MATRICES AND DETERMINANTS

A very common use of matrices in daily life is
encryption. We use them to scramble data for security
purpese and to encode and decode this data. There is a
key that helps encode and decode data which is
generated by matrices. The screen of any electronic
device, like smart phone or LED TV screen is
essentially a pixel matrix. When we rotate the phone
and itis in landscape form; the matrix is actually rotated
using the transpose. When we touch the screen of a cell
phone at some specific position; the position is
calculated by matrix properties.

In mathematics we use matrices to solve the system
of linear equations. Matrices are also used frequently

After studying i . unit. students will be able to:

Apply mairices operations (addition/subtraction and multiplication of matrices) with real and
Cﬂlﬂplt"; L LR T

Evaluate e'crminants of 3 » 3 matrices by using co-factors and properties of determinants,
Use ron operations to find the inverse and rank of a matrix.

Explain a consistent and inconsistent system of linear equations and demonstrate through
examples

Solve asystem of 3 by 3 non-homogeneous lincar equations by using matrix inversion method
and Cramer's rule

Solve a gystem of three homogeneous linear equations in three unknowns using Gaussian
elimination method.

Apply concepts of matrices to real world problems such as (graphic design, data encryption,
seismic analysis, eryptography, transformation of geometric shapes, social network analysis).

almost in all sciences.

In 19" century the term matrix was introduced by English mathematician James Sylvester. Then after
taking the idea of matrices from Sylvester, Arthur Cayley developed the algebra of matrices and

published two papers in 1850s. On system of linear equations matrices was applied by Cayley's

where they are still useful.
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2.1 Matrices

A matrix is an array of numbers arranged in horizontal and veriical Vines enclosed within square
brackets. Matrices are usually denoted by capital letters.

The horizontal lines are known as rows of the matrix and vertical lines | “*"™ |

are known as columns of the matrix. eL: A= [ 22 i g | rows

Each number in the matrix is called an element or entry of the matrix. Every element in the
matrix has definite position which can be specified by the number of rows first and then' number
of column where it exists. In the above matrix position of element ‘8’ is determined where
second row and third column meet each other. In general, an element in the ith row and the jth
column is denoted by ay; and generally the matrix 4 is written as 4 = [a,,].

1 4
i [—3 z]
Where 1 in first row and first column similar 4 is in first row and second column and so on.
2.1.1 Order of a Matrix
How many rows and columns are there in a matrix is known as order of the matrix. If a matrix A
has m number of rows and n number of columns then the order of the matrix is m X n or m-by-n.
We always write number of rows first then number of columns.
If we multiply m by n; it gives us the total number of elements in the matrix. ¢.g.; if there are 2
rows and 3 columns in a matrix A then its order is 2 % 3; often we write Azy3. The product of 2
and 3 is 6; so, there are six elements in matrix A as given above,
12.1.2 Equality of Matrices :
Any two matrices are said to be equal iff (if and only if) both have same order and same
corresponding elements. 3 & 3 &
Consider matrices A = [2 1] and B = [2 1].
7 9 79

Here both matrices A and B are of same order 3 % 2 and also have same corresponding elements,
Thus they are equal. We write A = B.

also n‘[t:[_]‘3 ;; D=[1ig iii]ﬂ-tﬁ:D

2.1.3 Types of Matrices
Row Matrix or Row Vector

If there is only one row in a matrix then the matrix is called row matrix or row vector. eg.;
A=[1 3 6 2] 143 B=[2 5lixzs L [51121
D=[3 0 1 9 2],.s areall rowmatrices. o
In general,a row matrix A having n number of columns can be written as:
[@1 @12 @y3..4,,)1xn




2.1.4 Column Matrix or Column Vector
If there is only one column in a matrix then the matrix is called column matrix or column vector.

- all -
Qg4
i3y

é 9 2

eg A= . B=|9 , C= [ ] and D = [6],x, are allcolumn matrices.
- Ix1 2 s
4 4%1

In general, a column matrix with m number of rows is

-

2.1.5 Square Matrix -@m1 dnxy
A matrix which has equal number of rows and columns is called a square matrix. i.e.; if a matrix

has n number of rows and n number of columns-then it is called square matrix and its order is

3 1 1 6 9
nxneg, [ , |0 1 =2| and [3];x; are squarc matrices.
. =5 Tl 7 =3 5 —_—

2.1.6 Rectangular Matrix
If the number of rows are not equal to the number of columns in a matrix then the matrix is

called a rectangular matrix. i.e.; if a matrix has m number of rows and n number of columns and
m # n then the matrix is a rectangular matrix. e.g.;

1 3 5 1 6

] .12 9] and [1 =2 3];x3 are rectangular matrices.
2 0 —llyy
3 1l

2.1.7 Zero or Null Matrix

If all the entries (clements) of a matrix are zero then the matrix is called null or zero matrix. A

zero matrix is usually denoted by Oy xp. €.8.5

0 0 0 0 0
0 o], [0 0 0 o], [0 {}]‘ 0| and [0] are zero matrices.
0 0 0

2.1.8 Diagonal Matrix
A square matrix in which all the elements except the main diagonal are zero and the main

diagonal has at least one non zero element is called a diagonal matrix.

IfA= [a”]mr is a square matrix of order n then it is called a diagonal matrix if a;; = 0 when
i # j and a;; # 0 foratleastone i = j wherei = 1,2,3 ...,nand j = 1,2,3, .., n.

2 0 0 6 0 0 1 0
e.2.: [{] 1 0,10 O ﬂ o ﬂ] and [3] are diagonal matrices.
0o 0 -4 0 0

!_



2.1.9 Scalar Matrix
A diagonal matrix in which all tT diagonal elements are same but not zero is called a scalar
a

P =0fori#
matrix. i.e.; if A = [aulmm an :j b ﬁ:;i =i where k is a non-zero scalar.
k 0 0 2 00 "‘1- 2@
e.g.; [D k ID] where k = 0; [ﬂ 2 {]] ; [_ﬂl -nl] and |0 % 0| are scalar matrices.
0 0 k 0 0 2 0 0 1
3

2.1.10 Identity or Unit Matrix
A scalar matrix in which all the diagonal elements are equal to 1 is known as an identity or unit
matrix. An identity matrix is usually denoted by I,,,,,; or simply 1. For an identity matrix

I ay;=0fori=#j
= [ay); a;=1fori=j

1 0 1 0 0
Cg: [{]' 1 |0 1 ﬂ] and [1]; are identity matrices.
iniale. I @8 - o
B.F B ol
R S SRS
we can write itas I, e LIRS |

b &+ e op
2.L.11 Upper Triangular Matrix ?
A square matrix in which all the elements lying below the main diagonal are zero, is called an

upper triangular matrix. i.e.. if A = [au]nmand a;; = 0 where i > Jj; C : 1-3.; .::) Sk

an upper triangular matrix.

<fi BN

2.1.13  Lower Triangular Matrix

and [ﬁ] arc upper riangular matrices.

A square matrix in which all the elements lying above the main dingn;ml Ti §cm is called a
lower triangular matrix. i.e., if A = [a”]nxnand ag; = Owherei < j; (J 123.. ) then A4 is
a lower triangular matrix.

0 0 0 0
e.g.; [m. [MI. [Hl arc lower triangular matrices.

2.1.14 Triangular Matrix
A square matrix which is either upper triangular or lower triangular is called a triangular matrix.

Key Facts
 Sum, difference or product of upper (lower) mangulnr matrices is again upper (lower) matrix.
 Diagonal matrix is both upper and lower triangular matrices,




2.1.15 Transpose of a Matrix

If A is any matrix of order m X n then the matrix which is obtained by interchanging rows by
columns (or columns by rows) of the matrix is called transpose of the matrix A and is denoted by
A", Note that the order of the A® is n x m.

72 1 & [ : ; Key Facts
eg;ifA= [ﬂ then I » If A is square matrix, then order of A and

2 3l e A issame. .
At = ‘12 g d « Transpose of lower triangular matrix is - a
- 6 3 an upper triangular matrix and vice .
ans

versa. §
2.1.16 Symmetric Matrix - 1
For a square matrix 4 if A = A® then A is called a symmetric matrix, e.g., if 1
1 2 & i 2 51 - \
A= lZ 6 —4]. then A = [2 6 —4] ) !
§ =4 3 < 3

Since A = A%, s0 A is a symmetric matrix. Key Facts

2.1.17 Skew Symmetric Matrix

| ¢ In symmetric matrix
A square matrix A is called skew symmetric if A = —A4 ;

a;; = ag Yi#J.
e In a skew-symmeltric matrix

0 2 -6 :
cg.ifA=|-2 0 5] Oy =—ay Yi¥]

6 -5 0 anda;; =0 Vi=j.

0 -2 &6 g 2 =6 -
Then A* = I 2 0 —5] = — [ﬂZ 0 5§ l =—4A

-6 5 0 6 -5 0

So, .1 15 skew symmetric. {

1. Find the order of the following matrices.
1 3 0 1 2 1
(i) A:b 3 (ii) E=F 4 (iii) C=F] *
3 4 9 \
, B = ; 3 6
ivi b=[2 1 6 8] (v) E=|[3] vi) F=[] J
2, Identify the following matrices as square matnx, rectangular matrix, row matrix or column

matrix. 1 3
i 3 6 2 ” - 1 =
(i) A= (i) B = [3 J (iii) C = {2] .
[Z 1 ‘9] 2 6 8
nm 6 9
(iviy D= IZ o ll WME=[2 0 1] (vi)F= [1]5.] “
31 2 i ]

3. Identify the diagonal matrix, scalar matrix, identity matrix, lower triangular matrix, upper

. o il
triangular matrix. : 1

300 -6 0 0 b a
0] A=F 1 4mua= 0- =6 0 ; Gi)c=[, ,
2 6 0 0 0 -6 |
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1
0

0 0 0 4 v 1" 2
n‘:m E=10 3 u]: (“1F=[n 0 6]:
1 0 0 0 0 0 1
u ¥

- 0
0}; (viii) H =
o Bl

4. Find the transpose of the following matrices and identify which one of them are symmetric

cCOoOoCoDKWO

1
(vii) G = [u
0

and which are skew-symmetric.
2 0 '

M Aa=|y5 5l; @ B=0 6 2 o Gi)c=[% 9
L1 9

0 19 3 -6 _ 0 1
(ivy D=]|=1 0 5]: () E=[~—ﬁ 2 g]: (w]F=F 6 13]
-9 -5 0 9 0 0 0 0

2.2 Algebra of Matrices

2.2.1 Scalar Multiplication

If k is a non-zero scalar and 4 = [a;;] . is a matrix of order m x n, then the product of matrix
A and scalar k is denoted by the matrix k4, the matrix obtained by multiplying the scalar with
each elements of the matrix 4.

