VECTORS IN SPACE

After studying this unit, students will be able to:
Recoginize rectangular coordinates system in space.
Recoginize unit vector, x, y and = components of a vector.
Find the magnitude of a vector
Repeat all fundamental mathematical operations for vectors in space which, in the plane, have
already been discussed
e  Demonstrate and prove the properties of vector addition
=  Commutative law for vector addition
= Associative law for vector addition
* 0 as the identity for vector addition
* —7 as the inverse for 7
= Dot or scalar product
#  Explain dot or scalar product of two vectors and give the mathematical interpretation.
#  Express dot or scalar product of two vectors and give its geometrical interpretation.
*  Express dot product in terms of components,
# Find the condition for the orthogonality of two vectors
= Find the projection of a vector along the other vector
—=——Find the work done by a constant force in moving an object along a given vector
s  Solve daily life problems based on vectors. Cross or vector product
» Explain the cross or the vector product of two vectors and give its geometrical interpretation
s Apply a éross product to find the angle between two vectors
»  Solve situations in daily based on cross or dot vector product
s  Describe scalar triple product of vectors
=  Express scalar triple product of vectors in terms of components{determinant form)
s  Prove that
~——=s tfxk=pkxt=Fkix}=1
» Lkxj=lixk=Fkjxi=~-1
Prove that dot and cross are inter-changeable in scalar triple produet
» Find the volume of a parallelopiped and tetrahedron
Determined by three given veclors
*  Define co-planar vectors and find the condition for planatriy of three vectors

Apply concept of vector in space to real-world problems such as (design and execute optima.
] nawgaunn paths in transportation and logistics, graphing complex 3D motion, vector operations in
engineering and computer graphics, practical proficiency for work, flux. and circulation)
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Vectors are utilised in day-to-day life to assist in the
localization of people, places, and things. They are
also used to describe things that are acting in response
to an external force being applied to them. A quantity
that possesses both a magnitude and a direction is
known as a vector. The first, second, and third laws of
Newton are all relationships between vectors that
precisely describe the motion of bodies when they are
subjected to the influence of an outside force.
Newton's laws cover a wide range of phenomena and
can be used to describe anything from a ball in free
fall toa rocket on its way to the moon.

3.1 Vectors
i. Scalar

A physical quantity which can be completely specified by its magnitude only is called a scalar.
e.g., mass, time, distance and volume etc.

ii. Vector

A physical quantity which is completely specified by its magnitude as well as direction. e.g.,
weight, displacement, velocity and acceleration etc.

B (head)
3.1.1 Geometrical Representation of a Vector /
Geometrically a vector is represented by a line segment with an arrow

head at its one end. The length of the line segment describes the magnitude A (tail)

and the arrow head indicates the direction of the vector.

The end A is called the tail or the initial point of the vector and the end B is called the terminal

point. In the figure vector AB is shown. It is denoted by AB.

Usually, the vectors are denoted by bold face letters a, b and c etc.; or @, b, ¢. There are also
other notations to denote a vector like a, b and c etc.

3.1.2 Some Fundamental Definitions and Terms Related to Vectors

A
i. Magnitude of a Veector i
In the figure vector 04 is denoted by d. The magnitude or
the length or the norm of the vector 04 denoted by |0A] or |dl. 0

ii. Equal Vectors

Two vectors @ and b are said to be equal if both have the
same magnitude and direction. "
It is not necessary for the equal vectors to have the same

position. If vectors d and b are equal then we write d@ = b.

Geometrically two vectors are equal if they are translation
of one another.
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vector d is called the negative of @ and is denoted by —d.
iv. Zero or Null Vector
If the initial and terminal points of a vector coincide then the

vector has zero length. This vector is called zero vector and is denoted by 0. The zero

vector has no direction. It can be assigned as convenient direction according to the situation.

v.  Unit Vector

A vector which is in the direction of non-zero vector d and has magnitude 1 is called unit vector

of @ and is denoted by &. If @ is non-zero vector of arbitrary length |d| then

iii. Negative of a Vector
A vector having the same magnitude but opposite in direction of a /

. d

a=5-= d=|dla

This means any vector d can be obtained by multiplying the magnitude of the vector to its unit
vector. The process of finding the unit vector of a vector d, is called normalizing vector d.

vi.  Parallel Vectors

Two non-zero vectors @ and b are said to be parallel ifd = AE; a

where A is a scalar. If value of A is positive then both vectors have /
the same direction and if value of A is negative then both are in the

opposite direction. The vectors which are in the opposite direction are A'
known as antiparallel vectors.
vii. Position Vector

axis
The vector used to specify the position of a point P with respect to
origin O is called position vector of P. The tail of this vector is at d
origin and tip at the point P. Thus OP is the position vector of point
P*with respect to O. ox. y) e

3.1.3 Addition of Vectors
i. Head to Tail Rule or Triangle Law of Addition

- - —
| To add non-zero vectors @ and b, join the tail of the second vector a
| with the head of the first vector. Now the vector obtained by joining

‘ the tail of the first vector to head of the second vector is the vector b

f d+b. = C
d + b is known as resultant vector of @ and B. ,
This method for the addition of two vectors is called Head to Tail

- rule of addition. Since &, b and @ + b are along the sides of a triangle
ABC, so the rule of addition is also called triangle law of addition.
| ii. Parallelogram Law of Addition

Consider any parallelogram ABCD. Let AB = d@ and AD = b.
Since the vector BC has the same magnitude and direction as
that of AD; so BC = AD.Also DC has the same magnitude and

direction as that of AF so DC = AB. '
Using triangle law of addition, we have
AB+BC =4

i.e.;E+E=R
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This mean diagonal vector AC of the parallelogram is the sum of

the vectors of d and b. _
This is known as parallelogram law of addition. |

Example 1:

Let us consider two vectors that is @ = ZE+3} 5k and b = i — 5] + 2k in space according to
head to tail rule

d+b = (2t +3f - 5k) + (1 — 5] + 2k)

d+b=2i+3j—-5k+i-5+2k=31-2j—3k

similarly i
b+d=31-2f-3k

Su.ﬁ+3=3.-i'ﬁ

iii. Polygon Law of Addition of Vectors

The process for the addition of vectors can be extended to any number
of vectors. For instance, let we have five vectors d,b,é dand 2.

The sum of vectors d+ b+ &+ d + &

For this draw 14 = d, AB = E,R"=E.C_D'=1J,D_E'= é
Nowd+ b+¢&+ d+ &=1A+AB + BC +CD + DE

= (TA + AB) + BC + CD + DE

=TB+BC+CD+DE (~TA+AB =1IB)

= (18 + BC) + CD + DE | c
=1IC +CD + DE (+TB+BC =1C) .
= (IC +TD) + DE i
= ID + DE (= I +CD = ID) b
=IE (1D + DE = IE)

Then IE is the sum of all these five vectors.

Same method can be adopted to find the sum of any number of vectors.
This is called polygon law of addition of vectors.

iv. Subtraction of Two Vectors T B

Consider two non-zero vectors d and b then @ — b = @ + (-—-F) i

To find @ —b draw AB = d and BC = —b; then -
AB + BC = AC

i+ (—b) = AC
Thus AC is the vector which represents @ — b.



Example 2:

d=20+7f+4kand b = 61 — 4] — 3k

d@—b =2t + 7] + 4k — (61 — 4f — 3k)

d—b=2i+7j+4k — 60+ 4] + 3k
d—b=@2-6)i+(7+4)j+ (4+3)k

i-b=8i—-j+k

v. Scalar Multiplication

If A is a non-zero scalar and d is a non-zero vector then the d
scalar multiple A4 is a vector whose magnitude is |A| times /‘ b
magnitude of d. Ad has the same direction as that of @ if 1 is i

positive and if A is negative then direction of Ad is in the
opposite direction of d.

If Ad = 0 then either A =0 ord = 0.

Example 3:

LetA=S5andd = 10i + 9j + 17k

Ad =5(100+ 97 + 17k )

Ad = 501 + 45§ + 85k .
3.1.4 Position Vector of a Point Dividing the Line Segment in a Given Ratio

Let AB be any line segment and P is the point which
divides this line segment in the given ratio m : n internally.
The position vectors of the given points A and B are d and
b respectively. Let 7 be the position vector of point P.
Given that

[P |:|PB| =m:n 0 - a
[4P| _m
[PB| n

= n|AP|= m|PB|
Because AP and PB have the same direction; so
ndP = mPB (1) -

From figure 0A + AP = 0P

——

=d+AP =171
=AP =#—

=T}




And OP + PB = OB
‘ =7#+PBE=b
>PB=b-+
Substituting values in equation (1)
n@# —a) =m(b—7)

=nf—-nd= mb — mr
==-m'r'+mr=mb_.+na
= (n+m)# =mb +nd

mb + nd
==
Case I m+n
Ifm:n= 1=1th=n%=%urm = n. In this case P will be the midpoint of AB and position
vector of P in this case equation (2) becomes: 3
F=ﬂb+l‘1& . w(m=n)
n+n
=F=“(b2: )=a;b {\
Case I1

When the point P divides the line segment AB in the
ratio m: n externally then

|AP|:[BP| = m:n
_ 2P| _m
N

= n|AF| = m|BP|
Since AP and BP have the same direction thus,
nAP = mBP
‘n(F - @) = m(# - b)
= nit — nd = mi —mb
= nff — m#* = nd —mb
= (n—m)7 =11c't'-—m3

. nd—mb ’
=T = —

Example 4: n—m
Find the vector which divides DA=a=3i+j+10kand 0B =b = 31 + 7j + k in the ratio
3: 2(Internally)
Solution: we know that

_2b+3a

243
?_2(3E+?j+£)+3(3i+j+105)_6!+14}+2§+9I+3}+30E
B 2+3 - 5
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_ 150+ 17j + 32k

5
17 ... 32
F=5$+?‘f+?ﬁ
Example 5:
Find the vector which divides OA = a = 31+ j + 10k and OF = b = 31 + 7j + k in the ratio
3: 2(externally)
Solution:
2b - 3a
= 2-3
- 2(3t+7 —3(3t+j+ 10k
-F=( +j+E)_1( i )=—(ﬁt+14j+2£—91—3j—3u2)

#=—(-31+11f - 28Kk) = 31 — 11f + 28k

3.1.5 Application to.Geometry

Here we are giving some simple geometrical proofs by using vector methods.
Theorem 1:The diagonals of a parallelogram bisect each other.

