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Preface

This Model Textbook for Mathematics Grade 11 has been developed by NBF according to
the National Curriculum of Pakistan 2022-2023. The aim of this textbook is to enhance
learning abilities through inculcation of logical thinking in leamers, and to develop higher
order thinking processes by systematically building the foundation of learning from the
previous grades. A key emphasis of the present textbook is creating real life linkage of the
concepts and methods introduced. This approach was devised with the intent of enabling
students to solve daily life problems as they grow up in the learning curve and also to fully
grasp the conceptual basis that will be built in subsequent grades.

After amalgamation of the efforts of experts and experienced authors, this book was
reviewed and finalized after extensive reviews by professional educationists. Efforts were
made to make the contents student friendly and to develop the concepts in interesting ways.

The National Book Foundation is always striving for improvement in the quality of its
textbooks. The present textbook features an improved design, better illustration and
interesting activities relating to real life to make it attractive for young learners. However,
there is always room for improvement, the suggestions and feedback of students, teachers

and the community are most welcome for further enriching the subsequent editions of this
textbook. |

May Allah guide and helpus (Ameen).

Dr. Kamran Jahangir
Managing Director
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COMPLEX NUMBERS

After studying this unit, students will be able to:

« Recall complex number z represented by an expression of the form z = a + b or of the form

(a, b) where a and b are real numbers and { = v—1

Recognize a as a real part of z and b as an imaginary part of z.

Know the condition for equality of complex numbers.

Carry out basic operations on complex numbers

Define z = a — ib a as the complex conjugate of z = a + ib.

Define 2 = vaZ? + b? as the absolute value or modulus of a complex number z = a + ib.

Solve the simultaneous linear equations with complex coefficients, For example,
5z—-(B3+iw=7-—i

[(2—*i)z+ziw= -1+

*  Write the polynomial P(z) as a product of linear factors. For example,

Z2+a=(z—ia)(z+ia) and z* -3z +z+5=(z+1D(z—-2-)(z—2+1)

* Solve quadratic equation of the form pz? + qz + r = 0 by completing squares where p, q, r are

real numbers and z is a complex number. For example solve

22 —224+5=0=(z—1-20)(z-1+20))=0=>z=1+2i,1-2i

Explain the polar coordinates system

Describe the polar representation of a complex number.

Apply the operations with complex numbers in polar representation

Demonstrate simple equations and in-equations involving complex numbers in polar form

Apply concepts of complex numbers to real world problems (such as cryptography. wave

phenomena, calculate voltage, current, circuits, the velocity and pressure of tize fluid).

- B @ & B @

Complex numbers are used in many branches of science; especially quantum mechanics (a
branch of Physics) heavily depends upon complex numbers,

In mathematics the need of complex numbers is to solve the polynomials which do not have the
solution in the set of real numbers. e.g., The polynomial x* — 1 = 0 has the solutions x = +1,
which are the real numbers. But the polynomial x? + 1 = 0 do not have any solution in the set of
real numbers, since there is no real number, whose square is —1. To overcome this difficulty, we
extended the set of real numbers to the set of complex numbers by introducing a number i such

that i* = —1 or i = V=1 . Remember that i? = —1 is the Euler’s notation for the imaginary unit
number.




1.1 Complex Number '
A complex number is an expression of the form x + iy where x,y € R. A complex number is
denoted by z, i.e., z = x + iy and the set of all complex numbers is denoted by € .The complex
number x + iy is also denoted by the ordered pair (x, y).The reason for this notation is justified
since there is one to one corresponding between x + ¢y and (x, ). j
Clearlyi=0+i=(0,1)and1 =1+ 0i = (1,0)

I.1.1 Real and Imaginary Parts of a Complex Number

Every complex numberz=x+ iy has two parts xandy x is called the real part and yis called
the imaginary part i.e., Re(2) = x and Im(z) = y.

If the real part of a complex number is zero then it is called pure irhaginary number and if the
imaginary part of the complex number is zero then it is called real numhcr

Since every real number x can be written as x + {0 thus every real number is a complex number
but note that every complex number need not be a real number. Only the complex numbers with
zero imaginary part are real numbers. Thus, the set of real number is a subset of set of complex
numbers, i.c., R < C.

Example 1: :
Let z = 2 + 3i where z is a complex number having 2 as real part and 3 as the 1 magmary part.

1.1.2 Condition for the Equality of Two Complex Numbers

Like real numbers any two complex numbers are not comparable. i.e., We cannot say that one
complex number is greater than or less than the other complex number. Two complex numbers are

said to be equal if both has same real and imaginary parts.

Example 2:

Let z, = xy + iy; and z; = x; + iy, be two complex numbers they will be equal i.e.; 2, = z; if
andonlyifx; =2, andy; = ¥,

1.2 Basic Algebraic Operations on Complex Numbers

1.2.1 Addition of Two Complex Numbers

Suppose we have two complex numbers z; = x; +iy; = (¥, y1) and 2z =x; + iyz = (x3, ¥2)-
Then their sum is:
242z, = () +@ay) = xtintntiy
=@+ x) +ibn+y2) = (a+x2 Y1 +Y2)
Example 3: Fmd the sum of z; = 2 + 3i and z; = 6 + BL,

Solution:
Zi+2Z;= (2 + 30+ (6+80) = (2+6)+ (3+8)i

= 8+ 11i = (8,11)
1.2.2 Subtraction of Two Complex Numbers
Suppuse we have two complex numbers 2, = ¥, + [y, = (2, y,)and z, = X, + iy -—(1’2, J!z)
The difference of the two complex numbers is given by:



zy—2, = (x, y1)—(x2 ¥2) = (xy+iy)— (a2t i:&_’z)
= (X —x) +i0n —y2) = (6 — X2 Y1~ ¥2)
Example 4: Ifz, =4 —3iand z, =7 + 6i, then find z, — 2.
Solution:

2,—2, = (4 — 30) = (7 + 6) = (4 — 7) + (=3 = 6)i
= =3+ (-9)=-3—-9i
1.2.3 Product of Two Complex Numbers
If 2, = x; + iy, = (%, ¥y) and z; = X + {y; = (x,¥2) are any two complex numbers, then
their product is given as:
7123 = (%1, 71) (%2, ¥2) = (% + in)(x2 + i)
= XX, + Xy, + Xy + 2yy2 = xypxp Hi(xy2 +x%y1) — 1)z
= (X3%2 — Y1¥2) + i(x1y2 + X231) = (¥1X2 — 1Yo, %1Y2 + X2¥1)
Example 5: Find the product of the complex numbers 2, = (2,—6) and z; = (4,9)
Solution: .
2,2, = (2,—6)(4,9) = (2 — 6i)(4 + 9i)

=8+ 18i — 24i — 54{> =8 — 6i — (—54)

=8 + 54 — 6i = 62 — 6i = (62,—6)
1.2.4 Division of Complex Numbers
The division of the two complex numbers is not simple. Since the number in the denominator has
two_independent parts. To make the denominator a single term we rationalize (multiply and
divide) the given complex number by the conjugate of the denominator. Afler rationalization the
denominator will be converted into a single real number and thus division can be done easily.
Ifz, =% + E.)rl = (x,, ¥,) and z; = x, + iy, = (x3, ¥), are any two complex numbers, then

_ (xuy) _ xatiny
z;  (x2y2) Xzt iy
— (X1t i}’i)x(xz— IJ':) —  XaXa—ixiy; + X3y - i*y1v2
xz+iy2 x2=1yz - lxy¥7 + (2, — 123,52

— X1xg +iCey,— xl:ﬁ) tyyy, — Gaxtyy)t I{xih = %1Y,)
xz% + y,* x¢+y,

_Xxz+tyy $X2Yy —X1Yp XXz + ¥1¥2 X2)1 —X1)2
T x4yl +i x;5+y3! = ( 2,2 + 52 2 ' x 24,2 )
Example 6: If z; = 3+ 7i and z; = —4 + 6i, then find thc sum, difference, product and quotient
of the two complex numbers.
Solution:
z2,4+2,=B+7)+(-4+6)=3B—-4)+(7+6)i =—1+13i
21—, =B+7)—(—4+60))=3+7i+4—-6i=3+4)+(7-6)i=7+i
2123 = (3 4+ Ti)(—4 + 6i) = 3(—4) + 3(6i) + (7))(—4) + (7i)(6i)
=—12+ 1Bi — 2Bi + 42i* = —-12—10i — 42




=—54—-10i .
zy _ 3+70 _ (3+?i)(—4—6i) __ —12-18i - 280 - 421
7z -4+6f \-4+6i/\-4-6i) (-4)2- (61)2
__ —12-46i+42 _ 30-46i _ 30— 46i

16-36i2  16+36 52
_30_s6, _ 1523,
T 52 52 26 26
Example 7: Write the complex number uﬁ;‘# in the form x + iy.
Solution: (2+3i)(2+1i) 4+ 2i+6i+3i® _4+8i—-3
1—i - 1—i To1-i
- __1+B£u1+3£x1+i _ 1+i+8i+8°
T1-i 1—i 1+i 12 — 2 ; -
el e W '
T1-(-1) 2 22
Example 8: Find the values of x and y if,ﬁ— y(1+20)=1+i
Solution: x (1420 =1+1
2+31i 7 =

x(2 - 310) S
='(2+3i)(2—3i)_},(1+20 =1+

2x — 3xi A+20) =1+
T@r-@p YN TE =T
=1“215---31:1' 1 20y =L
39E k2=t
2x — 3xi
=Sy 420 =141
2x 3ix
ﬁﬁ—iﬁ—y—zlﬁv—l+i
X 3x .
='.~(-i—3--y)-—(ﬁ-l'-2y)1—1+[
Comparing real and imaginary parts
Z_y=1 (1)
3 V=
3 —
and—3 —2y =1 2) .
Multiplying equation (1) with 2 then adding them, we gat:
X oy =3 ‘
g
x
*1—34-2}' = _1
= - g
13



x = B
7
: : j 2 13
Putting value of x in equation (1). X —y=
13 7 g
By A i
g ey R =y
y=—g P(3,4)
1.3 Conjugate of a Complex Number
Conjugate of a complex number z = x + iy is denoted by e 5
Z and is defined as Z = x — iy. x
‘ Geometrically, conjugate of a complex number is its mirror
image about x-axis. For example, if z =3 + 4i then Z = 3 — 4i. i P'(3,—4)
Example 9: Find the conjugate of z = (1 + {)(2 — i). Key Facts
Solution: IZ; = L5
z=(14+)2-)=2—-i+2i—i?=24+i+1=3+i _
e . 21\ _ 4
Now Z=3+i=3—{ (z_)=_
!
| 1.4 Magnitude or Modulus of a Complex Number
Consider the complex number z = x + iy = (x,y) its magnitude is denoted by |z] and
find it as follows
Dsaw a complex number z = x + iy = (x,y) on the complex plane.
Draw perpendicular from P on the real axis,
Itis clear that PAQ is a right-angled triangle.
| S0, by using Pythagoras theorem; we have y-axis
e R T 4 P(x,y)
[0B|" = [04|" + |4P|
| z
| = IZF = x?% + jf'z y
= lz] = x? + y? M ol & > x-axis
which is the magnitude of the complex number z. a
Also, |z| = J (Re()” + (Im(2))*

Obviously |z| is the distance of z = (x, y) from origin.
Example 10: Find the conjugate and magnitude of z = __.(3*1'1';'3‘}
Solution:

4+3i @+3D 4-3i 4 - 3i
: _3+6i—-2i—4i®> 34+4+4i T+4i 443i
T &=81 = 4=31 S-S 4+
_28+421i+16i+12i® 28-12+37 _16+37 16 37
T @-@ 16— 23 -~z

% [(3 +20)(1 - 20 _B+29(1-2) G+2)@-20 (3-2i)(1+2i)




And

. |{3 + 2i)(1 - 2E)| ol I3 + 2i]|]1 — 2i] Key Facts
| 4+ 3i | H + 3i| |21z = |2,]]22]
_ Y3E2A[P+(=2)% _
Vatiat JZ5 " L
Jas |31|
R :

Theorem:
If z is a complex number then |[z| = 0 and |z| = 0iffz = 0.

Proof: Let z = x + iy; then |z| = {/x? + y?, where x and y are real. Since the square of any real
number is always non-negative. Thus, value of x? + ¥? is non-negative, also square-root of the
non-negative number is non-negative. Hence ./x2 + y? is non-negative; i.e.; |z] = 0.

Now suppose that |z| =0 _ Key Facts
5 = _ 5 2 In order to calculate conjugate
ot L6 A g i mufnmmplexnumherwema}r
Which is possible only if x =0andy = 0 simplify it first then take
Thusz=x+iy=0+i0=0 conjugate or we take first
Conversely, suppose thatz = 0= 0+ i0 conjugate than simplify the
=]zl =02+ 02 =0 complex number. B

1. Evaluate the following:

@ B . @) (D¢ Gi) (DT W) ﬁ; (V) 23 + 158 4 21
=1)2

2. Write the following complex numbers in the form x + iy.
i @+2D+@2+4) (i) (4+3i) — (2 +50) (1) (44 7)) + (4 —70)
(iv) 2+50)—(2-50) (v) 3+2i)(4—-30) (vi) (3,2) = (3,-1)
(vi) A+ DA -D@+1)  (vii) S

3. Simplify the following:

(2+i)(3-20) 1+i i__1_
(i) L+ (ii) (2+0)? (iii) 3+i  3-i

((VVA+D2+Q-D2 (v @+D*+ 2 = [
4. Find the values of the real numbers x and y in each of the following:
() @+3Dx+(Q+3Dy+2=0 (11) m+m=1

T A L y i 2 2—-0)2=3+10i
(iii) ol o + p (w) x(1+i)+y2-i)¢=3 i
181

5. Find the complex number z if 4z — 32 = ==

R ————_e50n

243i




6. Find the conjugate of the following complex numbers:

5L 7

(i) 4=3i (i) 3i+8 (i) 2 +E & >—3
7. Find the magnitude of the following complex numbers:

(i 11+12i (i) (2+3i)— (2 + 6i) . (iii) (2 —i)(6+ 3i)
W2 ) B-VBEI+HE
1.5 Real and Imaginary Parts of the Complex Numbers of the Types
O VIR € 4 75 n=+1
' G) (222)% x+iy#0; n=i1
’ Type-1  Consider the complex number of the type (x + iy)™.
Whenn =1
z=x+iy
Its real part = x = Re(2) A
Imaginary part = y = Im(z)
Whenn=-1
- = 1 1 —{ e |
% 1={x+[y 1=x+£y= (!+f_}')(:-l;)= x:—.[ y2
! . Thus Re(x + iy)™ = Rez™1 = x—!—?zi = %2
| -y _ _Im(2)

Im(x+iy)*=Imz"1 = —
(x+iy) e g FE

Example-11: Find the real and imaginary parts of the following.
| (i) 3+4i (i) (3+4)™ () (B+4i)? (v) (B+4)?*
Solution: Letz =3 + 4i
(i Re(3+4i) =Re(z) =3
Im(3+4i) =Im(z) =4

(ii) Re(3 + 41)_1 = Re(z)™l = Re(z) — 3 = 3

|z]2 2 25
(J3’+avrz ’

|
g InG+ )= ima =) ___=4 =

; P ey
| (i)  Re(3+4i)? = Re(2)? = (Re(2))? — (Im(2))’

| =32-42=90-16=-7

| Im(3 + 4i)* = Im(2)* = 2Re(2)Im(z) ’

=2(3)(4) =24

.

|



S

- 2_,2 . &
(V)  Re(3+4i)~2 = Re(z)-2 = Be@) ~(m@)" _ _3*-4 _9-16 _ —7

|z|% ( > 2_‘ st T 625
,‘3 +4 |

—2Re(2)Im(z) _ —2(3)(4) _ —24 _—24

|z]* T (TR ¢ 65
i n ; ;
= h) ; where x, + iy, = 0.

Im(3+4)2=Im(z) 2=

Type-11 Consider the complex number of the form (
Iz+!}'z

Letz; = x; +iyy; 2 =25+ iy,

xq+i n PARLL Key Facts
So (xh1+i:1) = (2—1) where i + 0. Re(zy)Re(z;) # Re(z,z,)
“"]Iﬂlan --—--2 1 : s Im(z,)Im(z;) # Im(z,2;) )
Cl + i}"1) _ X +iy C, + fl’i)x(xz - E}.-z)
2 Hiyz x; + iy, 2+ iy2/) \x; — iy,

_ X%y — iy, + iy, — Py, %%+ i(0y; — 0y;) + Y,

(x2)? — (iy2)? - x% — i2y?
— (X123 + y1y,) + (2, — x7)2) _ (x122 + ¥1¥2) i (xy1 — x1¥2)
x5 +y; x; + ;7 xZ + y2
ci s ih) (zl) (x1x= + ¥1Y2)
2+ iy, x3+y;
1t iy _ (RE(zl))(RE(Zz)) + (Im(2,))(Im(2,))
fie (.x - 2
2 + i)z |z, |

+ 13’1 (X271 — x1¥2)
(X 2) ( ) Iz + y:
(11 3 il’l) Umtzt))(ﬂﬂ(zz)) (Re(z,))(Im(z;))

+1y; |z, |2
Whenn = -1
Cl + i]’:)n - (:1 + i}'a)_i _X2 + iy, _X + IJ": -1y
2 +iy; 2 +iy; Xy iy, x4+ iJ’i Xy — iy
_ 5% + ix1yp — ixayy — i2y,y, e L +ixyy; — Xy + 1y
xi = (iy1)? xi + yf
_ B4y y) Hx Y, —xay,) ’flxz +}"1.‘r'z 4§ X%y

,_.Z_H,E x5+ ¥i xi+yi A

(xl + f}"1) _ XXz + 31y, _ Re(z1)Re(z2) + Im(z,)Im(z;)

+iy, x+yi |z, [?
(: + ih) ' _Xys — Xy _ Re(z))im(z,) — Re(z)Im(z,)
2 Hiy; xi+yf ||

—__
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Example 12: If x; + iy, = 12 4+ 5i and x, + iy, = 3 + 2i then find the real and imaginary parts of
the following: -

. FIC 1478 Nl Xy +i ARG
o 2w (G2 @ @R e @2
Solution:
(i) -
It+iy1 _ 12+ 5i
x;+iy: 3+2i
Now,
Xy + iy (xa+yyr)  (12)(3)+(5)(2) _36+10 46
e(l'z'l'i}’z)'_ I%'I'}’zz v 32422 = 9+4 _13
And
- x; + I}"1) (%201 — %1Y2) o “(3)(5) — (12)(2) e 15 —24 = __9
2 + 1Yz x3 + vy 3% 422 9+4 13
(i)
X +iy\"t 12+ 5K
z+iyz) - (3+_2f)
Re (2 + f:ﬁ)" _MXtyiva _ (12)3) +(5)(2) _ 36+10 _ 46
“\xp + iy xi + yi 122 + 52 144+ 25 169
And
m (2 + i}rl)"’ _NYa =X _ (12)(2) - (3)(5) _ 24— 15 _ 9
2 + iy, xi+yf 127 + 52 144+25 169
(iii) :
x + iy \? _ (124502
,(xz+iyz) _(3+21)
MNow,
g (x1 + I.vi)‘ _ G —yDad - yd) + 4xixayy
X3 +iy2 (x3 + y2)?
_ (122 - 5%)(3% — 2%) + 4(12)(3)(5)(2)
i (32 + 22)2
_ (144 —-25)(9 —4) + 1440 _ (119)(5) + 1440 _ 595 + 1440
i (9 + 4)? i 132 S
_ 2035
T 169
And
m (22 + in)“ _ 2xuy(xF - y3) = xa32(xf — ¥)]
Xy + iy, (2 +33)?

_ 2[(12)(5)(3% - 2%) - (3)(2)(12* — 5%)] _ 2[60(9 — 4) — 6(144 — 25)

(32 + 22)2 B (9 + 4)?



 2(300—714) _ 2(—414) —828

132 169 169
(iv)
(:1 + iyi)'z_ (12 + 5!)'2
. +iy,)  \3+2i
Now,
xy + iy 7 _ Gf —yD)(ad = ¥3) +4xnnys
felu+ f}'i) B (7 + )2
_ (122 =5%)(3? - 22) + 4(12)(3)(5)(2)
B (122 + 52)2 -
_ (144 —25)(9 — 4) + 1440 _ (119)(5) + 1440 _ 595 + 1440
B (144 + 25)2 B 1692 ~ 28561
_ 2035 a
P ~ 28561
(-':1 + ‘J’:)—z _ —2[xyy; (x% — y3) — 255, (xf — y{)]
2+ iy2 (xf +¥{)?
_ =2[(12)(5)(3% - 2%) — (3)(2)(12* - 5)]
- (122 + 52)2
_ —2[60(9 — 4) — 6(144 — 25) _ —2(300 — 714)
(144 + 25)2 1692
_2(—414) 828
T 28561 169
Whenn = 2 -

xy + iy )’ _ (2 —yDaE - y3) + 4axanys

sz +iya) (x2 + y3)?

" [(Rezy)? — (Imz,)?] [(Rez;)? I (;If;nzz)z] + 4Rez, Rez;Imz,Imz;
Z3

And

x + I.vl)’  2[x, 1 — ¥3) — Xy (xf — yD))
a (3 +y3)?

s 2[Rez;Imz; {(Rez;)* — (Imz,)?} — RezzImz,{(Rez,)* — (Imzy)?}]
- |zz|*
Whenn = -2
x + i\ 2 (33 —y3)(xf —yi) + 45X Y0
e (-"z - f?z) B (xZ + y7)?

(x2 — y2)(x2 — y3) + 4x12201 72

B G+ y2)?
_ [(Rezy)* — (Imzy)°] [(Rez,)? — (Im2;)*] + 4RezyRezplmzyImiz;

|z4]*




fii C‘l + U’z)uz _ 2[xy2(xf — ¥f) — 1y (x2 — ¥3)]
+ iy,

(xf +1)?
- —2[xyyy (x3 —¥3) — "~ X2)2 (xf —y1))
(xf +¥i }2
B —2[RezyImz,{(Rez;)* — (Imz,)?} — Rez;Imz,{(Rez,)* — (Imz,)?}]
- AN

Example 13: Write the equation |z —2i| = |Z + 3| in terms of x and y, by taking

Solution:

z=x+1iy.

Since,z =x+ iy

= Z=x-iy

v |lz=2i] = |7+ 3|

= |x+iy—2i|=|x—iy+3|

= |x+i(y—2)| = [(x+3) - iy|
=+ (=27 = /(x +3)2 + ()2
Squaring both sides.

2+ (y—2=@x+3)*+()?

> x*+y’—4yta4=x*+6y+9+y>
=—4y+4=6y+9
=6x+4y+5=0

Example 14: Write the inequation Re(z — 3) < 2 in terms of x and ¥, by taking

Solution:

z=x+1iy.

Re(z—-3) =2
Re(x+iy—=3)<2
Re[(x—-3)+iy} =2
x—-3=<2

=x<5

Y Eicreise 1,25
:&. by -

1.  Show that for any complex number.

i)

Re(iz) = —Im(2) ii) Im(iz) = Re(2)

2.  Use the algebraic properties of complex numbers to prove that:

(2122)(232,) = (2423)(2,2,) = 23(2,22)24

3., Prove that for zeC.

D)

iii)

zisrealiffz=2 (””)

x-l-f Rez
z is either real or pure imaginary iff (2)? = z2

4, If21 =2 —3iand IZIZZI = 16 find |22|.



5. [Ifz, and z, are any two complex numbers then prove that
|2y + 2;1* — |2, — 2;]* = 4Re(z,)Re(z;) + 4 Im(2,) Im (2,)

"~ 6.  Find the value of 4; |f|;+«'ll =vVA+2;wherez; =3 +iandz; = 1+1i.
7. Verify that v2|z| = |Re(z)| + |Im(2)| Hint: (Start with (|x| = |y|)? = 0)

8. Write the following equations and inequations in terms of x and y by taking z = x + iy.
(i) 12z-il=4  (i)lz—1]=|z+i| (i) |z — 4| + |z + 4i| = 10

(iv) jRe(iz)=4 () m(Z)=-5 (vi)-2<Im(z+) <3
9.  Find real and imaginary parts of the fnllbwings

Q) @+4D7 ) (B3-v=HT i) (”2‘) | .
: 4421\ "2 5—4i)2 3-7i
) (2-1-51) W 5+-u) W) s
10. Forz; = —3 + 2i and 2z, = 1 — 3i verify the followings:
. L e e o TR T e e s
M) lml=l-al=lE=-2a 6 (2)=2 () zmm=55

(iv) zZy+z, =5+ (V) |zzz] = |z4]|z,] (vi) lzy+z;| < |z | + |z]

1.6 Solution of Equations

When we consider more than one equation then it is called system of equations and if we find the
values of variables which satisfies all the equations under considerations simultaneously, is
called the simultaneous solutions of the equations.

If z and w are the two complex variables then an equation of the form az + bw = p is called
equation with complex variables z and w. Here @ and & cannot be zero at the same time. If @ and
b belong to the set of complex numbers (i.e.; they are itself complex numbers) then the equation
is called linear equation in two variables with complex coefficients.

Here we will find the solution of system of two simultaneous equations in two variables with
complex coefficients.

* A system of equations is
1.6.1 Working Rule to Find the Solution by consistent if it has at least one
Elimination Method solution.
Consider the two linear equations: * A system of equations which has :

a1z + byw = p; and @,z + b,w = p, no solution is called inconsistent.

Step 1: Multiply the equation or both equations by suitable numbers so that the
coefficients of one of the variables become same.