@7 @ @3 . - %n
Gy @z @z . - - Tan
If A=|91 @32 a3z - - - @sn , then
Ami1 Qmz2 Qpz - . . Qgun
@37 (a3 Qi3 . + + @n kayy ka,, kﬂ;a = % kaln
@z @z Q3 . - - @an kay, kazz kazz . . . kay,
kA =k ﬂ:.u @3; @3z - - - Qan|=|kas; Kkas, kazz -+ . . kay,
Gmi Gmz @m3 - . . Gund kGpy Kame Kama - . . kémn
: TP - YA S |
anmmnmm_h -~ 5],men
Key Facts
2a=2f] % 3 Order of matrix A and kA is

_[2x%3 2x2 2x1
2x4 2%x-3 2x5

E 4
= 1[]'

2.2.2 Addition of Matrlces
In general, we cannot add two matrices. Only those matrices are conformable for addition
which have the same order.

IfA=[ay] _ andB=[by] _ aretwo matrices of same order m X n then A + B is also
a matrix ofm‘a:lr.-rm X nin whlch each of its elements is the sum of corresponding elements of A
Mld.ﬂ [fwe assume that 4 + B = C where £ = [Eu] 'll'H:nEu --ﬁu-l-bu Vi.jEN

mxn




£ TR A
2.2.3 Subtraction of Matrices

Similar to addition of matrices, we can subtract two matrices which have same order,
IfA=[ay]  andB=[b,]  are two matrices of same order m X n then 4 — B is also

a matrix of order m X n in which each of its element is the difference of the corresponding
elements of A and B. If we assume that 4 - B=D where D = [d}]

then diy = ay —b” VI.J EN

mxn

-2 6
Example 1: Find A +BundA—BwhereA=[2 llandﬂ= 0 D].
L2 1

-2 6] [3+(~2) 0+6] [1 6 ]
A+B= [ ] [ ]J Fz+n 1+0 [2 1]_ '
6+2 5+1)

e F P R

2.2.4 Multiplication of Matrices
Two matrices A and B are conformable for multiplication if number of columns of A is equal to
number of rows of B. If A = [uu]mm is a matrix of orderm Xxn and B = [bif]n:p is a matrix

of order n X p then the order of AB is|m X p|.

Assume that AB = [¢y] piwhere ¢ is the sum of the elements obtained by multiplying the
corresponding elements of t!:u: ith row of a matrix 4 with corresponding elements of the jth
column of matrix B. For AB = C, we have:

Solution:

(@37 @32 Q13 @1n [byy b1z b3 - blf - bap]
@z @Az Qa3 dzn byy by by . |bzy| - bz
A = |la; iz . Gm]|;iB= .
Q1 Qym 7 M _bm bna b3 ﬁ‘ " ]'.lp
ith row \‘jth column
rfl 1 Lz €13 €14 Gip
i Czz €3 - Czp + G
c= . e
C, C __» Cjj = (ﬂn)(bu) i (ﬂ::}[f’zj) + o+ (@) (bnj)
i1 iz éﬁ——-——ﬁr w“m!_ 1.2.3,.
' P =123
Cni Cnz Cna . Cpn5 . Cppl = p
, . 1 3 _sa
Example 2: Find the product AB for the given matrices A = 12 1 ; B= [2 5 4hyys
6 0
Solution: e

Matrices A and B are conformable for the product of .15, since the number of columns of A and
the number of rows of £ is the same.

oG
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2 4 n WA+ WM +EG)GB) 1)0O)+G)4
[ ] [ =[@B)+1)(2) @M+ (1)(5) (2)0)+(1)(4)

2 5 4= 6)3) +(0)(2) ()(1)+(0)(5) (6)(0) + (0)(4)
34+6 1415 0412 .

— ev Facts
g AR e

9 16 12 conformable for the product AB,
o then it is not necessary that they

Zoi ke are conformable for the product

: BA.

Note that order of AB =(3 xx P =3x3
Example 3: Find the product AB for the given matrices.

=2k 3Y: -_¥8, =l
Solution: & -i 31'] RS [Zi 0 -z:]
The number of columns of 4 and the number of rows of B is same. So they are conformable for

the product 4AB. Now
2t 1113 -t i
e [-1 sl o 2l

_[ @)B)+12)  @DED+(2)(0) (206 + (1)(-20)

(D) +BD2) (-D(=D+ @BDO) (D)@ + (3i)(-20)
[ 6i+2f —2i2+0 2i%-2i
[—=3i+6i* 240 —i%2—6it
[ Bi -2(-1) 2(-1)-2i
T |-3i4+6(-1) -1 —=(-1)- ﬁ(—l)]
[ 8i 2 =2 -—2:']
—3[—-6 =1 7
Orderof AB=2x[2 2]x3=2x3
2.2.,5 Commutative Property of Matrices w. r. t. Addition
Any two matrices which are conformable for addition holds commutative property w. r. .

addition. Consider the two matrices 4 = [aU]:xa and B = [b -f]zx:; then
Gy Qg3 QO3 [bu by, byg

A = — -
Az Q2 ﬂza] and B boy  bys bﬂ] : ab€R

(@13 + by ap+by; agg+ bu]

(g1 +byy azz+Dby; a3+ by

(by1 +ayy bz +ay; bz + ﬂia]

b2y + a3y by +ay; bay+ay

[by;  bya -'.1'13] Qyy @y 3

by1 by bas [ dzz2 a;;] s

A+B=

Hence A + B is commutative
Example 4: Verify the commutative property of addition for the given matrices:

3 1 6 0 -1 3
A=[2 1 3]andﬂ=[1 2 4]
g 2 1

=3 4



Solution: '
3 1 6 —1 3 340 1+ (-1) 6+3
A+B=|2 1 3] [ ‘= 2+1 1+2 3+4l
0 z 1 -7 1 04+(-7) 243 141
3
=3 ] (1)
- -7 5 2 :
& 0 -1 3 3 1 6 043 (-1D+1 3+6
BH:[i ) 4]+[z 1 3]=[1+z 2+1 4+3]
-7 3 1 0o 2 1 (=7)+0 342 1+1
3 0 9
=[3 3 ?] (2)
-7 5 2

From (1) and (2) we have A + B = B + A, i.e., commutative property holds w. r. t addition.

2.2.6 Commutative Property of Matrices w. r. t. Multiplication
In general, the commutative property w. r. t. multiplication for matrices do not hald e

AB # BA. 1 0 1
Example 5: For the matrices A = [3 ] B =2 3|;showthat AB # BA.
Solution: o 1 1'%
i
AB = [3 . 5] 2 3}

1 4
(1)(0) + (2)(2) + (D) (D) +(2)(B3) + (D(4)
30 + (W)@ +(6)(1) (D) +(1)(3) + (6)(4)
_[0+4+1 1+5+4]=[g 11

0+2+6 3+3+24

0 1
12 1
[23][31

1 4
(0)(1) +(1DB) M@+ W@ (0D + (13(’5)]

BA

=AM+ 3)(3E) @@ +E) (D) @)+ (3)(6)
MWD +HE) E)+ (4)(1) (1)(1) + (4)(6)

'0+3 0+1 0+6
=|2+9 4+3 2+1H] [11 7 zu]
Clearly AB # BA. 1+12 2+4 1+24l l13 6 25
I:h:ampleﬁ

If .q:[ ] =[g } g]g then verify that (AB)' = B'A'
oy MO+ @@ WA +@A) Q)6+ ()O)
AB = |5 5]2 } g (5)(0) + (6)2) (5)(1)+(B)(1) (5)(6) + (6)(0)
2 1 )0+ ()2 @@+MA) (2(6)+(D(0)

[0+4 1+2 6+0
0+12 5+6 30+0

4 1'3 .6
=[12 11 3{}]

2 3 12

L0+2 241 1240




12 2.

(AB)'-[H 11 313] [3 11 3]
y 6 30 12
.-? e E and Bt = [1 1]
I 6 0
t ¢ o [OW+@@ ©E)+@)6) (©)@)+E@)D)
; BtAt = [1 ]; ° = W@+ M@ WE)+WE) (@) +)
| 6 (6)(1) + (0)(2) (6)(5) +(0)(6) (6)(2) + (0)(1)
f

3 11 3
6 30 12

=|1+2 5+6 2+1
6+0 3040 1240
From equation (1) and (2), we have (AB)* = B*A".

Example 7: Show that for the two matrices 4 and B which are conformable for addition:

0+4 0+12 ﬂ+2] r» 12 2]
(2)

h (A+B) =A+B* ——
& Solution: : I'Fnrnuomammhandﬂ. ",
. . Jai _whil:h are conformable for addition
: Cunsud:r?}riwumamﬂu::m:ﬂnfthcsameor I A+B)'=At+B‘.Ingr l_'
}l An[c d]: B=[3 g]the:: e (A‘+A‘_+"'+A“)
; a bl 1 21 [a+1 b+2 L_*_h“_,,“
A+a=[..- d]+[3 EHM d+s
e+2 f+6
a+1 b+2)
= (A+B)=|c+3 d+5] [gj; i ;i‘; (1)
e+2 f+6
|r Now A‘-‘; ; ]andB* [; 3 2]
- a ¢ 1 3 2
% At+ﬂt_ b d f]
: i a+1 c+3 e+2 2
/ b+2 d+5 f+6
] From (1) and (2) we have,
| (A+B) =A"+B°
J Example 8: Any square matrix can be written as the sum of two square matrices such that one of
:._/ Solutions them is symmetric and the other is skew-symmetric.
4 Consider any square matrix 4. Let we can write it as sum of two square matrices P and Q and
ps prove P is symmetric and 0 is skew-symmetric. i.e.,
: A=P+Q ' (1)
: = A= (P+Q) =P +Q' =P+ (-Q)

= At=P-Q (2)
Adding equation (1) and equation (2), we get:

A+A'=2P > P:%(A+A')

J Now subtracting equation (2) from :quatitim (1), we have:
A—-A"=20Q = =E(A-A')




Observe that

Pt = [2(.4+A=)] =-(A=+(A=)=)=—{A'+A)H—(.4+A=) iy
So, P is symmetric. ;

¢ =[34-49] =3 -~ @) =3 (U~ M) = ~S (A~ 4% = -

So, Q is skew-symmetric. 3 1 5]

Example 9: Write the matrix 4 = { 2 6 0|asasum of two matrices where one is symmetric
-1 2 1
and the other is skew-symmetric.