) Proof: -
| Consider any parallelogram ABCD., Let @, b, & and d 0(@) €@
be the position vectors of the vertices A, B, Cand D
respectively.
Now the position vector of the midpoint M; of the diagonal
. d+& =
AC is = aAld . ' B(b)
. a+é . '
ie; p.vof My =—— (1
And the position vector of the midpoint M, of the
diagonal BD is-ﬂzLE ie,,
p.vnsz=b+E (2)
Since ABCD is a parallelogram so
AB =DC
sb-d=¢-d
: =>b+d=d+é
Dividing by 2:
p.vofM, = R T p.v of M;
Since the position vectors of the point of intersection of both the diagonals are same. Thus, they
bisect each other. '

Theorem 2:Line joining the midpoints of any two sides of a triangle is parallel to the third side
and half in length of the third side.

b+d d+¢
|
|
|




Proof: .
Consider any triangle ABC. Let 4, b and ¢ be the
position vectors of the vertices A, B and C respectively.

Let M; and M; be the midpoints of the sides CA and c
BC respectively. Therefore:
Position vector of M, = 2
¥ M, M
B+ > 2
Position vector of M, = e =
Now MM, = % -

: A
1. 1 = AR AB b
=5(b+é-d-&) =5(b-a)=34B + (-AB=b-a)

2
This shows that M; M, is parallel to AB. Also

977 = |28 = 5 4B

This shows that length of M; M, is half the length of AB.
Theorem 3:The joining of the midpoints of the two non-parallel sides of a trapezium is parallel to

its parallel sides and its length is half the sum of the lengths of the parallel sides.

Proof D > c
Consider any trapezium ABCD with two parallel M, / it
= —_— L 2
sides AR and DC. / \
A . . B

Let d, b, ¢ and d be the position vectors of the vemces A, B, C and D respectively. Also
suppose that M, and M, be the midpoints of the non-parallel sides BC and DA respectively.

Therefore, —
Position vector of M, =
Position vector of M, = 2t
Now MM, = % o @
=3 @ +e=d-d) =3[G-2) + (- )
=3 (8+00) | 1)

Since AB is parallel to DC (given).
Thus AB = AD_(.*; where A is some scalar.
Therefore M;M, = 2 (ADC + DC) = ~(A+1)DC
MiM; = uDC  where = ;—(J. + 1) is a scalar.
T N W e e o T e




This shows that MyM, is parallel to DCand AB., _
Thus M; M, is parallel to the parallel sides. Also, from (1) it is clear that length of M, M, is half
the sum of the lengths of the parallel sides AB and DC.

3.2 Vectors in Space (Three-Dimensional Space) 4 z-axis

3.2.1 Rectangular Coordinate System v
To represent a vector in space we need a 3-dimensional -
coordinate system. For this we consider three mutually ey
perpendicular lines interesting at a common point O -
known as origin.

Any point in the space has some specific position
w. I. t. origin O i.e., We can locate the point by
moving specific distance along these three lines.
These three lines are known as coordinate axes and x-axis

are named as x-axis, y-axis and z-axis. The distance

along x-axis is called x-coordinate, the distance along y-axis is y-coordinate and the distance
along z-axis is z-coordinate of the point.

A general point in the space has coordinate (x, y, z).

This coordinate system to represent or locate a point is known as rectangular coordinate system
or Cartesian coordinate system and is denoted by R X R X R or R3. The set of all the points in
space is:

R?® =((x,y,2):x,y,z € R}.
3.2.2 Unit Vectors i,j and & i
To represent a vector in space we need unit vectors in the direction of coordinate axes. For this
we have three fundamental unit vectors f, f and k along x-axis, y-axis and z-axis respectively.
3.2.3 ComponentsofaV EE{D;'
Leta’-hcﬂlcpmitinn vector A
of the point P(x, y, 2), then

0A = xi; OB = yj and i
ocC = zk

From figure it is clear that

OP =0Q + QP (1)
Since 04 + AQ = 0Q
=20A+0B =00 (-
= xi+ yj =00

Or 0Q = xi + yJ
Also QP = zk

— —

AQ =0B)

b
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Putting values in equation (1), we have:

OP = xi + yJ + zk
Which is the position vector of the point P(x, y, z).

In the representation of the position vector OP = xi + yj + zk, x,y and z are known as
components of the vector along x - axis, y-axis and z-axis respectively.

3.2.4 Analytical Representation of the Vector

The representation of a vector in spnc.e having its component fﬂrm F=xi+ yj+ zk is known as

analytic representation of the vector 7.

3.2.5 Magnitude of a Vector c
Consider a vector in space 7 = OP.
From figure : (1)

0P| = [0g|" + [0P|" (= 0G = xi + y7)
= [0Q] = yx? + y?

and |F2"ﬁ'| =z
Putting values in equation (1).

72 = (Y32 +97) +22

& z-axis

e — o — o — — — — — —

.

e ——— s —

= |F|? = x* + y* + 2° l/x-auis

= |F] = 2% +y2 + 2%

Which is the magnitude of a vector in space.
Example 6:
Find the magnitude of the following vectors

iGg=20+3]—5k iiLb=2i-3f+7k iiic=71+4 -k

Solution:
i, @=2i+3f—5k
Using formula for the magnitude of the vector

6 =27+ (@) + (-5)2 =V&+9+25=V38
i.b=2i—-3f+7k

Using formula for the magnitude of a vector




6] = V@2 + (-3 + (7)2 = V& +9 + 49 = V62

iii, £ =1+ 4 — 9k
Using formula for vector magnitude

1€l=J@)2+ (@2 + (92 =Vi+16+8L=V98 =72
3.2.6 Fundamental Definitions for Vectors in Space

i.  Unit Vector

Let # = xi + yj + zk be a vector in space. A unit vector £ in the direction of ¥ is given by
. T
P
171
xt+ yf +zk
Va2 +y?+22

x y z
= P+ j+
JXEEyr gt byt Y2 ytaa?

2 f=

=f

ii. Equal Vectors
Two vectors in space 7, = x;0+ y,j + z;k and #, = x,1 + y,] + 2,k are said to be equal if they

have the same corresponding components. i.e.;
=1

=?.1'1E+ Jﬁ_f+21§=xgi+ }";j'f‘ZzE

X=X N1V 5H1=2;
iii. Zero Vector ’ :

A vector in space which has all its three components equal to zero is called zero vector, It is
usually denoted by 0. i.e.;
0 = 0+ 0f + Ok
iv. Negative of a Vector
For a vector in space # = xf + yJ + zk negative of 7 is denoted by — and is defined as:
—F = (=01 + (—y)f + (-2)k
Y.  Scalar Multiplication

The product of a scalar A with a vector in spacer 7 = xf + yJ + zk is denoted by A7
and is defined as

AF = (Ax)i + (Ay)j + (A2)k
vi. Parallel Vectors
Two non-zero vectors in space 7; = x;0 + y,§ + z:k and 7 = 2,0 + y,f + 2,k are said to be
parallel if there exists some non-zero scalar A such that #, = A7, i.c.;
i+ yif + 2k = A(x0 + yof + 2,k)
=i+ yif +zk = A)+ (Ay)f + (Az)k

et ook ot (S R 8



=2 x; =A% ¥1 =AYz z; = Az,

X1 b1 Z
=5—=1 —= A ot

Xz Y2 22 .

