MATHEMATICAL INDUCTION AND
BINOMIAL THEOREM

After studying this unit, students will be able to:

» Describe a mathematical argument, identify the base case, induction of hypothesis and a
precise conclusion.

e Apply the principle of mathematical induction to prove statements, identities, divisibility of
numbers and summation formulae.

e Evaluate and justify conclusion, communicating a position clearly in an ppropriate
mathematical form in daily life.

» State and apply the binomial theorem to expand expression of the form (a + b)", where nis a
positive integer.

e Describe binomial theorem as expansion of binomial powers restricted to the set of natural
numbers.
Calculate binomial coefficients using Pascal's triangle.
Expand using the binomial theorems, and use appropriate techniques to simplify the
expression.
Find an approximate value using binomial theorem. Applications of binomial theorem.

e Use binomial theorem to find the remainder when a number to some large exponent is divided
by a number.

* Use binomial theorem to find the last digit of a number. Test the divisibility by & number and
compare two large numbers.

» Apply concept of mathematical induction and binomial theorem to real world problems such
as (puzzles, domino effects, pascals triangle, Economic forecasting, rankings, variables
subletting)

The concept of mathematical induction was first 11-5'['-’&1"*"4'* il A T
utilized by the Italian scientist Francesco Maurolico

in 1575. During the seventeenth century, both Pierre nt-«u..-.!:.;l(?:%T
de Fermat and Blaise Pascal also employed this Aeatt WO g}t
technique, with Fermat referring to it as the "meihod {"‘J'{i‘w‘ﬂ
of infinite descent." In 1883, Augustus De Morgan, Ry

renowned for De Morgan's laws, provided a
meticulous description of the process and named it
mathematical induction.




7.1 Mathematical Induction

To illustrate the idea of mathematical
induction, envision an infinite sequence of
dominoes arranged in a line, where if one
domino falls backward, it causes the next
one to fall backward as well. Now, suppose
the first domino falls backward. What
occurs next? . . . They all fall down. (Fig.7.1)

If the kth domino falls backward, it will also push the (k + 1)th domino backward.

To establish the connection between this visualization and the principle of mathematical induction,
consider the sentence "The nth domino falls backward", denoted as P(n). It is known that for every
k > 1, if P(k) is true (the k" domino falls backward), then P(k + 1) is also true (the (k + 1)®

domino falls backward). Additionally, it is given that P(1) is true (the first domino falls backward).
Hence, according to the principle of mathematical induction, P(n) (the nth domino falls backward)

is true for every integern = |.

7.1.2 Principle of Mathematical Induction
Example 1: Use the method of mathematical induction to prove that

nn+ 1)(n+2)
3

12423434+ +nn+1)=

for all positive integers n'.
Solution:
Here the proposition P(n) is:

nn+1)(n+2

Step 1: (Basis Step)
P(1) is true; since r Key Facts

12 = 1(1+1)(1+2) ™5 The two steps are involved in the
- 3 mathematical induction. First one is known

=2=2 “" as basis step and next onme is known as

Step 2: (Inductive Step) inducive step.

P(k + 1) is true whenever P (k) is true.
Let P(n) is true forn = k. i.e,;

k(k + 1) (k + 2
12423+ 344 o (k4 1) = f )

Now we prove that P(k + 1) is also true. For this we add (k + 1)(k + 1+ 1) on both sides.
12 234344 +k(k+1)+Uk+1)(E+1+1)
N ke(k + 1) (k + 2)
- 3

+k+DEFI+1)



kk+ Dk +2)

12+23+34++kk+ D+ Gk +DEFI+1) = : (0 + (k2 2)
=&+nm+ng+q=&+n&+nF§q
_(k+ DEFT+DEFT+2)
= 3

This shows that P(k + 1) is true. Thus, it is true for all positive integers.
Example 2: Use the method of mathematical induction to prove that

(1‘-%)(1-%)(l-i-)---(l-nil)nil

for all positive integers 'n’

Solution:
) Here the proposition P(n) is:1 ) . g )
(1"2')(1_5)(1_3)'“(1_n+ 1)=n+1
Step 1: (Basis Step)

Forn=1;P(1)is

(1-3)-

1

1_1

= 252

This shows that P(1) is true.

Step 2: (Inductive Step)
In Ihm step we will pmvc that P(k + 1) is true whenever P(k) is lnw

B-D6-D-D-6-r-eh
Now mt;]liply both sides by (1 - FH?) . 1 :
(1"5)(1__)(1_4) “(1 _m)(i_ﬁ+1)=(k+1)(l_ﬁ)

(k+1)( k+2) (kil)(k::; )=(k:-1)¢:;)=kj—2

Tkri+1 1 +1
! This shows that itis true forn = k + 1i.e.; P(k + 1) is true.