Solution:
Let A= P + Q where P is symmetric and Q is skew-symmetric.

; (I3 1 5] B 2 =1 3'3'2
5uF=;(A+A‘)=;([2 6 n]+1 6 zD [3 12 z] 26 1
And =% A 2 1 1

1 -1 6
a-([ N U
1 -6 2 0
0 _l
!
Thus A =P +Q ﬂ
3 1
13 15‘ 352 |0 _E 3
=|2 6 0|=|3 +| 1
-1 24 |61 ‘5 -
2 1 1 L3

1‘_

1. Construct a matrix A = [ay;] of order 2 x 2 for which:

i ay= % (ii) ayy = !'EJ' - (i) agy = ;" (iv) a; = IT”
2. Construct a matrix B = [ay;] of unier 3 x 3 for which:
@ b= by =5L  Gdby=35 @ @by=7
3 201 7
3. IfA=’ﬂ 6 llandﬂ'= 0 2 -—1|then find a matrix C such that:
-1 0 -3 4 2
A+B+C=0 s 1 -
4. ) Finda[2 a[} 3= 10 (i) Find X, 3 l! 1] -
' 13 2 407l 1 5 2 4

(iii))IfA=[3 7]and B =[2 14] then find a non-zero matrix C such tlmtAC = BC.
(iv) [“g’ . : y] = E E] then find the values of z, fand x* + yz.

(v}lfﬂ=[3 4and!=[é ‘I’]mmﬁndaandﬂsuttmtA2+ar=,eA-

e o - d
L biale e o = '
AR e




® W had, ST " e e * M
B s _,m}, PRESPERSSIS L mE < =S
. . ' . e
[, 4
(1 F 1.-'1':1 .

1 0 3
(vi) Find the values of x if [x —4 2] ﬂ 1 DH ]

.

i 2 2
IfX ={§ 1 2] then prove that X? — 4X — 5] =
2 ¥

6. 16A=[2 ] then find aand f such that, A% + al = A,

7. Consider any two particular matrices A and B of your choice of order 2 X 3 and 3 X 2
respectively and show that (AR)* = B*A".

8. Consider any two particular matrices 4 and B of your choice of order 3 X 3 and show that
(A+ B)t = A" + B,

9. If A and B are two matrices such that AB = B and BA = A. Find A% + B2

10. If A = [a;;]is a matrix of order 3 x 3 and a;; = i* — j? Check whether A is symmetric or
skew-symmetric.

11. For any square matrix A; prove that (A™")" = (49)",

4 2

12. Find the matrices X and ¥ such that 2X —¥ =[5 ® 7’]and X +3v =[] 59
2 5 3i 1 6 3i

13. Find the matrices X and Y such that 3 X+ ¥ = %+ng gi and X+ 2Y = ;+2‘1 ;f z

2.3 Determinants

Every square matrix is associated with some number (real or complex). This number
is called the determinant of the matrix.

If A is any square matrix then its determinant is denoted by det(A) or |A|.
Corresponding to the square matrix A of order n,

By Gy . .« = Qn

dzy @z . . + Gan

l = N o e T o F e T'H."i' I‘.Eft‘l.
a; a. S a % More than one square matrix can have
1 n o . nn g Ay *
. ; A same value of determinant.
The determinant of 4 is
|

@ @iz . . - fn i e e
@y dz . . + 92n

|4l =
Opy Quz |, , . Qg
For our convenience we consider the determinants of the squarc matrices of order up to 3 x 3.

2.3.1 Determinant of Matrix of Order 2 x 2
: ; _[G11 Q12
Consider a matrix A = [ﬂzl ﬂzz] , then

3y Qg
Al = | | = Q11057 — 1518
1A= g,  ay,] = ®11022 = 021812




NG, __Unit-02 ' Matrices and Determinaot

2.3.2 Determinant of Matrix of Order 3 < 3
@31 @2 y3

Consider a matrix A oforder 3 x 3ie., A = [ﬂn 3z ﬂza].

v O3y @dzz (3
fyy @y GQq3
Qzy dzz dag
3y dzp; a3y
To find the value of this determinant; we express the above determinant into the sum or
difference of determinants of order 2. This process of finding the value of the determinant is
called expansion of the determinant.

We can expand a determinant from any row or any column. Since in a determinant of order 3; there
are three rows namely R,, R,, R, and three columns C,, C, and C,, so we can expand the determinant
in six different ways; but the value of determinant will remain the same in_each case.
If we expand the above given determinant from 1 row i.c., from R then:
Qzz Gz Q21 Qg3 @z; a3z
@33 ﬂaal TM2)g,  agsl T %3 gy, ﬂ:;z,
= 4,(az2833 — @23a32) — ay3(az1 @33 — az3a3,) + ay3(aza3; — azas,)
This can be generalized for determinants of the square matrices of higher order.
2.3.3 Minor of an Element of a Square Matrix
Let we have any square matrix 4 of order n, i.e: A = [a; a"]nxn; then the minor of the element
a;y of matrix is a determinant of the matrix of order (n — 1) X (n — 1) obtained by neglecting
the ith row and jth column of the matrix A. Minor of a; j is denoted by M;;. For example;
consider a matrix A of order 3 x 3.
Q117 Qi3 QA3
A= [‘121 d33 ﬂn]
Q31 @3z Q33
The minor of the element a;, is M,, where M, = |

The associated determinant is |4] =

4] = ay,;

a a
a;: ﬂ;zl is the determinant obtained by
neglecting 2 row and 1 column of the matrix A. Likewise we can find all the minors of
elements of the matrix A.

234 Cofactor of an Element of a Square Matrix

For any square matrix A4 of order n x n, the cofactor of an element a;; of matrix A is denoted by
Ay and is defined as Ay = (—1)*IM;; eg., If

Q17 @33 @43
A= [‘121 3z "-123]
Q33 @3z 4z
Then cofactor of the element a,, is:

@12 Qi3
Az = (-1)*My, = (-1)? Iﬂﬂ ﬂ:;' = (=1)(ay2033 — a3303;) = —a;,033 + @303,
= Q,3Q3; — Q;303; :
1 3 0
Example 10: IfA=]-1 2 6 [then find M,,, M, and Az and 4,5, g
3 0 -4 )

Solution: T - |~31 _ﬁ4| =(-1)(-4)-(3)(6)=4—18 = —14

Ma=[; ol = MO -@@) =0-9=-9

Ay = {—1)1"‘%"#."12 = (—1)3(—14) = (—1)(-14} =14
Azs = (-1)*3My = (-1)(-9) = 9

42 : et e o0
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2.3.5 Evaluation of the Determinant of a Square Matrix Using Cofactors
Consider a square matrix 4 of order 3 x 3.

Ay Qyz Q43 a4y 4y @43
A= |G ap ﬂzz‘ Then |A] = |az21 @z az;
G3; Q3 Q33 Q33 Q3z AQz3
If we expand it from first row then:
| = ay, lazz ﬂzsl -y @23 Q23 B @21 ﬂzzl
@3z Q33 @31 Q33 @3y Q3

= a1 My — a;a My + a;3M, 5
= ELI(—I)I-‘-I‘M‘i + ﬂli("‘l}l"-zMiz + Eiﬂ(_1)1+3M13
= @334y + Ay, + 345,
If we expand the determinant form fist column then:
Qz; ﬂzal i |ﬂiz a3 a a2 ﬂ:al
A3z Qa3 21laz; aj; laz; az;
= @33 Myy — a3 My; + az; Ma,
= a5 (1) My + ap, (1) My, + a3, (—1)31M,,
|Al = @y141; + agyAz; + azgds,
From the above discussion it is clear that, |A| can be evaluated by adding the product of elements
with corresponding cofactors of any row or column of the matrix,

|A] = ayy

1 2 &
Example 11: IfA= [ 0 1 2]: then find |A| using cofactors.
-1 3 0

Solution:

First, we find cofactors of any one of the row or column of the given matrix. Let us find the
cofactors of C;. The elements of C; are a,3, @53 and as;. In this case @13 = 6,ay3 = 2 and
d33 = 0. Now we find their t:om:spundmg mfacturs

Ay = (1)1 1 3 =(-1 )4([] (—13) =1(1)=1
A= 0|1 2 = ()3~ (-2) = ~1)5) = -
A =0 2 =(-1fa-0)= @ =1

 |A| = ay34;3 + az3Az5 + az3ds;
=6(1) +2(=5)+0(1) =6 — 10 + 0 = —4
2.3.6 Singular and Non-Singular Matrices
Any square matrix 4 is called singular if |4] =
If|A] # 0 then it is called nun-slngular matrix.

For example, for the matrices 4 = ] and B = F 122]
4l =3 o=@ - @@ = z 12=-10%0

3 12
15]:,_1_ ..(3)(21—12() 6-6=0

2

Thus A is non-singular matrix and B is singular matrix.
2.3.4 Adjoint of a Square Matrix

Consider any square matrix A of order n;




A=]| - . -+« * * |then the adjoint of A is written as adj(A) and is the matrix

Qpy Qnz , . . Guyu
Ay Ay . . o A
Az Az . . . Apg
adjay=|" - T
A‘ln AZH . o4 Arm
If the order of the matrix A is 3 x 3. i.e.
ay; @z Qg3 Ay Az A;
A= [ﬂz:l. ﬂzz a23] then ﬂdj(.q) = klz Azz Aaz]
a3; @3z Q33 13 Azz Aa

2.3.7 Multiplicative Inverse of a Square Matrix

Two square matrices of same order n are said to be the multiplicative inverses of each other if

their product is I, (identity matrix of order n).