X Z

Which is the condition for two vectors to be parallel. For positive value of A vectors will
have the same direction and will be in opposite direction if A is negative.
Addition of Vectors

Consider two vectors 7y = x;i + y,j + z.k and 7 = x5t + y,] + z,k in space. Their sum

Ty + 75 is defined as:
B fi+ 7 = (0 + yif +2,k) + (i + yof + 2,k)

= (x; + )1+ O + y2)f + (2, + 2Dk
Subtraction of two vectors .
Consider two vectors 7, = x,1 + y,f + 2,k and #, = x,1 + ¥,J + 2,k in space. Their difference
Ty -7 is defined as:
7 = fy = (i + yif + zk) - (xa1 + yoJ + 2;k)
= (x; - )1+ (11 - Y2 + (2. - )k
3.3 Properties of Vector Addition
3.3.1 Commutative Law for Vector Addition
Statement: For any two vectors 7; and 7, in space 7, + 7, = 7, + 7},
Proof: Let#, = x;0 + yl}‘ +z;k and 7, = x,0 + y,f + 7,k
Thus i+ 7 = (al+ yif + 1K) + (i + y2) + 2,K)
= (x +x)i+ Oy + y2)f + (21 + 2)k .
Since Xy, X2, ¥1, Y2, 21, Z; € R and commutative law w. r. t. addition holds in R, so we may write
fi+f=(+x)i+ 0 +y)]+ (22 + z)k
= (50 + yof + 2k) + (1 + yij + z,k)
=7+
3.3.2 Associative Law for Vector Addition
Statement: For any three vectors 7, 7, and 7 in space; 7, + (B +5) = (R + 7)) + 74
Proof: Let 7, = x;0 + yaf + 21k, 7o = xol + yof + zzk and 75 = x50 + yaf + 23k
P + 7 = xof + Yo + 22k + x3b + yf + 23k
=(x+x3)i+ (2 +y)j +(z + z3)k
A+ G+ =xl+ yf+zk+[(+x3)i+(y2+y)]+ (22 + z3)k]
=[x + Cp +x)]i+ D + (2 + )l + [z + (2 + z3)]k
Since Xy, Xz, X3, Y1, Y2: Y2, Z1, 22, 23 € R and associative law holds in R w. r. t. addition so, we

may write:
o+ (s +75) = [ + %) + 230 + [+ 32) + ysli + [(2 + 22) + 23]k
= [(xl +x)1 4 On + ) + (2, +Zz)§] + (Iai + y3f + 231‘1.;)




= [(xy0 4 yof + z1k) + (28 + yaf + 22k)] + (x3i + yaf + 23k)
=F +1)+7
3.4.2 ldentity Vector for Addition
For any vector ™ and null vector0 , 7+0 =0 +7 =
Let 0 = 0t + 0f + Ok be the nullvector and 7 = x{ + yJ + zk be any vector in space, Now
0 +7=(0t+ 0f +0k) + (xt + yj + zk)
=(0+x)i+0+y)j+(0+2)k
Since 0 is the additive identity of real numbers; so,
O+F=xi+ yj+zk=+
Also
#+0=(xt+ yf +zk) + (0t + 0f + 0k)
= (x+0)i+ (y +0)j + (z+ 0)k
=xi+ yj+zk="7
Therefore, O+7=7+0=F '
This shows that 0 is the identity for the vector addition.
3.3.4 Additive Inverse in Vectors
Let # be any vector then — 7 is called additive inverse of ¥ if # + (—7) =(-F)+7=0
Consider any vector 7 = xt + yJ + zk in space, then —# = (—x)i + (=y)j + (—z)k. Now
Pt (=7) = (xt+ yf +2k) + {(—)i + (—=y)f + (=2)k}
=(x+(0)i+(y+(=M)+(z+(-2))k
= 01+ 0f + 0k
=0
and A +7F={(-0i+ (—y)] + (—2)k} + (xt + yj + zk)
= ((=x) + )i + ((=y) + V)] + ((—2) + 2)k
= 0i + 0f + 0k

Therefore, 74 (—F) =(-F)+7#=0
This shows that —7 is the additive inverse of 7.

3.4 Properties of Scalar Multiplication

34.1 Commutative Law of Scalar Multiplication
Statement: For a any scalar A and a vector 7 in space A7 = 7A.
Proof: Let 7 = xi + yj+zEb=amturin5pac¢than:
A7 = A(xi + yj + zk) = A1+ (Ay)f + (A2)k
= (@i + A] + @Dk = (xt + yj + zk)a
=7l
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Distance Between the Two Points in B* (Distance Formula)

Consider any two points P(xy, ¥;,2,) and Q (x5, ¥2, 25) in R3,
The distance between P and Q is the magnitude of the vector PQ.
The position vectors of P and Q are OP and D_Q' respectively; where
OP = x;1+ y,J+ 2,k 4
and 0Q = x,i + yaf + 2k
It is clear that:
g s o Pl %) Q(x2, Y2, 22)
OP + PQ =00
- PG = 00 — 0P
= (%20 + yof + 22k) — (%11 + yiJ + z,k)

2P0 = (xz— )i+ (2 — y)f + (2 — 2k

=y ‘Fél =0z - %)+ (O, - ¥1)% + (22 — 2,)?
Which is the distance between the points P(x;, y;,2;)

and Q(xz, ¥2,23).

z-axis

y-axis

I. In the following find the required vector in its component form. Given that P = (3,-1);
@=(-4-6;R=(1,4)andS = (2,5)

(i i'P_Q' : (ii) 3P0 — RS (iii) 2PR + 3PS
" - =11 == —_— — —_—
(iv) 3PQ+3;PR-3QS (v) 3%PS —4°SP +QP
2. Show that:

(i)  the points A(], 0); B(6, 0) and C(0, 0) are collinear.
(i)  ifd and b are the position vectors of points (2, —7) and (? 11), find the value of
m for which d and b are collinear.
3. Fu=<-1,1>¢=<0,1>and W =< 3,4 > then
(i) Find ¥ that satisfies i — 2¥ = ¥ — W + 37 (< x,¥ > means xi + yJ)
(i) FinddandVifii+7=<2,-3>3tU+20=<-1,2>
(iii)  Find initial point of # =< =3, 1, 2 > if its terminal point is (5, 0, 1).
4. (i)  Find the value of m for which the vector @ = 3i + 4] — 9k is parallel to
b=1+ mj — 3k.
(i)  Find the value of A for which the points P, Q and R are collinear.
Given that f + 2] + 3k, —21 + 2j + 6k and Ai—Ak are the position vectors of
points P, Q and R respectively.

3
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. (i) Ifd=t—2f+k; b=1i—J—kand &= 20+ k then find a unit vector in the

direction of 2d — 3b + C.
(ii) Use vectors to find the length of diagonals of a parallelogram having adjacent
sides + fand f — 2J.

. (@ Show that the points with position vectors { — f, 4i — 3 + k and 2i — 4] + 5k

are the vertices of a right-angled triangle.
(i)  Show that the triangle with 2 + 3] + V3k, V10t — j + 5k and —3i + V3] + 2k
are the vertices of an equilateral triangle.

. (i)  Find the value of A for which |d| = |3b| where @ = 1 — 3] + Ak and

b=t+2/-F
(ii) Ifd=2i+3fand b = —3i + 2J. Check whether|d| = |b| or & = b.

. fda=21—3]+k and b =1 — 3] + 5k then find:

(i) A vector of magnitude 5 in the direction d — 2b.
(i) A vector of magnitude ; opposite in direction 3@ + b.

. The position vectors of points A and Bare f — 2f + kand 2 + 3] — k respectively.

(i) Find the position vector of point P dividing the line segment joining A and B in
the ratio 2 : 3 internally.

(ii)  Find the position vector of point Q dividing the line segment AF in the ratio 3 : 2
externally. .

10. (i) The three vertices of a parallelogram ABCD taken in order are A(3, —4);

B(—1,-3) and C(—6, 2). Find the fourth vertex D.
(ii)  Find the values of x and y if A(1, 2); B(4,y); C(x,6) and D(3,5) taken in order
are the vertices of a parallelogram.

11. Show that the line segments joining the mid points of the sides of a quadrilateral

consecutively form a parallelogram.

12. Show that line segments joining the mid points of the diagonals and the mid points of any

two opposite sides of a quadrilateral consecutively form a parallelogram.

13. Prove that line segments joining the midpoint of the diagonals of a trapezium is parallel

to the parallel sides and its length is half the difference of the lengths of the parallel sides.

14. OPQR is a trapezium made from three P Q

equilateral triangles with OP = #, 08 = §
and M is the midpoint of QR. 7 M -
(i)  Write PS in terms of # and 5

(i)  Show that OQ is parallel to SM.




15. ABCD is a trapezium with AB pmﬂl:l
to DC. E is the point on the diagonal Y
DB such that DE = EDE. 3bd

Show that BC is parallel to 4E.

16. ABCDEF is a regular hexagon E 5
as shown in the figure. If

AB = d and BC = b, then
express AC, CD, EF, DA, EB,
FA and FC in terms of d@ and b. b

3.5 Dot or Scalar Product

3.5.1 Dot or Scalar Product of Two Vectors and its Geometrical Interpretation
If @ is the angle between the two non-zero vectors d and b then their dot product is denoted by
d.b and is defined as:

d-b = |d||| cos®
where, @ is measured from d to b and 0° < 8 < 180°,
B is positive if measured in aniclockwise and is taken

as negative if measured clockwise. 2
The value of dot product is a scalar quantity that’s why a
it is known as scalar product. - 2
. a
9!)5@!"4’6 -t.h &1' Key Facts
brd= Iil|ﬂ| coa(—~6) The angle between the vectors
= |b]d| cos @ (** cos(— 6) = cos6) is the angle where the tail or
= la”ﬁl cos @ head of both vectors meet.
=d-b
ie., d-b=>b-d :

The reason for the angle to be taken —@ is that for b - @ angle will be measured from b to d
which is measured clockwise and therefore will be taken negative.