Step 2: By adding or subtracting the equations thus obtained in Step 1, eliminate the term
involving the variable having same coefficients.

Step 3: The equation obtained in Step 2 will have only one variable. From here find the
value of this variable,

SRS
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Step 4: Substitute the value of the variable found in Step 3 in any one of the given
equations and get the value of the other variable.
Step 5: Writing the values of 2 and @ in the form of ordered pair (z, w) is the solution of
the system of equations. T
1.6.2 Working Rule to Find the Solution by Substitution Method
Step 1: Find the value of any one of the variables in terms of the other variable from any

one of the equations given above.
Step 2: Substitute the value of the variable obtained in Step 1 to the equation which is not
used yet. .
Step 3: Equation obtained in the Step 2 will involve only one variable. Find its value.
Step 4: Substitute the value of variable obtained in Step 3 in any one the given equations
and get the value of the other variable.
Step 5: Writing the values of the both unknowns z and w in the ordered pair (z, w) is the
solution of the system.
Example 15: Solve the following system of simultaneous equations:
2z-(1-3Dw=14+2i, (A+dz+(2-Dw=2+i
Solution:
2z—(1=-3Dw=1+2i (1)
A+Dz+2+Dw=2+i (2)
Multiplying Eq. (1) by (1 + i) and Eq. (2) by 2 then subtracting Eq.(2) from (1).
(1) = 204 Dz=-A+DA-3Dw= (14 i) +20)
(2) = 2l+dz +22-Nw = 2(2+1)

T —(14+D01=-3Dw=-2@2=-Dw=1+D1+20)—22+10)

“[(1+DA-3D+22=-D]w=0+DA+2{) - 2(2+1)

—~(1-3i+i-3%+4-2Dw=1+2i+i+2i2—4—2i

(1 -3l 4+t+3 44— =142 +i—2—~4—2

—(B—4i)w =—5+i

(8 +4i)w = —5 +1i

~5+1 _ —5+i —8—4i 40+20i-Ri —4i% 40 +12i+4

—8+4f -8B+ 4 —B—4i  (—82—(4)F = 64+16
_44+12i_44 12 11 3

80 80 '80 20 ‘70
Substituting value of w in Eq. (1) [ QR Chailcoge ]

U B UL

=

1 13 ~ Solve the system
(1) = 22—(1—31)(ﬁ+i~2—ﬂ)=1+2l by Cramer’s rule.
71 495
= 23—(1—31)( = )—-1+2i
Multiplying both sides of the equation with 20.
= 40z — (11 + 3i — 33i — 9i*) = 20(1 + 2i)

- 40z — (11 —30i + 9) = 20 + 401
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= 40z — (20 — 30i) = 20 + 40i
= 40z = 20 + 40i + (20 — 30i)
= 40z = 40 + 101
= z= ﬂ + -1-9—:' =1+ li
40 40 4
(l + ;; A ﬁ + fﬁf ) is the solution of the system of equations.

1.7 Complex Polynomial

If z is a complex variable, then the expression ag + a,2 + a;z* + -+ + a,z" is called complex
polynomial of degree n if a, # 0 and n is a non-negative integer. Here aq, @4, @z, ..., @y are -
constants and may be real or complex. Let us denote this polynomial by P(z) i.e.;
P(z) = ag + a,z + azz® + -+ + a,z"
When n = 1; then the polynomial is @ + @,z and is called linear polynomial. We are interested
to factorize the polynomial of the two types as a product of linear factors.
(i)  P(z) = 2® + a?; where a is a real number.
(iiy  P(z) = az® + bz? + cz + d; where a, b, ¢, d are all real numbers.

1.7.1 Factorization of Polynomial of the Type z° + a* as a Polynomial of Linear Factor
The factorization of this type of polynomials is simple . Consider
z2 +a® =2 —i*a® = z* — (ia)* = (z + ia)(z — ia)
(z + ia)(z — ia) are required linear factors of z* + a®.

1.7.2 Factorization of Polynomial of the Type az® + bz* + ¢z +d = 0 wherea # 0

To factorize this type of polynomial first we find one of its factors with the help of factor

theorem and then do ﬂw synthetic division to find the depressed equation.

Recall that z — a is a factor of the polynomial P(z) iff P(a) = 0. We may say that a is a root or

zero of the polynomial.

e.g.; z— 2 is a factor (root or zero) of the polynomial P(z) = 223 + 3z% + 6z — 40; since
P(2)=2(2)+3(2)*+6(2)—40=0.

Example 16: Factorize the polynomial P(z) =z*+ 22> -5z —6.

Solution: Product of coefficient of z%and the last term is (1)(6) = 6. N
The possible roots of the equation are the factors of 6 which are 11, +2,+3, 16.

Since P('—l] = {_1)3 + Z(_I)E = 5(—]) —6=0.
So z — (=1) = z + 1 is a factor of the polynomial. To factorize it completely use the method of

synthetic division. 1 2 -5 -6
-1 0 -1 -1 6




23 +222-52—-6=(z+1)(z2 +z—6)
=(z+ 1)(z* +3z— 2z - 6)
=(z+1)[z(z+3)-2(z +3)]
=(z+1)z+3)(z—-2)
1.7.3 Solution by Completing Square Method:
Example 17: Solve the equation 2z? ~ 6z — 9 = 0 by completing square method.
Solution: . ' '
The given equation is
22°—62z—-9=0
Dividing both sides by 2 (coefficient of z*)

; 9
i 2_3 —_—=100
b 4 Z 2

N
]
I
w
b
I

Adding (- ’;i)zon both sides

o-ae(-})
(:-2)

Taking square root on both sides

2

(39 ]
]
0 o MO
+
|
| wa
|

I
r3| o
+

2

Lot = ity
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Excrcise 1.3

1. Factorize the following polynomials into linear functions:

() z2+169 (i) 2z2+18 (i) 322+ 363 Gv) z%+ %
(v) 2z3+32%2-10z-15 (vi) z3—=7z+6 (vii) 2>+ 222 — 23z - 60
: (viii) 223 +922 = 112 —30 (ix) z2—7z—-8 (x) 42z2—-7z—11
2. Solve the following equations by completing square method
y (i) 2z°—6z+2=0 (i) ~3z> -5z +2=0
(i) 4z% +5z=14 (iv) 22 =5z—3
3. Solve the following quadratic equations:
0] éz*-+ 22-16=0 (i) 2 -3z +17=0
(iii) 2z°—6z+25=0 (iv)z2=9z+11=0

—— =
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4. Solve the simultaneous system of linear equations with complex coefficients:
M A-Dz+(Q+Dw=3; 22— (2+5Dw=2+3i
(i) 2iz+@-20w=1+0; (1-20)z+3+2)w=5+6i
aan a " — i E_l . l
(i) Fz-(6+20w=S5; 24+ (3-21)w=(3+2i)

V) —z+(+Dw=3 2z-(2-3Dw=2+6i

1.8 Polar Coordinate System

Another way to locate a point in the plane is polar coordinate system consists of a fixed-point O

called the pole and the horizontal line emerging from the pole is called initial line (polar axis).

For a point P in the plane if r is its distance from the pole and 8 is

the angle which is measured anticlockwise from the initial line to : '

the line OP then the ordered pair (r, 8) are the polar coordinates

of the point P. P(r.8)
The angle @ is also called the arg(z). #
e For z = 0 the arg(z) is undefined so it is under stood
that z # 0 whenever we use polar coordinate system. (i) ~
e Ifacomplex number z = x + iy has polar coordinates 0 Initial line

(r, 8) then its conjugate is Z = x — iy has polar coordinates (r, —8).

1.9 Complex Numbers in Polar Form
1.9.1 Polar Representation of a Complex Number
Consider a complex number z = x + iy in cartesian

form. Draw it on the complex plane as shown in the P(x,y)
figure.
Let r = |z|, and @ be the angle in positive ¥
direction - »x-axis
which OP makes with the initial line(x-axis).
Draw a perpendicular from P on the initial line
then by Pythagoras theorem, we have Key Facts
[OLI? + |LPI* = lop|? Eﬂ is called argument of 2z and is written as
= x? +y% = |z|? 9 = arg () ]
= x2+yt=r? -
Or r=vx2+y? .
Also = =cosf = ==cosf
Izl r Key Facts
= x =rcosb cos @ + i sin# can also be written as CiS @
And X =sin@ =Z=sinb and cos@ + isin@ = e'? is known as
” : . Euler’s formula.
= y=rsinf




By substituting the values of x and y in z = x + iy
We have z=rcos f +irsinf
z=r(cos 8 +isinf)
This form of the complex number is called polar form of a complex number.

1.9.2 Principal Argument

The symbol arg(z) actually represents a set of values, but the argument @ of a complex number
that lies in the interval —x < 6 < x is called the principal value of arg(z) or the principal
argument of z. The principal argument of z is unique and is represented by the symbol Arg(z),
that is, = < Arg(z) < m.

If B is the principal argument then principal values can be calculated

n—8
As in first quadrant value is 8, in second quadrant value is T — 0, 8
In fourth quadrant value is —8 then in third quadrant is 8 — 1.
Example 18: Bt 0
Find the modulus and principal argument of the following complex numbe
(i) 3+i (ii) — 3 +i (iii) — /3—1i (iv)v/3—i

Solution: (i) /3+i

Since the complex number /3 + i lying in the first quadrant, has the principal value
B =a=n/6.

Moduluis = r= X +y2 = [(V3)' +12=V3F1=2

n
a=tan'1(z)=—
x 6

Therefore, the modulus and principal argument of

V3+ i are 2 and n/6 respectively.
(i) —3+i
Modulus=r=2and a=¢

Since the complex number —+/3+i lying in the second quadrant has the principal value

Therefore, the modulus and principal argument of —V3 + i are 2 and 5?“ respectively.
™ 5m

— =g
r=2and a -

Since the complex number —v/3 — i lying in the third quadrant, has the principal value,

il S5m
B=—mt+a=—-n4+—-—=—-——
VB
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Therefore, the modulus and principal argument of — /3 — j are 2 and —5/6 respectively.
(iv)V3—i
r=2and a=n/6

Since the complex number lying in the fourth quadrant, has the principal value,
n

f=—a=—-—
6
Therefore, the modulus and principal argument of 3 —i are 2 and — /6.
In all the four cases, modulus are equal, but the arguments are depehding on the quadrant in
which the complex number lies.

Example 19:
Represent the complex number (i) =1=i (ii) 1 + i3 in polar form. )
Solution: Key Facts ,
(i) Let =1 =i =r(cosf + isin8) The value of

sin(@ + 2km) = sin @ and

cos(f + 2kn) = cos @
M—

Wehaver = /x2 + y2 =12+ 12 =42

a = tan™! I%I = tan~'1 =§

Since the complex number —1— i lies in the third quadrant, it has the principal value,

14 3m
H-a—n-z—n——T

s =1=i=1v2|cos (—BTH) + isin (— —)] \r(cus—— !sin:%r)
~1=i= ﬁ[cus (~:1E+ 2.&7:) — isin (:%H + Zkrr)]
(i) 1+ iV3
12+ (V3)' =
= tan™! (ﬁ) ==
Key Facts b
Hence arg(z) = % m Arg(z,2,) = Arg(z,) + Arg(z;)
Arg(2) = Arg(z,) — Arg(z,) ‘

Therefore, the polar form of 1+ {+/3 can be written as -
1+iV3i=2 (cusg+ i sin%)
=2 [ms(%+ 2knt) + i sin (’3-' + 2k )|

il ik P TR
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Example 20: Find the principal arg z, when z =
Solution:

1+ i3

=arg(-2) —arg(1 +iV3) ( arg Gi) =arg(z) - ary(Zz))

-"[rr tun“(n)] tan~?! g =m Xt
- 2 1) 2 3

This implies that one of the values of arg z is ZT” : =

argz = arg

Since 2 lies between — and , the principal argument Arg z is 2*.
1.9.3 Properties of Complex Numbers in Polar Form

Property 1:
Ifz = r(cosf + isind), thenz™* == (cos — ising).
Proof: Gl 1
ol r (cos@ + isin@)
ol 1 5 (cos@ — ising)
r (cos8 + isinf) (cos@ — isinf)
(cos8 — isinB)
4 r(cos?8 + sin?@)
=5 =% (cos@ — isinf)
Property 2:

If 2z, =ry(cos @ + isin6;) and z; = ry(cos #; + i sin B;) are two complex numbers in polar
form then their sum is given by z; + z; = (r; cos 8, + 1, cos8,) + i(rysinfy + r; sinf,)

Proof:
Zy + 2; = ry(cos 6, +isin@,) + ry(cos @, + isind,)

=rcosf; +irsind, +1,c050, +irpsiné,
= (r,cos@; + r; cos6;) + i(rysinfy +r; 5in6,)
Property 3:
If z; =r(cos@, +isinfy) and z; = ry(cos @, + isin@;) are two complex numbers in polar

form then their difference is given by
Zy = Z, = (ry cos By — r;cos6;) + ((rysind, — r25in6;)

Proof:
zy — z; = ry(cos 8, + isin 8;) — r;(cos @, + i sin 8,;)
=rycos8; +irsinf; —r,cos6, —ir;sind,
= (rycos8; —rycos0,) +i(rysinfy, —r,sin@
Properiy s 1 1= T2 2) +i(n 4 =13 2)

If z, =r(cosé, + isin@,) and z, = ry(cos &, + isin @,) are two complex numbers in polar
form then their product is given as

7,2, = nyry[cos(8, + 8,) + isin(8, + 8,)]

" National Book Faundation RO R



Proof:
212, = r;(cos 6, + isin 8,)r,(cos 8, + i sin 8,)

= r13[(cos 8, +i sin8,)(cos B, + isinb,)]

= 117;[cos 8, cos 8, + i cos 6, sin B, + i sin#, cos @, + i® sin 6, sin ]
2,2 = 1y13[cos 0, cos 8, + i cos 6, sin @, + i sin B, cos B, — sin G, sin 6,]

= 1373 [(cos 6, cos 6, — sin 8, sin 6;) + i(sin 8, cos B, +cos 6, sin 8, )]

= nyra[cos (6, +6;) + i sin(6; + 6,)]

Or ZyZ; = ryryet®1+2)

Property 5:
If z; =1y(cos@; +isin@,) and z; = r;(cos 8, + i sin 8;) are two complex numbers in polar
form then their division is given as = = 2 [cos(8; — 8;) + i sin (8; — 6,)]

k) F

Proof: L
zy _ 1y(cos@y +isiné,)

z; ra(cosB, +isinfy)
_ 11| (cos 8, +isind,) (cosf, —isind;)
" 1, |(cosB, +isin®,) (cosB, —isinf,)

1y |cos B, cos @, — icos@, sinf, + isin 6, cosf, — i sin 8, sin 52]

m (cos 8,)? — (isin B,)?
_ T [cos 8, cos 8, — i cos 0, sinf, + isin @, cos @, + sin b, sin Ez]
T Py (cos 8,)% — i%(sin 8,)?

_ 1 [(cos 8, cos 8, + sin 6, sin 8;) + i (sin 8, cos 6, — cos 6, sin ;)
T cos? @, + sin2 6,

A = Dicos(8, —6,) +isin(8; — 6,)]
4] ra
Or s § == 7'_181(91——93}

2z Tz
Example 21: Find the product ;(cosg + isin ;5) x 6 (cus ST” + i sin ST") in rectangular from.

Solution:

E(cusg+isin§)x 6(ms%+isin%—) =§xﬁ[mﬁ(§+%)+isin(g+5?n)]

3 .
=4 [cus??n + isin-?] = 4[cu5 (‘n‘ +%) + isin (" + %)]

T ) T vﬁ 1
= —4 COSE — 4 Sing = —4 (?) 4i (E)
=—-2v3 - 2i
Which is rectangular form.

Z(CDE%EH slnq-’-r)

Example 22: Find the quotient 4[:05( _%F-_F_ : sm( %)] in rectangular form.




2 (cos = + isin ™) i [m ( ( :)) it (9:1: 3:))]

s P

S

3 12 1 1
+T +iEinT =-i(cn53n+isin3rt) s

Which is in rectangular form. ;
Example 23:lfz=x+;}-mdary(:%:) =E, show that x? + y? = 1.

_x+iy-1 _=D+iy (x=-1D+iy (x+1)-

z+1 x+£y+1 (x+1)+iy (x+1)+iy (x+1)-

sineearg (577) = § = ton™! i =

:—-lz(x’-i)+y
z+1 (x+1)2+y?

ML)

0 1
m= tun-2-=-n-=hrx=+}r=—1=ﬂ

2x+yt=1

A

Example 24:Find the equation in Cartesian form, if z=x + iyand arg(z - 2) —arg(z +2) = ':'

Given that arg(z — 2) —arg(z + 2 =E

arg(x+iy—2)—arglx+iy+2)=—

= arg((x-2) +iy) —arg((x +2) +iy) = E*

-—1.-"’__ > Sy )
- e T
_I.L— -1—!— = E
#tan(tum P tan :r+2) tan4
.L _L

TEE

J'(x+2)—y(x—2}_1
(x=2)(x+2)+y2

W 0 i i NI BEEIL: oy PR

x2=44y?
=2x2+y'—4y-4=0




L.10 Application of Complex Numbers in Real World

Complex numbers are used in many real-life situations such as cryptography, wave phenomena,
pressure and velocity of the fluid and for the calculation of voltage and current in the circuits, These
applications are of higher level so will be discussed in higher classes. Here we are going to use the
complex numbers by giving an easy example of the simple harmonic motion. In simple harmonic
motion we have to determine the position of the microscopic particle from its mean position. The
equation which gives the position of the particle from mean position is {

= 6 (1)
X i@

Where x is the displacement of the particle from mean position, X,,,,. is the amplitude and

e'® = cos @ + i sin @ is the complex number. It is also called Eular’s equation.

4 -
Example 25: A micro particle is performing to and fro motion. Find its position at an angle of =

z ¥
when its amplitude is 0.05mm.
Solution:

We are given Xmax = 0.05
.
d ==
and @ 3
Using the formula
X a8
" & _ ] s
x = 0.05e's = 0.05 (cos5 + isin 5)
x = 0,05(0 + i) = 0.05i
It means particle is at the position where we cannot see it but just think about it [
The above formula can also be written as x = x,,,, ™ where w is the angular velocity and t is |
the time. Also w = 27f where fis the frequency of the particle.

Electrical Engineering: :

The flow of electricity 7, in a circuit, the resistance to flow Z, called impedance and :

the electromotive force £, called voltage is given by the formula E = L.Z. Electrical engineers \
use j to represent the imaginary units. But for understanding we are representing the imaginary

part with . _

Example 26: An electrical engineer is designing a circuit that is to have a current of (6 — 8i) amps.

If impedance is (14 + 8i), find the voltage.

Solution:
Here we have I =(6-8i) .
and impedance Z = (14 + Bi),

Usiﬂg the formula E=1Ix2

E=1]%xZ= (6 —8i)(14 + 8i)
= 148 - 64i.
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Use of complex numbers in the wave phenomenon

Example 27: Compute the potential difference across two AC power supplies with respect to
time. When V = 3cos(t + 30°) and Vy = 4sin(t + 120°).
Solution:

To find the total potential difference, simply adding V4 and Vj is not correct. so
we have to follow the method given below

Let Z, = 3{cos(t + 30°) + isin(t + 30°)}

and Zz = 4{cos(t + 120°) + isin(t + 120°)}

therefore, V, = Re(Z,) and Vp =-Re(Zp)

Note that Z,; = l(t+30%) 554 Zg = 4l(t+120%)

Zootar = Zp + Zp = 3e'(0430°) | 4ol(+120%) = glt(3530% 4 4120%)

Ziorar = e*{3(cos30° + isin30°) + 4(cos120° + isin120°))

V3 A 1 3 33
= ic — — — — |—] ——
Ziotal = € {3(2+:2)+4( 2+12 } el {2 +12 z+rw'}
Ziora = €'{0.5980762 — 1964102} :

r=/(0.5980762)2 + (1.964102)? =25 =5

—-1.964102
1 = 936°
0.5980762 ) ARE

Vrpm; . RE(zm:nﬂ = 0.5980762 E"
Vit = Scos(t + 106.9357)
Use of complex numbers in Resistor in AC circuit
Let us consider a simple AC circuit with a resistor as shown below. Let v(t) be an AC voltage source
given by v(t) = V, cos(wt) = Re(V,e'™") {
Where ¥, and w are real quantities =
The relation between the current ( through and A
voltage v(t) across the resistor R is given by v(t)g = Ri
Using the single loop shown above we have v(t) = v(t)g
v{t)@

v(t) is given by v(t) = V, cos(wt) R | vt)a

Hence v(t)y = V, cos(wt) = Re(V,e'“t)
Combining the above we write  Ri=Re(V,e'™!) ..(i)

Let Vi = Vo' and rewrite (i) above as  Ri = ReVy

Since R is areal quantity, the above may be written as i= He_ﬁﬂ)
Let Zg be defined as the impedance of a resistor such that Z; = R
Since R is real, the impedance Z, of a resistor is a real number

Current i then may be written as I=9ta(;:-)

Let! =22
Zn
The above gives a relationship similar to Oham’s law in DC (Direct Current) circuits. The above
relationship between complex quantities [,V and R makes calculations much easier,

This simplifies calculations in the sense that we do caleulations using complex impedance, voltage and
current and then take the real part as the final answer. :




1. Write following complex numbers in polar form. '
()2 + i2v3 (i) 3 — iV3 (i) —2 — (2

2. Write the complex numbers in rectangular form
cos=—isin™

w
2 cosy i sin%}

(i) [ms%+f51n—:;:—) (cns§+isin§) (ii)

3. I (g + iy ) (x + i) (x5 + iy3) ... (2, + i¥,) = a + ib, show that:
() F +yD3 +yDF +y3) .. + y0) = a® + b?
e o ¥ry _ - b
(i) I tan™! (x_, = tan ‘(;) +2km, keZ

4, Write a given complex number in the algebraic form:

(i) VZ(cos315° + i sin 315°) (ii) 5(cos 210° + i sin 210°) (iii) E(cusz—"+isln3{)
(iv) '1-(4::1:155?1'I + fsins?“ (v) 2 (ms%+ isin%) (vi) cos135°+ isin135°

(vii) 10(cos 50°+isin50°)  (viii) V2 (cos "+ isin7)

5. Convert the following equations and inequations in Cartesian form:
() arg(z—1)=-% (ii) zZ = 4|e’®| (i) —<arg(z—4) <3

v osagGnsy  Mang(E) =t

(vi) -;-arg[z -i)= ;—r— inrg{z + 1)
6. Calculate the position of a particle from mean position when amplitude is 0.004mm and angle is:

@ = (i) 3 (iii) = ,

7. When particle is at a position of x = 2 4 3i from its mean position and X0, = 1+ 2v/3 1 is the
position at maximum distance from mean position as it can be seen under microscope at this point.
(i) Calculate the angle at time t = 0 and find the position of the particle.
(ii) If x = 2 + 3i and Xpey = 1+ 2V31. Calculate the frequency when t =2.

8. Find the impedance Z for the following values:
(i) E = (—50 + 100i)volts,l = (—6 — 2i)amps
(i) E = (100 + 10i)volts,| = (—8 + 3i)amps

9. Find the impedance in an AC circuit if v(t) = 3cos(t) and { = 10 amperes.

10. Determine the current flowing through an AC circuit having an impedance of 5 oham where
voltage source is given as v(t) = 4cos (3t).




11. Compute the potential difference across two AC power supplies with respect to time. Where
V, = 5cos (t + 45%) and V; = 3 sin(t + 307).

12. Given that V,; = 4cos (t + 120°) and Vz = S5sin(t + 607). What will be the total potential
difference of these AC power supplies?

1. Choose the correct option:

(i) Every real number is also a number.

{a) natural (b) integer (¢) complex  (d) rational
(i) Every complex number has part(s).

(a) one (b) two (c) three (d) no

(iii) Magnitude of a complex number z is the distance of z from
(a) (0,0) (b) (1, 0) () (0, 1) (d) (1, 1)
(iv)  If z is a complex number then its mirror image is
(a) |zl (b) 1/2 (c) -z (d) z
(v) In complex plane imaginary part is drawn along
(a) x —axis (b) y —axis (c) origin (d) xy —plane
(vi) Ifz; =3+ 2iandz, =5+ 6i then
@z;>2; (b)z;<zy (c) |z1] > lzz|(d) |z] < |22]
(vii) Diagram representing a complex number is called diagram,
e (a) vector (b) Venn (c) argand (d) ordered pair
(viii) Ifz=3+4ithenz"tis

(a) er%) (®) (__ ) d){ }(235 ;;) (d }(235 ;;)

(ix)  The value of (V=25)(V=4) is

(a) 10 (b) —10 (c) 10i (d) —10i
(x) If (1H = 1 then least positive value of n is
(a) 1 (b) 2 (©)3 (d)4
2. Find the values of the following:
() RIS 0190 (D) ]“ :";*”
(i) [@-20G-10| (iv) (:*::
3. Factorize the following:
(i) 3x%2+108 (i) 4x%+40

Locate the complex number z = x + iy on the complex plane if |z+2£| = 1.
Find 2z whcn (z—30D(2+5i))=3—4i,

Evaluate .!“ —+(2—-i)* ++-25 ]

Solve by completing square method 2z% — 11z + 16 = 0.