Only non-singular matrices have their multiplicative inverses.

If A is a non-singular matrix then its multiplicative inverse is denoted by A~* and
AA"l=A"1A=1

2.3.8 Adjoint Method to Find the Inverse of a Non-Singular Matrix

1 .
T 2di(4)
i

Obviously if A is a singular then |A| = 0, then A™! = i adj(A) will not exist.

If A is a non-singular square matrix i.c.; |A| # O then A™? =

[2 1 0
Example 12: IfA=|0 3 2] then find A~ by adjoint method.

Z2 1 4 kev Fucts
Solution: 2 1 0 e A71 =i~ Reciprocal of a
Since 4] =0 3 2 matrix is not defined
2 3 1 24 4 B o s [fthe inverse of matrix A
= = exists then it is unique.
= |A| z|1 : 17 2+o0|; 3 q

=2(12—-2)—-1(0—4)4+0(0-6)=204+44+0=24 %0
Thus, A is non-singular. To find the adjoint of A we find cofactors of all the elements of A.

Ay =0 2= -1202-2) = A0 = 10
= (-1)%(0 - 4) = (—1)(—4) = 4

= (-1D*0 - 6) = (1)(=6) = -6

Ay = (—1)1*2

A= (- 1)

3
1
0 2
2 4
0 3
2 1




Ay = DM = D@ -0) = (-D@ = -4
A =102 2 O| = (-1)*@-0)=(1)®) =8
A =02 =052~ = (DO =0
A= DML I =(-D'R-0) =)@ =2
=02 0= s -0) = (- =—4
Ay =12 Y= (-1)%6-0)=(1)©®) =6

) Ay Ay Ay 10 -4 2
y NDW ﬂdj(ﬂ) = Ali Azg 1".3'2 = 4 E -4
l'.“ 13 Azz Ass -6 0 6
4 ~ g SRE e -
| : K0 <& % 24 24 2
J And .i"=—adj(A)=i[4 8 ..4]= i G |
- S R A
L T3 36 3%
' 5/12 —=1/6 1/12
y Jq—i:[uﬁ /3 -1/6
f -1/4 0  1/4
H Example 13:
o 2 _ 2
/ if 4= Jandﬂ—ﬂ g
g . 1 144 AR
| then verify that (AB)' =B A (AB)™* = B~'A! is known
as reversal law of inverse.
1 For L.H.S.
_[3 2J[1 2]_[3+8 6+6]_[l1 12
AR 1114]!.142 d=livi: 121~k it
. |AB| = |ﬂ,,141 4[ = (11)(14) — (17)(12) = 154 — 204 = =50
- = ~12
AT AB) Ll'{ 11
- o .
~(AB)™! = TAB| adj(AB) so
, 1 14 -1z
a_trie <121 IS0 =%
. (4B) -50l-17 11 |17 11
| -50 —50
" = &
~2_lzs 25
it () -&l ' @
50 50




For R.H.S.
= 3=m@-w@=12-2=10
adja) = | _“’1 ‘32] and

ot 114 -—21_[4/10 -2/10]1_[ 2/5 -1/5 *
A= |A|“"’f{“”—m[-1 3]—[—-1;10 3;10]*[—1;10 3/10 _ |

And (Bl =], 3= -@@=3-8=-5 \

adj8) = [ >, 3 ‘3] and

i |a;“d*'(”3' L [ﬂ;fs _1?1!—_5] [13,";5 —zﬁs ‘
T L 3 _
3\ /2 1\ /2\/3 '
_ (__)(E) (s)(m) ("_)(1?)+£§)(gu) q
086 ORI
_ 25 25 25 25] [25 25 (2) i
8 1 17 =1t ¢
755 75 50 50 |

From (1) and (2) we have (AB) 1 = B-14™1

1.  Evaluate the determinant of the following matrices.

2 3 1 cos@ —singé 0 1
(i) 1 -1 2] (ii) |[sin@ cos@ ﬂ]
4 1 2 -y 0 1
't 3 =2i 241 1 i
(i) |1 3 4 ] Givy | 0 2 1] *
D 3 Z -3 1 6
2.  Evaluate the determinants of the following matrices using cofactor method.
3 2 3 2 3 -
(i) |4 5 1‘ (ii) [-—1 0o 2 ] j
2 1 0 3 1 4
2 6 1 1—i 2 1+i ,
(ii) |1 =i z] (iv) [ 3 1 4 ]
0 1 3i 0 2 3
3.  Determine which of the following matrices are singular and which are non-singular, a
e 4 2 3 -1 2
mj2 3 1 ‘ (ii) [ 2 0 1] |
-4 1 -3 -1 5 1 :
3i 1 2 T 2 =t 4
(iii) [-4 1 i] (iv) i 3 -2
2 0 1 —24+i i+3 =3 )
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4.  Find the value of 4, so that the given matrices are singular.

A1 3] _ 12 0
@218 (ﬂ)zla]
0 3 1. A 2 1
A i I 24+i 1 6
({ii)|2 1 3 (iv) 2’ A 1]
3 I X L 3 0 2
5.  Find the multiplicative inverse of the following matrices if it exists by adjoint method.
1 -1 1] 3 -4 2
(i) 2 1 -1 (i) |2 3 i.l
1 -2 -1l 1 0
i 0 17 '3 =i i
(i) |20 -1 =i (iv) |2 1 —31]
L1 0 4i) 4] 2 6
2 1 -3
6 IA=[0 1 l]]thmﬁndﬂ'iandhenccshuwthmﬂﬂ'l=A"A=fg.
2 1 &

7. Verify that (AB)™! = B~1A~! in each of the following.
.1 3 2
@ a= [ ﬁ]nndﬂ—[u 2]

B 1 4 -2 3
(i) A=]2 -1 1]andﬂ=F 1 —1]
4

2 1 -3 -3 2

[2 -1 6 2 1 2
(i) A=\|1 2 landﬂ=[1 0 }J

—-i 1 0 1

[ 2 8 2 3 4
(iv A=|1 -1 —1]audE=[1 0 2]

2 3 -1 0 1 3

2.4 Properties of Determinants
Here we will discuss some important properties of determinants which will help us to find the
value of a determinant. For convenience we will consider the determinant of the square matrix A
of order 3 % 3 i.e. if

@11 Q2 Qi3

A= [ﬂzl azz ﬂzs] then

@33 Q32 Qa3

@y G2 Qi3

|A] = |Gz21 @Qzz Qz3
dzy Q3zz Qa3
Qzz Q3 Qz1 Qa3 Qz1 Qa2
EAI = ﬂll. a a i alz i a a3 a a
32 33 31 33 3l 32

= @y1(@22033 — A33@332) — A12(a21833 — A33031) + @y3(az1037 — G203,)

Property 1: For any square matrix A, the determinant of the matrix and determinant of its

Al = |4°)

transpose is same.




Proof:

a,; Gz Qs
lA‘f = |42 @Qzz Q33
Qi3 Q3 Qi3
Expanding from C;, we have,
145 = ay, |72 932 azy Qg Gz1 an
23 Q33 23 Q33 QAzz Q32

= a34(a22033 — G23032) = @12(A21033 — @23031) + @43 (@21 @32 — G22931)
= 4]
Example 14:
1 2 40
0 3 0
2 1 6

=1} gl-2l7 gl+ol; i
=1(18-0)—2(0-0)+0=18

1 2 0
lf!i=[ﬂ 3 {]l then |A] =
2 1 '8

10 2
3 1 12 1],,]2 3
at|=12 3 1| =1 -0 +2|
o o & ’na’ |u:.=.|un
= 1(18—0)—0+2(0—0) = 18
Thus [A] = |A]

Property 2:

If any two rows (or columns) of a square matrix A are interchanged such that the resulting matrix

is B then |B| = —|Al.

Proof:

Let we interchange the first and second rows of matrix 4; then the new matrix is:

Az @z2 Q23]

B=|Q;; G2 043

@3y @3z Q33

@z dzz Gz3

= |B| =011 G2 O3

aﬂla ﬂszﬂ Q33 3 5 " “
11

= |ﬂ;i a;:| — G2 |ﬂ;i ﬂ;;l +az |ﬂs: ﬂ:'

= @y (12833 — G13a32) — Qz;(a11a33 — @3@31) + ay3(a31a3; — G12831)

= @,,85, 033 — Q13021032 — G11822833 + A1302203; + Q11023032 — A1202303;

= (—a; a52033 + a,48;3032) + (212021833 — 042023031) + (—@y3a21a32 + Ay30z2031)

= —@y1(@z2033 — Qz303;) + @y2(@z1@33 — A33031) — @13(@21@32 — @z2031)

= —[ay1(az2aa3 — Qy3037) — A12(a21Q33 — Gz3a3;) + ay3(az,a32 — a,,a3,)]

= |B] = —|A]

1 23

Example 15: LetA=|2 1 0]then
020

1 0] 402 0, .12 1] _

jal =1 l:||—z|ﬂ n|+3|u 2|h1(u-‘n;}—z(u—u)+3(4—u)=12

P T T Y T y
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] By interchanging second and third rows of A; we have a matrix B = [ﬂ z ﬂl

' 1 2.3
| 1 412 0] __»l0" 0 0 2
) =g e g_lll ol =2l2 ol+3[z 1l
» =1(0-0)-2(0-0)+3(0—-4)=0-0-12=-12
Bl =—-|A
/ Property 3: 1B Al
b If any two rows (or columns) of a square matrix are identical then the value of the determinant is
L ZEro.
Proof:
(. Consider a determinant with two identical rows:
| @13 @z O3 a
\ 2l 2z Qz3 Qz, G4z Qz; Qzz
’ 211 il gl ‘ﬂzz ﬂzsl — a2 1521 ﬂza' 33 |ﬂzl ﬂzzl
21 @pz Q23
= ay4(az;823 — A22023) — G42(@31@53 — a31az3) + ay3(aziaz; — @z1a22)
= a,;(0) — a42(0) + a,3(0) =0+0+0=0
l 2 1 6
Example 16: Consider the determinant [A]=|3 2 0
4 3 2 0
| Expanding by R;:
? 2 0 3 0 g 2
/ =2(0—-0)—1(0-0) + 6(6 — 6)
| Property 4: =2(0)—-1(0) +6(0) =0
|
I

