SEQUENCES AND SERIES

After studying this unit, students will be able to:

Solve problems by analysing arithmetic sequence and series up to » terms.
Solve problems by analysing geometric sequence and series up to » terms.
Identify a sequence as arithmetic or geometric sequence up to » terms.
Solve problems by analysing harmonic sequences and series up to n terms.
Recognize sigma () notation.
Find sum of

« the first » natural numbers (Zn),

« the squares of the first n natural numbers (Zn?),

+ the cubes of the first n natural numbers ().
Define arithmetico-geometric series.

¢ Find sum to » terms of the arithmetico-geometric series.

A sequence is simply an ordered list. For example, a
superball dropped from the top of the tower (556 ft high)
always rebounds three fourths of the distance fallen. How
for (up and down) will the ball have traveled when it hits
the ground for the 6th time, a sequence is being formed?
When the members of a sequence are numbers, we can
find their sum. Such a sum is called series.

Solve real life problems involving arithmetic sequence, arithmetic mean and arithmetic
series.




4.1 Sequence

We encounter sequences at the very beginning of our mathematical experiences. The list of even

numbers; 2,4,6,8. 10...
and the list of odd numbers;
1.3.5:7.9..

are examples. We can ‘predict’ what the 20th term of each sequence will be just by using -
€Ommon sense.
Sequences can be either finite or infinite. For example,
2,4,6,8, 10
is a finite sequence with five terms whereas,
5, 10, 15, 20, 25,...
continues without bound and is an infinite sequence.

The list of positive odd numbers:

1:3: 8. 79,
is an example of a typical infinite sequence. We use the symbol @, to denote the nth term of a
given sequence. Thus, in the above sequence; a; = 1, a; = 3, a3 = 5 and so on, the first term is
a,; = |, but there is no last term.
The list of positive odd numbers less than 100 is :

1;:3,8,77,9,..,99
This is an example of finite sequence. The last term is 99. This sequence contains 50 terms.

There are several ways to display a sequence.

e Write out the first few terms.
* Give a formula for the general terms.
* Give a recurrence relation.

Sequences: If the domain of function fin the set of positive integers, then the element of /(x) is
its range can be arranged in order of increasing n;

S, F@.fB). .., f&),..

For example if n is a positive integer, then the first several elements in the range of:

Functions whose domain are the entire set of positive integers are given a special name,
Definition:

Sequences: A sequence is a function whose domain is the set of positive integers. |




= e

Terms: Rather than using the customary function f'(x), a sequence usually denoted by symbol
{ a_ }. The terms of the sequence are formed by letters n take on the values 1,23 ... in the general
term a,. Thus, { a, } is equivalent to:

a, a a ...a,.. < clementsinrange |
| S . s < i .
1 2 3 .. n,... <elementsindomain |

A much better way to describe a sequence is to give a formula for the nth term a,. This is also
called a formula for the general term. For example, a, = 2n — | is the general term for the
sequence of odd numbers.

Consider the sequence 2, 4, 8, 16,...
Here, firstterm: a,=2'=2

second term:  a,=2°=4
third term: a3 =2'=8

The general term is a, =2"
This sequence can also be written as:

B N | L
Example 1: Find the first four terms and the 57th term of the sequence whose general term is
given by a, = (;ﬂn,
Solution: g, = f:; = —i | : a= .%]: =§
ﬂa—t—;l,“i:"% ’ “‘=%'];:=§

Note that the expression (—1)™ causes the signs of the terms to alternate between positive and %

negative, depending on whether n is even or odd. }

Example 2: For each sequence, predict the general terms. J

(i) 1,4,9,16,25,... (i) Vv1,VZ, 3 V4,... |

(iii) —1, 2, =4, 8, —16,... (iv) 2,4,8,16,... )

Solution: (i) There are squares of consecutive positive integers.
So, the general term is n’ 2

iLe. a,=n" |
(ii) There are square roots of consecutive positive integers. So, the general term is Vn. |
(iii) There are powers of 2 starting from 0 with alternating signs.
So, the general term is (—1)"[2™"!]. 2y
(iv) If we see the pattern of powers of 2, we will see 16 as the next term and gives 2" |
for the general term. |



1.In each of the following, the nth term of the sequence is given. In each case find the first 4 terms;

the 10th term, a,o and the 15th term, a,s.

(i) apn=3n+1 (i) ap=3n-1 (i) an=r7 (iv) ap=n*+1
LS P _n*-1 " _(-1 mad = (=1)" n2
V) ap=n'-21 (Vi) = i) @y =(F)  (vii) aa= (=)' n
(iX)a, =(—1)" (n+3) (x) a,=(—1)"** (3n -5)
2. Find the indicated term of the sequence
(i) ap=4n-3; ag (i) ap=5n+11; aq
(i) a, =(3n+4)(2n-5); a; (iv) ap=(-1)""1(3.4n-17.3); ay;
2

(v) @, =4n*(11n+31); az (vi) aﬂ=(1+i-) : Qag
(vii) @, =log 10™; a,; (viii)a, = Ine™; ag;

3. Predict the general term or nth term, a,,, of the sequence.

) 3,579 (i1) 3,9, 27, 81, 243,...

(iii) V2, V4, V6, V8, V10,... (v) 1.2,23,34,45,..

4.2 Arithmetic Sequence

A professional race car driver drives out of a curve. He enters the straight away at 119.9 mph. He
increases his speed by 78.3 mph and after 9 seconds his speed is 198.2 mph.

The table below shows how his speed increased each second after entering the straight path.

'1'.'.""']’._._"&3 i o 1 2 3 4 5 6 7 8 9
Speedinmph | 1190 | 128.6 | 137.3 | 146.0 | 154.7 | 163.4 | 172.1 | 180.8 | 189.5 | 198.2
250
200
E_ 156 4— ———— - I
g- - +— s T e T
7 s
|
0
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Number of seconds
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From the table and graph, we observe the number and pattern. This set of numbers is an example
of a sequence. Each number in a sequence is called a term. The first term is symbolized by a,,
the second term by a; and so on to a,,, the nth term. The sequence shown in the table contains
ten terms. Therefore, a;=119.9, a,= 128.6 and a,, = 198.2 (each term is obtained by adding 8.7
to the previous term). A sequence of this type is called an arithmetic sequence or arithmetic
progression (A.P). The number added to find the next term of an arithmetic sequence is
called the common difference and is symbolized by the variable 4.

L

Explanation: In as arithmetic sequence, all terms (other than the first) can be found by adding
the same number to the preceding term. For example, the sequence 2, 5, 8, 11, 14, 17, ... is
arithmetic because adding 3 to any term produces the next term. In other words, the difference
between any term and the proceeding one is 3. Arithmetic sequmce are also called arithmetic

progressions (A.P).

To find the next terms in an arithmetic sequence, first find the common difference d by
subtracting any term from its succeeding term, then add the common difference to the last term
to find successive terms.
Example 3: Find the next four terms of the arithmetic sequence 33, 39, 45...
Solution: Find the common difference 4 by subtracting two consecutive terms.
d=39-33=6 or d=45-36=6.

Now add 6 to the last term of the sequence and then continue adding until the next four terms are
found.

as = 45+6=>51, as = 51+6=57

ag = 57 +6=63, a7 = 63+6=69

The next four terms of the sequence are 51, 57, 63, and 69.
In this way terms of an arithmetic sequence are formed.