Thus, it is true for all positive integers n.
Example 3:Use the method of mathematical induction to show that n® — 3n + 4 is an even {l.c:
divisible by 2) for all positive integers n.




Solution:
The proposition P(n) n* — 3n + 4 is an even number for all positive integers.
Step 1: (Basis Step)
Forn = 1; P(1) is 12 — 3(1) + 4 = 2 which is an even number. Thus P(1) is true.
Step 2: (Inductive Step)
P(k + 1) is true when P (k) is true. )
Let P(k) is true i.e.; k2 — 3k + 4 is an even. Now P(k + 1) is:
(k+1)*-3(k+1)+4=k*+2k+1-3k—-3+4
= (k? -3k +4)+ 2k +1-3)
= (k*—-3k+4)+ (2k—2)
=(k®-3k+4)+2(k—1)
Which is an even because it is sum of two even numbers (k% — 3k + 4) and 2(k — 1).
=  P(k + 1) is true. Thus, it is true for all positive integers n.
Example 4: Use the method of mathematical induction to show that 3™ > n? for all positive
integers n.
Solution:
The proposition P(n) is 3" > n? for all positive integers n.
Step 1: (Basis Step)
Forn=1
P(1)is - = B |
= P(1) is true.
Step 2: (Inductive Step)
P(k + 1) is true when P (k) is true.
Let it is true forn = k. i.e.;
3% > k?
Now 3%+1 = 3 x 3k = 3% 4 3k 4 3k > 3k 4 3
= 3k+1 > j2 4 3K v 3% > k?istrueforn =k
Also3*>2k+1 fork>1
=23 S 242+ 1
= 31 5 (k + 1)?
This shows that P(k + 1) is true. Thus, true for all positive integers n.
Example 5: Use the method of mathematical induction to show that

4446+ 467 +4.6% + -+ 46" = 1 for all positive integers n.
Solution:

n+l_
We have to nrove the proposition P(n) that 4 + 4.6 + 4.6° + 4.67 + -+ 4.6" = )
by mathematical inducuon.
Step 1: (Basis Step)
Forn=0

5




4(6°*1 — 1) 5
4= ; -4:-:5—4 |
=P(0) is true

Step 2: (Inductive Step)
P(k + 1) is true when P (k) is true.
Let it is true forn = k. i.e.;
: 406"+ —1
4+4.6+4.52+4.53+---+4.ﬁ“=-(—5—) =
Now we have to show that proposition is true forn=k + 1.
~ Adding 4. 6%*'on both sides of equation (1), we get:
’ 4(6*+1 — 1)

44+ 46+46%+4.6%+ -+ 46" +4.6%1 = 3 + 4. 6K+
- i) 4. (ﬁk+1 -14 5{5“”‘)
e - y
_ 4.(6.61—1) _ 4 (652 = 1)
- 5 T 5

This shows that P(k + 1) is true. Thus, true for all positive integers n.

T Excrciicn) S ey

By the method of the mathematical induction prove the following when n is an integer.
. 142+3++n=280  ya51

2
3 12422 432 4o 2 = HOFDERED o
' 6
3. 13+23+33+...+ 3=n3(r:+1}2 o
1 n

5
5. 1=+32+52+~--+(2M-1]’-ﬂ"m—11 yaal

3
6. 4“+4‘+45+---+4“=43( AL vn=3
T rlz+$+i+...+n(:ﬂ}___n:tl Yas1
8 L;.2+2.::2= 3423+ +“f:"'—.|:'~z"=l_m+_:l+2.; Yvnz1
9. 1.;.3 + 2.2.4 + s.:.s ok n(n:::nﬂ} 5 2(:5_3:;;?2} vn=1

z 7
Iﬂ.?+??+T??+-**+???...?“;m”=H(10“”—9n+-10) vn1
11. 13433 +53 4+ +(@2n+1P=n+1)*2n%2+4n+1) vn=0
12. 1,2°4+2.21 +3.22 4+ +n2"'=(n—-1).2" +1 vn>1

e b - 5.‘7.__w:




13, 1114221433l 4+ nnl=(n+1)! - vn=1

4 (1-%)(1-%)(1-3).- (1——)_““ Vn>2

9

5. (33) GG~ G = {zéz;. ¥uxe
16. 1=24+2% = 2% 4 o (—n-izgn-1 = 2CD Vn20

17. () + (D) +G)+-+() =2 Yn>0
18. ’1')+2G)+3(;]+---+n@—n.2ﬂ-1 vn=1

=]

1 1 u+1
19. () +3(D) +3G) + - +5: () =5 Vnzo = .
Prove the followings by mathematical induction.
20. n? + 2n is divisible by 3 vnz1
21. 6is a factor of n(n? + 5) vnz1

4ien?
22, BOR ::“ wad 3 is a rational number.
23, 4™ 4+ 15n — 1 is divisible by 9 Vvnz1l
24, 7" — 2™ is divisible by 5 Ynz=0
Prove the followings incqualities by using the method of mathematical induction.
25. 2" < (n+ 1)! vnz2
26 S"+9<6” VYn=2
27. Ifth> =1thenl4+nh<(A+h)" Vnz=0
28. (2") < 222 vn25
n

29. Yn<2-2 vn=2
30. 1+3n< 4" Vnz=0
3. n*>2n+1 vnz2
32. nl > n? Vnz=4

7.2 Binomial Theorem

‘Bi’ mean two and ‘nominal’ mean terms. So, binomial mean an algebraic expression consisting
of two terms. e.g.,(x + y), G - %) ' (xz + i) etc all are binomials.

Often, we need some positive integral powers of binomial like square, cube or even higher powers.
Higher is the power the longer will be the expansion. To handle such problem we use binomial
theorem. General form of binomial expression is a (@ + b)™ where n is a positive intcger. We can
expand the expression (a + b)™ by using binomial thcorem. Another way to cxpand fa + !1)" is the
use of Pascal’s triangle.

—



7.2.1 Pascal’s Triangle

b - +

— e — e —

— e — — — S e —

This triangle of positive integers is known as Pascal’s triangle. How the Pascal triangle is
helpful in the binomial expansion; observe some positive integral powers of (a + b)".

forn=1 (a+b)=a+b

forn=2 (a + b)? = a* + 2ab + b?

forn=3 (a + b)?® = a® + 3a?b + 3ab® + b®
forn=4 (a + b)* = a* + 4a®b + 6a®b? + 4ab?® + b*
Observe that the binomial coefficients in the above expansion are.
forn=1 1 1

forn=2 1 2 1

forn=3 1 3 3 1

forn=4 1 4 6 4 1

Which are same as the first four rows of the Pascal’s triangle.

In this way we can find the binomial coefficients from the Pascal triangle by considering its n*"
row; for the expansion of (a + b)"™. Also from the above expansion note that, expansion starts
with a™ and in each next term exponent of a is decreased by 1 and the exponent of b is
increased by 1. The expansion ends with the term 5™.

Key Facts
Ejﬁxpmsiun by using Pascal’s triangle is convenient when n is a small positive integer. J

Example 6: Expand (1 4+ 2x)® with the help of pascal’s triangle.

Solution:

Herea = 1; b = 2x and n = 6. For the binomial coefficients we need the 6 row of the
. Pascal’s triangle.

Here a = 1; b = 2x and n = 6. For the binomial coefficients we need the 6™ row of the

Pascal’s triangle.

1* Row - > 1 1

2™ Row > 1 2 1

3™ Row > 1 3 3 1

4" ROW e » 1 4 6 4 1

T T
N '




5 Row > 1 5 10 10 5 1

6" Row » 1 6 15 20 15 6 1

Thus

(14 2x)% = 1(1)¢ + 6(1)5(2x) + 15(1)*(2x)? + 20(1)(2x)® + 15(1)?3(2x)* + 6(1)*(2x)5
+ 1(2x)8

= 1(1) + 6(2x) + 15(4x?) + 20(Bx?®) + 15(16x*) + 6(32x5) + 64x°
=1+ 12x + 60x? + 160x® + 240x* + 192x° + 64x°

5
Example 7: Expand (z - i) with the help of Pascal’s triangle.

Solution:

(2-3) =[2+(-3)

Herea=2: b= —; and n = 5. For binomial coefficients we need 5™ row of the Pascal’s

5

triangle.