When particle is at a position of ¥Z + ivZ nm from its mean position calculate its
amplitude when 8 = 45°,

®N A w s



MATRICES AND DETERMINANTS

A very common use of matrices in daily life is
encryption. We use them to scramble data for security
purpese and to encode and decode this data. There is a
key that helps encode and decode data which is
generated by matrices. The screen of any electronic
device, like smart phone or LED TV screen is
essentially a pixel matrix. When we rotate the phone
and itis in landscape form; the matrix is actually rotated
using the transpose. When we touch the screen of a cell
phone at some specific position; the position is
calculated by matrix properties.

In mathematics we use matrices to solve the system
of linear equations. Matrices are also used frequently

After studying i . unit. students will be able to:

Apply mairices operations (addition/subtraction and multiplication of matrices) with real and
Cﬂlﬂplt"; L LR T

Evaluate e'crminants of 3 » 3 matrices by using co-factors and properties of determinants,
Use ron operations to find the inverse and rank of a matrix.

Explain a consistent and inconsistent system of linear equations and demonstrate through
examples

Solve asystem of 3 by 3 non-homogeneous lincar equations by using matrix inversion method
and Cramer's rule

Solve a gystem of three homogeneous linear equations in three unknowns using Gaussian
elimination method.

Apply concepts of matrices to real world problems such as (graphic design, data encryption,
seismic analysis, eryptography, transformation of geometric shapes, social network analysis).

almost in all sciences.

In 19" century the term matrix was introduced by English mathematician James Sylvester. Then after
taking the idea of matrices from Sylvester, Arthur Cayley developed the algebra of matrices and

published two papers in 1850s. On system of linear equations matrices was applied by Cayley's

where they are still useful.

AP aloue ' M e P e



2.1 Matrices

A matrix is an array of numbers arranged in horizontal and veriical Vines enclosed within square
brackets. Matrices are usually denoted by capital letters.

The horizontal lines are known as rows of the matrix and vertical lines | “*"™ |

are known as columns of the matrix. eL: A= [ 22 i g | rows

Each number in the matrix is called an element or entry of the matrix. Every element in the
matrix has definite position which can be specified by the number of rows first and then' number
of column where it exists. In the above matrix position of element ‘8’ is determined where
second row and third column meet each other. In general, an element in the ith row and the jth
column is denoted by ay; and generally the matrix 4 is written as 4 = [a,,].

1 4
i [—3 z]
Where 1 in first row and first column similar 4 is in first row and second column and so on.
2.1.1 Order of a Matrix
How many rows and columns are there in a matrix is known as order of the matrix. If a matrix A
has m number of rows and n number of columns then the order of the matrix is m X n or m-by-n.
We always write number of rows first then number of columns.
If we multiply m by n; it gives us the total number of elements in the matrix. ¢.g.; if there are 2
rows and 3 columns in a matrix A then its order is 2 % 3; often we write Azy3. The product of 2
and 3 is 6; so, there are six elements in matrix A as given above,
12.1.2 Equality of Matrices :
Any two matrices are said to be equal iff (if and only if) both have same order and same
corresponding elements. 3 & 3 &
Consider matrices A = [2 1] and B = [2 1].
7 9 79

Here both matrices A and B are of same order 3 % 2 and also have same corresponding elements,
Thus they are equal. We write A = B.

also n‘[t:[_]‘3 ;; D=[1ig iii]ﬂ-tﬁ:D

2.1.3 Types of Matrices
Row Matrix or Row Vector

If there is only one row in a matrix then the matrix is called row matrix or row vector. eg.;
A=[1 3 6 2] 143 B=[2 5lixzs L [51121
D=[3 0 1 9 2],.s areall rowmatrices. o
In general,a row matrix A having n number of columns can be written as:
[@1 @12 @y3..4,,)1xn




2.1.4 Column Matrix or Column Vector
If there is only one column in a matrix then the matrix is called column matrix or column vector.

- all -
Qg4
i3y

é 9 2

eg A= . B=|9 , C= [ ] and D = [6],x, are allcolumn matrices.
- Ix1 2 s
4 4%1

In general, a column matrix with m number of rows is

-

2.1.5 Square Matrix -@m1 dnxy
A matrix which has equal number of rows and columns is called a square matrix. i.e.; if a matrix

has n number of rows and n number of columns-then it is called square matrix and its order is

3 1 1 6 9
nxneg, [ , |0 1 =2| and [3];x; are squarc matrices.
. =5 Tl 7 =3 5 —_—

2.1.6 Rectangular Matrix
If the number of rows are not equal to the number of columns in a matrix then the matrix is

called a rectangular matrix. i.e.; if a matrix has m number of rows and n number of columns and
m # n then the matrix is a rectangular matrix. e.g.;

1 3 5 1 6

] .12 9] and [1 =2 3];x3 are rectangular matrices.
2 0 —llyy
3 1l

2.1.7 Zero or Null Matrix

If all the entries (clements) of a matrix are zero then the matrix is called null or zero matrix. A

zero matrix is usually denoted by Oy xp. €.8.5

0 0 0 0 0
0 o], [0 0 0 o], [0 {}]‘ 0| and [0] are zero matrices.
0 0 0

2.1.8 Diagonal Matrix
A square matrix in which all the elements except the main diagonal are zero and the main

diagonal has at least one non zero element is called a diagonal matrix.

IfA= [a”]mr is a square matrix of order n then it is called a diagonal matrix if a;; = 0 when
i # j and a;; # 0 foratleastone i = j wherei = 1,2,3 ...,nand j = 1,2,3, .., n.

2 0 0 6 0 0 1 0
e.2.: [{] 1 0,10 O ﬂ o ﬂ] and [3] are diagonal matrices.
0o 0 -4 0 0

!_



2.1.9 Scalar Matrix
A diagonal matrix in which all tT diagonal elements are same but not zero is called a scalar
a

P =0fori#
matrix. i.e.; if A = [aulmm an :j b ﬁ:;i =i where k is a non-zero scalar.
k 0 0 2 00 "‘1- 2@
e.g.; [D k ID] where k = 0; [ﬂ 2 {]] ; [_ﬂl -nl] and |0 % 0| are scalar matrices.
0 0 k 0 0 2 0 0 1
3

2.1.10 Identity or Unit Matrix
A scalar matrix in which all the diagonal elements are equal to 1 is known as an identity or unit
matrix. An identity matrix is usually denoted by I,,,,,; or simply 1. For an identity matrix

I ay;=0fori=#j
= [ay); a;=1fori=j

1 0 1 0 0
Cg: [{]' 1 |0 1 ﬂ] and [1]; are identity matrices.
iniale. I @8 - o
B.F B ol
R S SRS
we can write itas I, e LIRS |

b &+ e op
2.L.11 Upper Triangular Matrix ?
A square matrix in which all the elements lying below the main diagonal are zero, is called an

upper triangular matrix. i.e.. if A = [au]nmand a;; = 0 where i > Jj; C : 1-3.; .::) Sk

an upper triangular matrix.

<fi BN

2.1.13  Lower Triangular Matrix

and [ﬁ] arc upper riangular matrices.

A square matrix in which all the elements lying above the main dingn;ml Ti §cm is called a
lower triangular matrix. i.e., if A = [a”]nxnand ag; = Owherei < j; (J 123.. ) then A4 is
a lower triangular matrix.

0 0 0 0
e.g.; [m. [MI. [Hl arc lower triangular matrices.

2.1.14 Triangular Matrix
A square matrix which is either upper triangular or lower triangular is called a triangular matrix.

Key Facts
 Sum, difference or product of upper (lower) mangulnr matrices is again upper (lower) matrix.
 Diagonal matrix is both upper and lower triangular matrices,




2.1.15 Transpose of a Matrix

If A is any matrix of order m X n then the matrix which is obtained by interchanging rows by
columns (or columns by rows) of the matrix is called transpose of the matrix A and is denoted by
A", Note that the order of the A® is n x m.

72 1 & [ : ; Key Facts
eg;ifA= [ﬂ then I » If A is square matrix, then order of A and

2 3l e A issame. .
At = ‘12 g d « Transpose of lower triangular matrix is - a
- 6 3 an upper triangular matrix and vice .
ans

versa. §
2.1.16 Symmetric Matrix - 1
For a square matrix 4 if A = A® then A is called a symmetric matrix, e.g., if 1
1 2 & i 2 51 - \
A= lZ 6 —4]. then A = [2 6 —4] ) !
§ =4 3 < 3

Since A = A%, s0 A is a symmetric matrix. Key Facts

2.1.17 Skew Symmetric Matrix

| ¢ In symmetric matrix
A square matrix A is called skew symmetric if A = —A4 ;

a;; = ag Yi#J.
e In a skew-symmeltric matrix

0 2 -6 :
cg.ifA=|-2 0 5] Oy =—ay Yi¥]

6 -5 0 anda;; =0 Vi=j.

0 -2 &6 g 2 =6 -
Then A* = I 2 0 —5] = — [ﬂZ 0 5§ l =—4A

-6 5 0 6 -5 0

So, .1 15 skew symmetric. {

1. Find the order of the following matrices.
1 3 0 1 2 1
(i) A:b 3 (ii) E=F 4 (iii) C=F] *
3 4 9 \
, B = ; 3 6
ivi b=[2 1 6 8] (v) E=|[3] vi) F=[] J
2, Identify the following matrices as square matnx, rectangular matrix, row matrix or column

matrix. 1 3
i 3 6 2 ” - 1 =
(i) A= (i) B = [3 J (iii) C = {2] .
[Z 1 ‘9] 2 6 8
nm 6 9
(iviy D= IZ o ll WME=[2 0 1] (vi)F= [1]5.] “
31 2 i ]

3. Identify the diagonal matrix, scalar matrix, identity matrix, lower triangular matrix, upper

. o il
triangular matrix. : 1

300 -6 0 0 b a
0] A=F 1 4mua= 0- =6 0 ; Gi)c=[, ,
2 6 0 0 0 -6 |

TRy S e —— —
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{

1
0

0 0 0 4 v 1" 2
n‘:m E=10 3 u]: (“1F=[n 0 6]:
1 0 0 0 0 0 1
u ¥

- 0
0}; (viii) H =
o Bl

4. Find the transpose of the following matrices and identify which one of them are symmetric

cCOoOoCoDKWO

1
(vii) G = [u
0

and which are skew-symmetric.
2 0 '

M Aa=|y5 5l; @ B=0 6 2 o Gi)c=[% 9
L1 9

0 19 3 -6 _ 0 1
(ivy D=]|=1 0 5]: () E=[~—ﬁ 2 g]: (w]F=F 6 13]
-9 -5 0 9 0 0 0 0

2.2 Algebra of Matrices

2.2.1 Scalar Multiplication

If k is a non-zero scalar and 4 = [a;;] . is a matrix of order m x n, then the product of matrix
A and scalar k is denoted by the matrix k4, the matrix obtained by multiplying the scalar with
each elements of the matrix 4.

@7 @ @3 . - %n
Gy @z @z . - - Tan
If A=|91 @32 a3z - - - @sn , then
Ami1 Qmz2 Qpz - . . Qgun
@37 (a3 Qi3 . + + @n kayy ka,, kﬂ;a = % kaln
@z @z Q3 . - - @an kay, kazz kazz . . . kay,
kA =k ﬂ:.u @3; @3z - - - Qan|=|kas; Kkas, kazz -+ . . kay,
Gmi Gmz @m3 - . . Gund kGpy Kame Kama - . . kémn
: TP - YA S |
anmmnmm_h -~ 5],men
Key Facts
2a=2f] % 3 Order of matrix A and kA is

_[2x%3 2x2 2x1
2x4 2%x-3 2x5

E 4
= 1[]'

2.2.2 Addition of Matrlces
In general, we cannot add two matrices. Only those matrices are conformable for addition
which have the same order.

IfA=[ay] _ andB=[by] _ aretwo matrices of same order m X n then A + B is also
a matrix ofm‘a:lr.-rm X nin whlch each of its elements is the sum of corresponding elements of A
Mld.ﬂ [fwe assume that 4 + B = C where £ = [Eu] 'll'H:nEu --ﬁu-l-bu Vi.jEN

mxn




£ TR A
2.2.3 Subtraction of Matrices

Similar to addition of matrices, we can subtract two matrices which have same order,
IfA=[ay]  andB=[b,]  are two matrices of same order m X n then 4 — B is also

a matrix of order m X n in which each of its element is the difference of the corresponding
elements of A and B. If we assume that 4 - B=D where D = [d}]

then diy = ay —b” VI.J EN

mxn

-2 6
Example 1: Find A +BundA—BwhereA=[2 llandﬂ= 0 D].
L2 1

-2 6] [3+(~2) 0+6] [1 6 ]
A+B= [ ] [ ]J Fz+n 1+0 [2 1]_ '
6+2 5+1)

e F P R

2.2.4 Multiplication of Matrices
Two matrices A and B are conformable for multiplication if number of columns of A is equal to
number of rows of B. If A = [uu]mm is a matrix of orderm Xxn and B = [bif]n:p is a matrix

of order n X p then the order of AB is|m X p|.

Assume that AB = [¢y] piwhere ¢ is the sum of the elements obtained by multiplying the
corresponding elements of t!:u: ith row of a matrix 4 with corresponding elements of the jth
column of matrix B. For AB = C, we have:

Solution:

(@37 @32 Q13 @1n [byy b1z b3 - blf - bap]
@z @Az Qa3 dzn byy by by . |bzy| - bz
A = |la; iz . Gm]|;iB= .
Q1 Qym 7 M _bm bna b3 ﬁ‘ " ]'.lp
ith row \‘jth column
rfl 1 Lz €13 €14 Gip
i Czz €3 - Czp + G
c= . e
C, C __» Cjj = (ﬂn)(bu) i (ﬂ::}[f’zj) + o+ (@) (bnj)
i1 iz éﬁ——-——ﬁr w“m!_ 1.2.3,.
' P =123
Cni Cnz Cna . Cpn5 . Cppl = p
, . 1 3 _sa
Example 2: Find the product AB for the given matrices A = 12 1 ; B= [2 5 4hyys
6 0
Solution: e

Matrices A and B are conformable for the product of .15, since the number of columns of A and
the number of rows of £ is the same.

oG
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2 4 n WA+ WM +EG)GB) 1)0O)+G)4
[ ] [ =[@B)+1)(2) @M+ (1)(5) (2)0)+(1)(4)

2 5 4= 6)3) +(0)(2) ()(1)+(0)(5) (6)(0) + (0)(4)
34+6 1415 0412 .

— ev Facts
g AR e

9 16 12 conformable for the product AB,
o then it is not necessary that they

Zoi ke are conformable for the product

: BA.

Note that order of AB =(3 xx P =3x3
Example 3: Find the product AB for the given matrices.

=2k 3Y: -_¥8, =l
Solution: & -i 31'] RS [Zi 0 -z:]
The number of columns of 4 and the number of rows of B is same. So they are conformable for

the product 4AB. Now
2t 1113 -t i
e [-1 sl o 2l

_[ @)B)+12)  @DED+(2)(0) (206 + (1)(-20)

(D) +BD2) (-D(=D+ @BDO) (D)@ + (3i)(-20)
[ 6i+2f —2i2+0 2i%-2i
[—=3i+6i* 240 —i%2—6it
[ Bi -2(-1) 2(-1)-2i
T |-3i4+6(-1) -1 —=(-1)- ﬁ(—l)]
[ 8i 2 =2 -—2:']
—3[—-6 =1 7
Orderof AB=2x[2 2]x3=2x3
2.2.,5 Commutative Property of Matrices w. r. t. Addition
Any two matrices which are conformable for addition holds commutative property w. r. .

addition. Consider the two matrices 4 = [aU]:xa and B = [b -f]zx:; then
Gy Qg3 QO3 [bu by, byg

A = — -
Az Q2 ﬂza] and B boy  bys bﬂ] : ab€R

(@13 + by ap+by; agg+ bu]

(g1 +byy azz+Dby; a3+ by

(by1 +ayy bz +ay; bz + ﬂia]

b2y + a3y by +ay; bay+ay

[by;  bya -'.1'13] Qyy @y 3

by1 by bas [ dzz2 a;;] s

A+B=

Hence A + B is commutative
Example 4: Verify the commutative property of addition for the given matrices:

3 1 6 0 -1 3
A=[2 1 3]andﬂ=[1 2 4]
g 2 1

=3 4



Solution: '
3 1 6 —1 3 340 1+ (-1) 6+3
A+B=|2 1 3] [ ‘= 2+1 1+2 3+4l
0 z 1 -7 1 04+(-7) 243 141
3
=3 ] (1)
- -7 5 2 :
& 0 -1 3 3 1 6 043 (-1D+1 3+6
BH:[i ) 4]+[z 1 3]=[1+z 2+1 4+3]
-7 3 1 0o 2 1 (=7)+0 342 1+1
3 0 9
=[3 3 ?] (2)
-7 5 2

From (1) and (2) we have A + B = B + A, i.e., commutative property holds w. r. t addition.

2.2.6 Commutative Property of Matrices w. r. t. Multiplication
In general, the commutative property w. r. t. multiplication for matrices do not hald e

AB # BA. 1 0 1
Example 5: For the matrices A = [3 ] B =2 3|;showthat AB # BA.
Solution: o 1 1'%
i
AB = [3 . 5] 2 3}

1 4
(1)(0) + (2)(2) + (D) (D) +(2)(B3) + (D(4)
30 + (W)@ +(6)(1) (D) +(1)(3) + (6)(4)
_[0+4+1 1+5+4]=[g 11

0+2+6 3+3+24

0 1
12 1
[23][31

1 4
(0)(1) +(1DB) M@+ W@ (0D + (13(’5)]

BA

=AM+ 3)(3E) @@ +E) (D) @)+ (3)(6)
MWD +HE) E)+ (4)(1) (1)(1) + (4)(6)

'0+3 0+1 0+6
=|2+9 4+3 2+1H] [11 7 zu]
Clearly AB # BA. 1+12 2+4 1+24l l13 6 25
I:h:ampleﬁ

If .q:[ ] =[g } g]g then verify that (AB)' = B'A'
oy MO+ @@ WA +@A) Q)6+ ()O)
AB = |5 5]2 } g (5)(0) + (6)2) (5)(1)+(B)(1) (5)(6) + (6)(0)
2 1 )0+ ()2 @@+MA) (2(6)+(D(0)

[0+4 1+2 6+0
0+12 5+6 30+0

4 1'3 .6
=[12 11 3{}]

2 3 12

L0+2 241 1240




12 2.

(AB)'-[H 11 313] [3 11 3]
y 6 30 12
.-? e E and Bt = [1 1]
I 6 0
t ¢ o [OW+@@ ©E)+@)6) (©)@)+E@)D)
; BtAt = [1 ]; ° = W@+ M@ WE)+WE) (@) +)
| 6 (6)(1) + (0)(2) (6)(5) +(0)(6) (6)(2) + (0)(1)
f

3 11 3
6 30 12

=|1+2 5+6 2+1
6+0 3040 1240
From equation (1) and (2), we have (AB)* = B*A".

Example 7: Show that for the two matrices 4 and B which are conformable for addition:

0+4 0+12 ﬂ+2] r» 12 2]
(2)

h (A+B) =A+B* ——
& Solution: : I'Fnrnuomammhandﬂ. ",
. . Jai _whil:h are conformable for addition
: Cunsud:r?}riwumamﬂu::m:ﬂnfthcsameor I A+B)'=At+B‘.Ingr l_'
}l An[c d]: B=[3 g]the:: e (A‘+A‘_+"'+A“)
; a bl 1 21 [a+1 b+2 L_*_h“_,,“
A+a=[..- d]+[3 EHM d+s
e+2 f+6
a+1 b+2)
= (A+B)=|c+3 d+5] [gj; i ;i‘; (1)
e+2 f+6
|r Now A‘-‘; ; ]andB* [; 3 2]
- a ¢ 1 3 2
% At+ﬂt_ b d f]
: i a+1 c+3 e+2 2
/ b+2 d+5 f+6
] From (1) and (2) we have,
| (A+B) =A"+B°
J Example 8: Any square matrix can be written as the sum of two square matrices such that one of
:._/ Solutions them is symmetric and the other is skew-symmetric.
4 Consider any square matrix 4. Let we can write it as sum of two square matrices P and Q and
ps prove P is symmetric and 0 is skew-symmetric. i.e.,
: A=P+Q ' (1)
: = A= (P+Q) =P +Q' =P+ (-Q)

= At=P-Q (2)
Adding equation (1) and equation (2), we get:

A+A'=2P > P:%(A+A')

J Now subtracting equation (2) from :quatitim (1), we have:
A—-A"=20Q = =E(A-A')




Observe that

Pt = [2(.4+A=)] =-(A=+(A=)=)=—{A'+A)H—(.4+A=) iy
So, P is symmetric. ;

¢ =[34-49] =3 -~ @) =3 (U~ M) = ~S (A~ 4% = -

So, Q is skew-symmetric. 3 1 5]

Example 9: Write the matrix 4 = { 2 6 0|asasum of two matrices where one is symmetric
-1 2 1
and the other is skew-symmetric.

Solution:
Let A= P + Q where P is symmetric and Q is skew-symmetric.

; (I3 1 5] B 2 =1 3'3'2
5uF=;(A+A‘)=;([2 6 n]+1 6 zD [3 12 z] 26 1
And =% A 2 1 1

1 -1 6
a-([ N U
1 -6 2 0
0 _l
!
Thus A =P +Q ﬂ
3 1
13 15‘ 352 |0 _E 3
=|2 6 0|=|3 +| 1
-1 24 |61 ‘5 -
2 1 1 L3

1‘_

1. Construct a matrix A = [ay;] of order 2 x 2 for which:

i ay= % (ii) ayy = !'EJ' - (i) agy = ;" (iv) a; = IT”
2. Construct a matrix B = [ay;] of unier 3 x 3 for which:
@ b= by =5L  Gdby=35 @ @by=7
3 201 7
3. IfA=’ﬂ 6 llandﬂ'= 0 2 -—1|then find a matrix C such that:
-1 0 -3 4 2
A+B+C=0 s 1 -
4. ) Finda[2 a[} 3= 10 (i) Find X, 3 l! 1] -
' 13 2 407l 1 5 2 4

(iii))IfA=[3 7]and B =[2 14] then find a non-zero matrix C such tlmtAC = BC.
(iv) [“g’ . : y] = E E] then find the values of z, fand x* + yz.

(v}lfﬂ=[3 4and!=[é ‘I’]mmﬁndaandﬂsuttmtA2+ar=,eA-

e o - d
L biale e o = '
AR e
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(vi) Find the values of x if [x —4 2] ﬂ 1 DH ]

.

i 2 2
IfX ={§ 1 2] then prove that X? — 4X — 5] =
2 ¥

6. 16A=[2 ] then find aand f such that, A% + al = A,

7. Consider any two particular matrices A and B of your choice of order 2 X 3 and 3 X 2
respectively and show that (AR)* = B*A".

8. Consider any two particular matrices 4 and B of your choice of order 3 X 3 and show that
(A+ B)t = A" + B,

9. If A and B are two matrices such that AB = B and BA = A. Find A% + B2

10. If A = [a;;]is a matrix of order 3 x 3 and a;; = i* — j? Check whether A is symmetric or
skew-symmetric.

11. For any square matrix A; prove that (A™")" = (49)",

4 2

12. Find the matrices X and ¥ such that 2X —¥ =[5 ® 7’]and X +3v =[] 59
2 5 3i 1 6 3i

13. Find the matrices X and Y such that 3 X+ ¥ = %+ng gi and X+ 2Y = ;+2‘1 ;f z

2.3 Determinants

Every square matrix is associated with some number (real or complex). This number
is called the determinant of the matrix.

If A is any square matrix then its determinant is denoted by det(A) or |A|.
Corresponding to the square matrix A of order n,

By Gy . .« = Qn

dzy @z . . + Gan

l = N o e T o F e T'H."i' I‘.Eft‘l.
a; a. S a % More than one square matrix can have
1 n o . nn g Ay *
. ; A same value of determinant.
The determinant of 4 is
|

@ @iz . . - fn i e e
@y dz . . + 92n

|4l =
Opy Quz |, , . Qg
For our convenience we consider the determinants of the squarc matrices of order up to 3 x 3.

2.3.1 Determinant of Matrix of Order 2 x 2
: ; _[G11 Q12
Consider a matrix A = [ﬂzl ﬂzz] , then

3y Qg
Al = | | = Q11057 — 1518
1A= g,  ay,] = ®11022 = 021812
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2.3.2 Determinant of Matrix of Order 3 < 3
@31 @2 y3

Consider a matrix A oforder 3 x 3ie., A = [ﬂn 3z ﬂza].

v O3y @dzz (3
fyy @y GQq3
Qzy dzz dag
3y dzp; a3y
To find the value of this determinant; we express the above determinant into the sum or
difference of determinants of order 2. This process of finding the value of the determinant is
called expansion of the determinant.

We can expand a determinant from any row or any column. Since in a determinant of order 3; there
are three rows namely R,, R,, R, and three columns C,, C, and C,, so we can expand the determinant
in six different ways; but the value of determinant will remain the same in_each case.
If we expand the above given determinant from 1 row i.c., from R then:
Qzz Gz Q21 Qg3 @z; a3z
@33 ﬂaal TM2)g,  agsl T %3 gy, ﬂ:;z,
= 4,(az2833 — @23a32) — ay3(az1 @33 — az3a3,) + ay3(aza3; — azas,)
This can be generalized for determinants of the square matrices of higher order.
2.3.3 Minor of an Element of a Square Matrix
Let we have any square matrix 4 of order n, i.e: A = [a; a"]nxn; then the minor of the element
a;y of matrix is a determinant of the matrix of order (n — 1) X (n — 1) obtained by neglecting
the ith row and jth column of the matrix A. Minor of a; j is denoted by M;;. For example;
consider a matrix A of order 3 x 3.
Q117 Qi3 QA3
A= [‘121 d33 ﬂn]
Q31 @3z Q33
The minor of the element a;, is M,, where M, = |

The associated determinant is |4] =

4] = ay,;

a a
a;: ﬂ;zl is the determinant obtained by
neglecting 2 row and 1 column of the matrix A. Likewise we can find all the minors of
elements of the matrix A.