4.2.1 Formula for the nth Term of an Arithmetic Sequence (A.P)
The nth term a,,, of an arithmetic sequence with first term a, and common difference d'is given by

ﬂn = ﬂl -+ {ﬂ - 1} d
This is known as recursive formula.

Note that the coefficient of 4 in each case is 1 less than subscript.
Example 4: Suppose a race car driver increases speed at constant rate. What will his speed be

after 15 seconds, if his initial speed is 85 mph and his rate of acceleration is 4.5 mph per second?

Solution: a; =85 and d=4.5, a;4="7 (After 15 sec means we have to find a;¢ term)
Find a,5 using a, = a, +(n—1)d

a6 =85+(16-1)(4.5)

Q15 = 152.5
His speed will be 152.5 mph after 15 seconds.

b B e
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Example 5: The third term of an arithmetic sequence is 8, and the sixteenth term is 47. Find a,, d

and construct the sequence. Also find a4c.

Solution: We know that a3 = 8 and a,, = 47. We need first term a,and d {cnmmon difference).
a; =8 (Heren=13)

So, az=a;+(3-1)d = 8=a,+2d (1)
and : ay¢ =47 (Here n= 16)
a5 =a;+(16-1)d = 47=a, + 15d (ii)
Solving (i) and (ii), we have
a, =2, d=3 .
. So, a;=2, a;=a,+1.d=2+3=35, az=a; +2d=2+6=8,

ag=a;+3d=2+9=11""
The sequence is 2, 5, 8, 11, .
Now, a;5=a, +(15—1}d’ al-i-ldd 2+14(3)
ﬂ15_44
4.2.2 Arithmetic Mean

To find arithmetic mean between two numbers a and b, we use formula

a+b
AM= e
A number A is said to be arithmetic mean (A.M) between two numbers a and b if g,
A, barein AP, |

If d is the common difference, then
d =A-a=b=4

24 = a+b
a+b
4 =

Example 6: Find the four arithmetic means between 19 and 54.

Solution: We can use the nth term formula to find the common difference.
In the sequence 19, ; ; ; . 34; we have, a; = 19 and ag = 54.
| To find d, use ag = a, +5d
54=19+5d = d=17
Use a; = 19 and d = 7 to find the four arithmetic means

! ; az =ﬂ1+d =19+7 =26
| @ =a;+2d =19+2(7) =33
E 4, =ay+3d  =19+3(7) =40

as =a,+2d  =19+4(7) =47

I ( The four arithmetic means are 26. 331 40 and 47. .M
Example 7: Find the A.M between 6 and 18. - :

Solution: We have a, =6, b= 18, then

A.M-ﬂ—ﬂﬂlz ﬁ:mmmihnmm |

2




Example 8: Find the 7 A.Ms between' 7 and 20.
Solution: Let A1, A2, 4s... A7 be the required A.Ms between 7 and 20. Then
7, Av, Az, A3, As, As, As, Az, 20 are in AP,
a;=7, n=9, ag=20
@ +8d=20 = T+84=20 = d=1

10
PR H checkpoint

10 10
_ 11 92 Show that sum of n A. Ms between
<A ﬁ)=ﬁ' a & b is equal to n times 4. M
147 betweenad&b.

— 103 =27 -k - =
Similarly, ffs—m,zh E,As 2,..45 S.A-.r i

1. Find the first four terms of each arithmetic sequence.

(i) a,=4, d=3 (i) a,=7, d=5 (i) a, =16, d=-2
(iv)a; =38, d=-4 ™ a=3d=3 o) ay= 3 d=3

2. Find the next three terms of each arithmetic sequence.
(i) 5.9, 13, ... @) 11,14,17,... (@) 3 3 3 ... (iv) 0.07,0.12,0.17, ...

3. Find the 11th term of the arithmetic sequence 0.07, 0.12, 0.17,...

4. The third term of an arithmetic sequence is 14 and the ninth term is —1. Find the first four
terms of the sequence.

5. Find an arithmetic sequence for a,; = —40 and a,g = 73, find a; and d. Write first five
terms of the sequence.

6. The fifth term of an arithmetic sequence is 19 and 11th term is 43. Find the first term and 87th term.

7. Which term of the sequence —6,-2, 2,... is 70?7 -8. Which term of the sequence 231 -1—25?

2'2'2
9, If i !L'E- are in A.P. Show that the common difference is E

10. During a free fall, a sky diver falls 16 feet in the first second, 48 feet in the 2nd second and
80 feet in the third second. If he continues to fall at this rate, how many feet will he fall
during the 8th second?

11. If Rs. 1000 is saved on August 1, Rs. 3000 on August 2, Rs. 5000 on August 3 and so on.
How much is saved till August 207

12. A gardener is making a triangular planting, with 35 plants in the first row, 31 in the second
row, 27 in the third row and so on. If the pattern is consistent, how many plants will there be
in the eighth row?

13. Find AM. between (j) 7 and 17 () 3+3VZand7-3V2

(iii) 7V5 and V5 (iv) 2y+5and5y+3

14. Find ‘b’ if 10 is A.M between b and 20.

15. Find x and y if 2 and 13 are two arithmetic means between x and y.
16. Find the two arithmetic means between 5 and 17.  17. Find three arithmetic means between 2 and 18,
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4.3 Arithmetic Series

A sky driver falls freely covering the distance in the following pattern. These free-fall distances
form an arithmetic sequence. 16, 48, 80, 112, 144, 176, ...

To find out what the total distance coverd by the sky diver is, we would add the terms in the
sequence. 16 +48+80+ 112+ 144+ 176

The indicated sum of the terms of a sequence is called a series. Above series is called an
arithmetic series.

Definition: Arithmetic Series: An arithmetic series is the some the terms in an arithmetic

sequence. An arithmetic sequence is a numbers in which the difference between consecutive
5 terms is constant.

i Following are the examples of arithmetic sequences and their corresponding arithmetic series.
Arithmetic Sequence Arithmetic Series
2,4,6,8,10 2+4+6+8+10
-8,-2,4 -8+(-2)+4
g8 a8 2032 .00
55’5’5 5 5§ 5 §
@y, @z, ds, ﬂ,!.,.... ay, ' ay +az+ﬂ3 +ﬂ4 +,...,+ﬂ.n

The symbol S, is used to represent the sum of the first n-terms of a series. For example, Ss means

the sum of the first four terms of a series. For example, the sum of series 3+ 6+ 9+ 12 s 30. Ifa
series has a large number of terms, it is not convenient to list all the terms and then find their sum.
4.3.1 Sum of nth term of A.P

To develop a general formula for the sum of any arithmetic series, let's consider the series of sky
diving distances.
16 +48 + B0+ 112+ 144 + 176
We write S5 in two different orders and find the sum.
Ss=16+48+80+ 112+ 144+ 176

+ Ss=176+144+112+80+48+ 16

2856=192+192+ 192+ 192+ 192+ 192 ...  Jtimes 192 (6 sums of 192)
=6[192) = Ss=3[192] (Divide each side by 2)
& Here, 6 represents n, 192 represents the sum of the first and last terms (16 + 76) i.e. a;+ a,,. We
can replace the equation with the formula:
; ; Sn= 7 [a,+ ap] )

| We have learnt that in an arithmetic sequence, a,, = a, + (n — 1) d. Using this formula(i), we get
another version for the sum of an arithmetic sequence.