If we multiply each element of a row or a column with a non-zero scalar k then the
[ resulting matrix is B and |B| = k|A|

Proof: Ay; Gz Qg3
A= [ﬂzi az2 ﬂzs]
Q31 Q32 Q33
| Let we multiply each element of row one by a non-zero scalar k then the resulting matrix is

11 kay Kkag
: B=|a; az Qp ]
" @z; Q3z Az
' kayy ka2 kais @z Q23 @y Qa3 @z Q2
= IBIZ az; Qzz Q23 | = Ky as; a33| b ) laﬂ‘l a:i'.']l 13 |ﬂ31 ﬂazl
) z; Qzz Q33
> an; k{ Iaza ﬂzal L. Iﬂzl ﬂ-zal |ﬂzz ﬂzzl}
=X1M1ay, a5 Zlaz; ass Ilazy as

@y; @z Q13
Qzy Qzz Qa3
Qz1 Qzz G23
Thus |[B| = k|A]|

=k




T 3.2
Example 17: Letd = [2 1 ﬂ]
1 0 3 1 3 2
Let we multiply each element of second row by 3 then the resulting matrix is B = [ﬁ 3 ﬂ].
0

13 2 10 3
Nowldl =[2 1 o|=1 ~3l% 9Ai2{®
2 1 ol=1f) Y-3f Yeaf
=1(3-0)— 3(6—0}+2(ﬂ—1)=3—13—2=—1?
1 3 2
And|B|=|6 3 n~1| 3|f g|+z|i
10 3
=1(9—0) - 3(IB-D)+2(D—-3)=9—54—ﬁ=—51 _
=3(-17) = 3]4
i.e.; |B| = 3]4|

Property 5: If each element of one column(row) is the sum of two numbers then the value of
determinant of matrix A is equal to the determinant of first part of the number and the
remaining columns plus the second part of the number and the remaining columns.

If matrix A is of the form
ayy+byy @ a3
A= ’ﬂzi +byy @z @g|;then
a3y + b3y Gz Az
@3 @z Q3
|A] = |@21 @22 @23+
a3y Qaz; Qa3

byy a;; a3
byy @z g3
by; asz as3

Froat: @y +byp Gz Qg3
|A| = |azq + b2y @G22 Q23
@z + b3y Qzz Qa3
1 m C.
Expanding from C; . . s
Apz qz3 Q2 Qi3 + (@as + b3s) 1
= (ay3 + b11) —(azthad|g., a 31 Ja,, a3
= 11 11 daz Q33 32 13 2 A G
Q,; Qa3 Qpz Ga3 iz Qi3] I 12 13| 1' : |
=8 I “l Qazl ~ “2tlazz 033 1laz; asz Az> U3z
11 |a,, dass A3z Qag 32
b |ﬂ1z *‘11a|
31 (15} d33 o s dss ‘
1
_ az2 ﬂzgl i a2 13| as |ﬂ : ﬂaal)
=\%1a;;, as; asz Qs 2

a;; ﬂnl I“ll @13

Ian as3 + bai |a,, '-'133,)
a;; @z @3 b1y @12 :13
= |la;; @Gzz Q23|+t by @zz Q23
asy @3z @33l b3 @3z 933

————.___—___




1+2 1 0
Example 18;: IfA=|3—1 0 2|then

+3 2 1
142 1 0 (1 1 0] |2 1 0 ;
3-1 0 2|=[|3 0 2|+]-1 0 2
243 2 4 1222 1) )sizig
1+2 1. 0] |3 1 0
LHS. [3—-1 0 2|=|2 0 2
0 22 5% 52201
=3|2 . -—1[5 . +r.1|5 5| =3(0—4) = 1(2 - 10) + 0(4 - 0)
=-~12+8+0=-4 (1)
1 10 |2 10
RHS.[3 0 2[+]-1 0 2
324l 13 % %
S0 d 18 2 3 0 0 2.k )=1:3 -1 0
‘(llz 1| 1|z 1|+“|2 z)+(2|z 1| 1|3 1|+n|3 zD
=(1(0—4)—1(3—4) + 0) + (2(0 — 4) — 1(~1—6) + 0)
=(-4+14+0)+(-8+7+0)=—4 (2)
From (1) and (2) L.H.S =R.H.S
Property 6:

If all the elements of a row or a column of a square matrix A are zero then |4]| = 0
Proof:

Considerthematrix A=| 0 0 0

(@17 433 ﬂul
d31 Q3; d33

Qg1 Qi3 Gy3
SolA| = 0 0
Q37 @3z dais
Expmcl.ingfmmﬂl '
0 0
eul, S]-an
| as, as a:u ﬂss %13 az; az;

=8y,(0 = 0) = a;5(0 —0) + 2,50 —~0) =0+0+0=0

3 1 2
Example 19: IfA=|0 0 ﬂ] then
1.3 9
31 2
|ﬂ|=|ﬂ 0 ﬂ]
13 9

_ 0 0]_ .10 0 0 _

3l ol =1} |+z| 3(0—0) — 1(0 — 0) + 2(0 — 0)
=0-04+0=0

Property 7:

If we multiply any row (column) of a square matrix with some scalar k and add the resulting

value to the corresponding elements of any other row (column) then the value of the determinant
is unchanged,



Proof:

@11 1z @3]
Consider any square matrix 4 = |01 @22 d23
@3, 43z 033l
@3 812 i3
= |A| = |G21 Q22 Q23
3y Q3z 033 £l
Let we multiply R, by k and then add the result in R,. Resulting matrix 1s

ru +kay; ap+kazp; ap+ kﬂ:s]

B= azy Qsz Q23
a3y asz Q33
@y +kayy @y +kaz; ag3+Kass
IHI = dzq 39 dz3
a3y A3z @33
@1 @12 Gy3] |kap, kaj; Kagg
= lﬂza Oz Q3|+ |@z1 @zz2 Q3
3; dz; Qa3 @3y @3z Q33
dpq dpp d33
= |A| +k|@21 @2 @z3| = |A| + k(0) + Ry and R, are identical.
d3y gz d3z3
~|B| = |A|
3 2 0
Example 20: Consider the matrix A = E 4 —1] then
-1 2
3 2 0
Al=]11 4 -1
3 -1 2

_a|l4 -1 1 -1 1 4
=315 21=2ls 2 |+0l3 S|
=3(8-1)-2(2+3)40(-1-12)=21-10+4+0 =11
Let we multiply R, By 2 and adding values to the corresponding elements of R5; the resulting
matrix is
3 2 0
E:[i 4 —]
9 3 2
Now

3 2 0
Bl=]1 4 -1
9 3 2

=3(8+3)-2(2+9)+0(3-36)=33-22+0=11 :
We conclude that |A| = |B|
Property 8:

If'a square matrix A is upper triangular or lower triangular or diagonal matrix then || is the
product of its diagonal elements.

=3f; -2l J|+of;




|

0 ﬁzz ﬂﬂ

0 0 ajz;
@33 @3 @3
[A]=| 0 @y az
0 0 @
Expanding b);C, :

=a, ;i ﬂ::l = 0+ 0 = ay,(az,as; — 0)

= @;,@,,@33 = product of the diagonal elements

e

3 00
Example 21: IfA= [2 1 0| then
4 3 2
30 1

Ial=,2 10
4 3 2

=3]} )-o0+0=32-0)=6

= (3)(2)(1) = product of diagonal elements
2.4.1 Evaluation of Determinants Without Expansion

a=2l b=2m c—2n
Example 22: Without expansion show that l m n =0
Solution: L.H.S " b €
a-2l b=2m c-2n a b ¢ =2l =-2m =2n
I m n |=|l m n|l+]| I m n
a b c a b ¢ a b c
a b c I m n
=Il m n|-2|l m n
a b c a b ¢
=0-=2(0)=0

Example 23: Ifa + b + ¢ = 0; then without expanding show that
b4+¢c c+a a+b
c+a a+b b+c
a+b b+c c+a
b4+4c c+a a+b
c+a a+b b+c
a+b b+c c+a

=0

Solution: LH.S =

2a42b+2c 2a+2b+2c 2a+2b+2c
= c+a a+b b+c by Ry + (R; + R3)
a+b b+c c+a
2(a+b+c) 2a+b+c) 2(a+b+c)
= c+a a+b b+c
a+b b+c ct+a

2(0) 2(0) 2(0)
=|c+a a+b b+c

04b bde c4a

0 0 0
c+a a+b b+c
a+bh b4c c+a

—
=4

=0




=)

a?+1 ab ac
Example24: Provethat| ab  b%*41 be |=1+a’+ b? + ¢?
ac be c¢*+1
Solution:
1
a? (1 + —1) ab ac
ﬁz +1 ab ac & 1
ab b2+1 be |=| ab  b2(14 F) be
ac bce c*+1 : 1
ac e c2(1+5)
1
all+—= b
. ( ﬂ“) i € Taking out common
=abc| a b(1+:; c afrom R, b from R,
- b c(1+;1;) and c from R3.
1
(1 + -—z) 1 1
a _
1 Taking out common
i hE 3 2
&he ¥ (1""1;!) 1 afromC; bfromC;
. 4 (1 +¢i=) | and c from Cs.
2 0 1
. By C;—C
— 2h2q2 1 yli—Ls
R ui bi: 11 [ I:"1_{:3]
3 R
Expanding from R,
1 1
- 1 0 1 0 ol
- azv2ez| = | P2 =o| 1 1|41 b’
az| 1 1 -—= 1+ 1 1
e 1 +_ cl cz e — —
cz c 2 cz
13 1 1 1
= et {5 (1+a) + ) 0+ 1 (0+52a2)]
1 1 1 1
= a*b’c? (aahz + Zbice i a?c? ¥ b’c’)
—c2+1+b2+at=1+a*+b*+c* Proved
1 a* a
Example 25: Provethat ja 1 a?| =1 -a%?
p a* a 1
Solution:
Taking L.H.S
) at+a? 1+a+a® l+a+a
11; t?l :’ =|1+ a 1 a? B}"Ri*(ﬂz'l'ﬂg)
a? a 1 a? a 1