234 Cofactor of an Element of a Square Matrix

For any square matrix A4 of order n x n, the cofactor of an element a;; of matrix A is denoted by
Ay and is defined as Ay = (—1)*IM;; eg., If

Q17 @33 @43
A= [‘121 3z "-123]
Q33 @3z 4z
Then cofactor of the element a,, is:

@12 Qi3
Az = (-1)*My, = (-1)? Iﬂﬂ ﬂ:;' = (=1)(ay2033 — a3303;) = —a;,033 + @303,
= Q,3Q3; — Q;303; :
1 3 0
Example 10: IfA=]-1 2 6 [then find M,,, M, and Az and 4,5, g
3 0 -4 )

Solution: T - |~31 _ﬁ4| =(-1)(-4)-(3)(6)=4—18 = —14

Ma=[; ol = MO -@@) =0-9=-9

Ay = {—1)1"‘%"#."12 = (—1)3(—14) = (—1)(-14} =14
Azs = (-1)*3My = (-1)(-9) = 9

42 : et e o0
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2.3.5 Evaluation of the Determinant of a Square Matrix Using Cofactors
Consider a square matrix 4 of order 3 x 3.

Ay Qyz Q43 a4y 4y @43
A= |G ap ﬂzz‘ Then |A] = |az21 @z az;
G3; Q3 Q33 Q33 Q3z AQz3
If we expand it from first row then:
| = ay, lazz ﬂzsl -y @23 Q23 B @21 ﬂzzl
@3z Q33 @31 Q33 @3y Q3

= a1 My — a;a My + a;3M, 5
= ELI(—I)I-‘-I‘M‘i + ﬂli("‘l}l"-zMiz + Eiﬂ(_1)1+3M13
= @334y + Ay, + 345,
If we expand the determinant form fist column then:
Qz; ﬂzal i |ﬂiz a3 a a2 ﬂ:al
A3z Qa3 21laz; aj; laz; az;
= @33 Myy — a3 My; + az; Ma,
= a5 (1) My + ap, (1) My, + a3, (—1)31M,,
|Al = @y141; + agyAz; + azgds,
From the above discussion it is clear that, |A| can be evaluated by adding the product of elements
with corresponding cofactors of any row or column of the matrix,

|A] = ayy

1 2 &
Example 11: IfA= [ 0 1 2]: then find |A| using cofactors.
-1 3 0

Solution:

First, we find cofactors of any one of the row or column of the given matrix. Let us find the
cofactors of C;. The elements of C; are a,3, @53 and as;. In this case @13 = 6,ay3 = 2 and
d33 = 0. Now we find their t:om:spundmg mfacturs

Ay = (1)1 1 3 =(-1 )4([] (—13) =1(1)=1
A= 0|1 2 = ()3~ (-2) = ~1)5) = -
A =0 2 =(-1fa-0)= @ =1

 |A| = ay34;3 + az3Az5 + az3ds;
=6(1) +2(=5)+0(1) =6 — 10 + 0 = —4
2.3.6 Singular and Non-Singular Matrices
Any square matrix 4 is called singular if |4] =
If|A] # 0 then it is called nun-slngular matrix.

For example, for the matrices 4 = ] and B = F 122]
4l =3 o=@ - @@ = z 12=-10%0

3 12
15]:,_1_ ..(3)(21—12() 6-6=0

2

Thus A is non-singular matrix and B is singular matrix.
2.3.4 Adjoint of a Square Matrix

Consider any square matrix A of order n;




A=]| - . -+« * * |then the adjoint of A is written as adj(A) and is the matrix

Qpy Qnz , . . Guyu
Ay Ay . . o A
Az Az . . . Apg
adjay=|" - T
A‘ln AZH . o4 Arm
If the order of the matrix A is 3 x 3. i.e.
ay; @z Qg3 Ay Az A;
A= [ﬂz:l. ﬂzz a23] then ﬂdj(.q) = klz Azz Aaz]
a3; @3z Q33 13 Azz Aa

2.3.7 Multiplicative Inverse of a Square Matrix

Two square matrices of same order n are said to be the multiplicative inverses of each other if

their product is I, (identity matrix of order n).

Only non-singular matrices have their multiplicative inverses.

If A is a non-singular matrix then its multiplicative inverse is denoted by A~* and
AA"l=A"1A=1

2.3.8 Adjoint Method to Find the Inverse of a Non-Singular Matrix

1 .
T 2di(4)
i

Obviously if A is a singular then |A| = 0, then A™! = i adj(A) will not exist.

If A is a non-singular square matrix i.c.; |A| # O then A™? =

[2 1 0
Example 12: IfA=|0 3 2] then find A~ by adjoint method.

Z2 1 4 kev Fucts
Solution: 2 1 0 e A71 =i~ Reciprocal of a
Since 4] =0 3 2 matrix is not defined
2 3 1 24 4 B o s [fthe inverse of matrix A
= = exists then it is unique.
= |A| z|1 : 17 2+o0|; 3 q

=2(12—-2)—-1(0—4)4+0(0-6)=204+44+0=24 %0
Thus, A is non-singular. To find the adjoint of A we find cofactors of all the elements of A.

Ay =0 2= -1202-2) = A0 = 10
= (-1)%(0 - 4) = (—1)(—4) = 4

= (-1D*0 - 6) = (1)(=6) = -6

Ay = (—1)1*2

A= (- 1)

3
1
0 2
2 4
0 3
2 1




Ay = DM = D@ -0) = (-D@ = -4
A =102 2 O| = (-1)*@-0)=(1)®) =8
A =02 =052~ = (DO =0
A= DML I =(-D'R-0) =)@ =2
=02 0= s -0) = (- =—4
Ay =12 Y= (-1)%6-0)=(1)©®) =6

) Ay Ay Ay 10 -4 2
y NDW ﬂdj(ﬂ) = Ali Azg 1".3'2 = 4 E -4
l'.“ 13 Azz Ass -6 0 6
4 ~ g SRE e -
| : K0 <& % 24 24 2
J And .i"=—adj(A)=i[4 8 ..4]= i G |
- S R A
L T3 36 3%
' 5/12 —=1/6 1/12
y Jq—i:[uﬁ /3 -1/6
f -1/4 0  1/4
H Example 13:
o 2 _ 2
/ if 4= Jandﬂ—ﬂ g
g . 1 144 AR
| then verify that (AB)' =B A (AB)™* = B~'A! is known
as reversal law of inverse.
1 For L.H.S.
_[3 2J[1 2]_[3+8 6+6]_[l1 12
AR 1114]!.142 d=livi: 121~k it
. |AB| = |ﬂ,,141 4[ = (11)(14) — (17)(12) = 154 — 204 = =50
- = ~12
AT AB) Ll'{ 11
- o .
~(AB)™! = TAB| adj(AB) so
, 1 14 -1z
a_trie <121 IS0 =%
. (4B) -50l-17 11 |17 11
| -50 —50
" = &
~2_lzs 25
it () -&l ' @
50 50




For R.H.S.
= 3=m@-w@=12-2=10
adja) = | _“’1 ‘32] and

ot 114 -—21_[4/10 -2/10]1_[ 2/5 -1/5 *
A= |A|“"’f{“”—m[-1 3]—[—-1;10 3;10]*[—1;10 3/10 _ |

And (Bl =], 3= -@@=3-8=-5 \

adj8) = [ >, 3 ‘3] and

i |a;“d*'(”3' L [ﬂ;fs _1?1!—_5] [13,";5 —zﬁs ‘
T L 3 _
3\ /2 1\ /2\/3 '
_ (__)(E) (s)(m) ("_)(1?)+£§)(gu) q
086 ORI
_ 25 25 25 25] [25 25 (2) i
8 1 17 =1t ¢
755 75 50 50 |

From (1) and (2) we have (AB) 1 = B-14™1

1.  Evaluate the determinant of the following matrices.

2 3 1 cos@ —singé 0 1
(i) 1 -1 2] (ii) |[sin@ cos@ ﬂ]
4 1 2 -y 0 1
't 3 =2i 241 1 i
(i) |1 3 4 ] Givy | 0 2 1] *
D 3 Z -3 1 6
2.  Evaluate the determinants of the following matrices using cofactor method.
3 2 3 2 3 -
(i) |4 5 1‘ (ii) [-—1 0o 2 ] j
2 1 0 3 1 4
2 6 1 1—i 2 1+i ,
(ii) |1 =i z] (iv) [ 3 1 4 ]
0 1 3i 0 2 3
3.  Determine which of the following matrices are singular and which are non-singular, a
e 4 2 3 -1 2
mj2 3 1 ‘ (ii) [ 2 0 1] |
-4 1 -3 -1 5 1 :
3i 1 2 T 2 =t 4
(iii) [-4 1 i] (iv) i 3 -2
2 0 1 —24+i i+3 =3 )
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4.  Find the value of 4, so that the given matrices are singular.

A1 3] _ 12 0
@218 (ﬂ)zla]
0 3 1. A 2 1
A i I 24+i 1 6
({ii)|2 1 3 (iv) 2’ A 1]
3 I X L 3 0 2
5.  Find the multiplicative inverse of the following matrices if it exists by adjoint method.
1 -1 1] 3 -4 2
(i) 2 1 -1 (i) |2 3 i.l
1 -2 -1l 1 0
i 0 17 '3 =i i
(i) |20 -1 =i (iv) |2 1 —31]
L1 0 4i) 4] 2 6
2 1 -3
6 IA=[0 1 l]]thmﬁndﬂ'iandhenccshuwthmﬂﬂ'l=A"A=fg.
2 1 &

7. Verify that (AB)™! = B~1A~! in each of the following.
.1 3 2
@ a= [ ﬁ]nndﬂ—[u 2]

B 1 4 -2 3
(i) A=]2 -1 1]andﬂ=F 1 —1]
4

2 1 -3 -3 2

[2 -1 6 2 1 2
(i) A=\|1 2 landﬂ=[1 0 }J

—-i 1 0 1

[ 2 8 2 3 4
(iv A=|1 -1 —1]audE=[1 0 2]

2 3 -1 0 1 3

2.4 Properties of Determinants
Here we will discuss some important properties of determinants which will help us to find the
value of a determinant. For convenience we will consider the determinant of the square matrix A
of order 3 % 3 i.e. if

@11 Q2 Qi3

A= [ﬂzl azz ﬂzs] then

@33 Q32 Qa3

@y G2 Qi3

|A] = |Gz21 @Qzz Qz3
dzy Q3zz Qa3
Qzz Q3 Qz1 Qa3 Qz1 Qa2
EAI = ﬂll. a a i alz i a a3 a a
32 33 31 33 3l 32

= @y1(@22033 — A33@332) — A12(a21833 — A33031) + @y3(az1037 — G203,)

Property 1: For any square matrix A, the determinant of the matrix and determinant of its

Al = |4°)

transpose is same.




Proof:

a,; Gz Qs
lA‘f = |42 @Qzz Q33
Qi3 Q3 Qi3
Expanding from C;, we have,
145 = ay, |72 932 azy Qg Gz1 an
23 Q33 23 Q33 QAzz Q32

= a34(a22033 — G23032) = @12(A21033 — @23031) + @43 (@21 @32 — G22931)
= 4]
Example 14:
1 2 40
0 3 0
2 1 6

=1} gl-2l7 gl+ol; i
=1(18-0)—2(0-0)+0=18

1 2 0
lf!i=[ﬂ 3 {]l then |A] =
2 1 '8

10 2
3 1 12 1],,]2 3
at|=12 3 1| =1 -0 +2|
o o & ’na’ |u:.=.|un
= 1(18—0)—0+2(0—0) = 18
Thus [A] = |A]

Property 2:

If any two rows (or columns) of a square matrix A are interchanged such that the resulting matrix

is B then |B| = —|Al.

Proof:

Let we interchange the first and second rows of matrix 4; then the new matrix is:

Az @z2 Q23]

B=|Q;; G2 043

@3y @3z Q33

@z dzz Gz3

= |B| =011 G2 O3

aﬂla ﬂszﬂ Q33 3 5 " “
11

= |ﬂ;i a;:| — G2 |ﬂ;i ﬂ;;l +az |ﬂs: ﬂ:'

= @y (12833 — G13a32) — Qz;(a11a33 — @3@31) + ay3(a31a3; — G12831)

= @,,85, 033 — Q13021032 — G11822833 + A1302203; + Q11023032 — A1202303;

= (—a; a52033 + a,48;3032) + (212021833 — 042023031) + (—@y3a21a32 + Ay30z2031)

= —@y1(@z2033 — Qz303;) + @y2(@z1@33 — A33031) — @13(@21@32 — @z2031)

= —[ay1(az2aa3 — Qy3037) — A12(a21Q33 — Gz3a3;) + ay3(az,a32 — a,,a3,)]

= |B] = —|A]

1 23

Example 15: LetA=|2 1 0]then
020

1 0] 402 0, .12 1] _

jal =1 l:||—z|ﬂ n|+3|u 2|h1(u-‘n;}—z(u—u)+3(4—u)=12

P T T Y T y




R

] By interchanging second and third rows of A; we have a matrix B = [ﬂ z ﬂl

' 1 2.3
| 1 412 0] __»l0" 0 0 2
) =g e g_lll ol =2l2 ol+3[z 1l
» =1(0-0)-2(0-0)+3(0—-4)=0-0-12=-12
Bl =—-|A
/ Property 3: 1B Al
b If any two rows (or columns) of a square matrix are identical then the value of the determinant is
L ZEro.
Proof:
(. Consider a determinant with two identical rows:
| @13 @z O3 a
\ 2l 2z Qz3 Qz, G4z Qz; Qzz
’ 211 il gl ‘ﬂzz ﬂzsl — a2 1521 ﬂza' 33 |ﬂzl ﬂzzl
21 @pz Q23
= ay4(az;823 — A22023) — G42(@31@53 — a31az3) + ay3(aziaz; — @z1a22)
= a,;(0) — a42(0) + a,3(0) =0+0+0=0
l 2 1 6
Example 16: Consider the determinant [A]=|3 2 0
4 3 2 0
| Expanding by R;:
? 2 0 3 0 g 2
/ =2(0—-0)—1(0-0) + 6(6 — 6)
| Property 4: =2(0)—-1(0) +6(0) =0
|
I

If we multiply each element of a row or a column with a non-zero scalar k then the
[ resulting matrix is B and |B| = k|A|

Proof: Ay; Gz Qg3
A= [ﬂzi az2 ﬂzs]
Q31 Q32 Q33
| Let we multiply each element of row one by a non-zero scalar k then the resulting matrix is

11 kay Kkag
: B=|a; az Qp ]
" @z; Q3z Az
' kayy ka2 kais @z Q23 @y Qa3 @z Q2
= IBIZ az; Qzz Q23 | = Ky as; a33| b ) laﬂ‘l a:i'.']l 13 |ﬂ31 ﬂazl
) z; Qzz Q33
> an; k{ Iaza ﬂzal L. Iﬂzl ﬂ-zal |ﬂzz ﬂzzl}
=X1M1ay, a5 Zlaz; ass Ilazy as

@y; @z Q13
Qzy Qzz Qa3
Qz1 Qzz G23
Thus |[B| = k|A]|

=k




T 3.2
Example 17: Letd = [2 1 ﬂ]
1 0 3 1 3 2
Let we multiply each element of second row by 3 then the resulting matrix is B = [ﬁ 3 ﬂ].
0

13 2 10 3
Nowldl =[2 1 o|=1 ~3l% 9Ai2{®
2 1 ol=1f) Y-3f Yeaf
=1(3-0)— 3(6—0}+2(ﬂ—1)=3—13—2=—1?
1 3 2
And|B|=|6 3 n~1| 3|f g|+z|i
10 3
=1(9—0) - 3(IB-D)+2(D—-3)=9—54—ﬁ=—51 _
=3(-17) = 3]4
i.e.; |B| = 3]4|

Property 5: If each element of one column(row) is the sum of two numbers then the value of
determinant of matrix A is equal to the determinant of first part of the number and the
remaining columns plus the second part of the number and the remaining columns.

If matrix A is of the form
ayy+byy @ a3
A= ’ﬂzi +byy @z @g|;then
a3y + b3y Gz Az
@3 @z Q3
|A] = |@21 @22 @23+
a3y Qaz; Qa3

byy a;; a3
byy @z g3
by; asz as3

Froat: @y +byp Gz Qg3
|A| = |azq + b2y @G22 Q23
@z + b3y Qzz Qa3
1 m C.
Expanding from C; . . s
Apz qz3 Q2 Qi3 + (@as + b3s) 1
= (ay3 + b11) —(azthad|g., a 31 Ja,, a3
= 11 11 daz Q33 32 13 2 A G
Q,; Qa3 Qpz Ga3 iz Qi3] I 12 13| 1' : |
=8 I “l Qazl ~ “2tlazz 033 1laz; asz Az> U3z
11 |a,, dass A3z Qag 32
b |ﬂ1z *‘11a|
31 (15} d33 o s dss ‘
1
_ az2 ﬂzgl i a2 13| as |ﬂ : ﬂaal)
=\%1a;;, as; asz Qs 2

a;; ﬂnl I“ll @13

Ian as3 + bai |a,, '-'133,)
a;; @z @3 b1y @12 :13
= |la;; @Gzz Q23|+t by @zz Q23
asy @3z @33l b3 @3z 933

————.___—___




1+2 1 0
Example 18;: IfA=|3—1 0 2|then

+3 2 1
142 1 0 (1 1 0] |2 1 0 ;
3-1 0 2|=[|3 0 2|+]-1 0 2
243 2 4 1222 1) )sizig
1+2 1. 0] |3 1 0
LHS. [3—-1 0 2|=|2 0 2
0 22 5% 52201
=3|2 . -—1[5 . +r.1|5 5| =3(0—4) = 1(2 - 10) + 0(4 - 0)
=-~12+8+0=-4 (1)
1 10 |2 10
RHS.[3 0 2[+]-1 0 2
324l 13 % %
S0 d 18 2 3 0 0 2.k )=1:3 -1 0
‘(llz 1| 1|z 1|+“|2 z)+(2|z 1| 1|3 1|+n|3 zD
=(1(0—4)—1(3—4) + 0) + (2(0 — 4) — 1(~1—6) + 0)
=(-4+14+0)+(-8+7+0)=—4 (2)
From (1) and (2) L.H.S =R.H.S
Property 6:

If all the elements of a row or a column of a square matrix A are zero then |4]| = 0
Proof:

Considerthematrix A=| 0 0 0

(@17 433 ﬂul
d31 Q3; d33

Qg1 Qi3 Gy3
SolA| = 0 0
Q37 @3z dais
Expmcl.ingfmmﬂl '
0 0
eul, S]-an
| as, as a:u ﬂss %13 az; az;

=8y,(0 = 0) = a;5(0 —0) + 2,50 —~0) =0+0+0=0

3 1 2
Example 19: IfA=|0 0 ﬂ] then
1.3 9
31 2
|ﬂ|=|ﬂ 0 ﬂ]
13 9

_ 0 0]_ .10 0 0 _

3l ol =1} |+z| 3(0—0) — 1(0 — 0) + 2(0 — 0)
=0-04+0=0

Property 7:

If we multiply any row (column) of a square matrix with some scalar k and add the resulting

value to the corresponding elements of any other row (column) then the value of the determinant
is unchanged,



Proof:

@11 1z @3]
Consider any square matrix 4 = |01 @22 d23
@3, 43z 033l
@3 812 i3
= |A| = |G21 Q22 Q23
3y Q3z 033 £l
Let we multiply R, by k and then add the result in R,. Resulting matrix 1s

ru +kay; ap+kazp; ap+ kﬂ:s]

B= azy Qsz Q23
a3y asz Q33
@y +kayy @y +kaz; ag3+Kass
IHI = dzq 39 dz3
a3y A3z @33
@1 @12 Gy3] |kap, kaj; Kagg
= lﬂza Oz Q3|+ |@z1 @zz2 Q3
3; dz; Qa3 @3y @3z Q33
dpq dpp d33
= |A| +k|@21 @2 @z3| = |A| + k(0) + Ry and R, are identical.
d3y gz d3z3
~|B| = |A|
3 2 0
Example 20: Consider the matrix A = E 4 —1] then
-1 2
3 2 0
Al=]11 4 -1
3 -1 2

_a|l4 -1 1 -1 1 4
=315 21=2ls 2 |+0l3 S|
=3(8-1)-2(2+3)40(-1-12)=21-10+4+0 =11
Let we multiply R, By 2 and adding values to the corresponding elements of R5; the resulting
matrix is
3 2 0
E:[i 4 —]
9 3 2
Now

3 2 0
Bl=]1 4 -1
9 3 2

=3(8+3)-2(2+9)+0(3-36)=33-22+0=11 :
We conclude that |A| = |B|
Property 8:

If'a square matrix A is upper triangular or lower triangular or diagonal matrix then || is the
product of its diagonal elements.

=3f; -2l J|+of;




|

0 ﬁzz ﬂﬂ

0 0 ajz;
@33 @3 @3
[A]=| 0 @y az
0 0 @
Expanding b);C, :

=a, ;i ﬂ::l = 0+ 0 = ay,(az,as; — 0)

= @;,@,,@33 = product of the diagonal elements

e

3 00
Example 21: IfA= [2 1 0| then
4 3 2
30 1

Ial=,2 10
4 3 2

=3]} )-o0+0=32-0)=6

= (3)(2)(1) = product of diagonal elements
2.4.1 Evaluation of Determinants Without Expansion

a=2l b=2m c—2n
Example 22: Without expansion show that l m n =0
Solution: L.H.S " b €
a-2l b=2m c-2n a b ¢ =2l =-2m =2n
I m n |=|l m n|l+]| I m n
a b c a b ¢ a b c
a b c I m n
=Il m n|-2|l m n
a b c a b ¢
=0-=2(0)=0

Example 23: Ifa + b + ¢ = 0; then without expanding show that
b4+¢c c+a a+b
c+a a+b b+c
a+b b+c c+a
b4+4c c+a a+b
c+a a+b b+c
a+b b+c c+a

=0

Solution: LH.S =

2a42b+2c 2a+2b+2c 2a+2b+2c
= c+a a+b b+c by Ry + (R; + R3)
a+b b+c c+a
2(a+b+c) 2a+b+c) 2(a+b+c)
= c+a a+b b+c
a+b b+c ct+a

2(0) 2(0) 2(0)
=|c+a a+b b+c

04b bde c4a

0 0 0
c+a a+b b+c
a+bh b4c c+a

—
=4

=0




=)

a?+1 ab ac
Example24: Provethat| ab  b%*41 be |=1+a’+ b? + ¢?
ac be c¢*+1
Solution:
1
a? (1 + —1) ab ac
ﬁz +1 ab ac & 1
ab b2+1 be |=| ab  b2(14 F) be
ac bce c*+1 : 1
ac e c2(1+5)
1
all+—= b
. ( ﬂ“) i € Taking out common
=abc| a b(1+:; c afrom R, b from R,
- b c(1+;1;) and c from R3.
1
(1 + -—z) 1 1
a _
1 Taking out common
i hE 3 2
&he ¥ (1""1;!) 1 afromC; bfromC;
. 4 (1 +¢i=) | and c from Cs.
2 0 1
. By C;—C
— 2h2q2 1 yli—Ls
R ui bi: 11 [ I:"1_{:3]
3 R
Expanding from R,
1 1
- 1 0 1 0 ol
- azv2ez| = | P2 =o| 1 1|41 b’
az| 1 1 -—= 1+ 1 1
e 1 +_ cl cz e — —
cz c 2 cz
13 1 1 1
= et {5 (1+a) + ) 0+ 1 (0+52a2)]
1 1 1 1
= a*b’c? (aahz + Zbice i a?c? ¥ b’c’)
—c2+1+b2+at=1+a*+b*+c* Proved
1 a* a
Example 25: Provethat ja 1 a?| =1 -a%?
p a* a 1
Solution:
Taking L.H.S
) at+a? 1+a+a® l+a+a
11; t?l :’ =|1+ a 1 a? B}"Ri*(ﬂz'l'ﬂg)
a? a 1 a? a 1




R P AR

I 1 1
=(1+a+a*)|a 1 a? Taking out common from R,
a®> a 1
1 0 0 ByG -G
=(1+a+a®)|a 1-a a*-a C; -G,
a* a-a* 1-a?
Expanding from R,
2 l-a a’*=-a
-(1+n+n)(1| dE e n,l-—ﬂ+ﬂ)
_(1+ﬂ+ﬂz)|1 o ‘1'2_'“
2 e a’ Taking out common
=(+at+a)1-a)a-a)|} 72 from Cy, and C

=(1+a+a®)1-a)1-a)(l+a+a?)
=(1-2a*)(1~a®) =(1-a%)?
R.H.S. Proved

1.  Without expansion show that:
9 27 36

1/a bc b+c 0 —a -b
@) |18 54 24|=0 i) [1/b ac a+c|=0 Gi) |l 0 —c|=0
27 81 28 1/c ab a+b b ¢ 0
sin? a 1 cos? a (a-b)’ a®-b* ab(a-b)
(iv) | tan®*a sce*a 1 |=0 (v |(c=d)? *—d® cd(c—-d)|=
—cosec’a —cot’a 1 - e*—=f3 ef(e—
x -z 0 (a=—b)* (a+b)* ab
(vi) |0 y =-x|=0 (vii) |(c—d)* (c+d)® cd|=0
-y 0 =z -2 (e+/f)? ef
2. "Using the properties of the determinants prove the following.
x y x4y
(1 y xz+y x |=-2(x*+y%

x+y X y

a b-c b+c
(i) a+c b c—a|l=(a+b+c)@a®+b*+c?)
a—-b a+b c

nay +by na;+b, naz+b; a, a; o
(iii) nby+¢c; nb;+c; nby+c3| = (ﬂ.s +1) by b, b1|
ney,+a; ne;+a; neg+a; € €z €3

x x% 1+ax
(iv) y y* 1+ay?
z z¢ 1+ az?