Sn = E[ai+an]; replace a,, witha, +(n—1)d
Sn= Z[ay+(ay +(n—1) d)]

Sn= 3 [2ay+(n-1)d]
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_ The sum Sx of the first n-terms of an arithmetic series
| is given by:
Sa= 21+ a,] = Su= = [2a;,+ (n-1)d]

Example 9: Find the sum of the first 100 positive integers.

Solution:
1" Method: In this serics, a, =1 and a, = Qqpp = 100
So= 7 l@r3 ap)
Sioo= == [1 +100] = 5050
2""Method Sumis1+2+3+ - .- + 100 term
a,=1,d=1,n=100
&=§ﬂm+h-nﬂ
Sioo = 2 [2(1)+ (100 - 1)(1)]
Sioo =50 [101] = 5050

Example 10:
Find the sum of the first 50 terms of an arithmetic series where a, = 5 and d = 25.

Solution: Given
a;=5d=25n=50

Sn=>[2ar+(n—1)d]
Sso = ? [2(5) + (50 - 1)(25)] (substituting values)

Sso=25 [10 + (49)(25)] = 30875

Example 11:Theaters are often built with more seats per row as the rows move towards the back.
Suppose the main floor of a theater has 28 seats in the first row, 32 in the second, 36 in the third

and so on for 50 rows. How many seats are on the main floor?
Solution: From the given information, 1st row = 28, 2nd row = 32, 3rd row = 36. The series is:

B3 H36+ 1 ieernivernnc (50 rows)
a, =28,d=4,n=50

Sa= % [2ay+ (n—1)d)
Sso= = [2(28) + (50~ 1)(4)]
Ss0=25 [56 + 196] = 6300

o2 A Ao Book Foundaton

(substituting values)
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Example 12:
Find the first three terms of an arithmetic series where a, = 17, @, = 101 and S,, =472.
Solution: First, find ‘n°.
Sn= 7 [as+ ay);
472=2[17+101] = 944=18n = n=8
Next, find “d’.
a,=a;+(n-1)d
101=17+(8-1)d
84=7d = d=12
Now we have:
a;=a, +d=17+12=29
a;=a, +2d=17+2(12)=41
Thus, the first three terms are 17, 29 and 41.

Find the sum of each series (1 -7).

1. 4+7+10+13+16+19+22+25 2. a,=2, a,=200, n=100

3. a;=5, a, =100, n=200 4 .a;=4,n=15,d=3

5. a,=50,n=20,d=-4 6 3+EDHEID* e + agp
7. 9+11+13+15+......... for n =12

8. Find the sum of the even numbers from 2 to 100.

9. Find the sum of the odd numbers from 1 to 99.

10. Find the sum of all multiples of 4 that are between 14 and 523.
Find S,, for each arithmetic series.

11. a,=3,a,=-38,n=8 12, a,=85n=21,a,=275
13. a;=34,n=9,a,=2 14. a;=5d=n—13
15. a;=91,d=—-4,a,=15 16. d=-4,n=9,a,=27
Find sum of the arithmetic series.

17. 6+12+18+ ...+96 18. " 34+30+26+,,.+2

19, 10+4+(=2)+... +(=50)

Find the first three terms of each arithmetic series.

20. a,=17,a,=139,5, =876 21. n=14,a, =53, 5, =378

22. a,=6,a,=3065,=1716

23. A formation of a marching band has 14 marches in the front row, 16 in the second row,
18 in the third row and so on, for 25 rows. How many marchers are in the last row?

How many marchers are there altogether?




24. How many poles will be in a pile of telephone poles if there are 50 in the first layer, 49
in the second and so on, until there are 6 in the last layer?

25. A family saves money in an arithmetic sequence: Rs. 6000 in the first year, Rs. 70,000 in
second year and so on, for 20 years. How much do they save in all?

26. Mr. Saleem saves Rs. 500 on October 1, Rs. 550 on October 2, and Rs. 600 on October 3
and so on. How much is saved during October? (October has 31 days)

44 Geometric Sequence
Iodine is used medically as a tracer isotope in monitoring the activity of the thyroid gland. A patient

is given a compound containing the radioactive iodine. The amount of iodine retained by this gland
is a measure of its ability to function.

lIodine has a half-life of about 8 days. That means approximately every 8 days, half the mass of
iodine decays into another element. Then in the next 8 days, half of the remaining iodine decays,
and so on.

Suppose a container hold a mass of 64 milligrams of iodine. To find the remaining mass of iodine
after each half-life, 64, 32, 16, 8, 4, 2, 1, and 0.5, are what type of patterns do you suggest?

The pattern of masses forms a sequence of numbers known as a geometric sequence or geometric
progression. The terms in this example are 64, 32, 16, 8,4, 2, 1, and 0.5.

Explanation: In an arithmetic sequence, we added a cértain number to each term to get the next
term. With the kind of sequence we consider now, each term is multiplied by the certain number
to get the next term. Then are called geometric sequence or geometric progressions (G.P).

Consider the sequence: 2, 6, 18, 54, 162, . . .
If we multiply each term by 3, we obtain the next term. Sequence in which term cab be multiplied

by a certain number in order to get the next term are called geometric. We call this multiplier the
‘common ratio’ because it is found be dividing any term by the preceding term.

In any geometric sequence, the common ratio r is found by dividing any term b}f the previous term.
Example 13:Find the next two terms of the geometric sequence 4, 12, and 36.

Solution: To find the commeon ratio, find the quotient of any two consecutive terms.

12 _ 36 & s
= = 3; the common ratio is 3.

The fourth term = 36 (3) = 108
The fifthterm =108 (3) =324
~ The next two terms of the geometric sequence are 108 and 324.

4.4.1 Formula for the nth Term of a Geometric Sequence

Successive terms of a geometric sequence are usually expressed in the product of r and the previous

term. Thus, a geometric sequence is also a recursive sequence. Each succeeding term in a GP
contains a factor of r, each term can be expressed as a product of r:




We derive the formula for GP using previous example. Observe the following table:

a4 a; as Ay -1 -1-1-1- _ Gn
4 [4m=12460=36 [acH=108 | . | .| . |.|.].| 4™
a ar ar® ar? A I N A I ar™-1

The nth term @, of a geometric sequence with first term a, and the common ratio r is given by
formula: a, = a;r*t

Example 14: Write the first five terms of a geometric sequence in which a, =5 and r= 2.
Solution: Given a; = 5. Write next term using formula; a, = a,r"!
a; =a;r* " '=a;r =(5)(2) =10 (Substituting values@; =5, r=2andn=2, 3, 4, 5
az =a,;r*"*=a,r*=(5) (2)* =20
ay=a,r*1=a,r?=(5) (2)° =40
as =a,r>"1=qa,r*=(5) (2)* =80
*~ The first five terms of a sequence are 5, 10, 20, 40, and 80.
Example 15: Find the seventh term, a;, of a geometric sequence in which a; =96 and r=4,
Solution: The general form of the third term of a sequence is a,” (a,r371).
Wehaveay =96,r=4,a; =7
a; = ar?
96 = a, (4)%; (we need a,to find a,)
96 =a,(16) = a;=6
Thus, a, = a,r® = (6) (4)° = 24,576.
Example 16:
Mr. Khalid saves Rs. 1000 on the first day. Then each day thereafter, saves double the amount he
saved the day before. Find the amount he should save the 20th day of the month.
Solution:
In this sequence, a; = 1000. Since the amount of money is twice that of day before, so r = 2.
an=a;r™! ; ay=1?
gz = alr“-"' - ﬂﬂ"lg = (lﬂ'ﬂﬂ) {2]”
Qg = 524288000
On the 20th day, Khalid should save Rs. 524,288,000,
4.5 Geometric Mean
If a, G, b is in a geometric sequence, then G is called the geometric mean of @ and b.
From geometric sequence a, G, b, we have :
Cormon ratio: r = £ (), =2 (ii)
Form (i) and (ii)
a_G6

— T z=
= h=G ab

G = :t W ahb |
Thus the geometric means of two numbers is the square root of their product. |




Key Facts
e The positive square root is chosen, if both the numbers are positive.

e The negative square root is chosen, if both the numbers are negative.
e The mean is imaginary, if two numbers have opposite signs.

