=%,sh#=%whmﬂ is obtuse and ¢ is acute. Find the values of:

i) sin(0-¢) (ii) tan(0—¢) (iif) tan(0+9)
3. Express the following as single trigonometric ratios.
i ! ; o 1 o 1 z o
(i) :E(smﬂ +cosf) (ii) Esm?ﬁ +7Ercns?5
4.~ Find the values of}

i) 1+tanl5°

(ii) cos70° cos20” —sin 70° sin 20°
I1-tanl5"

5. Find the values of tan® when tan(0 - 45° )= %

. ] 2—tanf
6. (i) If sin(a+6)=2coda @) prove that tanar = =" .
(ii) If sin(@ —8)=coda +8) prove that tana =1.
4sin* @ cosd sin 108 —sin 40

= cosT8sech

7. Show that: (i) —————=tan2@tané (ii)

cos36 +cosf sin 48 + sin 20




g Provethat: (i) J c0s(90° + x)sec(—x)tan(180° —x)  _
* \sec(360° — x)sin(180° + x)cot(90° — x)

=CO5Xx

i mn’(%-x}h’(:n-x]sh(h-—x)
cos’( - x)co{%—. +x)

9. Simplify (l-!ﬂﬂz.rms[_x].cos(;ﬁn- - 1})13“45- '.
; P {siugﬂn_sin“ 80° + ;}} [sinﬁﬂ"- mﬁ(ﬂﬂ“-x}] |

: 10. Prove that: (i) sin(16x)= 16 sin(x) cos(x) cos(2x) cos(4x) cos(8x)
(ii) 1+cos280 _ 2cos@
sin268 —cosf 2sind -1
2tan’® _  —2tan’d "

(iii)

tan’0-1  sec'0—2tan’® \
B