=1 +axyz)(x-y)y - 2)(z-x)




(vi)

(vii)

(viii)

(ix)

()

2ab 1+a%?-b* 2b
2a —2b 1-a?-p?|=(1+a?
1—a®+b* 2ab -2a
3a 1 2Za+1
2a+1 1 a+2|=(a—-1)a-2)
3 1 2
b+c a a
b c+a b | = 4abc
c c a+b
—bc  b?*+bc c*+bc
a®+ac —ac c?+ac|=(ab+ bc+ca)?
a®+ab b*+ab —ab
(b +c)? ab ca
ab (a+c)? bc |=2abc(a+b+c)?
ac be (a + b)?
b+¢ q+r y+z a p x
c+a r+p z+x|=2{b q ¥
a+b p+q x+y I O

2.5. Row and Column Operations
2.5.1 Row and Column Operations on Matrices
Elementary Row Operations

The following elementary row op-eratiuns‘can be performed on a matrix.
i We can interchange any two rows of the matrix. If we interchange the ith row with ‘

(i)
(i)

(iii)

®

(ii)

(iii)

the jth row of the matrix then it is denoted by Ry;.

BRI (%)

+ b?)?

We can multiply any row by a non-zero scalar k with the ith row then it is denoted

hy kR[t

We can add a multiple of any row to the corresponding values of any other row. If we
add k-times of the jth row to the ith row then it is denoted by Ry + kR;. &

Elementary Column Operations

The following elementary column operations can be performed on a matrix.
We can interchange any two columns of the matrix, If we interchange the ith column

with the jth column of the matrix then it is denoted by Cy;.

We can multiply any column by a non-zero scalar k with the ith column then it is

denoted by k.

We can add a multiple of any other column to the corresponding values of any other

column. If we add k-times of the jth column to the ith col
C; + kC;.

umn then it is denoted by

i A

- i




2.5.2 Echelon Form of a Matrix

A matrix is inrow echelon formiif:

+ The first non-zero element in each row called leading entry is 1

+ Each leading entry is in a column to the right of leading entry in previous row

« Ifany row which has all elements as zero is below the rows having at least one non-zero element,

2.5.3 Reduced Echelon Form of a Matrix

A matrix is said to be in row reduced echelon form if:
« The matrix satisfy the conditions of row echelon form
» The leading entry in each row is the only non-zero entry in its column

3 1 2
Example 26: Reduce the matrix A = ’—2 + ﬂ into the echelon form.
" 3 1 21 : v Key Facts
Solution: A=]-2 4 1 A matrix in reduced echelon
1 0 2 Fala] form is also in echelon form; but
)‘; a matrix in echelon form may not
1 0 2 be in reduced echelon form.
~R -2 4 1 by Ry3 I s -
L3 1 2]
w B3] wmem
Ry — 3R
0 1 -4 it
1 0 2]
~R |0 1 -4 by Ra
0 4 5.
£ g 1 R I
~R |0 1 -4 by Rs—4k,
0 0 21]
[l 0 29 1
~R o 1 -4 by 2R
0 0 1.
Which is the required echelon form of matrix 4.
12 3 %
Example 27: Convert thematrix A =2 3 4 5] into the reduced echelon form.
Solution: A= |2 3 4 5]
4 5 6 7
=" s & 5 4 by R; — 2R
SO Ry — 4Ry
0 -3 -6 -9 4 r




1 2 3 4 :
~R |0 1 2 3 by =Rz and —SRy
0 1 2 3
1 0 -1 -
~R [0 1 23] G
0 0 0 0 =

Which is the reduced echelon form.
2.5.4 Rank of a Matrix

To find the rank of a matrix, find its echelon (or reduced echelon) form. The number of non-zero
rows is called the rank (or row rank) of the matrix.

2 5 7 .
Example 28: Find the rank of thematrix | 1 2 —1]. o
-3 =86 3

2 5 7
Solution: Let A = [ 1 2 —1]

-3 -6 3
1 2 -1
~R [ 2 5 ¥ by Ry
-3 -6 3
y Ry — 2Ry
=R lu 1 9 ] Ry + 3R,
0O 0 0
Which is the echelon form of the matrix. The number of non-zero rows is 2.
Thus Rank(A4) = 2

2.5.5 Using Row Operation to Find the Inverse of a Non-Singular Matrix
Row operations can be performed on a non-singular matrix A to find its inverse. For this consider
an identity matrix J of same order as that of A. Write 4 and / parallel to each other. Now

perform same row operations on 4 and / so that matrix A reduce to /, consequently the matrix J
will also reduce to some new matrix which is the inverse of A.
Note: We can also perform column operations to find A™%.

210
Example 29: Find A7%,ifA = [4 3 1] by using row operations.
1 0 2
2 10
Solution: |Ai=l4 3 1
1 0 2

13 1 _q|4 1,4 3

=25 =17 Jl+oli o
=2(6-0)—1(8-1)+0(0-3)
=12-740=5=%0

So 4 is non singular matrix . Now consider

21 0: 100
[A:I]=[43 1:01';1]

10 2:00
88 iR "/

o~




1 0 2: 0 0 1
~R14 3 1: 0 1 ﬂ'] by Ri3
2 1 0: 1 0 0
T 82 376 0 A
~Rlo 3 -7: 0 1 -4 by Rz — 4R,
gl ks 10 =2 Ra—2Ry
g 002 s 001
~Rl0 1 —4: 1 0 -2 by Has
|6 B =< O d =)
ot B, 206,00, 0 1
~R[l0 1 -4: 1 0O -z] by R3 — 3R,
0" 0 5%+ =3 1 2
1 0 2 0 0 1
~R|0 1 —-4: 1 0 —2] by ;Rs
o o 1: -3/5 1/5 2/5
(1 o o: 6/5 -2/5 1/5
~Rrlo 1 0: =-7/5 4/5 -2/5
0 0 1: -3/5 1/5 2/5

Thus At =|-7/5 4/5 =2/5
-3/5 1/5 2/5

c6/5 —-2/5 1/5 ]

. i _‘rl'.':-" i o '—'-‘.-‘ 1,
e Exercised 0 =

Lol T

“.1. First reduce each of the following matrices into echelon form then into reduced echelon

form.
ot U 2 X 2 =1 0
(i) -6 8 3 (ii) [3 z‘ (ii) | 4 7 H]
—4 6 5l 19 .EE 5 14 3
(2 —4 3] [
W [+ 1 8 W o d o3 5]
17 3 0 0 - 2
2. Find the rank of each of the following matrices.
o S | -1 =2 3
(i) 3 =5 0 (i) |-1 2 —1]
2 10 6. -5 2 I
3 2 4] 1 3
@ lg 178 (iv) |2 9]
4 -1 0] 1 6

3. With the help of row operations, find the inverse of the following matrices if it exists,
Also verify your answer by showing that AA™! = A™14 = I.

0 -1 -1 1. % 5
(@ -1 3 n] @) |-3 0 1
1 -1 4 4 2 5
-5 2 3 1 S R |
i) [-1 =2 3] iv)[3- 2 4
4 =2 3 6 —1 2




2.6 Solving System of Linear Equations

Liner Equation
An equation of the form a,x, + a,X; = k,; where a,,a; and k, are constants and at least one

of a, and ais non-zero is called a linear equation in two variables x; and x;.

Similarly, the equation of the form a,x; + a;x; + azx; = ky; where a,,a,,a5 and k, are
constants and at least one of a,, a, and aj is non-zero is called a linear equation in three variables
%;,%, and x;. In the same manner we can extend this for n number of variables.

System of Linear Equations
When we deal with more than one linear equation at the same time; then it is called system of

linear equations, We divide the system of linear equations into two categories:
(i) Homogeneous system of linear equations.
(ii)  Non-homogeneous system of linear equations.

2.6.1 Homogeneous and Non-homogeneous Linear Equations
Homogeneous System of Linear Equations
Consider the following system of linear equations
a;x + by + 2z = ky
azx + by + c22 = ky
azx + by + 3z = ky
If k; = k; = k3 = 0; then the system is called homogeneous system of linear equations.
aqx+bhiyt+teaz=10
ax+b,y+cz=0
azX +byy+ec3z= 0

Non- Homogeneous System of Linear Equations
For the following system of linear equations
ax+by+cz=kK
azx + by + 3z = ky
azx + by + 3z = k3
If at least one of k4, k; and k5 is non-zero then the system is called non-homogeneous system of
equations.
2.6.2 Solution of System of Linear Equations
The values of the variables involved in the system of linear equations which when substituted in
any equation of the system the equation is satisfied; is known as the solution of the system.
A system may have no solution or unique solution or infinite number of solutions.
Solution of Homogeneous System of Linear Equations
Consider a system of homogeneous equations
ax+by+cz=0
ax+by+ez=0
ayx + byy + €5z = 0




This system may be written as

ay bl 1) rx 0
[zz b, ¢ [}'" = ]ﬂl
3 b; C3d X 0

iy bi G X 0
Lﬁt.d.:[a] bz C;l; X=IJ’]: 0= ﬂ]
¥4

a; by c; L0
So, we write AX =0
Observe that each equation of the system is satisfied if we take x = 0; ¥ = 0; z = 0. So, (0,0,0)
is the solution of the homogeneous system of linear equations. Since this solution always exists
for all systems of the homogeneous equations thus it is called trivial solutions of the system. All
solutions other than trivial solution are known as non-trivial solutions of the system.
Observe that, if the coefficients matrix A is non-singular then A~ exists; so
(1) = A™Y(AX) = A71(0)
= (A" A)X =0
=2IX=0
=2X=0

B[}

- =2x=0y=0z=0
i.e.; The system has a trivial solution.
The system of homogeneous linear equations may have non-trivial solution if |4]| = 0.

(1)

Key Facts
Condition for the system of

homogeneous liner equations to
have non-trivial solution is that
j4] = 0.

Example 30: How many solutions does the following system of homogeneous linear

equations has?
3x-2y+z=0 (1)
2x+y—-3z=0 (2)
Solution: X=y+2z=0 (3)
The coefficients matrix is:
3 =2 .1
BTy
1 =1 1

1 -3 2 =3 2.1
=35 Tl-ealp T+l g
=3(1-3)+212+3)+1(-2-1)
=—6+10-3=1%0
This system has only trivial solution.
Example 31: Solve the homogeneous system of linear equations
x+3y+22=0 (1)
2x—-y+3z=0 (2)
X—4y+z=0 (3)




Solution:
The coefficients matrix is:

1 3 2
4
1 1_4!3l 2 3 2 -1
|,4|=1]1_4 1'-3|1 1|+z|1 _4|3.
|A] = 1(=1+12) = 3(2 - 3) + 2(-8 + 1)
Al =114+3-14=0
So the system has non-trivial solution.
Multiplying equation (1) by 2 then subtracting equation (2) from it, we get:
(1) =2x+6y+4z=0
(2) =>2x:y+3:=l'.l

Subtracting equation (3) from equation (1), we have:
(1) =2x+3y+2z=0
B) =x-4y+z=0
= =

Ty+z=0 5)

Now equations (4) and (5) are identical
Put z = t in equation (4).
=T7y+t=0 =&?y=—t=y=—$t
Substituting these values in equation (1), we have:
x+3(-3t)+2t=0
Sx=ct+2=0=x+2r=0

11
Sx=—-=—¢
7

Thus (- % > —;-t, t) are the infinite many solutions. By assigning different values to t we will
have different solutions. i.e. infinitely many solution of teR
2.6.3 Consistent System of Equations

A system of linear equations which has at least one solution is called consistent system of
equations.

2.6.4 In-consistent System of Equations
A system of linear equations which has no solution at all is called in-consistent system of
equations.




b r—

2.6.5 Solution of Non-Homogeneous System of Linear Equations

Consider a non-homogeneous system of linear equations:
ayx+byy+ciz=k

I Remember
axx + by + 2z =k System of homogencous linear
tzx + by + €32 = k4 equations is always consistent
where, at least one of k,, k, and ks is non-zero. since it has at least trivial solution,

The above system in matrix form may be written as

a; by, e)rx ky
E & -
az by czllz 3
iy 'bj. (=] X ki
Let A=[ﬂz b;_r.‘;]; X=[J-"]= B=[k=]
s bg C3 Z k!
= AX=8B
2.6.6 Consistency Criteria
A system of homogeneous linear equations is consistent if Rank A = Rank A,. The system is
inconsistent if Rank A # Rank A,.
If Rank A = Rank A, = number of unknowns, then the system has a unique solution.
If Rank A = Rank A, < number of unknowns, then system has infinite many solutions.
2.6.7 Augmented Matrix
For a given system of linear equations, amatrix consisting of the coefficients of the unknowns
together with the constants on the right side of equations is called an augmented matrix. It is
usually denoted by A,,. For the above system of linear equations the augmented matrix is:
ay by ¢ : ky
Ay=la; b, ¢ : ka
ag b; c3 : ks
2.6.8 Methods to Solve a Non-Homogeneous System of Equations
To solve system of non-homogeneous linear equations of order 3 x 3, we use the following methods.
= Matrix inversion method
« Gauss elimination method (¢chelon form)
« Gauss Jordan method (reduced echelon form)
» Cramer’s rule
Matrix Inversion Method
Consider the non-homogeneous system of linear equations:
ax+ byy+cz=k
ax+ byy+cz=k;
a3x + by + 32 = ks
In matrix form this system may be written as:
AX =B
If A is invertible (i.e.; non-singular) then A~! exists; so
A(AX)=A"'B
= (A'A)X=A"'B
= [X=A"1B
2X=A""B



Example 32: Solve the system of non-homogeneous linear equation by matrix inversion method.
2x+3y—z=1; x-y+z=3; x+2y-z=1

Solution:
For this system of equations; we have

r 3 - X 1
A=|1 =1 1]: X=[}']: B = 3]
1 2 -1 4 1

N _1= 1 A
wan=[t = 1|=2l3 Lj-sft Lt

=2(1-2)-3(-1-1)-1(2+1)==-24+6=3=1%0
This system is consistent. Now to find A, we calculate the cofactors of each element .

An= 0|l L= (1a-2)5 -1
L= 13¢-1-n=2
= (-1)*@2+1) =3
o (c1)¥-3+2)=1
Ay = (—1)*+2 =(-1D¥-2+1)=-1
=02 3= (-1 -3)=-1
A =03 = re-1 =2
A =122 = (5@ +1)=-3

1
An= (1|2 3 |=(-1)5-2-3)=-5

) Ay Ay Ay -1 1 Z
ﬂdjﬂ = Alg Azz A;; 2 -1 -3
13 Az 1“33 -1 -5

Ap = (—1)1+2
Ay = (—1)1*3
-‘121 = (__1)24-1

R NN L e e
|
ik

At =2 adjA = .1.[ 1 ] [ _1 _3]
7 ; -1 5 =B
Since X = 4718

-1 2 R[]

»x = 4;y = —4 and z = -5 is its solution,
Gauss Elimination Method (Echelon Form)

In this method, we reduce the associated augmented matrix for a given system of linear equations

to its echelon form.
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Example 33: Solve the system of equations by using Gauss elimination metliod
21'1 . 31'.'2 +4x; = 1::\:‘1 + sz—xg = 2; 31: + 512 -—33:.‘3 =5
Solution: o
The associated augmented matrix is:
2 -3 4°:1
.Iq.b =11 2 -1:2
5§ =3:5
First, we reduce it into echelon form.

"1 2 -1:2
~R|2 -3 4: 1] by Ria
3 5 =~=3%5
1 2 =3}t 2 _
~xfo 7 ¢ e
0 =1 0:-1
1 2 =1 2
~rlo -1 0 :-1 by Rzs
0 -7 6 =3
1 2 =1 2
~R10 1 B .. 1 by —1R;
0 -7 6 :-3
1 2 =-1: 2
~Rj0 1 0 : 1] by R + 7R,
0 0 6 ¢ 4
1 2 =1 32 :
~R10 1 0 } by ¢ R3
| S
Whiich is the echelon form of Ay. From the last row we have: _
0x, + 0x; + x5 =§ i i
: e If  Rank A = Rank Ay =3
: - Vel Then the system has a unique
From second row we have: solution.
Ox; + 1x;, + 0x3 =1 i
=x,=1

From the first row, we have:
x3+2x;—x3=12
xt2)=3=2x+3=2

2

S Xy = —:;; x=1 x3= 2‘ is the solution of the system.
Reduced Echelon Form

In this method, we reduce the associated augmented matrix into reduced echelon form for the

given system of non-homogeneous linear equations and that gives the value of unknowns.

Example 34: Solve the system of given non-homogeneous linear equations
2x=3y+5z2=2; x+4y-2z=1;, 4x+5y+z=4,

Solution:
The associated augmented matrix is:




2 =3 5:2
Ay =1 4 -z:1l

4 5 1:4
First, we reduced it into the reduced echelon form.

1 4 -=-2:1

~Rlz -3 5 :2 | oy B3
4. 5 1 : 4
1 4 -2:1

~R[0 -11 9 : u] WAL
0 =11 9: 0 o
(1 4 -2 :1 =

~rlo 1 -Z:0 by 35 Raz
0o -11 9 0

" 1 0 14/11 1 by Ry — 4R,
00 0 :0 : :

Observe that Rank A = Rank A, = 2, which is less than the number of unknowns. Therefore
system has infinite many solutions. From the last row, we have:

Ox+0y+0z=0
This equation is true for all values of the unknowns involved; so let z = t.

From second row, we have:
0x +y—~f;z=ﬂ
9 9
Byt N ) ment
From row one, we have:
x+ 0y +§z =1
14 g _ 14
=bx+Et-1 =2x=1 :I'lt
Thus,x =1 -Et; y= %t;z = ¢t provide us infinite many solutions by assigning different

values to the parameter ‘¢'.

Cramer's Rule
Consider a system of non-homogeneous linear equations:

ayx +bhyy+cz=Ik

a,x + by + c2z = ky

n.v + hyy + c3z = K3
The system may be writien in matrix form as AX = B.
If A is non-singular then |A] # 0 and A~ lexists.

~ AN (AX) = A7'B

= (A"1A)X =A"'B

= IX=A"1B

=>X=A"'B



Since, Al= m {m:i;A)
So X= m (adjA)B

; Ay Ay Az [k kiAyy + kaAzy + kA
S X=rAn A Anllke | =15 AI kyAyz + kaAzz + K3Asz
13 Azz Aszallks 1Ayz + kyAzs + kaAag

[kyAyy + Kk Agy + k3Azy
) a
= [J?] = kiAyz + ky Az + k3As;
|4]
Z
keyAyz + ka Az + k3Azs
! |A] J

Comparing the elements, we have
_ky Ay + kaAgy + k3Asy
- |Al
keyAsz + kaAzz + k3dsz
|Al
" kyAys + kaAzz + K3Ass
14

=

ky by ¢ I - Remember
:iz g: €2 Like matrix inversion method;
. e BS (D\ Cramer rule can be used only if 4 is

|A| non-singular.
Similarly, |

@G by kK
a, b, k_z
az by k3
Al

Example 35: Solve the given system of non-homogeneous linear equations
2x—-3y+5z=1;, x+y+22=3;, 3x—-2y—4z=0

a2 =

by Cramer’s rule.
Solution:
The above system may be written as AX B; where,

2 —3 5]
A=1 1 2|[; X= “
3 —2 —4
2 =-3°5
IAI=; _12 34=2L12 _24|"'3|; _24|+5|; —12|



1
1

=2(—4+4)+3(-4-6)+5(-2—-3)=0-30-25
=-55%0

So, A 1s non-singular.

1 -3 5

3 1 2 1 2 3- 2 3 1

0_-2 -4=1Lz 3l -§|_+5|{_} -z_l
|A| © =55

_(—4+4) +3(=12-0)+5(-6—-10)

- -55

X =

—-66 6

R -

=55 5

3 2 1 2 1 3 "
y =13 .=2|D —4I~1I3 —4[+5|§'ﬂ|
4] ~55

_2(-12-0)—-1(-4-6)+5(0 - 9)

- -55 -

_—24+10-45 59

- —55 T 55
2 -3 1
1 1
a3 : _2|_12 3|+3|§ §|+1|§ f_|_2£0+6J+3(n—9)+1(—2-33

4 -55 - —55

_ 12-27-5 _ 4

-7 -55 11
2.7 Application of Matrices
Matrices are used in many disciplines. For example, in cryptography. We explain the process of
encryption and decryption by means of an example. )
Suppose that the sender and receiver consider messages in al'phahats A toZ only, both assign the
numbers 1to 26 to the letters A toZ respectively, and the number 0 to a blank space. For simplicity,
the sender employs a key as post-multiplication by a non-singular matrix of order 3 of his own
choice. The receiver uses post-multiplication by the inverse of the matrix which has been chosen

by the sender.

z—

Let the encoding matrix be ; g,
A= [z T u]
i 0 0

Like matrix inversion method; Cramer rule can be used only if A is non-singular.
Let the message to be sent by the sender be “WELCOME™.

Since the key is taken as the operation of post-multiplication by a square matrix of order 3, the
message is cut into pieces (WEL), (COM), (E), each of length 3, and converted into a sequence

of row matrices of numbers:
[23512],[3 15 13],[5 0 0].
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Note that, we have included two zeros in the last row matrix. The reason is to get a row
matrix with 5 as the first entry. )
Next, we encode the message by post-multiplying each row matrix as given below:

I
Uncoded Encoding Coded row
Row matrix Matrix ~ Matrix
1 =1 1
[23 5 12]||2 -1 O||[45 -28 23]
i 1 0 0
1 =1 1]
: . 7. |3 15 13]{|2 -1 O [46 —18" 3]
1 0 0l
. 1 -1 1]
[5 o 0] [|2 -1 0||] [5 =5 5]
1 0 0 :

So the encoded message is [45 . —28 —23][46 —18 3](5 —5 5]

The receiver will decode the message by the reverse key, post-multiplying by the inverse of A.
So the decoding matrix is
1 0 0 1
Al'=—adjA=|0 -1 2
: _ Lo q 2y,
! The receiver decodes the coded message as follows:
Coded Decoded Decoded
| Row matrix Matrix Row matrix
[ 0 0 1
[45 -28 -23] 0 -1 f] [23 5 12]
" 1 -1
- 0 0 1]
[46 -18 3] 0 -1 2 [3 15 13]
1 -1 1.
0 0 17
, [5 -5 5] 0 -1 2 [5 0 o]
- 1 -1 1

So, the sequence of decoded row matrices is [23 5 12], [31513],[500].
Thus, the receiver reads the message as “WELCOME".
| Example 36: Write the transformation matrix and the transformed equation of the line
| 2x +y — 3 = 0 which is 1 unit above the given line.
Solution: Let the transformed variables are x' and y' since y is to be shifted 1 unit above, so
) y=y"—1=y' =y+1 as there is no change in x, so x’ = x. Thus the matrix transformation is

o PR e | \




x
[1=61+L5
And the transformed equation is
2+ (' —-1)—-3=0
2+ -1)-3=0=2%+@H('-1)-3=0

2X'+y' =-1-3=0
2X'+y —-4=0

SR G, oo oSSR

I. Solve the following system of homogeneous linear equations for non-trivial solution if

exists.

(1) 2x; —3x; +4x; =0 (i) 2x;, =3x,+4x3=0
X;—2x;+3x3=0 X3+ x3+ x3 =0
4x; + x; —6x3 =0 Xy —4x,+3x3=0

(i) x4+ x2—3x3=0 (iv) 5x; + 6x; = 7x3 =0
3x;—2x+x3=0 2% —x+x3=0
4xy —x;—2x3=10 x4+ 2x;+2x3=0

2. Find the value of A for which the following system of homogeneous linear equations may
have non-trivial solution. Also solve the system for value of 4.

(i) 22, —Ax, +x3=0 (i) x,—4x;43x3=0
211+312—x3¥u 21’1"'11'2"‘13:':}
311—2x2+4.r;=ﬂ 11_213"‘1:3:{,

3. Solve the following system of linear equations by Gauss elimination method.

(1) 2x+3y+4z=2 (ii) Sx=2y+z=2
2x+y+z=5 2x+2y+6z=1
3Ix=2y+z=-3 3x—4y—5z=3

(i) 2x+z=2 (iv) x+2y+5z=4

2y—-z=3 3Ix—2y+2z=3
x+3y=5 5x—8y—4z=1
4. Solve the following system of linear equations by using Cramer’s rule.