Example 17: Find the geometric mean of each of the following pairs of numbers.

(i) 9and 4 (ii) -r-ami—%
Solution: (i) Herea=9and b=4. So, '
G=+ab (both are positive)
G=49%x4=6 .
(ii) Gwena——— b-—?
G=+ab (both are negative)
[z ‘iJ_
2 B
=42

Example 18: Find two geometric means between 81 and 3.

Solution: The sequence is 81, ; i

Use the general formula for the nth term to find the value of r.
Since a; =81,a,=3,n=4.

So, as=a;r"! becomes a,=ayr® or 3=81(r)*

r==§ = (= (%) (taking cube)

3

a;=a;r=81(3)=27
2
a, =a,r? =8l G-) =9
The missing geometric means are 27 and 9.

Example 19:A vacuum pump removes % of the air from a sealed container on each stroke of its
piston. What percent of the air remains after five stroke of the piston?

Solution:

Let 1 represent the original amount of air. After the first stroke, 1 —-_:: or 4; of the air remains.

The second stroke removes ¢ L of the remaining air.

Thus the amount that remain after two strokes is (1 — %) =4 % or %

This pattern can be expressed as a geometric sequence.




Nll mlmr ﬂf {} . 1 -2 3 4 5
strokes

4 16
Sequence 1 H 75
Terms a2y i sy ay g Qg

Now we use the formula a, = a,7™"? to find ag, the amount of air left after five strokes
a, = a;r"! (substituting the values; a; =1 and r = E)

Determine whether each sequence is geometric. If so, find the common ratio.

1. §, 20, 100, 500,... 2. 2,4,6,8,...
3. 5222 4. 7,14,21,28,...
2’4 8’16
Find the first four terms of the geometric sequence.
5 a;=3, r==-2 6. a1=2']',r=—-:- T n1=12,r=§
Find the next two terms of each geometric sequence.
8. 90, 30, 10... 9. 2,6:18... 10. 20, 30,45...
111 11
11. 729,243, 81... 12. =53 13. 25 L.
Find the nth term of each geometric sequence.
14. a;=4,n=3, r=5 15. a;=2,n=5, r=2
16. a;=7,n=4, r=2 17. @y =243,n=5, r=—3
18. a,=32,n=6, r=-§ 19, a1=15,n=3,r=:-_
Find the missing geometric means.
20. 3, , » , 48 21 1, s , 8
2. £ : , ; % 23. 3, , 75
24, 5, " ; , 80 L. . y , 112

26. A Ping-Pong ball is dropped from a height of 16 f# and always rebounds one-fourth of the
distance fallen. How high does it rebound the 6th time?

27. A city has a current population of 100, 000 and the population is increasing by 3% each year.
What will the population be in 15® years?

129




28. A super ball dropped from the top of the tower (556 ft high) always rebounds three-fourths of
the distance fallen. How far (up and down) will the ball have travelled when it hits the
ground for the 6th time?

29. The teaching staff of high school informs its members of school cancellation by telephone.
The principal calls 2 teachers, each of whom in turn calls 2 other teachers, and so on. In order
to inform the entire staff, 6 rounds of calls are made. Counting the principal, find how many
people are in staff at high school?

30. A 5-day rain caused the river to rise. After the first day, the river rose one inch. Each day the

rise in the river tripled. How much had the river risen after 5 days?

4.6 Geometric Series

The sum of the terms of a geometric sequence is called a geometric series.

4,6.1 Sum of the First n Terms of a Geometric Sequence

We want to find a formula for §,, when sequence is geometric as given below.
ay, ayrt, ayr? a3, .., ar™?

The geometric series S, (sum of n terms) is given by:
S.=a, +art +ar+ard+ o +art?art? (1)

If we multiply both sides of equation (1) by r, we have
pSy=ar+aritard+ 0 +agrtt4ar” (2)
Subtracting corresponding sides of equation (2) form equation (1), we get:
5“ o r5n= ﬂl o er“
or S.(1=-r=a,(1-1r")
Dividing on both sides by 1 — r gives the following formula:

The formula for finding the sum of n terms of geometric series:

5-“:“_1?%‘,1 forany r#1
Note: When r = 1, the denominator becomes zero. Therefore, the formula is applicable when r # 1.
ror |r| =1, weuse: §, = g fri-1) For |r| < 1, we use: §, == (1-r")
r=1 1=r

Example 20:
Find the sum of the first 7 terms of the geometric sequence 3. 18, 75:375, +04

Solution: First we note that:

15
a; =3, n=17, p=or 5




Using the formula for the sum of geometric series:

S, =22 For || >1
_3(57-1) = 3l aiid
et (Substituting values of ay, n r.)

= 2081251 _ 58, 593.

—_— key Facta
| | Another form of the formula for S, can be developed and used, when we don’t have

number of terms. l

an =a,r"!
Ay . = a;r™!.r  (Multipling by ‘r") |
apnr = ayr™ (i) |
We have, S, = 5*;—_“:Lﬂ f
Sy = % (Substituting value of a,r™)

Example 21; Find the sum of a geometric series for which a; =48, a, =3 andr = —%.
Solution: Since we don't know n,

= @1~ anT
=
.‘e-g -1 ¥ ¥ 1
Sa= = {Substltutmgaimq.g‘En=3mdr=_;)
L

Example 22: Find a, in a geometric series where §; =3279 and r=3.
Solution: Now, Here S7=13297,r=3,a, =?

e 'SI'I =Salr -2 (rf-1)

r-1

§; =2l (Taking =7 to get §,). |
3279 = 5’% (Substituting r = 3) |
3279 = 81.(2187-1)

2
| = 31::? =a, (Solve for a,)
O a = 3
i 452 Infinite Geometrie Series

: The first swing of a pendulum measures 25cm. The lengths of the successive swings of the
pendulum form the geometric sequence 25, 20, 16, 12.8,...
Suppose the pendulum continues to swing back and forth indefinitely then the sequence shown
above becomes an infinite geometric sequence.