Particular Cases: ‘ .
Case I: when @ = 90° then vertices will be perpendicular or orthogonal to each other. In this

case

@b = |d||b| cos 90° = |d||b|(0) = 0




e R ST

Case II: When 8 = 0° then both the vectors have the same direction. i.e., Both are parallel to
each other, in this case
d-b = |al|B| cos 0° = ||| (1) = |dl|5|
Case IIT: When d = b then in that case:
d-d = |d||d| cos0°®

= |alld@l(1)
d-d=la]?
=il =ya-a

3.5.2 Dot Product of Fundamental Unit Vectors £, j and k #

The fundamental unit vectors in R3are £, j and k.

f is along x-axis; j is along y-axis and k is along z-axis. So |f| = 1; |f| = 1 and || = 1. Now
Lt =|fl|tlcos0°=111=1
1] =lllflcos0®°=111=1
k.k =|k||k]cos0°=111=1 k-
Lj =|ill[flcos90°=11.0=0
J.k = 1f1|k] cos90° = 1.1.0 = 0

z-axis

| k.t = |k|It] cos90° =1.1.0=0 o J y-axis
| Also ft=1} =0 ¢
! kj=jk=0

thk=kt =0 x-axis

3.5.3 Dot Product in Terms of Components
Consider any two non-zero vectors @ and b in space,

Let a = a,i + a,f + ask
and b = byi + b,f + bsk
| Then d.b = (a1 + ay) + ask). (byi + baf + b3k)

= (a,0). (by1) + (ay1). (bz)) + (ay0). (b3k) + (azf). (b11) + (azf). (ba))
+(az)). (bsk) + (ask). (by1) + (ask). (b)) + (ask).(bsk)
Since the dot product is defined between the vectors, so,
a.b = ayby(L1) + ayby (1. J) + ayby(i. k) + a,b,(J. 1) + azb,(J. ) + azbs (). k)
» + ﬂaﬁl (E. I) + ﬂgbz(ﬁ.f) + a3ﬁ3 (-E. E)
" a.b = ﬂibl(l} + ﬂ.;bz(ﬂ} + ﬂ1b3(ﬂ') + ﬂz-b‘i{ﬂ} + ﬂzbz(l) + ﬂzb;(u) +
= ﬂ;b;(ﬂ) + ﬂabz(ﬂ) + ﬂgb;(l)
a.b = albl + ﬂzbg + ﬂ;ba
This is known as analytical expression for dot product.




3.5.4 Condition for Orthogonality of Two Vectors
Consider two non-zero vectors @ and b in space. Let @ = a,f + a4, + ask
and b = byi + b,J + bsk
@ and b will be orthogonal (perpendicular) to each other if and only if @5 = 0
= (ayi + ayf + ask).(byi + bof + bsk) = 0
= ayb; + azb; +azb; =0
Which is the condition for the two vectors & and b to be orthogonal to each other.
3.5.5 Commutative Property of Dot Product
Statement: For any two vectors @ and b

d.b=h.d ' .
Proof: Let @ = a,1 + a,f + azk and b = b,1 + byJ + bak be two vectors
d.b = (a,t + apf + ask). (byf + b,J + b3k) -

= ayby + asb, + azb;
Since commutative law holds in R, so
d.b = byay + bya, + byas
_ = (bot + byf + b3k). (as1 + aaf + ask)
db=b.d
3.5.6 Distributive Property of Dot Product
Statement: For any three vectors @, b and &
a.(b+é&)=dab+ac

Proof: Let a = ayi + ayf + azk
b = byi + b,j + b3k
c =f13+£'gj+f3£
Then b+ & = (byl + boJ + bsk) + (1 + c5f + €5k)

= (b'l. + Ci_)i + (bz + fz)f + [ba + E;}k i
= d.(b + &) = (ayi + azf + ask). [(by + c1)i + (b + )] + (b + c3)k]
= altbi + C‘I) +ﬂ2(b2 + Cz) + ﬂg{bg + (:3) .
= (a1b; + a;¢,) + (azb; + a;c;) + (azbs + azcs)
= (ﬂ1b1 + ﬂzbz + a;b;) + (ﬂ1C1 + ﬂ.zf.'z «+ ﬂac:i)
=d.b+acé
3.5.7 Dircction Angles
The angles which a non-zero vector 7 makes with the coordinate axes in the positive
direction are known as direction angles of 7. Let these angles be a, f and y; then




0<a<m 0<<f<m O<y<n
3.5.8 Direction Cosines
If @, § and y be the direction angles of
a non-zero vector 7 with x-axis; y-axis and
z-axis respectively, then cosa, cos § and cosy

-----------------

are called the direction cosines nf_‘ 7
Here ¥ = OP = xi + yj + zk

7l = Jx2 + y2 + 22

From right-angled triangle AOP: x-axis
|04 x
— = C05@ or = cosa = —
[oP| 7]
From right-angled triangle BOP:
05| ”
— =cosf or = cosff ==
07| P
From right-angled triangle COP:
oc] _ 5 z
— — COSYy or COSy = —
T2 I Y=

In general cos &, cos f and cos y are denoted by [, m and n respectively. i.e.;

3.5.9 Sum of Squares of Direction Cosines is Unity

Let 7 be a non-zero vector and @, f and y be its direction angles. If
F=xi+yj+zk
Then 7l = Vx¥ +y2 + 22
I7I? =22 + y2 4+ 22

The direction cosines of 7 are cos @ = = =2 =L
Iﬂ.cnsﬁ i and cosy T

Now cos? a + cos? § + cos?y = ()" + (2)" + (&)’

- | PRSP



x 2 z2 xP4y?4z?
=..—1'+"¥.'-5+..—2='-y—
IFI? 1712 |7 |72
=212
7
al
Hence cos?a + cos?f + cosPy =1

~ Sum of squares of direction cosines is unity.
Deduction:
Since cos’a + cos? B + cos?y = 12
= (1-sinfa) + (1 —sin?g) + (1 —sin?y) =1
=3 —sinfa—sin®?f —sin?y =1
= sin®a +sin? § +sin®y = 2
3.5.10 Direction Ratios
The numbers which are proportional to the direction cosines of a non-zero vector 7 are
known as direction ratios.
Let a, b and ¢ be the numbers which are proportional to cos &, cos f# and cosy. i.e.;
accosa; bocosf; € X COSY
= a= kcosa; b= kcosf; c = kcosy

where k is constant of proportionality and k= 0

= a®+b?+c®= k¥cos?a+ k?cos?f + k?cos’y

= k¥(cos? a + cos?® f + cos?y) = k?

=5 k= +y/a? + b? + c?
‘a Key Facts
wa= kcosa = cosa =I J « Direction ratios are also known as
a = direction numbers or direction
b » Sum of squares of direction ratios
“b= kcosf = cosf " need not to be unity.
B=1=% g ]
or Cosp = xr—F/—/—7—0——
vaZz + b% +c?
P =

v ¢ = kcosy ='-"¢0=}’=—k

c
r CoOsy =
A

These relations are used to find direction cosines when its direction ratios are given,




Key Facts
I Let OP = xi + yJ + zk be the position vector of a point P(x, y, 2).

If cos &, cos B and cos y are its direction cosines then

I

cosa =

= x = |Flcos a

|< =

cosfi = = y = |Flcos 8

N

COSY = = |1"‘| = z= |#lcosy

The coordinates of point P in the form of direction cosines can be written as:
(x,y,2) = (If] cos a, || cos B, |F| cos ¥)

. Example 9: Find the coordinates of point P, if OP is a vector of magnitude 2 and is parallel to the
vector 2f — 3] + 4k.
Solution: '
Letd = 2i — 3f — 4k

= i@l =J@+ (32 +[@)?=VE+9+ 16 =V29

_d ‘zt—3}+4ﬁ
Thus a_m_—v’z_ﬁ
2 3 4

=

o g v Asﬁ_P'=2&=2( S ot i+ : JE)
V29 V29° /29

6 8

= 0P = ‘!_ “,_.f J_'E

(%; #—ﬁ are the coordinates of point P.

Example 10: Two direction angles of vector r are 30° and 60°. Find the third direction angle. Also
find unit vector #.
Solution:

Let @ = 30° and B = 60°
Since cos? a + cos?  +costy =1
= co0s? 30° + cos? 60° + cos?’y = 1

2
3 1\? .
5(9 +(-é-) +cos“y=1
8 1. . 5
= g+g+cos y=1=1+cos?y=1=cos’y=0

=cosy=0
= y=90%0r 270° ‘



Since 0<y<180°
So y = 90°
Unit vector of 7* is:
f=cosal+cosff+cosyk
= = cos30°1 + cos 60° f + cos 90° k

V3. 1
#?LTf-l'Ef'l'ﬂE

Which is the required unit vector.
3.5.11 Angle Between Two Non-Zero Vectors

Let 8 be the angle between two non-zero vectors d and b.

Since d.b = |d||b| cos &
= cosf = L
~lalfB]

= 6 = cos™(&.b)
In component form we can write it as
d = ayi + a,f + azk
b = byl + byf + bsk

Then @.b = (a,i + ayf + ask).(byi+ b,j + b3k) = a,b, + azb, + asb;

|| = ’af+a§+u§
|b] = ’b§+b§+b§

-

Substituting values in the equation 8 = cos™ (ﬁﬁ) , we have:

ﬂlbl L - ﬂzbz_+ ﬂ;bg

g = cur"(

Ja’+u§+a’;'ﬁf+as+b;)

Example 11: Find the angle between the vectors i—2j+kand20—3f+ k.