R P AR

I 1 1
=(1+a+a*)|a 1 a? Taking out common from R,
a®> a 1
1 0 0 ByG -G
=(1+a+a®)|a 1-a a*-a C; -G,
a* a-a* 1-a?
Expanding from R,
2 l-a a’*=-a
-(1+n+n)(1| dE e n,l-—ﬂ+ﬂ)
_(1+ﬂ+ﬂz)|1 o ‘1'2_'“
2 e a’ Taking out common
=(+at+a)1-a)a-a)|} 72 from Cy, and C

=(1+a+a®)1-a)1-a)(l+a+a?)
=(1-2a*)(1~a®) =(1-a%)?
R.H.S. Proved

1.  Without expansion show that:
9 27 36

1/a bc b+c 0 —a -b
@) |18 54 24|=0 i) [1/b ac a+c|=0 Gi) |l 0 —c|=0
27 81 28 1/c ab a+b b ¢ 0
sin? a 1 cos? a (a-b)’ a®-b* ab(a-b)
(iv) | tan®*a sce*a 1 |=0 (v |(c=d)? *—d® cd(c—-d)|=
—cosec’a —cot’a 1 - e*—=f3 ef(e—
x -z 0 (a=—b)* (a+b)* ab
(vi) |0 y =-x|=0 (vii) |(c—d)* (c+d)® cd|=0
-y 0 =z -2 (e+/f)? ef
2. "Using the properties of the determinants prove the following.
x y x4y
(1 y xz+y x |=-2(x*+y%

x+y X y

a b-c b+c
(i) a+c b c—a|l=(a+b+c)@a®+b*+c?)
a—-b a+b c

nay +by na;+b, naz+b; a, a; o
(iii) nby+¢c; nb;+c; nby+c3| = (ﬂ.s +1) by b, b1|
ney,+a; ne;+a; neg+a; € €z €3

x x% 1+ax
(iv) y y* 1+ay?
z z¢ 1+ az?

=1 +axyz)(x-y)y - 2)(z-x)




(vi)

(vii)

(viii)

(ix)

()

2ab 1+a%?-b* 2b
2a —2b 1-a?-p?|=(1+a?
1—a®+b* 2ab -2a
3a 1 2Za+1
2a+1 1 a+2|=(a—-1)a-2)
3 1 2
b+c a a
b c+a b | = 4abc
c c a+b
—bc  b?*+bc c*+bc
a®+ac —ac c?+ac|=(ab+ bc+ca)?
a®+ab b*+ab —ab
(b +c)? ab ca
ab (a+c)? bc |=2abc(a+b+c)?
ac be (a + b)?
b+¢ q+r y+z a p x
c+a r+p z+x|=2{b q ¥
a+b p+q x+y I O

2.5. Row and Column Operations
2.5.1 Row and Column Operations on Matrices
Elementary Row Operations

The following elementary row op-eratiuns‘can be performed on a matrix.
i We can interchange any two rows of the matrix. If we interchange the ith row with ‘

(i)
(i)

(iii)

®

(ii)

(iii)

the jth row of the matrix then it is denoted by Ry;.

BRI (%)

+ b?)?

We can multiply any row by a non-zero scalar k with the ith row then it is denoted

hy kR[t

We can add a multiple of any row to the corresponding values of any other row. If we
add k-times of the jth row to the ith row then it is denoted by Ry + kR;. &

Elementary Column Operations

The following elementary column operations can be performed on a matrix.
We can interchange any two columns of the matrix, If we interchange the ith column

with the jth column of the matrix then it is denoted by Cy;.

We can multiply any column by a non-zero scalar k with the ith column then it is

denoted by k.

We can add a multiple of any other column to the corresponding values of any other

column. If we add k-times of the jth column to the ith col
C; + kC;.

umn then it is denoted by

i A

- i




2.5.2 Echelon Form of a Matrix

A matrix is inrow echelon formiif:

+ The first non-zero element in each row called leading entry is 1

+ Each leading entry is in a column to the right of leading entry in previous row

« Ifany row which has all elements as zero is below the rows having at least one non-zero element,

2.5.3 Reduced Echelon Form of a Matrix

A matrix is said to be in row reduced echelon form if:
« The matrix satisfy the conditions of row echelon form
» The leading entry in each row is the only non-zero entry in its column

3 1 2
Example 26: Reduce the matrix A = ’—2 + ﬂ into the echelon form.
" 3 1 21 : v Key Facts
Solution: A=]-2 4 1 A matrix in reduced echelon
1 0 2 Fala] form is also in echelon form; but
)‘; a matrix in echelon form may not
1 0 2 be in reduced echelon form.
~R -2 4 1 by Ry3 I s -
L3 1 2]
w B3] wmem
Ry — 3R
0 1 -4 it
1 0 2]
~R |0 1 -4 by Ra
0 4 5.
£ g 1 R I
~R |0 1 -4 by Rs—4k,
0 0 21]
[l 0 29 1
~R o 1 -4 by 2R
0 0 1.
Which is the required echelon form of matrix 4.
12 3 %
Example 27: Convert thematrix A =2 3 4 5] into the reduced echelon form.
Solution: A= |2 3 4 5]
4 5 6 7
=" s & 5 4 by R; — 2R
SO Ry — 4Ry
0 -3 -6 -9 4 r




1 2 3 4 :
~R |0 1 2 3 by =Rz and —SRy
0 1 2 3
1 0 -1 -
~R [0 1 23] G
0 0 0 0 =

Which is the reduced echelon form.
2.5.4 Rank of a Matrix

To find the rank of a matrix, find its echelon (or reduced echelon) form. The number of non-zero
rows is called the rank (or row rank) of the matrix.

2 5 7 .
Example 28: Find the rank of thematrix | 1 2 —1]. o
-3 =86 3

2 5 7
Solution: Let A = [ 1 2 —1]

-3 -6 3
1 2 -1
~R [ 2 5 ¥ by Ry
-3 -6 3
y Ry — 2Ry
=R lu 1 9 ] Ry + 3R,
0O 0 0
Which is the echelon form of the matrix. The number of non-zero rows is 2.
Thus Rank(A4) = 2

2.5.5 Using Row Operation to Find the Inverse of a Non-Singular Matrix
Row operations can be performed on a non-singular matrix A to find its inverse. For this consider
an identity matrix J of same order as that of A. Write 4 and / parallel to each other. Now

perform same row operations on 4 and / so that matrix A reduce to /, consequently the matrix J
will also reduce to some new matrix which is the inverse of A.
Note: We can also perform column operations to find A™%.

210
Example 29: Find A7%,ifA = [4 3 1] by using row operations.
1 0 2
2 10
Solution: |Ai=l4 3 1
1 0 2

13 1 _q|4 1,4 3

=25 =17 Jl+oli o
=2(6-0)—1(8-1)+0(0-3)
=12-740=5=%0

So 4 is non singular matrix . Now consider

21 0: 100
[A:I]=[43 1:01';1]

10 2:00
88 iR "/

o~




1 0 2: 0 0 1
~R14 3 1: 0 1 ﬂ'] by Ri3
2 1 0: 1 0 0
T 82 376 0 A
~Rlo 3 -7: 0 1 -4 by Rz — 4R,
gl ks 10 =2 Ra—2Ry
g 002 s 001
~Rl0 1 —4: 1 0 -2 by Has
|6 B =< O d =)
ot B, 206,00, 0 1
~R[l0 1 -4: 1 0O -z] by R3 — 3R,
0" 0 5%+ =3 1 2
1 0 2 0 0 1
~R|0 1 —-4: 1 0 —2] by ;Rs
o o 1: -3/5 1/5 2/5
(1 o o: 6/5 -2/5 1/5
~Rrlo 1 0: =-7/5 4/5 -2/5
0 0 1: -3/5 1/5 2/5

Thus At =|-7/5 4/5 =2/5
-3/5 1/5 2/5

c6/5 —-2/5 1/5 ]

. i _‘rl'.':-" i o '—'-‘.-‘ 1,
e Exercised 0 =

Lol T

“.1. First reduce each of the following matrices into echelon form then into reduced echelon

form.
ot U 2 X 2 =1 0
(i) -6 8 3 (ii) [3 z‘ (ii) | 4 7 H]
—4 6 5l 19 .EE 5 14 3
(2 —4 3] [
W [+ 1 8 W o d o3 5]
17 3 0 0 - 2
2. Find the rank of each of the following matrices.
o S | -1 =2 3
(i) 3 =5 0 (i) |-1 2 —1]
2 10 6. -5 2 I
3 2 4] 1 3
@ lg 178 (iv) |2 9]
4 -1 0] 1 6

3. With the help of row operations, find the inverse of the following matrices if it exists,
Also verify your answer by showing that AA™! = A™14 = I.

0 -1 -1 1. % 5
(@ -1 3 n] @) |-3 0 1
1 -1 4 4 2 5
-5 2 3 1 S R |
i) [-1 =2 3] iv)[3- 2 4
4 =2 3 6 —1 2




2.6 Solving System of Linear Equations

Liner Equation
An equation of the form a,x, + a,X; = k,; where a,,a; and k, are constants and at least one

of a, and ais non-zero is called a linear equation in two variables x; and x;.

Similarly, the equation of the form a,x; + a;x; + azx; = ky; where a,,a,,a5 and k, are
constants and at least one of a,, a, and aj is non-zero is called a linear equation in three variables
%;,%, and x;. In the same manner we can extend this for n number of variables.

System of Linear Equations
When we deal with more than one linear equation at the same time; then it is called system of

linear equations, We divide the system of linear equations into two categories:
(i) Homogeneous system of linear equations.
(ii)  Non-homogeneous system of linear equations.