The total distance the pendulum travels can be expressed as the infinite geometric series
25+20+16+12+ ...
In the series, @, =25 and r=22 = 0.8
So, the series can be expressed as:
25 + 25 (0.8)* + 25 (0.8)% + 25 (0.8)* + 25 (0.8)* +...
Look for a pattern in the values of (0.8)™ as n increases.
(0.8)' = 0.8, (0.8)° =0.107374, (0.8)5° = 0.0000143
In an infinite geometric series where |r|< 1, as the value of n increases infinitely, the value of r™
approaches 0. Therefore, substituting value of r™ in the formula:

Sn — 4 (1-?‘"‘)‘
1-r

we get: Sen :‘—1 . This is formula for the sum of an infinite geometric series. :
-7

Sum of an Infinite Geometric Series
Th sum, Ses ,0f an infinite geometric series where —1 < r < 1 is given by the following
formula:

Key Facts
I An infinite geometric series in which |r|> 1 does not have a sum. For example, consider

% (e series 1 +2+4 + 8 ++ .« where a; = | and r = 2. The terms of this series keep

increasing, so the ‘sum becomes greater with each additional term and never approaches

I 10 any point or number.

Example 23: Find the total distance travelled by the pendulum before coming to rest, if it successive
swings form the geometric series:
25+20+16+12.8+...

Solution: Sum of the infinite geometric series is given by:
§=25+20+16+128 +...

Here aq = 25 and r=0.38 .
I = ﬂ_i = —2‘EI = |
S=1= “1-os 125 5
Thus, the pendulum travels 125¢m. ‘

s N N - I
Example 24: Find the sum of the infinite geometric series 7 — 3+ 3 —~% +...

Solution: To find the value of », divide any term by its preceding term,



Since |r|< 1, we have Se = :'T‘r

4/3 _ 8
Sw = m;; = E
Example 25: Find fractional notation for 0.63636363...
Solution: We can express this decimal as:
0.63636363.......=0.63 + 0.0063 + 0.000063 + ...
This is an infinite geometric series, where a; = 0.63 and r = 0.01. Since |r|<1,
this series has a sum:

S, =0l = 063 _ 063 '63
" 1-r 1-001 099 99

Thus, the fractional notation for 0.63636363... is E or —.

Find the sum of each geometric series.

1. 16+16+16+...... to 11 terms 2. IS¥FIS+3+...... to 10 terms
3. a;=5 r=3,n=12 4. a,=256, r=075 n=9

5. =7, r=2, n=14 6. a;=12, a5=972, r=-3

7. ay=16,r=—-3 n=10 8. @,=243, r=-2 n=5

9. a,=343, ag=-1, r=-3 10. a;=3, ag=5;, n=6

Find a, for each geometric series:

11. S,=244, r=-3, n=5 12. 5,=32, r=2, n=6

13. a,=324,.r=3, S, =484

14. Find fractional notation for the infihite geometric series.
(i) 0.444... (i) 9.99999... (iii) 0.5555...
(iv) 0.6666... (v) 0.15151515... (vi) 0.12121212...

15. To test its elasticity, a rubber ball is dropped into a 304 hollow tube that is calibrated so that
the scientist can measure the height of each subsequent bounce, The scientist found that on
each bounce, the ball rises to a height = the height of the previous bounce. How far will the
ball travel before it stops bouncing? _

16. A hot-air balloon rises 80/ in the first minute of flight. If in each succeeding minutes the

balloon rises only 90% as far as in the previous minute, what will be its maximum altitude
(if it is allowed to rise without limit?



4.7 Harmonic Sequence
A sequence of numbers is called a harmonic sequence or harmonic progression (H.PYif the

reciprocals of its terms are in arithmetic progression.

For example, the sequence; 1, %, %, 1—1':,... is a harmonic sequence because the reciprocals of its

terms are 1, 4, 7, 10, . . . which form an arithmetic sequence.

4.7.1 The nth Term of a Harmonit Sequence

The sequence:
1 1

—_—

a’ag+d’ ag+2d’

Because reciprocals of the terms are:
a,a; +d,a;+2d, .-+ inAP.

We know that general term of A.P. is
ap=a;+(n-1)d

is H.P.

The reciprocal of the term:

1 1 ;
" Teoeng ib H.P)

where a,and d are the first term and common difference of the corresponding A.P.

- P TS IR |

Example 26: Find the 9th term of the H.P. 3, 3, . 5.+

Solution:

111 1 .
E’ ;, E‘ E' is H.P.

The reciprocals of the terms 2, 7, 12, 17,... are in A.P.

Wehavea, =2, d=5, n=9
ap=a;+(n-1)d |
a=2+(9-1)5 |
=2+40=42 inA.P. |

Thus, the 9th term of the H.P. is 7-12 ‘
Example 27: Find the harmonic sequence, whose fourth term is ;1-3- and eleventh term is % |
\

Solution: The fourth and eleventh terms of H.P. are '11—3 and -215 respectively. ‘
The reciprocals are in A.P. So, |
Fourth term (A.P.) =a,=13, |
and eleventh term (A.P.) = ayy =25 - |
a, =13 = a;+3d=13 (i) ‘
a;, =25 =* a;+10d=25 (ii)
Solving (i) and (ii), we have ‘
a;=7 and d=2




Here, a, =17 '
ﬂg=ﬂ1+d=?+2"9
az;=a; +2d=7+2(2)=11
a,=a,+3d=7+3(2)=13
- The arithmetic sequence is
7,9,11,13, .
So, harmonic sequence is
1111 .,
7" 911’13
4.7.2 Harmonic Mean
A number H is said to be the harmonic mean (H.M.) between two numbers a and b if a, #, b are
in H.P.
1

X As--,;;mmﬁl’

Zab
a+hb

Which is the formula for H.M. between a and b.
Example 28: Find the harmonic mean between 15 and 7.
Solution: Here a=15 and b=7, therefore

_ 2018)(7)
Ll = =teites

~210 105
22 11
4.7.3 Relations between Arithmetic, Geometric and Harmonic Means

(i) IfA, G, H are the arithmetic, geometric and harmonic mean between two poumve numbers a
and b, then show that

=h H=-=— (Harmonic Mean)

A>G>H
We know that
' A=22 (Arithmetic Mean)
! g Key Facts
. G=+vab (Geometric Mean) 1fa and b are ncgative real
) - numbers then
H==s (Harmonic Mean) A<G<H
¢ A>G if 2> @b
We have a+b > 2vab

a+b-2ab > 0




We can write:  (va + Vb —2Vab) >0

(Va — vB) >0, always true
A>G
® G>H if +ab>
2ab

Wecanwrite: a+b = =

a+b

a+b > 2\ab
So, a+b-2vab> 0 = (va — vB)'> 0, always true
G>H
Therefore, we have A>G>H
(ii) A4 x H=G?
LHS. =4 xH
a+b  Zab
= e e—
2 a+b
=ab=(Vab)’ = G* =RHS u
s oAdxH= Gz

Example 29: Find the arithmetic, geometric and harmonic means of 24 and 16.
Also show that AH = G2.
Solution: Here a=24, b=16 g
_ab_ 24+16 _
A=""=222220 (AM)
G=+vab =24 x 16 =8V6 (G.M.)

2ab _ 2(24)(18) _ 95
H= a+b 24+16 3 HM)

We have AH=G?
LHS. =4 xH =znx§ =384

R.H.S. =G?=(86)* =64 x 6=384
W A3H=Gz

Find th :li:nted term of the harmonic progression (Q. 1-6).