Solution:
Letd =1—2j+kandb = 20— 3] +k, then

a.b=(-27+k).(21-3+ k) = (1)) + (-2)(-3) + (1)(1)

=2+6+1=9




lal =12+ (-2)2+ 12 =V1+4+1=V6
bl =V22 + (=32 + 12 =Va+9+1=V14
If 8 is the angle between a and b then

8 = cos™! (—&'E )
ldl|B|

= nag=1 -1
H = CO0S ( 76 -J_ v"'"fo
= 60=10.89°
3.5.12 Projection of a Vector Along Another Vector
Consider two non-zero vectors & and b and let @ be the angle between them.
|OL| is the projection of b upon d.

From right-angled triangle BOL, B
i
lor _ cos @ I
o8] 3 i
|OL| = [0B| cos @ 5 i
= || cos @ g . |L -
_|dl|B| cos 8 a
|d|
57| < &8 E
oL
Pm_jectlunofﬂa] En%
a =
=& .b
=ab=bh.a

Projection of b along @ = b. &
Similarly, we can prove that:

Projection of d along b = T‘T
Projection of @ along b = d. b
Example 12: Ifd =1 —j + k and b = —1 + j + 3k, find projection of @ along b and projection
of b along d.

Solution:

a.b=(—-j+k).(—i+j+3k)



e

=(DED+EDO)+MB)=-1-1+3=1
@l = J(1)2+(-1)2+ (1)? =3
B = y(=DZ + ()% + B)2 = V11
a
-l
Projection of b along d =i—'£ =5

e

|

T y-axis

Now projection of d@ along b= %

P(cosa,sina)

= |

Example 13:Prove that cos(a — f) = cosacosf§ + sina sin
Solution:
Consider two-unit vectors i = OP
and # = 0Q making angles a and f8 ok 0
with x-axis as shown in the figure. Thus -
@ — [ is the angle between 11 and . Since f# = OP is the position vector of point P so,
fl=cosai+sinaj.Similarly, #=cosfi+sinf]

Now, i, % = (cosai+sinaj).(cosfi+sinff)

Q(cos f,sinf)

X-axis
-

.9 =cosacosf +sinasinf (1)
Also ii. ¢ = |i1]|?] cos(a = ) = (1)(1) cos(a — )
i. 9 = cos(a — B) (2)

From equation (1) and (2) we have:
cos(a — ) = cosacosf + sinasinfi

Example 14: For any triangle ABC, with usual notations prove that |d@| = |b| cosy + || cos B

Solution 3

et ¥
@+b+é=0
= d=-b-¢ 169 =F
Taking dot product with @ on both sides ~ A) - —
= dd=da(-b-¢) /L{Eﬂ'—a = -
= |d? = —d.b - d.¢ 4

= —|d||b| cos(180° — y) — |d@||¢] cos(180° — B)

= —|dl[b|(~cosy) — |@l|é](~cosp)  * cos(180°—8) = —cos@

= |dl||b| cosy + 1@|1&| cos B
= |a)? = |a|(|b| cosy + |€] cos §)

= |d| = |b|cosy + |&| cos




3.5.13 Work Done by a Constant Force

Let a constant force is applied on an object
and it is displaced from A to B.

The force F makes an angle @ with the F
displacement vector 5.
The component of F along § is |F| cos 6. p— >

Thus work done by the force F to move the
object from A to B is:

work done = |F| cos 8 (|$]) = |F||5] cos 8
work done = F. §

Example 15: Find the work done by a constant force F = 21 + j — k in moving an object from
A(0,1,3) to B(—I.Z.‘!r].

Solution:
F=21+j-k
§=AB=(1-0)i+@2-1)j+@-3)k
=i+j+k
Work done = F. §

=i+j-k).(i+j+k) ,
= (2)(1) + (1)) + (-1)(1)

=2+1-1=2units

1. fd=2i—3j+k b=1—3j+ 4k and @ = —1 — 2 + 5K, then evaluate the

followings.
() db (i) 2@.3b (iii) (@- b).¢
(iv) (2d+3b-¢).(@+b) (v) Ld+ j.b+k.éE

2. ﬂ'ﬁ=}‘—-§: E=3i-4j+§mdf:’=—I+2}~4E,ﬂ1mﬁndﬂ1annglesheﬁveenlhe
vectors:
(i) dand3b (i) (2d~ 3b)and2¢ (i) (—d+ &) and (b —2¢)
(iv) (@+b+¢&)and(@a—b-¢) (v) (@-2E+¢&)andd

3. (i) Ifd,b and € are three vectors such that @ + b + & = 0 and |d| = 2;|b| = 3 and |¢|=4
then find angle between @ and b.

(if) If |d@ + B| = |d@ — b|, then find angle between & and b.




4. (i) Ifd=1—3j+4k; b=7i—9f+k and & = 30 — 2 + 5Kk, find the value of 1 so
that @ — Ab is perpendicular to €.
(i) Show that the angle between any two diagonals of a cube is cos™! (:::)
5. (i) Ifd@ = 2i — 3] + 4k, then find the direction cosine of d.
(ii) Ifd =1 — 2j + 3k; b = 3i— 2] + k and & = 7 — J + 8k, then find the projection of
d — b along & and projection of b along & — d. Also find their vector projections,
6. (i) Three vertices of triangle are A(0,—1,—-2); B(3,1, 4) and C(5, 7, 1). Show that ABC is
a right-angled triangle and find the other two angles.
(ii) A vector 7 is equally inclined with the coordinate axes and |¥| = 5. Find the vector 7.
7. (i) Ifd,b and € are three vectors such that |d@| = 2; [B| = 5; |¢] = 4 and
@+ b + & = 0 then find the value of @.b + b.Z + ¢.d
(ii) For any vector 7 prove that # = (7. D)t + (. ))f + (7. k)k
8., The dot products of 7 with the vectors { + j — 3k; f+3j—2§ and 2i + J + 4k are 0,5 and
B respectively. Find the vector 7.
9. Prove that for any non-zero vectors @ and b;

L . 1 -2 1] -2
(i) &.b=I|&'+b| ——;|a-h|
- - -4y 2 e -l a —ad
i)  |a@lP+|[b] =Z|da+b| +3|da—B|
10. (1) If the sum of two unit vectors is a unit vector, show that magnitude of their difference

is /3.
(ii) Show that angle in a semi-circle is a right angle.
11. (i) Prove that altitudes of a triangle are concurrent.
(ii) Prove that angle bisectors of triangle are concurrent.
12, (i) Prove that cos(a + ) = cos a cos f — sina sin 5.
(ii) With usual notations for a triangle ABC; prove that ¢? = a® + b? — 2abcos y and
b=acosy+ccosa
13. (i) The resultant of two vectors dand b is pc_[pendicular to d and |d| = J—E-f. |E| Show that
resultant of 7d and b is perpendicular to b,

(i) Prove that @ + b is equally inclined with @ and b.

14. A force of F = 31 — 5] + 7k newtons is applied on a body and moves it at a distance of
14 meters in the direction of the vector i — 3] + k. How much work is done?

15. Find the work done by the forces 2f + 3f — k and 31 + 7f + 4k acting on a particle in
moving from point P to @ with position vectors [ — 3] + %E and 2 - J + %E.

16. A box is dragged on the surface of a floor by a string that is applying a force of 30N at an

angle of 30° with the floor. Find the work done by the force when the box is displaced
up-to a distance of 10 meters,




3.6 Cross or Vector Product of Two Vectors

3.6.1 Cross or Vector Product of Two Vectors and its Geometrical Interpretation
If @ and b are two non-zero vectors and @ is the angle between them, then their cross product is
also a vector denoted by d x b and is defined as:

d x b = |d||b|sin@ f afl
where fi ia a unit vector normal to the plane containing i
both the vectors @ and b. 8 is positive when measured :
anticlockwise and is negative when measured clockwise. :
While computing b x d angle is measured from
b to @ which is the clockwise direction S0;

, b x d = |b||d| sin(- 8) #

=11
>

0

b x @ = —|b||d| sin 6 fi (+sin(—6) = —sin @)
=-—dxhb
This shows that @ X b and b x d are opposite in direction.
Thus, ixb=-bxad
It means cross product is anti-commutative.

Sl
X
=11

~ 14

- p—
=

3.6.2 Cross Product of Fundamental Unit Vectors
We know that @ x b = |d||b| sin 8 A, so
fx1=|i]|f] sin0°#A

= (1)) =D =

JxJj=1jlljlsin0° A

= (1)(1)(0) = '
0] y-axis

k x k = |k||k| sin0°# i
. =M@)0Aa=0 x-axis
We know that £, | and k are the mutually perpendicular unit vectors so, J
ix J = |f]|f] sin90° k
=(DO@k =k

—ve

J % k = |jl|k| sin90°1
=@Ai=1

k x i = |k||t] sin90° ] v




Rp—

= (MW@)] =] | e cross pr,,dﬁ'r:!