(l) X, +x; + 2x3 = 8 (ii} 2x; + 2:1 +x;=0

-x; —2x; 4+ 3x3=1 —2x;, +5x, +2x3=1
31’1 "?Iz + 4‘13 =10 le + x; + 4!3 =-=1

(iii} —2x3 + 3x3=1 (i\"] 2x; +x;+3x3=1

3x, + 6x; — 3x3 = -2 Xy —=2x,+x3=2

6x; +6x;+3x3=5 311—412—3'3:4




5. Solve the following system of linear equations by matrix inversion method.

(i) 5x+3y+z=6 (i) x+2y—3z=5
x+y+3z=19 2x=-3y+2z=1
x+2y+4z=125 —x+2y=5z=-=3

M NG

(iii) =x+3y-5z=0 (iv) ;+;+.;=4
2x+4y—6z=1 - ST

x ¥y =z
x—2y+3z=3 B 20.n
x ¥y z
2 2 1
6. IfA= [4 -1 2 I;ﬁnd.d"and hence solve the system of equations.
7 3 -3

3x+4y+7z=14;2x—-y+3z=4, x+2y-3z=0.
7. Determine the value of A for which the following system has no solution, unique solution
or infinitely many solutions.
x+2y—3z=43x—-y+5z2=2;4x+y+ (A2 —-14)z=1+2
8. Show that the system of equations '
2x—y+3z=a;3x+y—52=f; -5x=5y+2lz=y
is inconsistent if ¥y # 2a — 3.
9. By making use of matrix of order 2 by 2 and 3 by 3 encode and decode the following
words:
a. PAKISTAN b. ISLAMABAD c. COLLEGE

10, Write the transformation matrix and the transformed equation of the curve x* + y? =9 =0
when it is moved 5 units below.

11. Write the transformation matrix and the transformed equation of the curve x* + 4x — 3y =
8 when it is moved to 2 units on the left.

12. Write the transformation matrix and the transformed equation of the curve 2x? — 5y2 = 10
when it is moved 1 unit to the right.

13. Write the transformation matrix and the transformed equation of the line 2x =7y — 3
when it is moved 2 units above and 3 units to the right.




1. Select the best matching option.

(i) If order of A is m X n and order of B is n X p then order of AB is:
(@nxp (b)ymxp (cypxm (dnxn
(i)  If Aisarow matrix of order 1 X n then order of A°A is:
(a) 1%n (bynx1 (c)1x1 (dnxn
(iii)  For an element a;; of a square matrix A:
(@) ay = (1A (bay = (—1)™* My; (c) %‘;’; =(=1)"* (@ ay=M;
(iv)  If A is any matrix then A and A'are always conformable for:
(a) Addition (b) multiplication  (c) subtraction *  (d) all of these
(v)  If A is a square matrix of order 3 X 3 and |4| = 3 then value of |adjA| is:
(a) 3 (b) 1/3 (c)9 (d)6
(vi)  For the square matrix A of order 3x3 with |A| =9;4;; = 2;4,; = 3; A3 = —1;
@z, = 1; a3 = 2,the value of ay; is:
(a) 2 (b)3 (©)9 (d) -1
(vii) System of homogeneous linear equations has non-trivial solution if:
(a) [A] >0 (b) |A] <O (c) |A]l =0 @lAl#0
(viii) For non-homogeneous system of equations; the system is inconsistent if:
(a) RankA = Rank A, (b) RankA # Rank A,
(c) RankA < no.of variables (d) RankAy, > no.of variables
(ix)  For a system of non-homogeneous equations with three variables system will have
unique solution if:
(a) RankA < 3 . (b) RankA, <3
(c) RankA = RankA, = 3 (d) RankA = RankA; < 3
(x) A system of non- homogeneous equation having infinite many solutions can be
solved by using: '
(a) Inversion method (b) Cramer’s rule
(c) Gauss-Jordan method (d) all of these
I -2 1
2. For the matrix A = [—3 4 9]; find A3, Ap3and A;3; hence find [A].
2 1 6
a+1 l l
3. Without expandingshowthat| | a+1 | |=(a+1+2D(@+1-D2%
l [ a+1

4. Find the value of A so that the following system has infinite many solutions.

2x-3y+z=1x-2y+Az=2;3y4+z=-1




VECTORS IN SPACE

After studying this unit, students will be able to:
Recoginize rectangular coordinates system in space.
Recoginize unit vector, x, y and = components of a vector.
Find the magnitude of a vector
Repeat all fundamental mathematical operations for vectors in space which, in the plane, have
already been discussed
e  Demonstrate and prove the properties of vector addition
=  Commutative law for vector addition
= Associative law for vector addition
* 0 as the identity for vector addition
* —7 as the inverse for 7
= Dot or scalar product
#  Explain dot or scalar product of two vectors and give the mathematical interpretation.
#  Express dot or scalar product of two vectors and give its geometrical interpretation.
*  Express dot product in terms of components,
# Find the condition for the orthogonality of two vectors
= Find the projection of a vector along the other vector
—=——Find the work done by a constant force in moving an object along a given vector
s  Solve daily life problems based on vectors. Cross or vector product
» Explain the cross or the vector product of two vectors and give its geometrical interpretation
s Apply a éross product to find the angle between two vectors
»  Solve situations in daily based on cross or dot vector product
s  Describe scalar triple product of vectors
=  Express scalar triple product of vectors in terms of components{determinant form)
s  Prove that
~——=s tfxk=pkxt=Fkix}=1
» Lkxj=lixk=Fkjxi=~-1
Prove that dot and cross are inter-changeable in scalar triple produet
» Find the volume of a parallelopiped and tetrahedron
Determined by three given veclors
*  Define co-planar vectors and find the condition for planatriy of three vectors

Apply concept of vector in space to real-world problems such as (design and execute optima.
] nawgaunn paths in transportation and logistics, graphing complex 3D motion, vector operations in
engineering and computer graphics, practical proficiency for work, flux. and circulation)
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Vectors are utilised in day-to-day life to assist in the
localization of people, places, and things. They are
also used to describe things that are acting in response
to an external force being applied to them. A quantity
that possesses both a magnitude and a direction is
known as a vector. The first, second, and third laws of
Newton are all relationships between vectors that
precisely describe the motion of bodies when they are
subjected to the influence of an outside force.
Newton's laws cover a wide range of phenomena and
can be used to describe anything from a ball in free
fall toa rocket on its way to the moon.

3.1 Vectors
i. Scalar

A physical quantity which can be completely specified by its magnitude only is called a scalar.
e.g., mass, time, distance and volume etc.

ii. Vector

A physical quantity which is completely specified by its magnitude as well as direction. e.g.,
weight, displacement, velocity and acceleration etc.

B (head)
3.1.1 Geometrical Representation of a Vector /
Geometrically a vector is represented by a line segment with an arrow

head at its one end. The length of the line segment describes the magnitude A (tail)

and the arrow head indicates the direction of the vector.

The end A is called the tail or the initial point of the vector and the end B is called the terminal

point. In the figure vector AB is shown. It is denoted by AB.

Usually, the vectors are denoted by bold face letters a, b and c etc.; or @, b, ¢. There are also
other notations to denote a vector like a, b and c etc.

3.1.2 Some Fundamental Definitions and Terms Related to Vectors

A
i. Magnitude of a Veector i
In the figure vector 04 is denoted by d. The magnitude or
the length or the norm of the vector 04 denoted by |0A] or |dl. 0

ii. Equal Vectors

Two vectors @ and b are said to be equal if both have the
same magnitude and direction. "
It is not necessary for the equal vectors to have the same

position. If vectors d and b are equal then we write d@ = b.

Geometrically two vectors are equal if they are translation
of one another.

=11




vector d is called the negative of @ and is denoted by —d.
iv. Zero or Null Vector
If the initial and terminal points of a vector coincide then the

vector has zero length. This vector is called zero vector and is denoted by 0. The zero

vector has no direction. It can be assigned as convenient direction according to the situation.

v.  Unit Vector

A vector which is in the direction of non-zero vector d and has magnitude 1 is called unit vector

of @ and is denoted by &. If @ is non-zero vector of arbitrary length |d| then

iii. Negative of a Vector
A vector having the same magnitude but opposite in direction of a /

. d

a=5-= d=|dla

This means any vector d can be obtained by multiplying the magnitude of the vector to its unit
vector. The process of finding the unit vector of a vector d, is called normalizing vector d.

vi.  Parallel Vectors

Two non-zero vectors @ and b are said to be parallel ifd = AE; a

where A is a scalar. If value of A is positive then both vectors have /
the same direction and if value of A is negative then both are in the

opposite direction. The vectors which are in the opposite direction are A'
known as antiparallel vectors.
vii. Position Vector

axis
The vector used to specify the position of a point P with respect to
origin O is called position vector of P. The tail of this vector is at d
origin and tip at the point P. Thus OP is the position vector of point
P*with respect to O. ox. y) e

3.1.3 Addition of Vectors
i. Head to Tail Rule or Triangle Law of Addition

- - —
| To add non-zero vectors @ and b, join the tail of the second vector a
| with the head of the first vector. Now the vector obtained by joining

‘ the tail of the first vector to head of the second vector is the vector b

f d+b. = C
d + b is known as resultant vector of @ and B. ,
This method for the addition of two vectors is called Head to Tail

- rule of addition. Since &, b and @ + b are along the sides of a triangle
ABC, so the rule of addition is also called triangle law of addition.
| ii. Parallelogram Law of Addition

Consider any parallelogram ABCD. Let AB = d@ and AD = b.
Since the vector BC has the same magnitude and direction as
that of AD; so BC = AD.Also DC has the same magnitude and

direction as that of AF so DC = AB. '
Using triangle law of addition, we have
AB+BC =4

i.e.;E+E=R

b




.

This mean diagonal vector AC of the parallelogram is the sum of

the vectors of d and b. _
This is known as parallelogram law of addition. |

Example 1:

Let us consider two vectors that is @ = ZE+3} 5k and b = i — 5] + 2k in space according to
head to tail rule

d+b = (2t +3f - 5k) + (1 — 5] + 2k)

d+b=2i+3j—-5k+i-5+2k=31-2j—3k

similarly i
b+d=31-2f-3k

Su.ﬁ+3=3.-i'ﬁ

iii. Polygon Law of Addition of Vectors

The process for the addition of vectors can be extended to any number
of vectors. For instance, let we have five vectors d,b,é dand 2.

The sum of vectors d+ b+ &+ d + &

For this draw 14 = d, AB = E,R"=E.C_D'=1J,D_E'= é
Nowd+ b+¢&+ d+ &=1A+AB + BC +CD + DE

= (TA + AB) + BC + CD + DE

=TB+BC+CD+DE (~TA+AB =1IB)

= (18 + BC) + CD + DE | c
=1IC +CD + DE (+TB+BC =1C) .
= (IC +TD) + DE i
= ID + DE (= I +CD = ID) b
=IE (1D + DE = IE)

Then IE is the sum of all these five vectors.

Same method can be adopted to find the sum of any number of vectors.
This is called polygon law of addition of vectors.

iv. Subtraction of Two Vectors T B

Consider two non-zero vectors d and b then @ — b = @ + (-—-F) i

To find @ —b draw AB = d and BC = —b; then -
AB + BC = AC

i+ (—b) = AC
Thus AC is the vector which represents @ — b.



Example 2:

d=20+7f+4kand b = 61 — 4] — 3k

d@—b =2t + 7] + 4k — (61 — 4f — 3k)

d—b=2i+7j+4k — 60+ 4] + 3k
d—b=@2-6)i+(7+4)j+ (4+3)k

i-b=8i—-j+k

v. Scalar Multiplication

If A is a non-zero scalar and d is a non-zero vector then the d
scalar multiple A4 is a vector whose magnitude is |A| times /‘ b
magnitude of d. Ad has the same direction as that of @ if 1 is i

positive and if A is negative then direction of Ad is in the
opposite direction of d.

If Ad = 0 then either A =0 ord = 0.

Example 3:

LetA=S5andd = 10i + 9j + 17k

Ad =5(100+ 97 + 17k )

Ad = 501 + 45§ + 85k .
3.1.4 Position Vector of a Point Dividing the Line Segment in a Given Ratio

Let AB be any line segment and P is the point which
divides this line segment in the given ratio m : n internally.
The position vectors of the given points A and B are d and
b respectively. Let 7 be the position vector of point P.
Given that

[P |:|PB| =m:n 0 - a
[4P| _m
[PB| n

= n|AP|= m|PB|
Because AP and PB have the same direction; so
ndP = mPB (1) -

From figure 0A + AP = 0P

——

=d+AP =171
=AP =#—

=T}




And OP + PB = OB
‘ =7#+PBE=b
>PB=b-+
Substituting values in equation (1)
n@# —a) =m(b—7)

=nf—-nd= mb — mr
==-m'r'+mr=mb_.+na
= (n+m)# =mb +nd

mb + nd
==
Case I m+n
Ifm:n= 1=1th=n%=%urm = n. In this case P will be the midpoint of AB and position
vector of P in this case equation (2) becomes: 3
F=ﬂb+l‘1& . w(m=n)
n+n
=F=“(b2: )=a;b {\
Case I1

When the point P divides the line segment AB in the
ratio m: n externally then

|AP|:[BP| = m:n
_ 2P| _m
N

= n|AF| = m|BP|
Since AP and BP have the same direction thus,
nAP = mBP
‘n(F - @) = m(# - b)
= nit — nd = mi —mb
= nff — m#* = nd —mb
= (n—m)7 =11c't'-—m3

. nd—mb ’
=T = —

Example 4: n—m
Find the vector which divides DA=a=3i+j+10kand 0B =b = 31 + 7j + k in the ratio
3: 2(Internally)
Solution: we know that

_2b+3a

243
?_2(3E+?j+£)+3(3i+j+105)_6!+14}+2§+9I+3}+30E
B 2+3 - 5

T T R



_ 150+ 17j + 32k

5
17 ... 32
F=5$+?‘f+?ﬁ
Example 5:
Find the vector which divides OA = a = 31+ j + 10k and OF = b = 31 + 7j + k in the ratio
3: 2(externally)
Solution:
2b - 3a
= 2-3
- 2(3t+7 —3(3t+j+ 10k
-F=( +j+E)_1( i )=—(ﬁt+14j+2£—91—3j—3u2)

#=—(-31+11f - 28Kk) = 31 — 11f + 28k

3.1.5 Application to.Geometry

Here we are giving some simple geometrical proofs by using vector methods.
Theorem 1:The diagonals of a parallelogram bisect each other.

) Proof: -
| Consider any parallelogram ABCD., Let @, b, & and d 0(@) €@
be the position vectors of the vertices A, B, Cand D
respectively.
Now the position vector of the midpoint M; of the diagonal
. d+& =
AC is = aAld . ' B(b)
. a+é . '
ie; p.vof My =—— (1
And the position vector of the midpoint M, of the
diagonal BD is-ﬂzLE ie,,
p.vnsz=b+E (2)
Since ABCD is a parallelogram so
AB =DC
sb-d=¢-d
: =>b+d=d+é
Dividing by 2:
p.vofM, = R T p.v of M;
Since the position vectors of the point of intersection of both the diagonals are same. Thus, they
bisect each other. '

Theorem 2:Line joining the midpoints of any two sides of a triangle is parallel to the third side
and half in length of the third side.

b+d d+¢
|
|
|




Proof: .
Consider any triangle ABC. Let 4, b and ¢ be the
position vectors of the vertices A, B and C respectively.

Let M; and M; be the midpoints of the sides CA and c
BC respectively. Therefore:
Position vector of M, = 2
¥ M, M
B+ > 2
Position vector of M, = e =
Now MM, = % -

: A
1. 1 = AR AB b
=5(b+é-d-&) =5(b-a)=34B + (-AB=b-a)

2
This shows that M; M, is parallel to AB. Also

977 = |28 = 5 4B

This shows that length of M; M, is half the length of AB.
Theorem 3:The joining of the midpoints of the two non-parallel sides of a trapezium is parallel to

its parallel sides and its length is half the sum of the lengths of the parallel sides.

Proof D > c
Consider any trapezium ABCD with two parallel M, / it
= —_— L 2
sides AR and DC. / \
A . . B

Let d, b, ¢ and d be the position vectors of the vemces A, B, C and D respectively. Also
suppose that M, and M, be the midpoints of the non-parallel sides BC and DA respectively.

Therefore, —
Position vector of M, =
Position vector of M, = 2t
Now MM, = % o @
=3 @ +e=d-d) =3[G-2) + (- )
=3 (8+00) | 1)

Since AB is parallel to DC (given).
Thus AB = AD_(.*; where A is some scalar.
Therefore M;M, = 2 (ADC + DC) = ~(A+1)DC
MiM; = uDC  where = ;—(J. + 1) is a scalar.
T N W e e o T e




This shows that MyM, is parallel to DCand AB., _
Thus M; M, is parallel to the parallel sides. Also, from (1) it is clear that length of M, M, is half
the sum of the lengths of the parallel sides AB and DC.

3.2 Vectors in Space (Three-Dimensional Space) 4 z-axis

3.2.1 Rectangular Coordinate System v
To represent a vector in space we need a 3-dimensional -
coordinate system. For this we consider three mutually ey
perpendicular lines interesting at a common point O -
known as origin.

Any point in the space has some specific position
w. I. t. origin O i.e., We can locate the point by
moving specific distance along these three lines.
These three lines are known as coordinate axes and x-axis

are named as x-axis, y-axis and z-axis. The distance

along x-axis is called x-coordinate, the distance along y-axis is y-coordinate and the distance
along z-axis is z-coordinate of the point.

A general point in the space has coordinate (x, y, z).

This coordinate system to represent or locate a point is known as rectangular coordinate system
or Cartesian coordinate system and is denoted by R X R X R or R3. The set of all the points in
space is:

R?® =((x,y,2):x,y,z € R}.
3.2.2 Unit Vectors i,j and & i
To represent a vector in space we need unit vectors in the direction of coordinate axes. For this
we have three fundamental unit vectors f, f and k along x-axis, y-axis and z-axis respectively.
3.2.3 ComponentsofaV EE{D;'
Leta’-hcﬂlcpmitinn vector A
of the point P(x, y, 2), then

0A = xi; OB = yj and i
ocC = zk

From figure it is clear that

OP =0Q + QP (1)
Since 04 + AQ = 0Q
=20A+0B =00 (-
= xi+ yj =00

Or 0Q = xi + yJ
Also QP = zk

— —

AQ =0B)

b
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Putting values in equation (1), we have:

OP = xi + yJ + zk
Which is the position vector of the point P(x, y, z).

In the representation of the position vector OP = xi + yj + zk, x,y and z are known as
components of the vector along x - axis, y-axis and z-axis respectively.

3.2.4 Analytical Representation of the Vector

The representation of a vector in spnc.e having its component fﬂrm F=xi+ yj+ zk is known as

analytic representation of the vector 7.

3.2.5 Magnitude of a Vector c
Consider a vector in space 7 = OP.
From figure : (1)

0P| = [0g|" + [0P|" (= 0G = xi + y7)
= [0Q] = yx? + y?

and |F2"ﬁ'| =z
Putting values in equation (1).

72 = (Y32 +97) +22

& z-axis

e — o — o — — — — — —

.

e ——— s —

= |F|? = x* + y* + 2° l/x-auis

= |F] = 2% +y2 + 2%

Which is the magnitude of a vector in space.
Example 6:
Find the magnitude of the following vectors

iGg=20+3]—5k iiLb=2i-3f+7k iiic=71+4 -k

Solution:
i, @=2i+3f—5k
Using formula for the magnitude of the vector

6 =27+ (@) + (-5)2 =V&+9+25=V38
i.b=2i—-3f+7k

Using formula for the magnitude of a vector




6] = V@2 + (-3 + (7)2 = V& +9 + 49 = V62

iii, £ =1+ 4 — 9k
Using formula for vector magnitude

1€l=J@)2+ (@2 + (92 =Vi+16+8L=V98 =72
3.2.6 Fundamental Definitions for Vectors in Space

i.  Unit Vector

Let # = xi + yj + zk be a vector in space. A unit vector £ in the direction of ¥ is given by
. T
P
171
xt+ yf +zk
Va2 +y?+22

x y z
= P+ j+
JXEEyr gt byt Y2 ytaa?

2 f=

=f

ii. Equal Vectors
Two vectors in space 7, = x;0+ y,j + z;k and #, = x,1 + y,] + 2,k are said to be equal if they

have the same corresponding components. i.e.;
=1

=?.1'1E+ Jﬁ_f+21§=xgi+ }";j'f‘ZzE

X=X N1V 5H1=2;
iii. Zero Vector ’ :

A vector in space which has all its three components equal to zero is called zero vector, It is
usually denoted by 0. i.e.;
0 = 0+ 0f + Ok
iv. Negative of a Vector
For a vector in space # = xf + yJ + zk negative of 7 is denoted by — and is defined as:
—F = (=01 + (—y)f + (-2)k
Y.  Scalar Multiplication

The product of a scalar A with a vector in spacer 7 = xf + yJ + zk is denoted by A7
and is defined as

AF = (Ax)i + (Ay)j + (A2)k
vi. Parallel Vectors
Two non-zero vectors in space 7; = x;0 + y,§ + z:k and 7 = 2,0 + y,f + 2,k are said to be
parallel if there exists some non-zero scalar A such that #, = A7, i.c.;
i+ yif + 2k = A(x0 + yof + 2,k)
=i+ yif +zk = A)+ (Ay)f + (Az)k

et ook ot (S R 8



=2 x; =A% ¥1 =AYz z; = Az,

X1 b1 Z
=5—=1 —= A ot

Xz Y2 22 .

X Z

Which is the condition for two vectors to be parallel. For positive value of A vectors will
have the same direction and will be in opposite direction if A is negative.
Addition of Vectors

Consider two vectors 7y = x;i + y,j + z.k and 7 = x5t + y,] + z,k in space. Their sum

Ty + 75 is defined as:
B fi+ 7 = (0 + yif +2,k) + (i + yof + 2,k)

= (x; + )1+ O + y2)f + (2, + 2Dk
Subtraction of two vectors .
Consider two vectors 7, = x,1 + y,f + 2,k and #, = x,1 + ¥,J + 2,k in space. Their difference
Ty -7 is defined as:
7 = fy = (i + yif + zk) - (xa1 + yoJ + 2;k)
= (x; - )1+ (11 - Y2 + (2. - )k
3.3 Properties of Vector Addition
3.3.1 Commutative Law for Vector Addition
Statement: For any two vectors 7; and 7, in space 7, + 7, = 7, + 7},
Proof: Let#, = x;0 + yl}‘ +z;k and 7, = x,0 + y,f + 7,k
Thus i+ 7 = (al+ yif + 1K) + (i + y2) + 2,K)
= (x +x)i+ Oy + y2)f + (21 + 2)k .
Since Xy, X2, ¥1, Y2, 21, Z; € R and commutative law w. r. t. addition holds in R, so we may write
fi+f=(+x)i+ 0 +y)]+ (22 + z)k
= (50 + yof + 2k) + (1 + yij + z,k)
=7+
3.3.2 Associative Law for Vector Addition
Statement: For any three vectors 7, 7, and 7 in space; 7, + (B +5) = (R + 7)) + 74
Proof: Let 7, = x;0 + yaf + 21k, 7o = xol + yof + zzk and 75 = x50 + yaf + 23k
P + 7 = xof + Yo + 22k + x3b + yf + 23k
=(x+x3)i+ (2 +y)j +(z + z3)k
A+ G+ =xl+ yf+zk+[(+x3)i+(y2+y)]+ (22 + z3)k]
=[x + Cp +x)]i+ D + (2 + )l + [z + (2 + z3)]k
Since Xy, Xz, X3, Y1, Y2: Y2, Z1, 22, 23 € R and associative law holds in R w. r. t. addition so, we

may write:
o+ (s +75) = [ + %) + 230 + [+ 32) + ysli + [(2 + 22) + 23]k
= [(xl +x)1 4 On + ) + (2, +Zz)§] + (Iai + y3f + 231‘1.;)




= [(xy0 4 yof + z1k) + (28 + yaf + 22k)] + (x3i + yaf + 23k)
=F +1)+7
3.4.2 ldentity Vector for Addition
For any vector ™ and null vector0 , 7+0 =0 +7 =
Let 0 = 0t + 0f + Ok be the nullvector and 7 = x{ + yJ + zk be any vector in space, Now
0 +7=(0t+ 0f +0k) + (xt + yj + zk)
=(0+x)i+0+y)j+(0+2)k
Since 0 is the additive identity of real numbers; so,
O+F=xi+ yj+zk=+
Also
#+0=(xt+ yf +zk) + (0t + 0f + 0k)
= (x+0)i+ (y +0)j + (z+ 0)k
=xi+ yj+zk="7
Therefore, O+7=7+0=F '
This shows that 0 is the identity for the vector addition.
3.3.4 Additive Inverse in Vectors
Let # be any vector then — 7 is called additive inverse of ¥ if # + (—7) =(-F)+7=0
Consider any vector 7 = xt + yJ + zk in space, then —# = (—x)i + (=y)j + (—z)k. Now
Pt (=7) = (xt+ yf +2k) + {(—)i + (—=y)f + (=2)k}
=(x+(0)i+(y+(=M)+(z+(-2))k
= 01+ 0f + 0k
=0
and A +7F={(-0i+ (—y)] + (—2)k} + (xt + yj + zk)
= ((=x) + )i + ((=y) + V)] + ((—2) + 2)k
= 0i + 0f + 0k

Therefore, 74 (—F) =(-F)+7#=0
This shows that —7 is the additive inverse of 7.