2.6.1 Homogeneous and Non-homogeneous Linear Equations
Homogeneous System of Linear Equations
Consider the following system of linear equations
a;x + by + 2z = ky
azx + by + c22 = ky
azx + by + 3z = ky
If k; = k; = k3 = 0; then the system is called homogeneous system of linear equations.
aqx+bhiyt+teaz=10
ax+b,y+cz=0
azX +byy+ec3z= 0

Non- Homogeneous System of Linear Equations
For the following system of linear equations
ax+by+cz=kK
azx + by + 3z = ky
azx + by + 3z = k3
If at least one of k4, k; and k5 is non-zero then the system is called non-homogeneous system of
equations.
2.6.2 Solution of System of Linear Equations
The values of the variables involved in the system of linear equations which when substituted in
any equation of the system the equation is satisfied; is known as the solution of the system.
A system may have no solution or unique solution or infinite number of solutions.
Solution of Homogeneous System of Linear Equations
Consider a system of homogeneous equations
ax+by+cz=0
ax+by+ez=0
ayx + byy + €5z = 0




This system may be written as

ay bl 1) rx 0
[zz b, ¢ [}'" = ]ﬂl
3 b; C3d X 0

iy bi G X 0
Lﬁt.d.:[a] bz C;l; X=IJ’]: 0= ﬂ]
¥4

a; by c; L0
So, we write AX =0
Observe that each equation of the system is satisfied if we take x = 0; ¥ = 0; z = 0. So, (0,0,0)
is the solution of the homogeneous system of linear equations. Since this solution always exists
for all systems of the homogeneous equations thus it is called trivial solutions of the system. All
solutions other than trivial solution are known as non-trivial solutions of the system.
Observe that, if the coefficients matrix A is non-singular then A~ exists; so
(1) = A™Y(AX) = A71(0)
= (A" A)X =0
=2IX=0
=2X=0

B[}

- =2x=0y=0z=0
i.e.; The system has a trivial solution.
The system of homogeneous linear equations may have non-trivial solution if |4]| = 0.

(1)

Key Facts
Condition for the system of

homogeneous liner equations to
have non-trivial solution is that
j4] = 0.

Example 30: How many solutions does the following system of homogeneous linear

equations has?
3x-2y+z=0 (1)
2x+y—-3z=0 (2)
Solution: X=y+2z=0 (3)
The coefficients matrix is:
3 =2 .1
BTy
1 =1 1

1 -3 2 =3 2.1
=35 Tl-ealp T+l g
=3(1-3)+212+3)+1(-2-1)
=—6+10-3=1%0
This system has only trivial solution.
Example 31: Solve the homogeneous system of linear equations
x+3y+22=0 (1)
2x—-y+3z=0 (2)
X—4y+z=0 (3)




Solution:
The coefficients matrix is:

1 3 2
4
1 1_4!3l 2 3 2 -1
|,4|=1]1_4 1'-3|1 1|+z|1 _4|3.
|A] = 1(=1+12) = 3(2 - 3) + 2(-8 + 1)
Al =114+3-14=0
So the system has non-trivial solution.
Multiplying equation (1) by 2 then subtracting equation (2) from it, we get:
(1) =2x+6y+4z=0
(2) =>2x:y+3:=l'.l

Subtracting equation (3) from equation (1), we have:
(1) =2x+3y+2z=0
B) =x-4y+z=0
= =

Ty+z=0 5)

Now equations (4) and (5) are identical
Put z = t in equation (4).
=T7y+t=0 =&?y=—t=y=—$t
Substituting these values in equation (1), we have:
x+3(-3t)+2t=0
Sx=ct+2=0=x+2r=0

11
Sx=—-=—¢
7

Thus (- % > —;-t, t) are the infinite many solutions. By assigning different values to t we will
have different solutions. i.e. infinitely many solution of teR
2.6.3 Consistent System of Equations

A system of linear equations which has at least one solution is called consistent system of
equations.

2.6.4 In-consistent System of Equations
A system of linear equations which has no solution at all is called in-consistent system of
equations.
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2.6.5 Solution of Non-Homogeneous System of Linear Equations

Consider a non-homogeneous system of linear equations:
ayx+byy+ciz=k

I Remember
axx + by + 2z =k System of homogencous linear
tzx + by + €32 = k4 equations is always consistent
where, at least one of k,, k, and ks is non-zero. since it has at least trivial solution,

The above system in matrix form may be written as

a; by, e)rx ky
E & -
az by czllz 3
iy 'bj. (=] X ki
Let A=[ﬂz b;_r.‘;]; X=[J-"]= B=[k=]
s bg C3 Z k!
= AX=8B
2.6.6 Consistency Criteria
A system of homogeneous linear equations is consistent if Rank A = Rank A,. The system is
inconsistent if Rank A # Rank A,.
If Rank A = Rank A, = number of unknowns, then the system has a unique solution.
If Rank A = Rank A, < number of unknowns, then system has infinite many solutions.
2.6.7 Augmented Matrix
For a given system of linear equations, amatrix consisting of the coefficients of the unknowns
together with the constants on the right side of equations is called an augmented matrix. It is
usually denoted by A,,. For the above system of linear equations the augmented matrix is:
ay by ¢ : ky
Ay=la; b, ¢ : ka
ag b; c3 : ks
2.6.8 Methods to Solve a Non-Homogeneous System of Equations
To solve system of non-homogeneous linear equations of order 3 x 3, we use the following methods.
= Matrix inversion method
« Gauss elimination method (¢chelon form)
« Gauss Jordan method (reduced echelon form)
» Cramer’s rule
Matrix Inversion Method
Consider the non-homogeneous system of linear equations:
ax+ byy+cz=k
ax+ byy+cz=k;
a3x + by + 32 = ks
In matrix form this system may be written as:
AX =B
If A is invertible (i.e.; non-singular) then A~! exists; so
A(AX)=A"'B
= (A'A)X=A"'B
= [X=A"1B
2X=A""B



Example 32: Solve the system of non-homogeneous linear equation by matrix inversion method.
2x+3y—z=1; x-y+z=3; x+2y-z=1

Solution:
For this system of equations; we have

r 3 - X 1
A=|1 =1 1]: X=[}']: B = 3]
1 2 -1 4 1

N _1= 1 A
wan=[t = 1|=2l3 Lj-sft Lt

=2(1-2)-3(-1-1)-1(2+1)==-24+6=3=1%0
This system is consistent. Now to find A, we calculate the cofactors of each element .

An= 0|l L= (1a-2)5 -1
L= 13¢-1-n=2
= (-1)*@2+1) =3
o (c1)¥-3+2)=1
Ay = (—1)*+2 =(-1D¥-2+1)=-1
=02 3= (-1 -3)=-1
A =03 = re-1 =2
A =122 = (5@ +1)=-3

1
An= (1|2 3 |=(-1)5-2-3)=-5

) Ay Ay Ay -1 1 Z
ﬂdjﬂ = Alg Azz A;; 2 -1 -3
13 Az 1“33 -1 -5

Ap = (—1)1+2
Ay = (—1)1*3
-‘121 = (__1)24-1

R NN L e e
|
ik

At =2 adjA = .1.[ 1 ] [ _1 _3]
7 ; -1 5 =B
Since X = 4718

-1 2 R[]

»x = 4;y = —4 and z = -5 is its solution,
Gauss Elimination Method (Echelon Form)

In this method, we reduce the associated augmented matrix for a given system of linear equations

to its echelon form.
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Example 33: Solve the system of equations by using Gauss elimination metliod
21'1 . 31'.'2 +4x; = 1::\:‘1 + sz—xg = 2; 31: + 512 -—33:.‘3 =5
Solution: o
The associated augmented matrix is:
2 -3 4°:1
.Iq.b =11 2 -1:2
5§ =3:5
First, we reduce it into echelon form.

"1 2 -1:2
~R|2 -3 4: 1] by Ria
3 5 =~=3%5
1 2 =3}t 2 _
~xfo 7 ¢ e
0 =1 0:-1
1 2 =1 2
~rlo -1 0 :-1 by Rzs
0 -7 6 =3
1 2 =1 2
~R10 1 B .. 1 by —1R;
0 -7 6 :-3
1 2 =-1: 2
~Rj0 1 0 : 1] by R + 7R,
0 0 6 ¢ 4
1 2 =1 32 :
~R10 1 0 } by ¢ R3
| S
Whiich is the echelon form of Ay. From the last row we have: _
0x, + 0x; + x5 =§ i i
: e If  Rank A = Rank Ay =3
: - Vel Then the system has a unique
From second row we have: solution.
Ox; + 1x;, + 0x3 =1 i
=x,=1

From the first row, we have:
x3+2x;—x3=12
xt2)=3=2x+3=2

2

S Xy = —:;; x=1 x3= 2‘ is the solution of the system.
Reduced Echelon Form

In this method, we reduce the associated augmented matrix into reduced echelon form for the

given system of non-homogeneous linear equations and that gives the value of unknowns.

Example 34: Solve the system of given non-homogeneous linear equations
2x=3y+5z2=2; x+4y-2z=1;, 4x+5y+z=4,

Solution:
The associated augmented matrix is:




2 =3 5:2
Ay =1 4 -z:1l

4 5 1:4
First, we reduced it into the reduced echelon form.

1 4 -=-2:1

~Rlz -3 5 :2 | oy B3
4. 5 1 : 4
1 4 -2:1

~R[0 -11 9 : u] WAL
0 =11 9: 0 o
(1 4 -2 :1 =

~rlo 1 -Z:0 by 35 Raz
0o -11 9 0

" 1 0 14/11 1 by Ry — 4R,
00 0 :0 : :

Observe that Rank A = Rank A, = 2, which is less than the number of unknowns. Therefore
system has infinite many solutions. From the last row, we have:

Ox+0y+0z=0
This equation is true for all values of the unknowns involved; so let z = t.

From second row, we have:
0x +y—~f;z=ﬂ
9 9
Byt N ) ment
From row one, we have:
x+ 0y +§z =1
14 g _ 14
=bx+Et-1 =2x=1 :I'lt
Thus,x =1 -Et; y= %t;z = ¢t provide us infinite many solutions by assigning different

values to the parameter ‘¢'.

Cramer's Rule
Consider a system of non-homogeneous linear equations:

ayx +bhyy+cz=Ik

a,x + by + c2z = ky

n.v + hyy + c3z = K3
The system may be writien in matrix form as AX = B.
If A is non-singular then |A] # 0 and A~ lexists.