Al X[i==iXj=~
90 J':E ! _ ! }E _ k defined only for the
X]==]Xk=- PN vector in 3-space;

and ixk=-Ixk=-j whereas dot product is
defined for vector both
in 2-space and 3-space.

3.6.3 Cross Product in Terms of its Components

Consider two non-zero vectors d@ and b, where,
d = a,l + a,f + ask
and b = by + by + bak
Now d x b = (@1 + af + ask) x (byi + byj + bsk)
= (ayby)(E X 1) + (ayb;)(E X J) + (ayb3)(E x k) + (a,b,)( x 1) +
(azb2)(J % J) + (azb3)(f % k) + (asby)(k x 1) + (azby)(k x J) +
(asby)(k x k)
= (‘11!’1)@ + fﬂibz)(;f) + (a;b3) (=) + (ﬂzhl)(“{') + (ﬂzbz}(ﬁ)
+ (@3b3)(D) + (a3by) () + (ash;)(—1) + (asby)(0)
dxb= (Eibz)ﬁ — (ayb3)] - (ﬂzbl)ﬁ + (azb3)t + (a3zby)j — (asby)i
@ % b = (asbs — azby)i — (asbs — azhy)f + (aybs — azby)k
Which is cross product in component form. Also cross product can be written as:

A B
@, a; as
by b, bs
3.6.4 Area of Parallelogram
Consider a parallelogram ABCD.,
Let AB = @ and AD = b be the
two adjacent sides of the parallelogram
and 6 is the angle between them.

From figure it is clear that arca of the
parallelogram ABCD is same as that of

-

axb=

m . o
r

the area of rectangle EFCD.

From right-angled triangle EAD.
|ED| |ED|
— = ginf = — =sin e
[4B] [B]

= |ED| = || sin@
Area of parallelogram ABCD = Area of rectangle EFCD
= |EF||ED| = [DC||ED]
= |d|b| sin@ (1)




89~ 0w SRmihe o),

Also dxb = |d||b|sin6 f
|@ x b| = |dI|B| sin 6 ||
= |d||b] sin@ (2)
From equations (1) and (2):
|d@ x b| = arca of parallelogram ABCD e
If @ and b are two adjacent sides of a triangle ABC then ~ Go-=-=======s======== D

. Area of triangle ABC =3 Area of parallelogram ABDC ”

Area of triangle ABC =§ |d x b| ,"‘
A d B
— e e e [T,

Example 16: If @ =2+ 5/ —2kandb =1—j+ 3k are two adjacent sides of a parallelogram,

then find its area.
Solution: I [ 2 A
dxb=|2 5 -z|
1 -1 3

=(15-2)i-(6+2)+(-2-5k
dxb=131-8/ -7k
|d % b| = /137 + (—8)2 + (—7)?
=169 + 64 + 49 = /282
Area of parallelogram = |d x Bl

= /282 sq. units
Example 17: Find the area of a triangle with vertices (0,0), (2,9), (3,5).
Solution: B(2,9)
LetA = (0,0); B =(2,9)and € = (3,5) _
Thend = AC; b = AB ? c(3,5)
Sod=(3—-0)+(5-0)]=31+5+0k a
b=(z—;]}t;-(';—0)}=2i'+ﬂj+ﬂﬁ 0
‘ ixb=[3 5 0
2 90

d@xb=(0-0)+(0-0)+@27-10)k
dxb=01+0]+17k
Axb=v0Z+0Z+172 =17

Area of the triangle = |d X |  =3(17) =¥ squnits




3.6.5 Condition for the Two Non-Zero Vectors to be Parallel
Let @ and b are two non-zero vectors. If @ and b are parallel then angle between the vectors is
g = 0° So

@ x b = |d||b| sin0°# = |d]|B|(0)7 = O
Also, if d and b are anti-parallel then angle between the vectors is @ = 180°. So

@ x b = |d||b|sin 180°i = |d||b|(0)7 = O
Thus, if two non-zero vectors are parallel or anti-parallel then the value of their cross product is
Zero vector.

3.6.6 Distributive Laws for Cross Product
If d,b and & are any three vectors then
() @x(b+¢&)=dxb+axé
(i) (@+b)xé=dxé+bx¢é
Proof: Let  d = a,i+a,f + azk
b = byi + byj + bsk
é=cl+cf+csk
Then b+ &= (byi + bof + b3k) + (caf + cof + c3k)
= (by + )t + (by + c3)f + (b3 + c3)k

. i 1 k
LHS=dx (b+¢) =| a a as
b1+f1 b;"'cz b3+f:3
i j k £ o &
=|a, a; da; + a; ap as
by by bsy| |6 €2 3
=dxb+dxc
= RHS

Similarly, we can prove (G +b) x =d x &+ b x &

3.6.7 Angle Between Two Vectors
If @ is the angle between the non-zero vectors d@ and b then:
dxb = |d||b|sindf
= |d@ x b| = |&||b||sin 6]]1i]
= |d@ x b| = |d||b|sin6 (+0< 8@ <mso|sinf| =sinf)

= 5in @ -—-Lh—ii"]

1aiB|

=t | X)
=0 =sin (IEI |

S O T e e, - -\ A

=i
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Example 18:1f d = 2f —j + k; b=—i+ 2f — k and & = i + j — 3k then find the angle between

the vectors @ + b and @ + &,
Solution:
d+b=i-j+k)+(—i+2/-k)=i+j+0k
and d+é=(20—j+k)+(+j-3k)=31+0—2k
i j ok
now (@+b)x@+d =|1 1 o
3 0 -2
_ =(-2-0)i—(-2-0)j+(0—3)k
= -2i+27-3k
: |(@ +5) x (@ + )| = /(=2)? + (2)2 + (-3)?
| =Vi+4+9=+17
|é@ + b| =VIZ+ 12402 =2

la + ¢ =32+ 02+ (-2)2 =413

Let 6 be the angle between @ + b and @ + &: then

_ |[@+B)x(@+a)
R [a+b]a+|
17 _ 17
Sing = 0= '-2-3

=0 = sin"‘( ’%l = 53.96°

Example 19: Show that sin(a — £) = sina cos f — cos a sin §.

Solution: Ay-axis

Consider two unit vectors £ = OA and § = OB making

angles a and 8 with x —axis respectively. Thena — f§

is the angle between 1 and 9.
~Q=0A=cosal+sinaj
ﬂ=ﬁ=cusﬁi‘+slnﬂj‘

i j k

cosf sinf 0

cosa sina 0
= (0 - 0)i —"(0—0)j + (sina cos # — cosa sin f)k

= 0i — 0j + (sina cos § — cos asin A)k
= |0 x f1| = /02 + 02 + (sin @ cos f — cos a sin )2
= (sin @ cos f — cos a sin ff)

Also #x 1@ =|[||a]sin(a - p)fi

Now f#xil=

(1)




=7 x = (1)(1)lsin(a - B)I||
= U x il =sin(a - f§) (2)
From equation (1) and (2) we find that
sin(ae — f) = sina cos f — cosa sin
3.6.8 Moment or Torque of a Given Force About a Given Point
The moment of a force is the turning effect
of the force about a point, and is the product
of the force and d; where d is the perpendicular
distance of the point from the line of action of
of the force.
From figure, moment of the force F acting at
point P about point O is
Moment = |0A||F|
From the right-triangle OAP;
194l _ sin@; where 8 is the angle between 7 and F,

]ﬂPI
|0A|
= ——=2ginéd
I7l

= |0A| = |#|sin8
Thus, moment = (|7 sin 8)|F|
= IFl]F'| sinf@
Moment = 7 X F
The vector M = 7 x F, is called vector moment of the force F.

Example 20: Find the moment of the force F = 31 — 2j + 5k about the point (2, 1, —1) when it is
applied at point (3,0, 2). .

Solution:
Here F =3i—2f+5k
0 =(21-1)
P =(3,0,2)
F=0P=3B-2)i+0-1j+@+1Dk
=i—Jj+3k
Vector moment =7 X F
A
M=1 -1 3
3 -2 5

=(-5+6)i—-(5-9j+(-2+3)k
M =t+4/+k



Example 21: Find the moment of the force F = 71 + 4] + 2k when it is applied at the handle of a
door at the point (2, 1, 4) about the hinge at point (0, 0, 1).
Solution:
Here  F=70+4j+2k
0=(0,0,1)
=(2,1,4)
F=0H=(2-0)i+1-0)+@-Dk
=20+ +3k
Vector moment = # X F
i k
M=|2 {3
7 4 2
= (2-12)i-(4-21)j+(B8-Nk
M= -10i+17j +k
Is the required moment which is produced in the door.

O e e

1. For the following vectors, ﬁndﬁxbandbxﬂandpmvethatnxb— -b x d.

L a=2i+j-k; b=1i-37+7k
i, d=71+3+9k b=2-3]+k
i, d=1-2k b=31+2]
2. For the following vectors, find @ x b and prove that @ x b is perpendicular to both @ and
b. -

i a=3i—-6/j+2k; b=20-37+4k
ii. d=4i—-2j+3k; b=1+j-3k
3. For the following vectors, find the value of the sine of the angle between them.
i, d=20—4j+3k b=1-3j+4k
ii. d=4i—3j+2k b=3i—-7j+5k

. 4. i. Find a vector of magnitude 5 and perpendicular to both the vectors
d=31—2j+5kand b =8 — 2] + k.
: ii. Express the vector 5 + 2f — 3k as a sum of two vectors one of which is parallel and

other is perpendicular to the vector 2i — § + 3k,
. i. Prove the Lagrange identity |d x | = |al?|b|" - (a - B)’ ‘
ii. For the vectors @ = £ — 2, b = 21+ k and & = 3f + 2k, find a vector d which is
perpendicular to both @ and b. It is given that &-d = 1.