111 L 11  10thterm
1. FETTI Tth term 2. T r,
111 111 “ « | fr
) St 20th term 4. i nth term ( ‘] :



1 11 1111

5. 535075+  Dthterm 6. = -%.5,3—%,... nth term
11 1 1
7. Find the 14th term of HP. 2,7 7o 75+

8. 7,4,1,...isarithmetic sequence, find the 17th termof H.P.

9. Find the 8th term of H.P.
N T T

2 5 B
10. Find H.M. between 9 and 11. Also find A, H, G and show that AH = G2.

11. Find HM. benwmgand “;

12. Find four H.Ms. betweeni and %

For — + - . + ner
o e a2l at@-1)d

2a+(2n-1)d

S_z%f Ve ] (Thisisappmximatedmunfcrhamunicsﬁ‘iek}é |

‘Where:“a’ is the first term of A.P, *d’ uﬂmcammuud:ff:rmufu @
nntumlloganﬂ:m

4.8 Mhtdhm Scrlu
A sequence is simply an ordered list. For example, when a baseball coach writes a batti 2 order,
a sequence is being formed. When the members of a sequence are numbers, we can find their
sum. Such a sum is called a series.

. 4.8.1 Sigma Notation
When the general term of a sequence is known, the Greek letter Z(Sigma) can be used to write a
series. For example, the sum of the first four terms of the sequence 3, 5, 7. 9, ..., 2k + |, can

1 be named as follows, using sigma notation or summation notation;

Z (2k + 1) .
- k=1
This is read as, “the sum as k goes from 1 to 4 of (2k + 1).” The letter k is called the index of
sumiriation.
Example 30: Find the following sums.
5
) Zper b Ty, CDF@O o Ti@+5)




Solution:
1) N kP=12+22+32+42%+52
Evaluate k® for all integers from 1 to 5 and then add.
& 1+4+9+16+25 = 55
b) ¥, (-1 (2k) = (~1)! (2.1) + (—1)? 2.2) + (=1) (2.3) + (—=1)*
=2+4-6+8=4 '
c) ZLD(Z" +5)=(2°4+5)+(2' +5)+ (22 +5)+ (23 + 5)
=6+74+9+13=135
Example 31: Write sigma notation for the sum.
a) 1+4+9+16+25
b) -1+3-5+7 o
c) 3+9+27+81+... :
Solution:
a) 1+4+9+16+25
This is a sum of squares i.e. 12 + 22 + 32 + 42 + 52, So, the general term is k? and its sigma
notation is,

T s ¥
b) -1+3-5+7
Except for the alternating signs, this is the sum of the first four positive odd numbers.
Note that 2k — 1 is a formula for the kth positive odd number and (—1)* = 1, when k is even
and (—1)¥ =—1, when £ is odd. ,
The general term is thus (—1)¥ (2k — 1), beginning with k= 1.
So, its sigma notation is:
Yo (=D¥ 2k~ 1)
¢) 3+9+27+81+...
This is the sum of powers of 3, and it is also an infinite series. We use the symbol @ to
represent infinity and name the infinite series using sigma notation as follows:

2 :Il Sk

4.8.2 Some Important Results
The sum of the first # natural numbers, the sum of squares of the first # natural numbers and the

sum of the cubes of the first n natural numbers are expressed in sigma notation as:
Ti=1k=1+2+3+4+ ... +n

™ 212 2 2 2 R 2
Y k=12 4+22 432 442+ +n

o f3=13423433 4434 ... 4




We evaluate Z:ﬂ[ﬁ:"‘ — (k = 1)™] for any positive integer m and shall use this result to find
out formulas for three expressions stated above. '
o k™ = (k= 1)™] = (1™ - 0™) + (2™ —1™) + (3™ - 2M) + - - -

k=1
+[(n— D)™ - (a = 2)™] + [n™ - (n — 1)™]
=1M - QM4+ 2M IR 4" _2M ..+ (R=1)" - —=-2)"+n" - (N~ 1)™
=nm [only n™ will left, all other terms will be cancelled out]
Thas, Zpma [ = (k= 1)) = @

If m = 1, the equation (i) will become
2 el = (k= 1)"] =n?

k=1

Yooy lk—k+1]=n

Lk=1 1=n [Means; 1 + 1+ 1+...4+ 1 =n]

]

When m = 2, the equation (i) will become o fimmee)

2 ea[k? = (k = 1)?] =n?
Yooy k2 —k? + 2k = 1] =n2 ;
Ye2k-1 =n?
i 2 Xk=1 k-Ezu 1=n?
' 2%k k—n=n’ (“Ek=1 1=n)
23k k=n%*+n
Zk=1 k=“!:“ : . (o
X(a+b)=Xa+Xb
R, k=2l ! X3a=33a

z

Taking m = 3 in equation (i), we have .
‘ 2ok = (=1 =n?
a3 =3+ 1=
S D WLk r BV LD » BE LT
Wehave, XR.;1=n; Ti, k ='"—['-‘:—13
3 T k3B 3

g _32:,1"‘1‘_'“3“"""3“(:“)



_2n*-2n+3n* +3n

2
_zn+3nf+n
2
_n(zn®+3n+1)
. . 2
=n(1n2 +2n+n+1)
2
[2n1+2n+n+1}
=n
2 i
o [2n{n+1}+1[ﬂ+1}]
n z_ nn+1)(2n+ 1)
3 zk:lk = 2

En k; - nin+1)(2Zn + 1)
‘ =1 6

Similarly, we can prove that

2
n
E = 3= [n{n;- 1]]
Example 32: Find the sum of the »n terms of the series
12423434+,
. Solution: We know that the general term of

1+24+3+ ... isk
2+3+4+ -+ fsk+1,
If T is the kth term or general term of the series, then:
Te=k(k+1)
Tk=k2+k

To find sum, taking summation both sides:
EEHI Tk: Zl‘::‘l k 2 +k
n
= zkﬂl ke*+ EESI k
_nn+1)(2n+1) n(n+1)
6 2

_n{n+1) [Zn +1
2 3

+1]
o BREEn)
6
ZE o1 Ti= u(n+1:{rt+z}

Example 33: Find the sum to n terms of the series whose nth term is n2 +4n + 1.

Solution: Replace n with &,
Ty =k*+4k+1
Taking summation
LTi=L(k*+ 4k +1)

=5

2 _nn+1)(2n+1)
M S




=Tk*+4Tk+31
nn(n-i 1](2u+1]+4n{n+ 1}+H

6 2
=,,[{“_"'13:f“.__+_2.l+ 2n+ 1)+ 1]

=ﬂ[n’+2n+n+2+ 32n+1z+s]
6

S T,= n[nz* isﬁn + zn]
4.9 Arithmetico—Geometric Series
In mathematics, arithmetico-geometric sequence is the result of term-by-term multiplication of a
geometric progression with the corresponding terms of arithmetic progression, The nth term of
an arithmetico-geometric sequence is the product of the nth term of an arithmetic sequence and
the nth term of a geometric sequence. Arithmetico-geometric sequence arise in various
applications such as the computation of expected values in statistics and other fields. For
instance thé sequence

—-—--n.-—-—

12'#8 16732 " "
is an arithmetic-geometric sequence. The arithmetic component appears in the numerator and
geometric one in the denominator.
The summation of this infinite sequence is known as arithmetic-geometric series.
4.9.1 Terms of the Sequence
The first few terms of an arithmetico-geometric sequence composed of an arithmetic progression
~ with common difference d and initial value a and gwmemc progression with initial value b and
common rntm r are given by:

1=ab=A;G,
rz-(a+d>br=azsz
Tg =(ﬂ+2¢ﬂb}"2=ﬂgﬂg

Th=lat(n—] }Mn-l =AnGy
Ay G,

For example, in the sequence PSS S d=1,a=0,b=1landr=-
Then nth term is:

T = [0+ (n— D1] 1. (%)“'l
e - Q)"




4.9.2 Sum of the n Terms
The sum of the first » terms of an arithmetico-geometric sequence has the form:
C Sa=ZaaTi= T, la+ (k-1) d] brk-?
=ab+(a+d)br+(a+2d) b+ ... +[a+(n—-1)d]l br™?* (i)
Sp=A16,+ A6, + A3Gy + ... +A,G,
This sum can be written in closed form.