3.4 Properties of Scalar Multiplication

34.1 Commutative Law of Scalar Multiplication
Statement: For a any scalar A and a vector 7 in space A7 = 7A.
Proof: Let 7 = xi + yj+zEb=amturin5pac¢than:
A7 = A(xi + yj + zk) = A1+ (Ay)f + (A2)k
= (@i + A] + @Dk = (xt + yj + zk)a
=7l

*



Distance Between the Two Points in B* (Distance Formula)

Consider any two points P(xy, ¥;,2,) and Q (x5, ¥2, 25) in R3,
The distance between P and Q is the magnitude of the vector PQ.
The position vectors of P and Q are OP and D_Q' respectively; where
OP = x;1+ y,J+ 2,k 4
and 0Q = x,i + yaf + 2k
It is clear that:
g s o Pl %) Q(x2, Y2, 22)
OP + PQ =00
- PG = 00 — 0P
= (%20 + yof + 22k) — (%11 + yiJ + z,k)

2P0 = (xz— )i+ (2 — y)f + (2 — 2k

=y ‘Fél =0z - %)+ (O, - ¥1)% + (22 — 2,)?
Which is the distance between the points P(x;, y;,2;)

and Q(xz, ¥2,23).

z-axis

y-axis

I. In the following find the required vector in its component form. Given that P = (3,-1);
@=(-4-6;R=(1,4)andS = (2,5)

(i i'P_Q' : (ii) 3P0 — RS (iii) 2PR + 3PS
" - =11 == —_— — —_—
(iv) 3PQ+3;PR-3QS (v) 3%PS —4°SP +QP
2. Show that:

(i)  the points A(], 0); B(6, 0) and C(0, 0) are collinear.
(i)  ifd and b are the position vectors of points (2, —7) and (? 11), find the value of
m for which d and b are collinear.
3. Fu=<-1,1>¢=<0,1>and W =< 3,4 > then
(i) Find ¥ that satisfies i — 2¥ = ¥ — W + 37 (< x,¥ > means xi + yJ)
(i) FinddandVifii+7=<2,-3>3tU+20=<-1,2>
(iii)  Find initial point of # =< =3, 1, 2 > if its terminal point is (5, 0, 1).
4. (i)  Find the value of m for which the vector @ = 3i + 4] — 9k is parallel to
b=1+ mj — 3k.
(i)  Find the value of A for which the points P, Q and R are collinear.
Given that f + 2] + 3k, —21 + 2j + 6k and Ai—Ak are the position vectors of
points P, Q and R respectively.

3
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. (i) Ifd=t—2f+k; b=1i—J—kand &= 20+ k then find a unit vector in the

direction of 2d — 3b + C.
(ii) Use vectors to find the length of diagonals of a parallelogram having adjacent
sides + fand f — 2J.

. (@ Show that the points with position vectors { — f, 4i — 3 + k and 2i — 4] + 5k

are the vertices of a right-angled triangle.
(i)  Show that the triangle with 2 + 3] + V3k, V10t — j + 5k and —3i + V3] + 2k
are the vertices of an equilateral triangle.

. (i)  Find the value of A for which |d| = |3b| where @ = 1 — 3] + Ak and

b=t+2/-F
(ii) Ifd=2i+3fand b = —3i + 2J. Check whether|d| = |b| or & = b.

. fda=21—3]+k and b =1 — 3] + 5k then find:

(i) A vector of magnitude 5 in the direction d — 2b.
(i) A vector of magnitude ; opposite in direction 3@ + b.

. The position vectors of points A and Bare f — 2f + kand 2 + 3] — k respectively.

(i) Find the position vector of point P dividing the line segment joining A and B in
the ratio 2 : 3 internally.

(ii)  Find the position vector of point Q dividing the line segment AF in the ratio 3 : 2
externally. .

10. (i) The three vertices of a parallelogram ABCD taken in order are A(3, —4);

B(—1,-3) and C(—6, 2). Find the fourth vertex D.
(ii)  Find the values of x and y if A(1, 2); B(4,y); C(x,6) and D(3,5) taken in order
are the vertices of a parallelogram.

11. Show that the line segments joining the mid points of the sides of a quadrilateral

consecutively form a parallelogram.

12. Show that line segments joining the mid points of the diagonals and the mid points of any

two opposite sides of a quadrilateral consecutively form a parallelogram.

13. Prove that line segments joining the midpoint of the diagonals of a trapezium is parallel

to the parallel sides and its length is half the difference of the lengths of the parallel sides.

14. OPQR is a trapezium made from three P Q

equilateral triangles with OP = #, 08 = §
and M is the midpoint of QR. 7 M -
(i)  Write PS in terms of # and 5

(i)  Show that OQ is parallel to SM.




15. ABCD is a trapezium with AB pmﬂl:l
to DC. E is the point on the diagonal Y
DB such that DE = EDE. 3bd

Show that BC is parallel to 4E.

16. ABCDEF is a regular hexagon E 5
as shown in the figure. If

AB = d and BC = b, then
express AC, CD, EF, DA, EB,
FA and FC in terms of d@ and b. b

3.5 Dot or Scalar Product

3.5.1 Dot or Scalar Product of Two Vectors and its Geometrical Interpretation
If @ is the angle between the two non-zero vectors d and b then their dot product is denoted by
d.b and is defined as:

d-b = |d||| cos®
where, @ is measured from d to b and 0° < 8 < 180°,
B is positive if measured in aniclockwise and is taken

as negative if measured clockwise. 2
The value of dot product is a scalar quantity that’s why a
it is known as scalar product. - 2
. a
9!)5@!"4’6 -t.h &1' Key Facts
brd= Iil|ﬂ| coa(—~6) The angle between the vectors
= |b]d| cos @ (** cos(— 6) = cos6) is the angle where the tail or
= la”ﬁl cos @ head of both vectors meet.
=d-b
ie., d-b=>b-d :

The reason for the angle to be taken —@ is that for b - @ angle will be measured from b to d
which is measured clockwise and therefore will be taken negative.

Particular Cases: ‘ .
Case I: when @ = 90° then vertices will be perpendicular or orthogonal to each other. In this

case

@b = |d||b| cos 90° = |d||b|(0) = 0




e R ST

Case II: When 8 = 0° then both the vectors have the same direction. i.e., Both are parallel to
each other, in this case
d-b = |al|B| cos 0° = ||| (1) = |dl|5|
Case IIT: When d = b then in that case:
d-d = |d||d| cos0°®

= |alld@l(1)
d-d=la]?
=il =ya-a

3.5.2 Dot Product of Fundamental Unit Vectors £, j and k #

The fundamental unit vectors in R3are £, j and k.

f is along x-axis; j is along y-axis and k is along z-axis. So |f| = 1; |f| = 1 and || = 1. Now
Lt =|fl|tlcos0°=111=1
1] =lllflcos0®°=111=1
k.k =|k||k]cos0°=111=1 k-
Lj =|ill[flcos90°=11.0=0
J.k = 1f1|k] cos90° = 1.1.0 = 0

z-axis

| k.t = |k|It] cos90° =1.1.0=0 o J y-axis
| Also ft=1} =0 ¢
! kj=jk=0

thk=kt =0 x-axis

3.5.3 Dot Product in Terms of Components
Consider any two non-zero vectors @ and b in space,

Let a = a,i + a,f + ask
and b = byi + b,f + bsk
| Then d.b = (a1 + ay) + ask). (byi + baf + b3k)

= (a,0). (by1) + (ay1). (bz)) + (ay0). (b3k) + (azf). (b11) + (azf). (ba))
+(az)). (bsk) + (ask). (by1) + (ask). (b)) + (ask).(bsk)
Since the dot product is defined between the vectors, so,
a.b = ayby(L1) + ayby (1. J) + ayby(i. k) + a,b,(J. 1) + azb,(J. ) + azbs (). k)
» + ﬂaﬁl (E. I) + ﬂgbz(ﬁ.f) + a3ﬁ3 (-E. E)
" a.b = ﬂibl(l} + ﬂ.;bz(ﬂ} + ﬂ1b3(ﬂ') + ﬂz-b‘i{ﬂ} + ﬂzbz(l) + ﬂzb;(u) +
= ﬂ;b;(ﬂ) + ﬂabz(ﬂ) + ﬂgb;(l)
a.b = albl + ﬂzbg + ﬂ;ba
This is known as analytical expression for dot product.




3.5.4 Condition for Orthogonality of Two Vectors
Consider two non-zero vectors @ and b in space. Let @ = a,f + a4, + ask
and b = byi + b,J + bsk
@ and b will be orthogonal (perpendicular) to each other if and only if @5 = 0
= (ayi + ayf + ask).(byi + bof + bsk) = 0
= ayb; + azb; +azb; =0
Which is the condition for the two vectors & and b to be orthogonal to each other.
3.5.5 Commutative Property of Dot Product
Statement: For any two vectors @ and b

d.b=h.d ' .
Proof: Let @ = a,1 + a,f + azk and b = b,1 + byJ + bak be two vectors
d.b = (a,t + apf + ask). (byf + b,J + b3k) -

= ayby + asb, + azb;
Since commutative law holds in R, so
d.b = byay + bya, + byas
_ = (bot + byf + b3k). (as1 + aaf + ask)
db=b.d
3.5.6 Distributive Property of Dot Product
Statement: For any three vectors @, b and &
a.(b+é&)=dab+ac

Proof: Let a = ayi + ayf + azk
b = byi + b,j + b3k
c =f13+£'gj+f3£
Then b+ & = (byl + boJ + bsk) + (1 + c5f + €5k)

= (b'l. + Ci_)i + (bz + fz)f + [ba + E;}k i
= d.(b + &) = (ayi + azf + ask). [(by + c1)i + (b + )] + (b + c3)k]
= altbi + C‘I) +ﬂ2(b2 + Cz) + ﬂg{bg + (:3) .
= (a1b; + a;¢,) + (azb; + a;c;) + (azbs + azcs)
= (ﬂ1b1 + ﬂzbz + a;b;) + (ﬂ1C1 + ﬂ.zf.'z «+ ﬂac:i)
=d.b+acé
3.5.7 Dircction Angles
The angles which a non-zero vector 7 makes with the coordinate axes in the positive
direction are known as direction angles of 7. Let these angles be a, f and y; then




0<a<m 0<<f<m O<y<n
3.5.8 Direction Cosines
If @, § and y be the direction angles of
a non-zero vector 7 with x-axis; y-axis and
z-axis respectively, then cosa, cos § and cosy

-----------------

are called the direction cosines nf_‘ 7
Here ¥ = OP = xi + yj + zk

7l = Jx2 + y2 + 22

From right-angled triangle AOP: x-axis
|04 x
— = C05@ or = cosa = —
[oP| 7]
From right-angled triangle BOP:
05| ”
— =cosf or = cosff ==
07| P
From right-angled triangle COP:
oc] _ 5 z
— — COSYy or COSy = —
T2 I Y=

In general cos &, cos f and cos y are denoted by [, m and n respectively. i.e.;

3.5.9 Sum of Squares of Direction Cosines is Unity

Let 7 be a non-zero vector and @, f and y be its direction angles. If
F=xi+yj+zk
Then 7l = Vx¥ +y2 + 22
I7I? =22 + y2 4+ 22

The direction cosines of 7 are cos @ = = =2 =L
Iﬂ.cnsﬁ i and cosy T

Now cos? a + cos? § + cos?y = ()" + (2)" + (&)’

- | PRSP



x 2 z2 xP4y?4z?
=..—1'+"¥.'-5+..—2='-y—
IFI? 1712 |7 |72
=212
7
al
Hence cos?a + cos?f + cosPy =1

~ Sum of squares of direction cosines is unity.
Deduction:
Since cos’a + cos? B + cos?y = 12
= (1-sinfa) + (1 —sin?g) + (1 —sin?y) =1
=3 —sinfa—sin®?f —sin?y =1
= sin®a +sin? § +sin®y = 2
3.5.10 Direction Ratios
The numbers which are proportional to the direction cosines of a non-zero vector 7 are
known as direction ratios.
Let a, b and ¢ be the numbers which are proportional to cos &, cos f# and cosy. i.e.;
accosa; bocosf; € X COSY
= a= kcosa; b= kcosf; c = kcosy

where k is constant of proportionality and k= 0

= a®+b?+c®= k¥cos?a+ k?cos?f + k?cos’y

= k¥(cos? a + cos?® f + cos?y) = k?

=5 k= +y/a? + b? + c?
‘a Key Facts
wa= kcosa = cosa =I J « Direction ratios are also known as
a = direction numbers or direction
b » Sum of squares of direction ratios
“b= kcosf = cosf " need not to be unity.
B=1=% g ]
or Cosp = xr—F/—/—7—0——
vaZz + b% +c?
P =

v ¢ = kcosy ='-"¢0=}’=—k

c
r CoOsy =
A

These relations are used to find direction cosines when its direction ratios are given,




Key Facts
I Let OP = xi + yJ + zk be the position vector of a point P(x, y, 2).

If cos &, cos B and cos y are its direction cosines then

I

cosa =

= x = |Flcos a

|< =

cosfi = = y = |Flcos 8

N

COSY = = |1"‘| = z= |#lcosy

The coordinates of point P in the form of direction cosines can be written as:
(x,y,2) = (If] cos a, || cos B, |F| cos ¥)

. Example 9: Find the coordinates of point P, if OP is a vector of magnitude 2 and is parallel to the
vector 2f — 3] + 4k.
Solution: '
Letd = 2i — 3f — 4k

= i@l =J@+ (32 +[@)?=VE+9+ 16 =V29

_d ‘zt—3}+4ﬁ
Thus a_m_—v’z_ﬁ
2 3 4

=

o g v Asﬁ_P'=2&=2( S ot i+ : JE)
V29 V29° /29

6 8

= 0P = ‘!_ “,_.f J_'E

(%; #—ﬁ are the coordinates of point P.

Example 10: Two direction angles of vector r are 30° and 60°. Find the third direction angle. Also
find unit vector #.
Solution:

Let @ = 30° and B = 60°
Since cos? a + cos?  +costy =1
= co0s? 30° + cos? 60° + cos?’y = 1

2
3 1\? .
5(9 +(-é-) +cos“y=1
8 1. . 5
= g+g+cos y=1=1+cos?y=1=cos’y=0

=cosy=0
= y=90%0r 270° ‘



Since 0<y<180°
So y = 90°
Unit vector of 7* is:
f=cosal+cosff+cosyk
= = cos30°1 + cos 60° f + cos 90° k

V3. 1
#?LTf-l'Ef'l'ﬂE

Which is the required unit vector.
3.5.11 Angle Between Two Non-Zero Vectors

Let 8 be the angle between two non-zero vectors d and b.

Since d.b = |d||b| cos &
= cosf = L
~lalfB]

= 6 = cos™(&.b)
In component form we can write it as
d = ayi + a,f + azk
b = byl + byf + bsk

Then @.b = (a,i + ayf + ask).(byi+ b,j + b3k) = a,b, + azb, + asb;

|| = ’af+a§+u§
|b] = ’b§+b§+b§

-

Substituting values in the equation 8 = cos™ (ﬁﬁ) , we have:

ﬂlbl L - ﬂzbz_+ ﬂ;bg

g = cur"(

Ja’+u§+a’;'ﬁf+as+b;)

Example 11: Find the angle between the vectors i—2j+kand20—3f+ k.

Solution:
Letd =1—2j+kandb = 20— 3] +k, then

a.b=(-27+k).(21-3+ k) = (1)) + (-2)(-3) + (1)(1)

=2+6+1=9




lal =12+ (-2)2+ 12 =V1+4+1=V6
bl =V22 + (=32 + 12 =Va+9+1=V14
If 8 is the angle between a and b then

8 = cos™! (—&'E )
ldl|B|

= nag=1 -1
H = CO0S ( 76 -J_ v"'"fo
= 60=10.89°
3.5.12 Projection of a Vector Along Another Vector
Consider two non-zero vectors & and b and let @ be the angle between them.
|OL| is the projection of b upon d.

From right-angled triangle BOL, B
i
lor _ cos @ I
o8] 3 i
|OL| = [0B| cos @ 5 i
= || cos @ g . |L -
_|dl|B| cos 8 a
|d|
57| < &8 E
oL
Pm_jectlunofﬂa] En%
a =
=& .b
=ab=bh.a

Projection of b along @ = b. &
Similarly, we can prove that:

Projection of d along b = T‘T
Projection of @ along b = d. b
Example 12: Ifd =1 —j + k and b = —1 + j + 3k, find projection of @ along b and projection
of b along d.

Solution:

a.b=(—-j+k).(—i+j+3k)



e

=(DED+EDO)+MB)=-1-1+3=1
@l = J(1)2+(-1)2+ (1)? =3
B = y(=DZ + ()% + B)2 = V11
a
-l
Projection of b along d =i—'£ =5

e

|

T y-axis

Now projection of d@ along b= %

P(cosa,sina)

= |

Example 13:Prove that cos(a — f) = cosacosf§ + sina sin
Solution:
Consider two-unit vectors i = OP
and # = 0Q making angles a and f8 ok 0
with x-axis as shown in the figure. Thus -
@ — [ is the angle between 11 and . Since f# = OP is the position vector of point P so,
fl=cosai+sinaj.Similarly, #=cosfi+sinf]

Now, i, % = (cosai+sinaj).(cosfi+sinff)

Q(cos f,sinf)

X-axis
-

.9 =cosacosf +sinasinf (1)
Also ii. ¢ = |i1]|?] cos(a = ) = (1)(1) cos(a — )
i. 9 = cos(a — B) (2)

From equation (1) and (2) we have:
cos(a — ) = cosacosf + sinasinfi

Example 14: For any triangle ABC, with usual notations prove that |d@| = |b| cosy + || cos B

Solution 3

et ¥
@+b+é=0
= d=-b-¢ 169 =F
Taking dot product with @ on both sides ~ A) - —
= dd=da(-b-¢) /L{Eﬂ'—a = -
= |d? = —d.b - d.¢ 4

= —|d||b| cos(180° — y) — |d@||¢] cos(180° — B)

= —|dl[b|(~cosy) — |@l|é](~cosp)  * cos(180°—8) = —cos@

= |dl||b| cosy + 1@|1&| cos B
= |a)? = |a|(|b| cosy + |€] cos §)

= |d| = |b|cosy + |&| cos




3.5.13 Work Done by a Constant Force

Let a constant force is applied on an object
and it is displaced from A to B.

The force F makes an angle @ with the F
displacement vector 5.
The component of F along § is |F| cos 6. p— >

Thus work done by the force F to move the
object from A to B is:

work done = |F| cos 8 (|$]) = |F||5] cos 8
work done = F. §

Example 15: Find the work done by a constant force F = 21 + j — k in moving an object from
A(0,1,3) to B(—I.Z.‘!r].

Solution:
F=21+j-k
§=AB=(1-0)i+@2-1)j+@-3)k
=i+j+k
Work done = F. §

=i+j-k).(i+j+k) ,
= (2)(1) + (1)) + (-1)(1)

=2+1-1=2units

1. fd=2i—3j+k b=1—3j+ 4k and @ = —1 — 2 + 5K, then evaluate the

followings.
() db (i) 2@.3b (iii) (@- b).¢
(iv) (2d+3b-¢).(@+b) (v) Ld+ j.b+k.éE

2. ﬂ'ﬁ=}‘—-§: E=3i-4j+§mdf:’=—I+2}~4E,ﬂ1mﬁndﬂ1annglesheﬁveenlhe
vectors:
(i) dand3b (i) (2d~ 3b)and2¢ (i) (—d+ &) and (b —2¢)
(iv) (@+b+¢&)and(@a—b-¢) (v) (@-2E+¢&)andd

3. (i) Ifd,b and € are three vectors such that @ + b + & = 0 and |d| = 2;|b| = 3 and |¢|=4
then find angle between @ and b.

(if) If |d@ + B| = |d@ — b|, then find angle between & and b.




4. (i) Ifd=1—3j+4k; b=7i—9f+k and & = 30 — 2 + 5Kk, find the value of 1 so
that @ — Ab is perpendicular to €.
(i) Show that the angle between any two diagonals of a cube is cos™! (:::)
5. (i) Ifd@ = 2i — 3] + 4k, then find the direction cosine of d.
(ii) Ifd =1 — 2j + 3k; b = 3i— 2] + k and & = 7 — J + 8k, then find the projection of
d — b along & and projection of b along & — d. Also find their vector projections,
6. (i) Three vertices of triangle are A(0,—1,—-2); B(3,1, 4) and C(5, 7, 1). Show that ABC is
a right-angled triangle and find the other two angles.
(ii) A vector 7 is equally inclined with the coordinate axes and |¥| = 5. Find the vector 7.
7. (i) Ifd,b and € are three vectors such that |d@| = 2; [B| = 5; |¢] = 4 and
@+ b + & = 0 then find the value of @.b + b.Z + ¢.d
(ii) For any vector 7 prove that # = (7. D)t + (. ))f + (7. k)k
8., The dot products of 7 with the vectors { + j — 3k; f+3j—2§ and 2i + J + 4k are 0,5 and
B respectively. Find the vector 7.
9. Prove that for any non-zero vectors @ and b;

L . 1 -2 1] -2
(i) &.b=I|&'+b| ——;|a-h|
- - -4y 2 e -l a —ad
i)  |a@lP+|[b] =Z|da+b| +3|da—B|
10. (1) If the sum of two unit vectors is a unit vector, show that magnitude of their difference

is /3.
(ii) Show that angle in a semi-circle is a right angle.
11. (i) Prove that altitudes of a triangle are concurrent.
(ii) Prove that angle bisectors of triangle are concurrent.
12, (i) Prove that cos(a + ) = cos a cos f — sina sin 5.
(ii) With usual notations for a triangle ABC; prove that ¢? = a® + b? — 2abcos y and
b=acosy+ccosa
13. (i) The resultant of two vectors dand b is pc_[pendicular to d and |d| = J—E-f. |E| Show that
resultant of 7d and b is perpendicular to b,

(i) Prove that @ + b is equally inclined with @ and b.

14. A force of F = 31 — 5] + 7k newtons is applied on a body and moves it at a distance of
14 meters in the direction of the vector i — 3] + k. How much work is done?

15. Find the work done by the forces 2f + 3f — k and 31 + 7f + 4k acting on a particle in
moving from point P to @ with position vectors [ — 3] + %E and 2 - J + %E.

16. A box is dragged on the surface of a floor by a string that is applying a force of 30N at an

angle of 30° with the floor. Find the work done by the force when the box is displaced
up-to a distance of 10 meters,




3.6 Cross or Vector Product of Two Vectors

3.6.1 Cross or Vector Product of Two Vectors and its Geometrical Interpretation
If @ and b are two non-zero vectors and @ is the angle between them, then their cross product is
also a vector denoted by d x b and is defined as:

d x b = |d||b|sin@ f afl
where fi ia a unit vector normal to the plane containing i
both the vectors @ and b. 8 is positive when measured :
anticlockwise and is negative when measured clockwise. :
While computing b x d angle is measured from
b to @ which is the clockwise direction S0;

, b x d = |b||d| sin(- 8) #

=11
>

0

b x @ = —|b||d| sin 6 fi (+sin(—6) = —sin @)
=-—dxhb
This shows that @ X b and b x d are opposite in direction.
Thus, ixb=-bxad
It means cross product is anti-commutative.

Sl
X
=11

~ 14

- p—
=

3.6.2 Cross Product of Fundamental Unit Vectors
We know that @ x b = |d||b| sin 8 A, so
fx1=|i]|f] sin0°#A

= (1)) =D =

JxJj=1jlljlsin0° A

= (1)(1)(0) = '
0] y-axis

k x k = |k||k| sin0°# i
. =M@)0Aa=0 x-axis
We know that £, | and k are the mutually perpendicular unit vectors so, J
ix J = |f]|f] sin90° k
=(DO@k =k

—ve

J % k = |jl|k| sin90°1
=@Ai=1

k x i = |k||t] sin90° ] v




Rp—

= (MW@)] =] | e cross pr,,dﬁ'r:!

Al X[i==iXj=~
90 J':E ! _ ! }E _ k defined only for the
X]==]Xk=- PN vector in 3-space;

and ixk=-Ixk=-j whereas dot product is
defined for vector both
in 2-space and 3-space.

3.6.3 Cross Product in Terms of its Components

Consider two non-zero vectors d@ and b, where,
d = a,l + a,f + ask
and b = by + by + bak
Now d x b = (@1 + af + ask) x (byi + byj + bsk)
= (ayby)(E X 1) + (ayb;)(E X J) + (ayb3)(E x k) + (a,b,)( x 1) +
(azb2)(J % J) + (azb3)(f % k) + (asby)(k x 1) + (azby)(k x J) +
(asby)(k x k)
= (‘11!’1)@ + fﬂibz)(;f) + (a;b3) (=) + (ﬂzhl)(“{') + (ﬂzbz}(ﬁ)
+ (@3b3)(D) + (a3by) () + (ash;)(—1) + (asby)(0)
dxb= (Eibz)ﬁ — (ayb3)] - (ﬂzbl)ﬁ + (azb3)t + (a3zby)j — (asby)i
@ % b = (asbs — azby)i — (asbs — azhy)f + (aybs — azby)k
Which is cross product in component form. Also cross product can be written as:

A B
@, a; as
by b, bs
3.6.4 Area of Parallelogram
Consider a parallelogram ABCD.,
Let AB = @ and AD = b be the
two adjacent sides of the parallelogram
and 6 is the angle between them.

From figure it is clear that arca of the
parallelogram ABCD is same as that of

-

axb=

m . o
r

the area of rectangle EFCD.