6. (i) Find the vector b such that @ x b = & and @+ b = 3; where @ = t — 2j + 3k and
E=i+j—k
(ii)Ifdxb=¢&xdandd x & = b x d, show that & — d is parallel to b — & where
d=dandb # ¢
7. (i) For a non-zero vectord ifd@-b=a-¢and d X b = @ x ¢ then show that b = .
(ii) For three vectors &, b and é if d + b + & = 0, then prove that
dxb=bxé=¢xa
8. (i) If d,b and & are three unit vectors such that @ is perpendicular to both b and & and
the angle between b and  is E, then prove that d = :tZ(E X E:'_l.

ol

(i) Prove that |d x B[ = |4'@ 45
a*b b-b
9. (i) If |d| = 3; || =5andd- b = % then find |d@ x b|.
(i) If |d] = 2; |b| = 5 and |d@ x b| = 8 then find @ - b.
10. (i) Find the area of a parallelogram if @ = 2{ — 3] + k and b = i — 2J + 7k are its two
. adjacent sides.
(ii) Find the area of triangle with vertices (1,-1,1); (2,1,2) and (3, 0, —1). Also find its
interior angles,
11. (i) Find the area of the parallelogram having diagonals 31 + j — 2k and [ — 3] + 4k.
(ii) If d, b and € are the position vectors of A, B and C respectively, then show that area of
triangle ABC is 3 |d x b + b x &+ & x d.
12.1fdb=0andd@x b = 0, then what conclusion can be drawn about @ and b.
13. Show that the three points with position vectors @ — b + 3¢, 2d + 3b — 4Z and
~7b + 10¢ are collinear.
14. (i) Find the moment of force 2 + 3j + 7k about the point (1, 2, 3) when applied at the
point (=1,2,0).
(ii)Two forces 21 — j + 3k and 3 + 4 — 2k are applied at the same point (1, —2,4).
Find the moment of these concurrent forces about (0, 0, 0).
15. (i) How much force is required to produce a moment of magnitude V57 N.m along the
direction 6i — 21j — 6k when applied at (2, 1, —3) about (—1,-1,1).
(ii)At what point the force 2i + 2 — 3k should be applied to produce a vector moment
M = 3t - 2j + k about (—1,2,-3).
16. A toy car is located at a point (2, 3, 5) relative to origin, such that when a force of |
31+ 2j + 7k is applied on car it starts rotating about the origin. Find the moment
produced by the force in the car.

= J i =T




17. A seesaw is fixed from its middle point which is at (0, 2, 3). Two forces F,[3,4,5] and
F;[9, 2, 7] are applied at points (4, 5, 3) and (-4, -1, -3) respectively. Calculate the moment
produced by each force about the fixed point in seesaw separately . Also find net moment.

3.7 Scalar Triple Product
3.7.1 Scalar Triple Product of Vectors
The scalar product of two vectors in which one vector is already a cross product of two vectors is

called scalar triple product. If one vector is d@ and other is b X &, then their scalar triple product is
d- (b x &).1tis also denoted by [@ b &].

3.7.2 Scalar triple product in form of components

. Consider the vectors d, b and  such that: —_——— o le
@ =a;i+af+ask (@-b) x & is meaningless. because
b = byl + byf + b3k : @b is a scalar and will not have
¢ =ql+cj+ek cross product with é. Thus, there
5 E 3k [ should be no anﬁJsiun in writing
bx¢é=|b, b, by d-(bx¢)asd-bxé
€ € &3 A — s

X € = (byc3 — byca)i — (byc3 — bycy)f + (byc; — 'h!fl}'ﬁ

=

Therefore,
G- (b x &) = (a1 + ayf + azk) - [(Bacs — bac2)i — (bycs — bscy)f + (bycz — bacy)K]
= a;(byc3 — bycz) — az(byc3 — bacy) + asz(byc; — bycy)

- @ az; as
a-Exe)=[b b b
€ € 3

If any two vectors in the scalar product are same or parallel then the two rows of the determinant
will be same, then the value of the determinant is zero. i.e, @b X & = 0

If we interchange any two vectors in the scalar triple product then the corresponding rows of the
determinant will be interchanged producing the value of new scalar triple product as a negative
multiple of the original product.

G-bxé==h+dX&=—a.éxbelc.

3.7.3 Scalar Triple Product of i, j and k Vectors
i fxk=11=1

jrkxt=jj=1



Thus

Thus
Similarly,

kixj=k-k=1
ifxk=jkxi=k-ixj=1

trkxf=1-(-)=—(-)=-1

Jrixk=j-(-D=-G-H=-1

k-jxi=k-(-k)=—-(k k)=-1 ' Key Facts

ikxj=jrixk=k-jxi=-1 When any two vectors
are same the value of

their scalar triple
t-jxj=1-(0)=0 product is zero.

JrRxj=] (D)=~ D=0 etc. L |

3.7.4 Dot and Cross are Interchangeable in Scalar Triple Product
Here we will prove that the cross and dot product in the scalar triple product are interchangeable.

ie, d-bxé=adxb-¢

For this let
d = a;i + a,f + ask
b = byi + byf + bak
€=yl + cf + o5k
As already proved that
¢, a; a3
d-bx¢é =|by b, bs (1)
€p € G3
& i k
Now dxb =la, a, az
by b, bs
dxb = (aybs — azby)i — (ab; — ashy)j + (a;b; — a;by)k
(@xb)-¢ = [(a;bs — asby)i — (asbs — azby)j + (ayb; — a b )k] - (cy1 + caf + €3k).
(@xB)-& = (azhs— azby)c; — (arbs — asby)cy + (arby — @2by)ey
(& X F) ¥ = aybicy — azbycq — a1b3c; + ashyc; + a3 byc3 — (tzbyC3
(ﬁ X -) ¢ = (a,byc3 — aybscz) — (azbyc3 — azbacy) + (asbyc; — azh;cy)

(E x E;) ¢ = ﬂ-ltbzfg = baﬂz) — ﬂz(blfa - bgl:j_) + a3(blc2 . blcl)

a, a; 4as

ax E ¢ = b1 bz bﬂ [2]
g & (3

From (1) and (2) it is clear that:

d-bxé=dxb-¢




Example23: Ifd=2i-3j+k b=-31+2/+3kandé=~1+j—k findd b xZ.

Solution:
. a; a; a4
Since d-bxé=|b b; bsl '
i €z C3 |
. 2 -3 1
Then d-bxé=|-3 2 3 |
=1 1 =1 |
dbxé=2(-2- 3)+3{3+3)+1(—3+z) '-
=-104+18-1
’ d-bxé=7 |
Example 24: Let we have three vectors d, b and & such that b is parallel to &. Compute @ - b x &.
: Solution:
Let a = a;f + aof + ask |
b = bt + byf + b3k |

€ =i+ cf+csk
Given that b and & are parallel: so !

b = A for some scalar A. I
byl + byj + bok = A(cyt + caf + c3k) = (Aey)t + (Acy)] + (Acy)k
= | by = dcy: by = Acy; by = Acy .
: a; a; as
Now d-bxé=|by by by
g C2 Gy :
% i G % ay a; ag
d-bxé= rlfl AEZ Jlfa =Al6s €2 (3
Cy Ca C3 Cy C2 €3
d-bxé=21(0)=0 (* R, & R are identical)

3.7.5 Volume of Parallelopiped and a Tetrahedrnn
i. Volume of a Parallelopiped
* Consider a parallelopiped with
| adjacent sides as @, b and &,
. Volume of the parallelopiped
: = (area of base)(perpendicular height)
= |d x b| - [0D| (1)

d x b is the vector perpendicular
to both @ and b. So 0D is in the direction
of @ X b.

ey




|0D | is the projection of ¢ along @ X b. Therefore

[ﬂ_.l_(&'ng'E_&-be
laxB|  |@xb|

Putting in equation (1), we get:

= Volume of parallelopiped = |d x b | (a s c)

| x B]
=d-bx¢
ii. Volume of Tetrahedron
coterminal edges d, b and ¢,
Volume of tetrahedron

"
Consider a tetrahedron with its three ?
"

1

[l

1 :
=3 (area of base) (perpendicular height) E
1

1 . an
= 3 (area of triangle 0AB)(|oD])

0

(8]
1l = i =
=§(i|axb])(!uu|) P
=§mxmﬁm

Also ]ﬁﬂ is the projection of & on d X b. Therefore
(@xb)-¢ a-bxé

laxb|  |axb|
Putting value in equation (1), we get:

|0D] =

d-bx¢é

* Volume of tetrahedron = l|¢'z‘ x b| =
6 |d@ x b|

1o, = .
=E[u-bxc)

Example 25: Find the volume of a parallelopiped with adjacent sides d = [ — 2f + k,

b=3i—3f+kand?=—-i—J+2k.
Solution: Volume of a parallelopiped with adjacent sides @, b and ¢ is:

- 1 -2 1
a‘bxé=|3 -3 1
-1 -1 2

v

@ x b is perpendicular to both d and b. So [0D)| is in the direction of @ X b.