Proof:
Equation (i), is written as by putting b= 1
Sp=a+(@+dyr+@+2d)r+. - +a+@-)dr*t (i) '
Multiplying both sides of equation (ii) by r.
rSp=ar+(a+d)yr+(@+2d)r+(@+3dr’ - -+la+(n-Dd)r™* (i) ’

Subtracting 7S,, from S, and using the technique of telescope, we get:
Sp—rSp=[a+(a+d)r+(@a+2d) P+ - +[a+(n-1)d] "]
~lar+(@a+d)P+(a+2d)rP+(@+3d)r*- - -+ [a+(mn-1)d]r"]
=atartdr+ar+2dP+ ... +a™ 1+ (n—-1)dr"1
—ar—ar'—dr—ar -2d” —...—ar" - (n—-1) dr™
After cancelling like terms, we have:

=a+d(r+r+r+ . 41 + 1 " R
_ +d’ 0 r“_i-"*'I‘"“ (n= 3"]",' To generate the formula
=atd(r+r+r+ - +r"Y—ar™ —ndr™ + dr for finding the sum of
S“—r5“=ﬂ+d{r+rz+r3+ ELE +r"_1+‘r“)-{ﬂ+nd}r'“ th h we "
3 i ) ¢ nth term “§,",
(=NSp=a+dr(l+r+r+- - +r" Y —(a+ nd)r Wetka b, ‘
(1-2)S, =a+dru_r"]-—(a+najlr“ 1
Ar") (@ snyr 1
Sn= d (1-r?  1-r (iv)

Hence, a is first term and 4 is common difference of arithmetic series and » is common ratio of
geometric series. - |
4.9.3 Sum to Infinite Terms of Arithmetico-Geometric Series ‘
Let |r|<1

We know that r™— 0 as n — oo, then equation (iv) will become

dr
Se E o

This is sum to infinity of arithmetico-geometric series.

Example 34: Findthcsumufl+§+§+§+- . - to n terms.

Solution: We know that the sum of arithmetic-geometric series formula for # terms is




1-r") (a
By e :1 :-;riI r +::f]r @
We need the value of a (1" term) and d (common difference) for arithmetic series and r»
(common ratio) for geometric series.
Given series is:

- SR
1+E+:+E+' + + to n terms
We can rearrange as:
11 +3.2+5. 2+ 7.2+ - - tonterms
It can be guessed that 1, 3, 5, 7, ... is arithmetic sequence witha=1,d =2,

. 1113 . oty
T3 7o - IS geometric sequence wﬂhr—;.

Suhstituﬁngthe\rnluenfa=l,d=2mdr=-§,weget:
1-5) (1+2m)3
Semalpwg, L om] 04 Big
2 (1-3) 1-3
(1 Ll (1+zn]-ﬁ

safs - -ap s
=2+4-2-2(1+2m)%
=6-(4+2+4n)
=6—=(3+2n)

2 +3
Sy=6 =t

"“"'l"'

Example 35: Find the sum to infinity of the arithmetic-geometric series:
2 3 4 5
I+ 3 + S + o + =+
Solution: Given aﬁthmeﬁc—gcnmmic series can be written as:

1 x1+2x= "'3“'4“_"'5”5
The numbers 1,2, 3,4, 5, ... are in A.P. witha=1and d=1.

. Similarly, the numbers 1, ;, :, :'.r’ :1 . are in G.P. with first term as 1 and r=

Thus, sum to infinity of the arithmetico-geometric series for
1 1 1 1 =
1+21‘E+3 x;+4KE +53¢H + ... 18

1/3 _
1

H_l =

a dr
So=1 (1-1)2

Hma=1,d=1,r-§




ary
|

Wehave, Sp=—73+—+
= (1-3)

$n .
Se=7t; 77

A

3,3 9
Sw=373 "3

o T |

Evaluate the sum:

5 6
1. 2 2. Z -
kﬂzk kMZPH
5
z k=0 2“ 4. ELD k
5 Zﬂ 2, 6 27 (_1)k4_i:+1
) k=g K+1 : k=1
5 2
7. 3 (k?—2k+3) 8. ZHWH}

Rewrite the sum using sigma notation:
9, l+5+.3.+_".+i+___
2 3 4 5 6
10. 3+6+9+12+15
11, -2+4-8+16-32+ 64
1 1

12, —4— b
1«2 2+3 3+4 4+5

2
13. Prove that Ek:l k? = [ﬁz-ﬂ]-]
Find the sum to n terms of the series whose nrh terms are given:
14. n+1
15. n*+2n
16. 3n*+2n+1
Sum the following series up to n terms:
17. 22452482 +...
18. 22+4%2+6%+
19. 13+33+53+
20, 2+5+10+ 17+ ---to n terms
21, 1% 4+42x7+3x10+ ...
22, 1x3x5+3x5%7 + 5x7%x 9 + ... to n terms
Sum to n terms of the following series (arithmetico-geometric series):
23, 1+2%2+3%224+4x23+
4. 1+4y + 2+ 1007 + ...

Frr R




4§

r

7 .10
s+t =t
25. 1 steata

26. 1 Gl I S
z 4 B8 16
Find sum to infinity of the following series:

11

7.9
B SR AT
27. 3 3 9 27
2 3 4
b B O S i T TR
28. 1 & 25 125

29, 1+4x+72+ 10>+ ---
30 3+t B
10 100 1000

4.10 Applications of Sequence and Series

Sequences and series have their own importance in many areas of Mathematics such as finance,
statistics, population growth and physics. Most of the society and reality around us is based upon
sequence after sequence, changing and repeating themselves over and over again. Common
examples of this are time and calendrical system, Time (seconds, minutes, hours) always follow
the same sequence, which always contains the same number of elements, Our lives are ruled over
by sequences such as the routines that we follow every day without knowing leading to their
great importance in the structure and function of the modern world.

Example 36: Khalid is saving for a new car. He deposits Rs. 100,000 into his account and then each
month he deposits in Rs. 10,000 more than the month before. If the price of the car is
Rs.1,260,000; find:

i.  The amount Khalid has saved in four months.
ii.  The time in which Khalid reaches his goal of Rs. 1,260,000.
Solution:

i.  Since Khalid deposits same amount every month, therefore, we will use arithmetic series.
Let a, = 100000, d =10000, § ,=?
s, =-;L[2a+(n- 1)d]

5, =3 (2@ + (4-1d)
S, = 2[2(100000)+ (3)10000]
S, = 2{200000)+ 30000]
S, = 460000
Therefore, amount saved in 4 months = Rs. 460,000
il.  Let Sa=126,0000, d = 10000, a = 100000, n = ?