1* Row > 1 1

2™ Row | 2 1

3" Row » 1 3 3 1

4™ Row > | 4 6 4 1
5™ Row » | 5 10 10 5 1

Therefore

5 2 3 4

[2 + (H%)] = 12)° +5@)" (—%) +10(2)° (—%) +10(2)? (- %) +5(2)? (— j_:)

5
(Y
= 132+ 516)(~3) + 106) () + 108 (~53) + 5@ () +1(-5)

=32-24+3 -4+~

x3  xt x5

7.2.2 Binomial Theorem
Statement: If @ and b are any two real numbers and n is a positive inleger then

@+b) = ()@ + (7) a1 + (3) @262 + -+ (, 1 ;) atbm= + () %"

Proof:
We will prove this with the help of mathematical induction.
Step 1: (Basis Step)
' Forn=1
(a+b)! = (Iﬂ) a'h? + (}) at=1pt = (1)a(1) + (Db =a +b

Trueforn=1
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Step 2: (Inductive Step)
Letitistrue forn = k. i.e;

@+ = (5) @00 + (¥) a0t + (X) a*2p2 4o (L K ) abrr 4 (K) b

Now we will prove that it is true for n = k + 1. For this multiply the above equation by « + b on
both sides.

(a+b)(a+b) = (a+b)[(F)axs® + () @101 4 (§) a*2b2 4 (| & ) abh=r o () %]

= (a+ b))+ = a[(g) akb® + (‘D ak-1p1 + (’;‘) a*-2p? 4 -+ x Jab =t + () a®*]
+b[(5) a0+ (¥) ax1pt + (§) @22 4 ok (L 6 Y abkot 4 () a%t]
= [(g) ak+1p0 4 (D akb' + (g) ak=1h? 4+ (k E 1) ab*-1 + (D a”bk]
+[(§) a0 + (§) @102 + () 2?4t (X )bt + (£) 20*1]

By collecting the like terms, we have,

o G Ol O~ Ol
+ D aOpkH

= -1-(5)
e @=1=G1d)
) (E)+ =1y porosrsn

e+t (K+1Y ks130 , (K+ 1) 4 k41 p152 ., k+1 k
(a+bys+t = : ) a*+15° + ( : )atb+( : ) ak-15? + +(k+1_1)ab
k+1Y g ke
+(k+1ab ‘
This shows that it is true for n = k + 1; hence it is true for all positive integer n.

Some Properties of Binomial Expansion

1. The number of terms in the expansion of (a + b)™ is one more than the index n.

2. . The sum of exponents of a and b in each term of the expansion of (a + b)" is n.

3. The coefficients of the terms equidistant from the beginning and the end are same.

4.  Ifnis even then there will be odd number of terms in the expansion of (a + b)™. So the

th th
middlc term in this expansion is the (3 + 1) = (%) " erm,



5. Ifmsnddihenthmwiubec;ﬁmnumbﬂoftumsintheexpansionuf(n+b)“.$nthm

will be two middle terms in the expansion; thes:an.-.(—) and |—) terms of the

expansion.
6. In the expansion of (a + b)", exponent of a is n and the exponent of b is zero in the first

term. In each next term exponent of a is decreased by 1 and the exponent of b is increased
by 1. In the last term exponent a becomes zero and the exponent of bis reached to n.

7. Any particular (r + 1)*" term from beginning also known as general term in the expansion
of (a + b)™ is given by
Tppy = (:) a™Th" )

8. A term which is at r*" position from the end in the expansion uf‘ (a+b)"isat

(n + 2 — r)** position from the beginning. .
Example 8: Expand (x — ¥)° using binomial theorem.
Solution:

(x=y)¥ =[x+ (-»P
= (g) x*(-y)° + (i) x*(-)' + (g) x3(=y) + G) x2(-y)* + G)x‘(-y)*

5
+ (5) xO(-y)* (1)
Now the binomial coefficients are;
5 5! 5!
( ) = = =]
o/ o (5 0)! 1x5!
(5) 5l 5 % 4] "
1!(5-1}: x4 & -
(5) _ 5! 5I 5x4x3!
2T 25-2) 21x3! 2x1x3!
(5) _ 5l _ 5! 5x4x3 =10
3)T3(G-3) 31x2 3Ix2x1
5\ _ 5! _ 51 5x 4'
(4)‘4:(5-4}!'41x1! Hax1
51
(5) = = =1
5/ 01(5-0) 1x5! :

Substituting values in equation (1) 1
= (1)x5(=3)° + (S)x* (- + (10)x* (=)? + (10)x2(=y)* + (5)x' (=)*
+ (1)x°(-y)?
= x5 — 5x*y + 10x3y? — 10x?y? + Sxy* — y°
10
Example 9: Find the constant term in the expansion of (I + i-) .