~ AN (AX) = A7'B

= (A"1A)X =A"'B

= IX=A"1B

=>X=A"'B



Since, Al= m {m:i;A)
So X= m (adjA)B

; Ay Ay Az [k kiAyy + kaAzy + kA
S X=rAn A Anllke | =15 AI kyAyz + kaAzz + K3Asz
13 Azz Aszallks 1Ayz + kyAzs + kaAag

[kyAyy + Kk Agy + k3Azy
) a
= [J?] = kiAyz + ky Az + k3As;
|4]
Z
keyAyz + ka Az + k3Azs
! |A] J

Comparing the elements, we have
_ky Ay + kaAgy + k3Asy
- |Al
keyAsz + kaAzz + k3dsz
|Al
" kyAys + kaAzz + K3Ass
14

=

ky by ¢ I - Remember
:iz g: €2 Like matrix inversion method;
. e BS (D\ Cramer rule can be used only if 4 is

|A| non-singular.
Similarly, |

@G by kK
a, b, k_z
az by k3
Al

Example 35: Solve the given system of non-homogeneous linear equations
2x—-3y+5z=1;, x+y+22=3;, 3x—-2y—4z=0

a2 =

by Cramer’s rule.
Solution:
The above system may be written as AX B; where,

2 —3 5]
A=1 1 2|[; X= “
3 —2 —4
2 =-3°5
IAI=; _12 34=2L12 _24|"'3|; _24|+5|; —12|



1
1

=2(—4+4)+3(-4-6)+5(-2—-3)=0-30-25
=-55%0

So, A 1s non-singular.

1 -3 5

3 1 2 1 2 3- 2 3 1

0_-2 -4=1Lz 3l -§|_+5|{_} -z_l
|A| © =55

_(—4+4) +3(=12-0)+5(-6—-10)

- -55

X =

—-66 6

R -

=55 5

3 2 1 2 1 3 "
y =13 .=2|D —4I~1I3 —4[+5|§'ﬂ|
4] ~55

_2(-12-0)—-1(-4-6)+5(0 - 9)

- -55 -

_—24+10-45 59

- —55 T 55
2 -3 1
1 1
a3 : _2|_12 3|+3|§ §|+1|§ f_|_2£0+6J+3(n—9)+1(—2-33

4 -55 - —55

_ 12-27-5 _ 4

-7 -55 11
2.7 Application of Matrices
Matrices are used in many disciplines. For example, in cryptography. We explain the process of
encryption and decryption by means of an example. )
Suppose that the sender and receiver consider messages in al'phahats A toZ only, both assign the
numbers 1to 26 to the letters A toZ respectively, and the number 0 to a blank space. For simplicity,
the sender employs a key as post-multiplication by a non-singular matrix of order 3 of his own
choice. The receiver uses post-multiplication by the inverse of the matrix which has been chosen

by the sender.

z—

Let the encoding matrix be ; g,
A= [z T u]
i 0 0

Like matrix inversion method; Cramer rule can be used only if A is non-singular.
Let the message to be sent by the sender be “WELCOME™.

Since the key is taken as the operation of post-multiplication by a square matrix of order 3, the
message is cut into pieces (WEL), (COM), (E), each of length 3, and converted into a sequence

of row matrices of numbers:
[23512],[3 15 13],[5 0 0].
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Note that, we have included two zeros in the last row matrix. The reason is to get a row
matrix with 5 as the first entry. )
Next, we encode the message by post-multiplying each row matrix as given below:

I
Uncoded Encoding Coded row
Row matrix Matrix ~ Matrix
1 =1 1
[23 5 12]||2 -1 O||[45 -28 23]
i 1 0 0
1 =1 1]
: . 7. |3 15 13]{|2 -1 O [46 —18" 3]
1 0 0l
. 1 -1 1]
[5 o 0] [|2 -1 0||] [5 =5 5]
1 0 0 :

So the encoded message is [45 . —28 —23][46 —18 3](5 —5 5]

The receiver will decode the message by the reverse key, post-multiplying by the inverse of A.
So the decoding matrix is
1 0 0 1
Al'=—adjA=|0 -1 2
: _ Lo q 2y,
! The receiver decodes the coded message as follows:
Coded Decoded Decoded
| Row matrix Matrix Row matrix
[ 0 0 1
[45 -28 -23] 0 -1 f] [23 5 12]
" 1 -1
- 0 0 1]
[46 -18 3] 0 -1 2 [3 15 13]
1 -1 1.
0 0 17
, [5 -5 5] 0 -1 2 [5 0 o]
- 1 -1 1

So, the sequence of decoded row matrices is [23 5 12], [31513],[500].
Thus, the receiver reads the message as “WELCOME".
| Example 36: Write the transformation matrix and the transformed equation of the line
| 2x +y — 3 = 0 which is 1 unit above the given line.
Solution: Let the transformed variables are x' and y' since y is to be shifted 1 unit above, so
) y=y"—1=y' =y+1 as there is no change in x, so x’ = x. Thus the matrix transformation is

o PR e | \




x
[1=61+L5
And the transformed equation is
2+ (' —-1)—-3=0
2+ -1)-3=0=2%+@H('-1)-3=0

2X'+y' =-1-3=0
2X'+y —-4=0

SR G, oo oSSR

I. Solve the following system of homogeneous linear equations for non-trivial solution if

exists.

(1) 2x; —3x; +4x; =0 (i) 2x;, =3x,+4x3=0
X;—2x;+3x3=0 X3+ x3+ x3 =0
4x; + x; —6x3 =0 Xy —4x,+3x3=0

(i) x4+ x2—3x3=0 (iv) 5x; + 6x; = 7x3 =0
3x;—2x+x3=0 2% —x+x3=0
4xy —x;—2x3=10 x4+ 2x;+2x3=0

2. Find the value of A for which the following system of homogeneous linear equations may
have non-trivial solution. Also solve the system for value of 4.

(i) 22, —Ax, +x3=0 (i) x,—4x;43x3=0
211+312—x3¥u 21’1"'11'2"‘13:':}
311—2x2+4.r;=ﬂ 11_213"‘1:3:{,

3. Solve the following system of linear equations by Gauss elimination method.

(1) 2x+3y+4z=2 (ii) Sx=2y+z=2
2x+y+z=5 2x+2y+6z=1
3Ix=2y+z=-3 3x—4y—5z=3

(i) 2x+z=2 (iv) x+2y+5z=4

2y—-z=3 3Ix—2y+2z=3
x+3y=5 5x—8y—4z=1
4. Solve the following system of linear equations by using Cramer’s rule.

(l) X, +x; + 2x3 = 8 (ii} 2x; + 2:1 +x;=0

-x; —2x; 4+ 3x3=1 —2x;, +5x, +2x3=1
31’1 "?Iz + 4‘13 =10 le + x; + 4!3 =-=1

(iii} —2x3 + 3x3=1 (i\"] 2x; +x;+3x3=1

3x, + 6x; — 3x3 = -2 Xy —=2x,+x3=2

6x; +6x;+3x3=5 311—412—3'3:4




5. Solve the following system of linear equations by matrix inversion method.

(i) 5x+3y+z=6 (i) x+2y—3z=5
x+y+3z=19 2x=-3y+2z=1
x+2y+4z=125 —x+2y=5z=-=3
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(iii) =x+3y-5z=0 (iv) ;+;+.;=4
2x+4y—6z=1 - ST

x ¥y =z
x—2y+3z=3 B 20.n
x ¥y z
2 2 1
6. IfA= [4 -1 2 I;ﬁnd.d"and hence solve the system of equations.
7 3 -3

3x+4y+7z=14;2x—-y+3z=4, x+2y-3z=0.
7. Determine the value of A for which the following system has no solution, unique solution
or infinitely many solutions.
x+2y—3z=43x—-y+5z2=2;4x+y+ (A2 —-14)z=1+2
8. Show that the system of equations '
2x—y+3z=a;3x+y—52=f; -5x=5y+2lz=y
is inconsistent if ¥y # 2a — 3.
9. By making use of matrix of order 2 by 2 and 3 by 3 encode and decode the following
words:
a. PAKISTAN b. ISLAMABAD c. COLLEGE

10, Write the transformation matrix and the transformed equation of the curve x* + y? =9 =0
when it is moved 5 units below.

11. Write the transformation matrix and the transformed equation of the curve x* + 4x — 3y =
8 when it is moved to 2 units on the left.

12. Write the transformation matrix and the transformed equation of the curve 2x? — 5y2 = 10
when it is moved 1 unit to the right.

13. Write the transformation matrix and the transformed equation of the line 2x =7y — 3
when it is moved 2 units above and 3 units to the right.




1. Select the best matching option.

(i) If order of A is m X n and order of B is n X p then order of AB is:
(@nxp (b)ymxp (cypxm (dnxn
(i)  If Aisarow matrix of order 1 X n then order of A°A is:
(a) 1%n (bynx1 (c)1x1 (dnxn
(iii)  For an element a;; of a square matrix A:
(@) ay = (1A (bay = (—1)™* My; (c) %‘;’; =(=1)"* (@ ay=M;
(iv)  If A is any matrix then A and A'are always conformable for:
(a) Addition (b) multiplication  (c) subtraction *  (d) all of these
(v)  If A is a square matrix of order 3 X 3 and |4| = 3 then value of |adjA| is:
(a) 3 (b) 1/3 (c)9 (d)6
(vi)  For the square matrix A of order 3x3 with |A| =9;4;; = 2;4,; = 3; A3 = —1;
@z, = 1; a3 = 2,the value of ay; is:
(a) 2 (b)3 (©)9 (d) -1
(vii) System of homogeneous linear equations has non-trivial solution if:
(a) [A] >0 (b) |A] <O (c) |A]l =0 @lAl#0
(viii) For non-homogeneous system of equations; the system is inconsistent if:
(a) RankA = Rank A, (b) RankA # Rank A,
(c) RankA < no.of variables (d) RankAy, > no.of variables
(ix)  For a system of non-homogeneous equations with three variables system will have
unique solution if:
(a) RankA < 3 . (b) RankA, <3
(c) RankA = RankA, = 3 (d) RankA = RankA; < 3
(x) A system of non- homogeneous equation having infinite many solutions can be
solved by using: '
(a) Inversion method (b) Cramer’s rule
(c) Gauss-Jordan method (d) all of these
I -2 1
2. For the matrix A = [—3 4 9]; find A3, Ap3and A;3; hence find [A].
2 1 6
a+1 l l
3. Without expandingshowthat| | a+1 | |=(a+1+2D(@+1-D2%
l [ a+1

4. Find the value of A so that the following system has infinite many solutions.

2x-3y+z=1x-2y+Az=2;3y4+z=-1