EEE———— e e

=1(-6+1)+2(6+1)+1(-3-3)=-5+14-6
= 3 cubic units
Example 26:Find the volume of a tetrahedron with vertices A(0, 0, 0), B(1, 3, — 1), C(2, 2, 1) and
D(1, 6, 5).

Solution:

Let the sides of tetrahedron ABCD are :
d=AB=(01-0)i+@B-0)f+(-1-0)k=1+37—Fk
b=AC=(2-0i+@2-0)f+1—-0)k=21+2f+k
¢=AD = (1—0)i+ (6 —0)j + (5— 0)k = + 6] + 5k

~ Volume of tetrahedron = % (& b x E)

1 3 -1
==12 2 1
: ®l1 6 s
” % [1(10-6) - 3(10 - 1) = 1(12 - 2)]

1 -33  -11
=-(4=-27-10) = — =2
z (4-27 ) = -
Since volume is a non-negative quantity, so
Volume of tetrahedron = % cubic units
3.7.6 Coplanar Vectors and Condition for the Coplanarity of Three Vectors

Coplanar Vectors
Two or more vectors lying in the same plane are known as coplanar vectors.
Condition for the Coplanarity of Three Vectors

Consider three coplanar vectors d, b and . 4
Exsisthevmmpemcndicularmhothﬁmds. dxb
Since &, b and € are coplanar then d x b is also

perpendicular to vector ¢, then
(&XB)'E=U _ E\ /.5'
.

& d@+b % & = 0 is the condition for the three vectors

to be coplanar.
Example 27: Find the value of A so that vectors

- d=1—J+k b=20+]+kand&=—1+AJ + 2k are coplanar.

Solution:
. d, b and & will be coplanar if
@-Bxé=0
-1 1
~[2 7 g
1 .al B

=1B8-2)+1(16+1) +1(2A+1) =0

—_—




B i

=8-1417+21+1=0
= A+26=0
= 1=-26

1. For the given vectors @, b and & prove that @-bxé=h-éxd=¢&-ax b
i d=31—j+2k; b=214+3-k E=-i+2j-3Fk

i, d=-20+7j+k b=4i+2j+k E=27+k
2. For the given vectors @, b and & prove thatd@-bx é = —b-dxé=—-a-&xb

i. d=1i+]; b=j+k é=i+k ;
ii. d=71-2j+k b=i+]; é=j-Fk
3. i. Show that the vectors @ = —41 — 6] — 54k, b = —1 + 4j + 3k and :

¢ = —i + 2J — 3k are coplanar.
ii. Find the value of A so that the vectors d = { — 2f + 3k; b = —21 + 3 — 4k
and & = —i 4 AJ + 2k are coplanar.
4. 1. Find the value of A if the points A(— 1, 4, — 3); B(3,4,—5); C(-3,8,-5) and
D(—3,2,1) are coplanar.
ii. Ifthe vectors @ = ai +f + ;b = 1 + Bf + k and € = 1 +f +y k are coplanar,

thenpmvﬂthatl: +—+-— =1 where a,fy#1

a 1=  1-y,
5. i.Ifd,b and ¢ are coplanar then show that d + b, b + € and ¢ + d are also
coplanar.

ii.Ifd, b and € are non-zero vectors such that ¢ is a unit vector perpendicular to
both @ and b and the angle between d and b is %; then prove that
G 5 & =tlar
6. Find the volume of the parallelopiped with given three coterminal edges:
i d=2t+3j—-4k; b=t+2-3k E=31+j+k
i, d=-3i+6/+k b=1+2j+3k Ed=-1+2j+6k
7. Find the volume of the tetrahedron with given vertices:
i A(2,1,0); B(-1,2,6); C(2,0,3); D(,-1,0) .
1. A(0,1,0); B(2,0,1); C(3,1,2); D(5,6,—-1)

3.8 Application of Vectors in Real World _

Vectors can be used by air-traffic controllers when tracking planes, by mcleqml?glstg when
describing wind conditions, and by computer programmers when they are designing virtual
worlds. In this section, we will present some applications of vectors that are commonly used in
the study of physics: work, torque, and magnetic force.




3.8.1 Projectile Motion _ .
A projectile (stone) thrown with an initial speed u at angle ¢ with the horizontal, has a vertical

component of (u sin ¢ — g t) and the horizontal component of u cos ¢ under components of vector.
3.8.2 Sharpening wooden pencil with a blade

We cut the pencil at an angle. The component of force in the direction perpendicular to the pencil
cuts the pencil. The component of force in the direction parallel to the pencil removes the thin

wooden part.
3.8.3 Earth’s magnetie field
Earth’s magnetic ficld has two components B and H which are perpendicular to Earth’s surface

and parallel to the surface.

Pendulum
The tension in the string has two components to balance the weight and to give the centripetal

force.
3.8.4 Digital graphics: Vector art can be defined as digital graphics using mathematical formulas to

construct shapes and lines. Vector images maintain their quality irrespective of size. This
adaptability makes vector file formats flexible, resilient, and always looking sharp. Vector artwork
is digital art produced with vector design software like Linearity Curve (formerly Vectornator),
Adobe Illustrator, and Sketch. These vector graphics editors generate simple shapes between

points instead of pixels.
Programing: A vector, in programming, is a type of array that is one dimensional. Vectors are a

logical element in programming languages that are used for storing a sequence of data elements of
the same basic type. Members of a vector are called components.

GPS Unit: When you use your GPS unit to get from point A to point B. The GPS unit will give
you a distance (magnitude) and a direction. A vector is, therefore, a directed quantity: a number
with a direction.

Example 28: An air-plane is flying with an airspeed of 475 km/h on heading of 70°. If an 80 kmv/h
wind is blowing from a true heading of 120°. Determine the velocity and direction of plane relative

to the ground.
Solution:

alr

P = 475 cos 20°% + 475 sin 20°J
A = 80 cos 150° + 80 sin 150°§




1

P = 446,351 + 162.46f

A = —69.281 + 40]
OB = P + A = 377.071 + 202.46]

6 = tan™? (%) = tan~1(0.536) = 28.23°
0B = /377.072 + 202.462 = 428km/h

Choose the correct option.

iii.

iv.

vi.

VIi.

The vector in the direction of f + 2j = 2k and having magnitude 12 is:
1 -
a. —(1+2]-2k) b. 12(1 + 2j — 2k)
1pga - &
c. (i+27-2k) d. 4(i + 2j — 2k)
The position vectors of three vertices of triangle are 2 + j — k, 31 — 2] + 4k
and  + 4f — 3k. The triangle is:
a. isosceles b. right angled c. scalene d. equilateral

Given two vectors [ — J and i + 2] , then the unit vector coplanar with two vectors
and 1 to first is:

§ e v

a. t%(f"f} b. £ =(2i+])

1 1 7

b e+ d+1(i+3)
If]fi + E' = |Ei - Ei then;
a. |l =|b| b.dLb c.dllb  dd=b=0
If &, b and ¢ are mutually perpendicular unit vectors; the value of |d@ + b + ¢| is:
a |1 b. V2 c.Vv3 d.2

Ifd+ b+ ¢ = 0and |d| = 3,|b| = 5.|¢| = 7 then angle between d and b is:
a. = b 2—“ c 5_“ d E

6 - "3 "8

Ifa= 2?+3}—E;3=-—I+ 2}‘-4§ and € = [ + J + k then the value of

(EK F).(&xﬁ")is:
a 74 b. =74 c. 52 d. —52

viii. If |d X B| = 4 and |. B| = 2; then |@[2|B| " is:

a. 6 b. 20 c.2 d. 8

R . Netivned Rk Founidation
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ix. If @ is the angle between the two vectors d and b and |E X b] |a. b|
then value of @ is:

T T n
a 0 b; c.: d.'z‘
x. Thevalueof [ -} p—¢& &—dlwherel|d|=1]b|=5|¢=3is:
a. 0 b. 1 c. 6 d. 15
2. Find the value of A so that the vectors d@ = 3t — 2] + 6k and b = { — 4] + 3Ak are:
i. parallel ii. perpendicular
3. Ifd=—-3i+2/+4kandb=1-2j+4k then find the component of @ + b along
. d—b.

4. Find || if # is unit vector and (3 — ¥). (ii + ¥) = 18.

5. The scalar product of  + J — k with the unit vector along the sum of the vectors
2i — 3] + k and A — 2j + 3k is —1. Find the value of 1.

6. For any vector @; prove that |&@ x |2 + |@ x j|? + |d x E[z = 2|d|2

a. .. 0

ina sinf siny

7. With usual notations for a triangle ABC; prove that

method.

8. Suppose an airplane has a velocity relative to the air with a speed of 200 kmvh and a
direction of 60°. Suppose the wind is blowing from the west at 40 km/h. Calculate
the ground speed and the true course for the plane.

9. A pilot wants to have a true course of 100° with a ground speed of 250 kmvh. If the
wind has a velocity vector (r, 8) = (20, 30°), what should be the speed and direction
of airplane with respect to air.

by vector

%