Solution:
The constant term in the expansion is independent of 'x’.



i

Here a = x; b=§andn=1ﬂ

The general term of binomial expansion is a
T4y = C:') a®Th" ’

Substituting the values
1 2 710 o
Tr+1=(f)1m'r(;) =(r)x1n rZ |
10 -
- (1- )xm rogr )
Term will be independent of x if the exponent of x is zero i.e; 10— 2r =0=2r = 10
; =2r=5
Putting value of r in equation (1), we have
J _(10\ _o,5 _ 10! =1_ﬂl _ 10.9.8.7.6.5!
T =(5) st -9 VB2 = 5532 = 533715 G2
i Te = 8064

5
Example 10: Find the 3rd term from the end in the expansion of (2 — =) .

Seolution: Herea = 2, b=_?f, n=S3
3" term from the end is at 5 + 2 — 3 = 4*" from the beginning.

Topy = (:) a™Th"
For fourth term, r = 3

Substituting the values; )
3
5N ez (=5 51 (—125) 51 —-125) 5.4.31 (=500
Ty = 2>=4 (—- = 24 = 4 =
i (3) 4;) 31(5-3)" \ 2 ETF T S ) 321\ 3
3 -
T, = 10(~500x"%) = =5000x

Example 11:

Find the remainder when 7191 is divided by 25.
| Solution: .

7101 7 7100 7. (?2) 50 ':r(.l_g}ﬁﬂ 7

| T T I T )

f - 2—?5- () o010 + (3) 502 (=13t + (3P) (50)*0(=1)? + -+ (32) 50yt (- 1)*
s +(3g) (50°(-1)%] |
| = _2_'{5_ {(su)su(_l)ﬂ & (51“) (50)*?(—1)! + (52“) (50)*(=1)% + -+ (ig) (50)_‘(-1)"}

G ,



= % [(Eﬂ)ﬁﬂ (_1)?0 ¥ (51[’) (5{])4!(_1}1 + (52‘]) tsu)iﬂ(_ 1}2 R & (ig) {50)1(_1)491

*%5
Thus, the remainder is 7. Illustration 1
E le: urth : . 0N & If we divide 25 by 7 the
.xnmp e: The fo term in the expansion uf(ax + I) is 2 inder is 4. We may
Find the values of @ and n. write :
Solution: 25 4
General term of the binomial expansion is Foot7
T = (n) . Numerator of the fractional
e AR . part is the remainder.
The fourth term in the expansion of (ux + i) is
3
= T3+1 - (;) (ﬂ.‘.\‘.‘)““g (%) - G) un-axn-ﬁ
Given that fourth term is E; thus
L SR '
(3)amxm-s =2 ()
Now right side of (1) is independent of x, this needs exponent of x to be zero. i.e;n—6=0

=2n=6 3
Putting value of n in equation (1), we get

M) n-30_5 o_ 6 g 5 _6543,3_5

(S)E'I‘z . =3 =3TN* "2

5
. R 32
= 20a =3 =2a =30

||

=

l
ST

723 Use of Paseal’s Triangle and Binomial Theorem In Real World Problems
Pascal triangle and binomial theorem are used in the real-world problems such as cryptography,
calculating the number of matches played in a tournament where n teams are playing, calculating
the possible number of protein structure and DNA sequence.

Example 12: Use pascal triangle to find the possible number of heads when three coins are tossed
simultaneously. '

Solution:

. When three coins are tossed together the following are the possible results.

HHH HHT HTH HTT THH THT TTH TIT

0 Heads = one result

1 Head = 3 results
2 Heads = 3results
3 Heads = one result

By pascal triangle we have




By pascal triangle we have

1 s |
1 2 1
1 3 3 1
0 heads lhead 2 heads 3 heads

B O s e s

. Expand the following with the help of Pascal’s triangle. '
5
0 (2vx +%)5 @ G+ -21'1)'i Gii) (2-2¥2)" (v (“fo ~ ‘E)
2. Expand the followings by using binomial theorem.
® (E-2) @x+y  Gi)Gu-1)7 (i) (a2 +bVE)°
4
@ A+2e—y)ei) (G+243)"
3. Expand and simplify.
(i) (@Q+10x)*+(1-10x)*
(iii) (1+2x+ 2x?)(1—x)" (iv) (.99)° + (1.01)*
X 4 4 .
i @ G-9+C+) vi) (a2 +VaT=1)" = (a? - VaT=7)"
4. Find the coefficient of the 8" term in the expansion of (x’ -+ %)m.
5. Find the middle term in the expansion of the following,
; 7 . AR G 2 1
@ (3x%-3) (i) (22 - &
Gii) (& + V&)

(i) (2 - 2) (1 + 422)

11

12
@ (a-3)
6. Find the specified term in the following expansions.