S, = §[2a+{n-1)d]




126,0000 =§ [2(100000)+ (n— 1)10000]
= 7[190000 1 +100000]

2520000 = 190000 » + 10000~

n +197-252=0
n +28n-9—-252=0
n(n+28)—9%(n +28)=0
(n—9) (n+28)=0
n =9, n=-—28 (n cannot be negative)

Khalid will reach Rs. 1,200,000 in the9"month.

Example 37: A new virus is on a remote area. On day one, there were 10 people infected, with
the number of new infections increasing at a rate of 40% per day.

i.  Find the expected number of infected people on the 7% day.
ii.  Find the expected number of infected people during week (7 days).

Solution:

i.  As the infection is increasing in percentage, therefore it is the problem of geometric
sequence series,

Let a, =10, r=1.4 [40% increasing 50 1= (100 + 40)% = 140% = 1.4], a,="?
Formula for nth term of a geometric progression.
a,=ar"
a, =ar®
a, =10(1.4)°
a' =75.29
Expected number of new infections = 75 after seven days

ii.  Total infected people after one week are.S-;.
§im a(r" 1)

v r>l
r—
T_
ST=a(r 1)
r-1
_10(1.4-1)
T 14-1
S, =238.53

Expected number of total infections = 239

e e
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1. A rocket rises 20 feet in the first second, 60 feet in the 2nd second and 100 feet in the
third second. If it continues at this rate, how many feet will it rise in the 20" second?

2. On the results declaration day, the school wants to invite parents as well as students.
Auditorium has 21 seats in the first row and each of the other rows has one more seat
than the one in front of it. There are 30 rows of seats in total. If they anticipate that 1200
people will come that day, will there be a seat for everyone? Justify your answer.

3. Majid retired after 30 years of employment. If his salary was Rs. 4500 in the first year
and he received as increment of Rs.820 at the end of each year of service. What was his

. total salary after 30 years?

4. You save Rs. 1 in the first day. Then each day thereafter, save double the amount you
saved the day before. Find the amount you should save in the 20" day of your plan.

5. A vacuum pump removes 1/5 of the air from a sealed container on each stroke of its
piston. What percent of the air remains after five strokes of the piston?

6. Aslam borrows Rs. 20000 at 11% interest compounded annually. If he pays off the loan
in full at the end of four years, how much does he pay?

7. A property dealer estimates that a piece of land will increase its value at a rate of 10%
each year. If the original value of land is Rs. 450000, what will be its value in 8 years?

8. A man deposits in a bank Rs. 2000 in the first year, Rs. 4000 in the second year, Rs. 8000

+in the third year and so on. Find the amount he will have deposited in the bank by the
fifth year.

9. The number of bacteria in a culture increased geometrically from 16000 to 1215000 in 5
days. Find the daily rate of increase assuming the rate to be constant,

10. A car loan is in the amount of Rs. 600000 from the bank. Interest is 9% compounded
annually and the entire amount is to be paid after 10 years. How much is to be paid back?

11. Zain bought a new car and got policy from insurance company. He will pay 5000 the first
year, 6125 the second year, 7250 the third year and so on, for 10 years, How much he
will pay to insurance company for vehicle?

12. Naveed takes a vehicle from bank after paying down payment. He deposits Rs. 13000 in
a bank in first month, Rs. 14500 in the second month, Rs, 16000 in the third month and
so on. Find how much total amount he has to deposit in the bank at the end of two years.

13. A man borrows a loan Rs. 1000000 for leasing a car and agrees to repay with a total 20
installments, Each installment is less than the preceding by Rs. 2000. What is his first

' installment? :

14, Sara pays her first installment Rs. 8000 to insurance company for the vehicle. Each

installment will increase by 5%. What total amount she will pay in 24 installments? }




I. Choose the correct option.
(i) How many terms of the sequence 18, 15, 12. - - + are needed to give a sum of 457

a. up to 7th b. wpto 10th c. upto 6th d. upto 5th
(i) Find the 20th term from the end of A.P. 2,7,12,17, - - ., 222,
a. 222 b. 132 e 127 d. 122
(iii) In the sequence 1,2,2,3,3,3,4,4, 4,4, . .. where n consccutive terms have the value
i, the 22nd term is:
a. 6 b. 7 c. 8 d. 9
(iv) Ifa, b, c are in A.P., then 3%, 3% 3¢ are in:
1. GP. b. H.P. & AP d. none of these
(v) What type of sequence?
4 4 4 4
= b. 7= ¢ = d =n
(vi) 0+0.1 +0.01 +0.001 +0.0001 + - - . , the sum is;
10 9 1
a. 9 b. ? c. E d. ;
(vii) Find first terim of the geometric series, when S, =30, n=4, r=-2
ﬂ- 'ﬁ hr| 6 C. E d-t =i E
(viii) I'he arithmetic means in the sequence -7, , , 5 are:
2 =3 b. 3,1 c. —4,2 d. 3,-1
(ix) Geometric means between | and% is:
1 1
a 3 b. ﬁ C. ﬁ d. ;
3 g3 i
(x) ¥, k?is equal to:
a. |4 b. 13 & 5 d. 30
(xi) The sigma notation for the sum -2 +4 -6+ 8 is:
a Y, (-1 (k+1) b. ¥ _ (~1)k2k <
e Xy (~D*2k d Y, (~D*2k
(xil) 2%=15 is equal to:
a. n b. 5n c. 5 d. 5"
. | 1 1 )
(xiii) The general term of the given series —+—+-=+ - - - s
1 1 1 1

& n(2n+1) b. (n+1)(2n-1) = n(n+2) ' (n=1)(2n+1)




-~ (xiv) Etl— 414 .. thenthterm is:

710 10-13
| b 1
{3In—-1)(3n+1) Y (3n=2){3n+4)
e O] demid s
& (3n+1)(3n+4) ' (m+2)(n+6)
(xv) The sum Z 1 represents:
rez2 T —1s
3 4 1
a1l b. 3 c. 3 d. 7
(xvi) Sumnfﬂmsmcsl+3+5+7+9+ll + il ig) s /%
a. n b. n* c.nn+l) d. (n-1)
(xvii) £32, 3 is equal to: -
a.10 b. 103 c. 300 -d. 30

2. The sum of four numbers in A.P. is 24 and their product is 945. Find the numbers.
3. Find four numbers in A.P., whose sum is 6 and sum of whose square is 14,

4. Insert 20 A.Ms. between 2 and 86.

5. Evaluate 3+ 33 +333+ .......up to n terms.

6. Iflheprudur.tofthrecnumbersmG“.Pchlﬁandthe:rmmbv.-l!i thenﬁndthunnmbu'!
7. Insert 4 G.Ms. between 2 and 486.

~ 8. Find n so that “";;: ::H may be the harmonic means between a and 5.
9. Find the H.P., whose 3rd and 14th terms are % and  respectively. T
10. Evalum:themm: A

10 , :
(i) Z z'ﬂ-l (i) E:-l(_ntﬂ 3k &

Sum to # terms of the following (arithmetico-geometric series):
1.4+ 14+30+ 52+ 82+ ...

12,1 +4+10+21+39+ _,