10
Term involving b in the expansion of ("—: + 21:2)

(i)

- 2 u
(i)  Term involving q® in the expansion of (Ez" + 5q3)

‘ (iii)  Term involving x*y? in the expansion of (3x* — y)*
(iv)  Term involving y®x? in the expansion of (y* — 3x)5

7. Find the term independent of x in the expansions of the following.
s ilagi TN (\F 110
(i) ( = (1i) x4+ E’:)
8. Find the r** term from the end in the expansion of (a + b)" where0 < r < n.

Ty T



9. Prove that sum of all the binomial coefficients in the expansion of (a + b)™ is 2"; hence or
otherwise prove that sum of odd coefficients is 2",

10, The sum of coefficients of first three terms in the expansion of (n — 535)“ 15 559, Find the

term involving a? in the expansion.

11. If the coefficients of (r — 5)*® and (2r — 1)*® term in the expansion of (1 + a)** are
equal; then find the value of r.

12. If the coefficients of 2™, 3" and 4™ terms in the expansion of (1 + x)*™ are in A.P., show
that 2Zm? = 9m + 7 = 0.

13. If coefficients of three consecutive terms in the expansion of (1 + x)™ are in the ratio
6 : 33: 110, then find the value of n and thc position of terms.

14. Prove that (") = (n) +3 G) L ( ) 2::1-*
15. Prove that (o) - 3(7) +3(5) =+ {;:-}: ==
16. Prove that (n) (n) t (n) +- + 2n ) (:)
17. Prove that (J) +(§) +(5) +-+ (n) =)

18. Use pascals triangle to find the number of heads when six coins are tossed simultaneously.
19. If 7 coins are tossed how many times 5 heads will appear.
20. If a coin is tossed 8 times how many times 3 tails will appear.

7.3 Binomial Series
7.3.1 Expansion of (1 + x)" when n is Positive Integer
Since the index n of (1 4+ x)" is a positive integer; so by using the binomial theorem we have,

(1 +20" = (g) Wrae + () mtat + (5) =2 + 4 (1) (100"

n! ! n! nl
= PO+ e i OV srm =2 (D)x? + 4 i *

- 0)!
_nl n(n—1)! nn—1)n-2)! , E “
_EUH- (n—l)!x+ 2! (n - 2)! X ++n!x
(1+x}“=1+nx+“[';11}x2+ -4 x"

The series on the right is terminating and has (n + 1) number of terms.

7.3.2 Expansion of (1 + x)" when n is not Positive integers or Fractional Number

When n is not positive or fractional number then expansion of (1 + &)™ is non-terminating. i.c.;
n(n— 1) n(n 1)(n—-2) e B

-
(1+x)"=14+nx+ 2 =




The above series will be convergent if x| <lor—1<x < 1.

Convergent means series has a finite sum otherwise series will be divergent. We will focus only
those expansions of (1 + x)™ which are convergent.

The series 1 + nx + m;zxz + w;’a + -+ is known as binomial series. The general

term of the binomial series is given by
nn-1)n=2)..(n—r+1)
Trpa = = x”

Y Excreise 7.3 [oalriemsie e e

1.  Expand the followings upto four terms and also find the values of x for which the series is

convergent.
, @ @-v9~° @ (63+)° . E-2)
ﬂ 1-2x 2 JEFL
(iv). (v). E (vi) =
2.  Approximate the value upto four places of decimal.
(i).V65 (ii). E i), (1.03)F @iv) (.95)7

3.  Find the term involving x** in the product of (1 +x2)(2 + V3x3) 2

4. If x is so small that its square and higher powers may be neglected then prove that:

. VEIERQ-x)2 2 19 oo (1432) *4VaTEE
® 3x ?(1 e (i) (44x) "2 (3 ET )
(iii) _é:"";
X
5. If x is so small that its cube and h:gher powers may be neglected then show that:

(14021422 _ 3 15 _, (#+0)24+(1-22)"5 183 8419 ,
@ Vi-x max—Sx ) (1+2x)? + Tt 6™

2
6. If x is so large that G) and higher powers may be neglected then show that:

Jx’+25~J:2+9=g
(2+x)*?
(14x)¥ }
8, Identify as binomial series and find the sum of the following:
' 3 3\2 3\3
M 1=+ 4.(? = a.(;) 4 oo

ii 1——- — —
(i) 15+2| 15 3:155"-

i A T ) 5 AR

. 7. Find the term involving x™ while simplifying



: 3
(9): By =y

3l.18

1 3 3
% W Iry= 211 + 2421 + 2°31
1.3.5

. 1 1.3
(ii) 1f}'=;+ﬁ+m+---thenshowthaty‘—Zyﬁ2= 0.

- + ---, then show that 8y? + 16y — 19 = 0.

axP-px? 1
o =
xo=e =%
+2p 3

.. ; . q P
(ii) If p and q are approximately equal; then prove that e (

10. (i) If x is very nearly equal to 1 then show that

2.01

: Y3
Hence approximate the value of (T) . . .

Applications of Binomial Theorem

The binomial theorem has a wide range of applications in Mathematics, like finding the remainder,
finding the digits of a number, etc. The most common binomial theorem applications are as
follows:

Finding the Last or Unit Place digit of an exponential number

Consider the table given below in which numbers are written in first column while their
exponents are written in the first row and it is showing only the unit place digits.

Powers —

N 112|3|4|5|6|7|8]|°9
0 ololojololojo]|oO]|O
1 trrelely 111441
2 2486 2[4]8|6]2
3 397139 7]1[3
4 4| 6|4|6|l4|6/4|6]|4
5 s|sIs5]s15]518 |5]|S5
6 6le6l6|6[6|6[6]|6]6
7 719131171913 1117
8 8 |4|2]|6|8|4[2[6|8 .
9 o 1[9]1]9]1]9]1]9

From the table, the unit place digits for 2 are as 2 = 2, 22 = 4 23 = 8,2* = 16 and 2° = 32.
Since the unit digit is same as that of the number 2 therefore the cyclicity of 2 is 5 — 1 =4. In the
same manner we can find the cyclicity of other numbers. The cyclicity of 3, 7 and B is also 4. For
1, 5 and 6 the unit digit remains the same for all the exponents and for 4 the unit place digit is
cither 4 or 6 whereas for 9 it is 9 or 1 only. Hence, we can say that if the exponent is of the form ‘
4n, 4n+1, 4n+2 or 4n+3 then we can easily find the value of the unit place digits of all the
numbers. |

A0 i SN /v ok ot



Example 13: Find the unit digitof: (i) 172°* (i) 29%¢ (i) 36397

Solution:
(i) 17293
Now 203 can be written as;
203=4x50+3
 Since, the remainder is 3 so, 73 = 343
Hence the unit place digit of 17293 is 3.
(i) 29%¢
As in case of 9 from the table we can see that there are only two values i.e.; 9 and 1.
So, write 26 as 4 x 6 + 2. Hence remainder is 2 that is 92 = 81. Unit place digit of 9 is 1.
(iii) 36397
As the unit place digit is 6 which always remains 6 at unit place, so 36°7 has 6 at unit place.

Finding Remainder Using Binomial Theorem

The method is explained with th help of example.
Example 14: Find the remainder when 7193 is divided by 25.
Solution:
7% 7(49)%  7(50 —1)St
25 25 25

7(25k —=1) _ 175k —25 + 25 — 7)
T 25

25(7k — 1)+ 18
25

% The remainder = 18

Example 15: If the fractional part of the number £ is £, then find k.

Solution:
z-ma 23 {24)1!!0
15 -~ 15




= —E- 100 = 8 = i = il
15 (16) g (I5+1)y» = 13 (15A+1)=8A+ 15
+ 8 is an integer, fractional part = -1%

So, k=8
Example 16: Find the unit digitof (i) 17299 (i) 292%¢ (iii) 36307

Finding Digits of a Number
The method is explained with th help of example.

Example 17: Find the last two digits of the number (13)'°.

Solution:

(13)'"=(169)y°= (170 - 1)°

=3Co (170)° = °C1 (170)*+ *C2(170)’ - *C3 (170)* + 5C4 (170) — °Cs
=5Co (170)° = *Cy (170)* +5C2(170)* — 5C3 (1702 + 5Ca(170) — 1

A multiple of 100 + 5(170) — 1 = 100k + 849

~ The last two digits are 49.

Relation between Two Numbers
The method is explained with th help of example.

Example 18: Which one is greater 99°Y + 100°? or 101597

Solution:
101%° can be written as:

101°°= (100 + 1) = 100°+ 50 . 100+ 25 .49 . 100"+ ...

Y9 can be written as:

= 99%0= (100 - 1)*= 100°°— 50, 100¥ + 25 . 49 . 100** ~ ...

Now, 101%°—99% =250, 100"+ 25(49) (16) 100"+ ...]
=100"+50.49.16. 100"+ ... >100°°

& 101%°-99%> 100%
= 101°°> 100%° + 9959



Divisibility Test

The divisibility test means that we want to to check weather a number is complelety
divisible by the other number. Mean when a number is divided by another number and the
remainder is zero then this is known as the divisibility of a number with another one. If a number
is to large and we want to check that it is divisible by other number this method is explained in
the following example.

Example 19: Show that 11°+ 9'' is divisible by 10.

Solution:
1749 = (10 + 1)’ + (10— )"

=[PCox 10°+°C, % 10°+... + °Co] + [M'Cox 10" - MC; x 10" +... +1'Cyy]
=9Cux 10°+°C) % 10*+ ... +%Cy < 10+ 1 + 10" = M"C; x 10"+ ... + VCypx 10 -1
=10°Cox 10°+°Cy x 107+ ... + °Cg+ "Co x 10" = 1'Cy x 107+ ... + ''Cy0]

= 10k, which is divisible by 10.

I Excicise 7.4 e e e S S R

1. Find the unit place digits in 27°%¢,108%%, 542°% and 503*7,
2.  Find the remainder when:

a. 9°%isdivided by 31. b. 82% is divided by 48.
3. If fractional part of number “— is =, then find the value of k.

4.  Find the last one or two digits of the number where applicable.
a 15° b. 377 c. 29'°
5. Which of the following is a larger number?
a. 98+ 100 or 102 b, 47% + 50* or 53%
6. Show that 12'% + 8% is divisible by 10.
Show that 22%° + 18 is divisible by 20.
. Use binomial theorem to find the remainder when 51%9 is divided by 13.
9. What is the remainder when 171717 is divided by 9.

10. Using Binomial Theorem, indicate which number is larger (1.1)'°°® or 1000.

11. Show that 9"*! — 8n — 9 is divisible by 64, whenever n is a positive integer.

12. If g and b are distinct integers, prove that a — b is a factor of a” — b”, whenever nis a
positive integer.

13. Show that 6™*3 — 8n — 6 is divisible by 6.

% =




B Review Excrcise - SRR R

Select the correct option:

(1) Mathematical induction is used to check a proposition for all n where n is a/an:
(a) real number (b) rational number (c) integer (d) positive integer

(i) A mathematical statement which is true for all positive integers is also true for all:
(a) negative integers  (b) positive numbers (c) whole numbers  (d) none

(iii)) Ifnis even positive integer then the middle term in the expansion of (a + b)" is

= th th

@ (3 ) em @) (22) teim (@) (3) tem @ (3+1) term
(iv)  In the expansion of (a + b)*® a term. is at the 11" position. Its position from the

end is: :

(a) 9% (b) 10™ (c) 11™ (d) 12
(v) The coefficient of the 3™ last term in the expansion of (1 + x)3%° is:

(a) 277 (b) 44850 (c) 303 (d) 4305600

; 11 11 11 11y .

(vi) (D)+(2)+(4)+m+(m is equal to

(a) 2 (b) 212 (c) 210 (@21 -1
(vii)  If the third term in the expansion of (1 + x)” is — %xz then the value of p is:
@2 ®) 1/, (c)4 (@3
(viii) The coefficient of x™ in the expansion of (1 + x + x? + +--)™™ where n is a even

number?

(a) 1 (b) -1 (c)n (d)-n+1
(ix)  The greatest coefficient in the expansion of (1 + x)° is; )

x 10 10

(2) 2 ® () @)  @a2e
(x)  Binomial series (2 + 3x)~%/2 is valid when:

(@) x| <1 ) |x] < 1 (c) x| -=:§- ) lxl <3
Using principle of mathematical induction prove that for all positive integersn:

1 1 NS 1 e n(n+3)
123 234 nn+1Dn+2) 4+ 1)(n+2)

The ratio of coefficients of three consecutive terms in the binomial expansion of (1 + x)™
is 2 : 15 : 70, Find the average of the three coefficients.

12
Show that the expansion of (J:2 + 1) does not contain any term involving ;

T _a a8
Sa=25. a+2f g

1f2C, is the largest coefficient in the expansion of (1 + x)? then find 1C,..
Use binomial theorem to prove that 6™ — 5" leaves a remainder 1, when divided by 5.

If @ and § are nearly equal then show that. (