From right-angled triangle EAD.
|ED| |ED|
— = ginf = — =sin e
[4B] [B]

= |ED| = || sin@
Area of parallelogram ABCD = Area of rectangle EFCD
= |EF||ED| = [DC||ED]
= |d|b| sin@ (1)




89~ 0w SRmihe o),

Also dxb = |d||b|sin6 f
|@ x b| = |dI|B| sin 6 ||
= |d||b] sin@ (2)
From equations (1) and (2):
|d@ x b| = arca of parallelogram ABCD e
If @ and b are two adjacent sides of a triangle ABC then ~ Go-=-=======s======== D

. Area of triangle ABC =3 Area of parallelogram ABDC ”

Area of triangle ABC =§ |d x b| ,"‘
A d B
— e e e [T,

Example 16: If @ =2+ 5/ —2kandb =1—j+ 3k are two adjacent sides of a parallelogram,

then find its area.
Solution: I [ 2 A
dxb=|2 5 -z|
1 -1 3

=(15-2)i-(6+2)+(-2-5k
dxb=131-8/ -7k
|d % b| = /137 + (—8)2 + (—7)?
=169 + 64 + 49 = /282
Area of parallelogram = |d x Bl

= /282 sq. units
Example 17: Find the area of a triangle with vertices (0,0), (2,9), (3,5).
Solution: B(2,9)
LetA = (0,0); B =(2,9)and € = (3,5) _
Thend = AC; b = AB ? c(3,5)
Sod=(3—-0)+(5-0)]=31+5+0k a
b=(z—;]}t;-(';—0)}=2i'+ﬂj+ﬂﬁ 0
‘ ixb=[3 5 0
2 90

d@xb=(0-0)+(0-0)+@27-10)k
dxb=01+0]+17k
Axb=v0Z+0Z+172 =17

Area of the triangle = |d X |  =3(17) =¥ squnits




3.6.5 Condition for the Two Non-Zero Vectors to be Parallel
Let @ and b are two non-zero vectors. If @ and b are parallel then angle between the vectors is
g = 0° So

@ x b = |d||b| sin0°# = |d]|B|(0)7 = O
Also, if d and b are anti-parallel then angle between the vectors is @ = 180°. So

@ x b = |d||b|sin 180°i = |d||b|(0)7 = O
Thus, if two non-zero vectors are parallel or anti-parallel then the value of their cross product is
Zero vector.

3.6.6 Distributive Laws for Cross Product
If d,b and & are any three vectors then
() @x(b+¢&)=dxb+axé
(i) (@+b)xé=dxé+bx¢é
Proof: Let  d = a,i+a,f + azk
b = byi + byj + bsk
é=cl+cf+csk
Then b+ &= (byi + bof + b3k) + (caf + cof + c3k)
= (by + )t + (by + c3)f + (b3 + c3)k

. i 1 k
LHS=dx (b+¢) =| a a as
b1+f1 b;"'cz b3+f:3
i j k £ o &
=|a, a; da; + a; ap as
by by bsy| |6 €2 3
=dxb+dxc
= RHS

Similarly, we can prove (G +b) x =d x &+ b x &

3.6.7 Angle Between Two Vectors
If @ is the angle between the non-zero vectors d@ and b then:
dxb = |d||b|sindf
= |d@ x b| = |&||b||sin 6]]1i]
= |d@ x b| = |d||b|sin6 (+0< 8@ <mso|sinf| =sinf)

= 5in @ -—-Lh—ii"]

1aiB|

=t | X)
=0 =sin (IEI |

S O T e e, - -\ A

=i




L e R R R R, | L e——

Example 18:1f d = 2f —j + k; b=—i+ 2f — k and & = i + j — 3k then find the angle between

the vectors @ + b and @ + &,
Solution:
d+b=i-j+k)+(—i+2/-k)=i+j+0k
and d+é=(20—j+k)+(+j-3k)=31+0—2k
i j ok
now (@+b)x@+d =|1 1 o
3 0 -2
_ =(-2-0)i—(-2-0)j+(0—3)k
= -2i+27-3k
: |(@ +5) x (@ + )| = /(=2)? + (2)2 + (-3)?
| =Vi+4+9=+17
|é@ + b| =VIZ+ 12402 =2

la + ¢ =32+ 02+ (-2)2 =413

Let 6 be the angle between @ + b and @ + &: then

_ |[@+B)x(@+a)
R [a+b]a+|
17 _ 17
Sing = 0= '-2-3

=0 = sin"‘( ’%l = 53.96°

Example 19: Show that sin(a — £) = sina cos f — cos a sin §.

Solution: Ay-axis

Consider two unit vectors £ = OA and § = OB making

angles a and 8 with x —axis respectively. Thena — f§

is the angle between 1 and 9.
~Q=0A=cosal+sinaj
ﬂ=ﬁ=cusﬁi‘+slnﬂj‘

i j k

cosf sinf 0

cosa sina 0
= (0 - 0)i —"(0—0)j + (sina cos # — cosa sin f)k

= 0i — 0j + (sina cos § — cos asin A)k
= |0 x f1| = /02 + 02 + (sin @ cos f — cos a sin )2
= (sin @ cos f — cos a sin ff)

Also #x 1@ =|[||a]sin(a - p)fi

Now f#xil=

(1)




=7 x = (1)(1)lsin(a - B)I||
= U x il =sin(a - f§) (2)
From equation (1) and (2) we find that
sin(ae — f) = sina cos f — cosa sin
3.6.8 Moment or Torque of a Given Force About a Given Point
The moment of a force is the turning effect
of the force about a point, and is the product
of the force and d; where d is the perpendicular
distance of the point from the line of action of
of the force.
From figure, moment of the force F acting at
point P about point O is
Moment = |0A||F|
From the right-triangle OAP;
194l _ sin@; where 8 is the angle between 7 and F,

]ﬂPI
|0A|
= ——=2ginéd
I7l

= |0A| = |#|sin8
Thus, moment = (|7 sin 8)|F|
= IFl]F'| sinf@
Moment = 7 X F
The vector M = 7 x F, is called vector moment of the force F.

Example 20: Find the moment of the force F = 31 — 2j + 5k about the point (2, 1, —1) when it is
applied at point (3,0, 2). .

Solution:
Here F =3i—2f+5k
0 =(21-1)
P =(3,0,2)
F=0P=3B-2)i+0-1j+@+1Dk
=i—Jj+3k
Vector moment =7 X F
A
M=1 -1 3
3 -2 5

=(-5+6)i—-(5-9j+(-2+3)k
M =t+4/+k



Example 21: Find the moment of the force F = 71 + 4] + 2k when it is applied at the handle of a
door at the point (2, 1, 4) about the hinge at point (0, 0, 1).
Solution:
Here  F=70+4j+2k
0=(0,0,1)
=(2,1,4)
F=0H=(2-0)i+1-0)+@-Dk
=20+ +3k
Vector moment = # X F
i k
M=|2 {3
7 4 2
= (2-12)i-(4-21)j+(B8-Nk
M= -10i+17j +k
Is the required moment which is produced in the door.

O e e

1. For the following vectors, ﬁndﬁxbandbxﬂandpmvethatnxb— -b x d.

L a=2i+j-k; b=1i-37+7k
i, d=71+3+9k b=2-3]+k
i, d=1-2k b=31+2]
2. For the following vectors, find @ x b and prove that @ x b is perpendicular to both @ and
b. -

i a=3i—-6/j+2k; b=20-37+4k
ii. d=4i—-2j+3k; b=1+j-3k
3. For the following vectors, find the value of the sine of the angle between them.
i, d=20—4j+3k b=1-3j+4k
ii. d=4i—3j+2k b=3i—-7j+5k

. 4. i. Find a vector of magnitude 5 and perpendicular to both the vectors
d=31—2j+5kand b =8 — 2] + k.
: ii. Express the vector 5 + 2f — 3k as a sum of two vectors one of which is parallel and

other is perpendicular to the vector 2i — § + 3k,
. i. Prove the Lagrange identity |d x | = |al?|b|" - (a - B)’ ‘
ii. For the vectors @ = £ — 2, b = 21+ k and & = 3f + 2k, find a vector d which is
perpendicular to both @ and b. It is given that &-d = 1.



6. (i) Find the vector b such that @ x b = & and @+ b = 3; where @ = t — 2j + 3k and
E=i+j—k
(ii)Ifdxb=¢&xdandd x & = b x d, show that & — d is parallel to b — & where
d=dandb # ¢
7. (i) For a non-zero vectord ifd@-b=a-¢and d X b = @ x ¢ then show that b = .
(ii) For three vectors &, b and é if d + b + & = 0, then prove that
dxb=bxé=¢xa
8. (i) If d,b and & are three unit vectors such that @ is perpendicular to both b and & and
the angle between b and  is E, then prove that d = :tZ(E X E:'_l.

ol

(i) Prove that |d x B[ = |4'@ 45
a*b b-b
9. (i) If |d| = 3; || =5andd- b = % then find |d@ x b|.
(i) If |d] = 2; |b| = 5 and |d@ x b| = 8 then find @ - b.
10. (i) Find the area of a parallelogram if @ = 2{ — 3] + k and b = i — 2J + 7k are its two
. adjacent sides.
(ii) Find the area of triangle with vertices (1,-1,1); (2,1,2) and (3, 0, —1). Also find its
interior angles,
11. (i) Find the area of the parallelogram having diagonals 31 + j — 2k and [ — 3] + 4k.
(ii) If d, b and € are the position vectors of A, B and C respectively, then show that area of
triangle ABC is 3 |d x b + b x &+ & x d.
12.1fdb=0andd@x b = 0, then what conclusion can be drawn about @ and b.
13. Show that the three points with position vectors @ — b + 3¢, 2d + 3b — 4Z and
~7b + 10¢ are collinear.
14. (i) Find the moment of force 2 + 3j + 7k about the point (1, 2, 3) when applied at the
point (=1,2,0).
(ii)Two forces 21 — j + 3k and 3 + 4 — 2k are applied at the same point (1, —2,4).
Find the moment of these concurrent forces about (0, 0, 0).
15. (i) How much force is required to produce a moment of magnitude V57 N.m along the
direction 6i — 21j — 6k when applied at (2, 1, —3) about (—1,-1,1).
(ii)At what point the force 2i + 2 — 3k should be applied to produce a vector moment
M = 3t - 2j + k about (—1,2,-3).
16. A toy car is located at a point (2, 3, 5) relative to origin, such that when a force of |
31+ 2j + 7k is applied on car it starts rotating about the origin. Find the moment
produced by the force in the car.

= J i =T




17. A seesaw is fixed from its middle point which is at (0, 2, 3). Two forces F,[3,4,5] and
F;[9, 2, 7] are applied at points (4, 5, 3) and (-4, -1, -3) respectively. Calculate the moment
produced by each force about the fixed point in seesaw separately . Also find net moment.

3.7 Scalar Triple Product
3.7.1 Scalar Triple Product of Vectors
The scalar product of two vectors in which one vector is already a cross product of two vectors is

called scalar triple product. If one vector is d@ and other is b X &, then their scalar triple product is
d- (b x &).1tis also denoted by [@ b &].

3.7.2 Scalar triple product in form of components

. Consider the vectors d, b and  such that: —_——— o le
@ =a;i+af+ask (@-b) x & is meaningless. because
b = byl + byf + b3k : @b is a scalar and will not have
¢ =ql+cj+ek cross product with é. Thus, there
5 E 3k [ should be no anﬁJsiun in writing
bx¢é=|b, b, by d-(bx¢)asd-bxé
€ € &3 A — s

X € = (byc3 — byca)i — (byc3 — bycy)f + (byc; — 'h!fl}'ﬁ

=

Therefore,
G- (b x &) = (a1 + ayf + azk) - [(Bacs — bac2)i — (bycs — bscy)f + (bycz — bacy)K]
= a;(byc3 — bycz) — az(byc3 — bacy) + asz(byc; — bycy)

- @ az; as
a-Exe)=[b b b
€ € 3

If any two vectors in the scalar product are same or parallel then the two rows of the determinant
will be same, then the value of the determinant is zero. i.e, @b X & = 0

If we interchange any two vectors in the scalar triple product then the corresponding rows of the
determinant will be interchanged producing the value of new scalar triple product as a negative
multiple of the original product.

G-bxé==h+dX&=—a.éxbelc.

3.7.3 Scalar Triple Product of i, j and k Vectors
i fxk=11=1

jrkxt=jj=1



Thus

Thus
Similarly,

kixj=k-k=1
ifxk=jkxi=k-ixj=1

trkxf=1-(-)=—(-)=-1

Jrixk=j-(-D=-G-H=-1

k-jxi=k-(-k)=—-(k k)=-1 ' Key Facts

ikxj=jrixk=k-jxi=-1 When any two vectors
are same the value of

their scalar triple
t-jxj=1-(0)=0 product is zero.

JrRxj=] (D)=~ D=0 etc. L |

3.7.4 Dot and Cross are Interchangeable in Scalar Triple Product
Here we will prove that the cross and dot product in the scalar triple product are interchangeable.

ie, d-bxé=adxb-¢

For this let
d = a;i + a,f + ask
b = byi + byf + bak
€=yl + cf + o5k
As already proved that
¢, a; a3
d-bx¢é =|by b, bs (1)
€p € G3
& i k
Now dxb =la, a, az
by b, bs
dxb = (aybs — azby)i — (ab; — ashy)j + (a;b; — a;by)k
(@xb)-¢ = [(a;bs — asby)i — (asbs — azby)j + (ayb; — a b )k] - (cy1 + caf + €3k).
(@xB)-& = (azhs— azby)c; — (arbs — asby)cy + (arby — @2by)ey
(& X F) ¥ = aybicy — azbycq — a1b3c; + ashyc; + a3 byc3 — (tzbyC3
(ﬁ X -) ¢ = (a,byc3 — aybscz) — (azbyc3 — azbacy) + (asbyc; — azh;cy)

(E x E;) ¢ = ﬂ-ltbzfg = baﬂz) — ﬂz(blfa - bgl:j_) + a3(blc2 . blcl)

a, a; 4as

ax E ¢ = b1 bz bﬂ [2]
g & (3

From (1) and (2) it is clear that:

d-bxé=dxb-¢




Example23: Ifd=2i-3j+k b=-31+2/+3kandé=~1+j—k findd b xZ.

Solution:
. a; a; a4
Since d-bxé=|b b; bsl '
i €z C3 |
. 2 -3 1
Then d-bxé=|-3 2 3 |
=1 1 =1 |
dbxé=2(-2- 3)+3{3+3)+1(—3+z) '-
=-104+18-1
’ d-bxé=7 |
Example 24: Let we have three vectors d, b and & such that b is parallel to &. Compute @ - b x &.
: Solution:
Let a = a;f + aof + ask |
b = bt + byf + b3k |

€ =i+ cf+csk
Given that b and & are parallel: so !

b = A for some scalar A. I
byl + byj + bok = A(cyt + caf + c3k) = (Aey)t + (Acy)] + (Acy)k
= | by = dcy: by = Acy; by = Acy .
: a; a; as
Now d-bxé=|by by by
g C2 Gy :
% i G % ay a; ag
d-bxé= rlfl AEZ Jlfa =Al6s €2 (3
Cy Ca C3 Cy C2 €3
d-bxé=21(0)=0 (* R, & R are identical)

3.7.5 Volume of Parallelopiped and a Tetrahedrnn
i. Volume of a Parallelopiped
* Consider a parallelopiped with
| adjacent sides as @, b and &,
. Volume of the parallelopiped
: = (area of base)(perpendicular height)
= |d x b| - [0D| (1)

d x b is the vector perpendicular
to both @ and b. So 0D is in the direction
of @ X b.

ey




|0D | is the projection of ¢ along @ X b. Therefore

[ﬂ_.l_(&'ng'E_&-be
laxB|  |@xb|

Putting in equation (1), we get:

= Volume of parallelopiped = |d x b | (a s c)

| x B]
=d-bx¢
ii. Volume of Tetrahedron
coterminal edges d, b and ¢,
Volume of tetrahedron

"
Consider a tetrahedron with its three ?
"

1

[l

1 :
=3 (area of base) (perpendicular height) E
1

1 . an
= 3 (area of triangle 0AB)(|oD])

0

(8]
1l = i =
=§(i|axb])(!uu|) P
=§mxmﬁm

Also ]ﬁﬂ is the projection of & on d X b. Therefore
(@xb)-¢ a-bxé

laxb|  |axb|
Putting value in equation (1), we get:

|0D] =

d-bx¢é

* Volume of tetrahedron = l|¢'z‘ x b| =
6 |d@ x b|

1o, = .
=E[u-bxc)

Example 25: Find the volume of a parallelopiped with adjacent sides d = [ — 2f + k,

b=3i—3f+kand?=—-i—J+2k.
Solution: Volume of a parallelopiped with adjacent sides @, b and ¢ is:

- 1 -2 1
a‘bxé=|3 -3 1
-1 -1 2

v

@ x b is perpendicular to both d and b. So [0D)| is in the direction of @ X b.
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=1(-6+1)+2(6+1)+1(-3-3)=-5+14-6
= 3 cubic units
Example 26:Find the volume of a tetrahedron with vertices A(0, 0, 0), B(1, 3, — 1), C(2, 2, 1) and
D(1, 6, 5).

Solution:

Let the sides of tetrahedron ABCD are :
d=AB=(01-0)i+@B-0)f+(-1-0)k=1+37—Fk
b=AC=(2-0i+@2-0)f+1—-0)k=21+2f+k
¢=AD = (1—0)i+ (6 —0)j + (5— 0)k = + 6] + 5k

~ Volume of tetrahedron = % (& b x E)

1 3 -1
==12 2 1
: ®l1 6 s
” % [1(10-6) - 3(10 - 1) = 1(12 - 2)]

1 -33  -11
=-(4=-27-10) = — =2
z (4-27 ) = -
Since volume is a non-negative quantity, so
Volume of tetrahedron = % cubic units
3.7.6 Coplanar Vectors and Condition for the Coplanarity of Three Vectors

Coplanar Vectors
Two or more vectors lying in the same plane are known as coplanar vectors.
Condition for the Coplanarity of Three Vectors

Consider three coplanar vectors d, b and . 4
Exsisthevmmpemcndicularmhothﬁmds. dxb
Since &, b and € are coplanar then d x b is also

perpendicular to vector ¢, then
(&XB)'E=U _ E\ /.5'
.

& d@+b % & = 0 is the condition for the three vectors

to be coplanar.
Example 27: Find the value of A so that vectors

- d=1—J+k b=20+]+kand&=—1+AJ + 2k are coplanar.

Solution:
. d, b and & will be coplanar if
@-Bxé=0
-1 1
~[2 7 g
1 .al B

=1B8-2)+1(16+1) +1(2A+1) =0

—_—
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=8-1417+21+1=0
= A+26=0
= 1=-26

1. For the given vectors @, b and & prove that @-bxé=h-éxd=¢&-ax b
i d=31—j+2k; b=214+3-k E=-i+2j-3Fk

i, d=-20+7j+k b=4i+2j+k E=27+k
2. For the given vectors @, b and & prove thatd@-bx é = —b-dxé=—-a-&xb

i. d=1i+]; b=j+k é=i+k ;
ii. d=71-2j+k b=i+]; é=j-Fk
3. i. Show that the vectors @ = —41 — 6] — 54k, b = —1 + 4j + 3k and :

¢ = —i + 2J — 3k are coplanar.
ii. Find the value of A so that the vectors d = { — 2f + 3k; b = —21 + 3 — 4k
and & = —i 4 AJ + 2k are coplanar.
4. 1. Find the value of A if the points A(— 1, 4, — 3); B(3,4,—5); C(-3,8,-5) and
D(—3,2,1) are coplanar.
ii. Ifthe vectors @ = ai +f + ;b = 1 + Bf + k and € = 1 +f +y k are coplanar,

thenpmvﬂthatl: +—+-— =1 where a,fy#1

a 1=  1-y,
5. i.Ifd,b and ¢ are coplanar then show that d + b, b + € and ¢ + d are also
coplanar.

ii.Ifd, b and € are non-zero vectors such that ¢ is a unit vector perpendicular to
both @ and b and the angle between d and b is %; then prove that
G 5 & =tlar
6. Find the volume of the parallelopiped with given three coterminal edges:
i d=2t+3j—-4k; b=t+2-3k E=31+j+k
i, d=-3i+6/+k b=1+2j+3k Ed=-1+2j+6k
7. Find the volume of the tetrahedron with given vertices:
i A(2,1,0); B(-1,2,6); C(2,0,3); D(,-1,0) .
1. A(0,1,0); B(2,0,1); C(3,1,2); D(5,6,—-1)

3.8 Application of Vectors in Real World _

Vectors can be used by air-traffic controllers when tracking planes, by mcleqml?glstg when
describing wind conditions, and by computer programmers when they are designing virtual
worlds. In this section, we will present some applications of vectors that are commonly used in
the study of physics: work, torque, and magnetic force.




3.8.1 Projectile Motion _ .
A projectile (stone) thrown with an initial speed u at angle ¢ with the horizontal, has a vertical

component of (u sin ¢ — g t) and the horizontal component of u cos ¢ under components of vector.
3.8.2 Sharpening wooden pencil with a blade

We cut the pencil at an angle. The component of force in the direction perpendicular to the pencil
cuts the pencil. The component of force in the direction parallel to the pencil removes the thin

wooden part.
3.8.3 Earth’s magnetie field
Earth’s magnetic ficld has two components B and H which are perpendicular to Earth’s surface

and parallel to the surface.

Pendulum
The tension in the string has two components to balance the weight and to give the centripetal

force.
3.8.4 Digital graphics: Vector art can be defined as digital graphics using mathematical formulas to

construct shapes and lines. Vector images maintain their quality irrespective of size. This
adaptability makes vector file formats flexible, resilient, and always looking sharp. Vector artwork
is digital art produced with vector design software like Linearity Curve (formerly Vectornator),
Adobe Illustrator, and Sketch. These vector graphics editors generate simple shapes between

points instead of pixels.
Programing: A vector, in programming, is a type of array that is one dimensional. Vectors are a

logical element in programming languages that are used for storing a sequence of data elements of
the same basic type. Members of a vector are called components.

GPS Unit: When you use your GPS unit to get from point A to point B. The GPS unit will give
you a distance (magnitude) and a direction. A vector is, therefore, a directed quantity: a number
with a direction.

Example 28: An air-plane is flying with an airspeed of 475 km/h on heading of 70°. If an 80 kmv/h
wind is blowing from a true heading of 120°. Determine the velocity and direction of plane relative

to the ground.
Solution:

alr

P = 475 cos 20°% + 475 sin 20°J
A = 80 cos 150° + 80 sin 150°§




1

P = 446,351 + 162.46f

A = —69.281 + 40]
OB = P + A = 377.071 + 202.46]

6 = tan™? (%) = tan~1(0.536) = 28.23°
0B = /377.072 + 202.462 = 428km/h

Choose the correct option.

iii.

iv.

vi.

VIi.

The vector in the direction of f + 2j = 2k and having magnitude 12 is:
1 -
a. —(1+2]-2k) b. 12(1 + 2j — 2k)
1pga - &
c. (i+27-2k) d. 4(i + 2j — 2k)
The position vectors of three vertices of triangle are 2 + j — k, 31 — 2] + 4k
and  + 4f — 3k. The triangle is:
a. isosceles b. right angled c. scalene d. equilateral

Given two vectors [ — J and i + 2] , then the unit vector coplanar with two vectors
and 1 to first is:

§ e v

a. t%(f"f} b. £ =(2i+])

1 1 7

b e+ d+1(i+3)
If]fi + E' = |Ei - Ei then;
a. |l =|b| b.dLb c.dllb  dd=b=0
If &, b and ¢ are mutually perpendicular unit vectors; the value of |d@ + b + ¢| is:
a |1 b. V2 c.Vv3 d.2

Ifd+ b+ ¢ = 0and |d| = 3,|b| = 5.|¢| = 7 then angle between d and b is:
a. = b 2—“ c 5_“ d E

6 - "3 "8

Ifa= 2?+3}—E;3=-—I+ 2}‘-4§ and € = [ + J + k then the value of

(EK F).(&xﬁ")is:
a 74 b. =74 c. 52 d. —52

viii. If |d X B| = 4 and |. B| = 2; then |@[2|B| " is:

a. 6 b. 20 c.2 d. 8

R . Netivned Rk Founidation
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ix. If @ is the angle between the two vectors d and b and |E X b] |a. b|
then value of @ is:

T T n
a 0 b; c.: d.'z‘
x. Thevalueof [ -} p—¢& &—dlwherel|d|=1]b|=5|¢=3is:
a. 0 b. 1 c. 6 d. 15
2. Find the value of A so that the vectors d@ = 3t — 2] + 6k and b = { — 4] + 3Ak are:
i. parallel ii. perpendicular
3. Ifd=—-3i+2/+4kandb=1-2j+4k then find the component of @ + b along
. d—b.

4. Find || if # is unit vector and (3 — ¥). (ii + ¥) = 18.

5. The scalar product of  + J — k with the unit vector along the sum of the vectors
2i — 3] + k and A — 2j + 3k is —1. Find the value of 1.

6. For any vector @; prove that |&@ x |2 + |@ x j|? + |d x E[z = 2|d|2

a. .. 0

ina sinf siny

7. With usual notations for a triangle ABC; prove that

method.

8. Suppose an airplane has a velocity relative to the air with a speed of 200 kmvh and a
direction of 60°. Suppose the wind is blowing from the west at 40 km/h. Calculate
the ground speed and the true course for the plane.

9. A pilot wants to have a true course of 100° with a ground speed of 250 kmvh. If the
wind has a velocity vector (r, 8) = (20, 30°), what should be the speed and direction
of airplane with respect to air.

by vector

%




SEQUENCES AND SERIES

After studying this unit, students will be able to:

Solve problems by analysing arithmetic sequence and series up to » terms.
Solve problems by analysing geometric sequence and series up to » terms.
Identify a sequence as arithmetic or geometric sequence up to » terms.
Solve problems by analysing harmonic sequences and series up to n terms.
Recognize sigma () notation.
Find sum of

« the first » natural numbers (Zn),

« the squares of the first n natural numbers (Zn?),

+ the cubes of the first n natural numbers ().
Define arithmetico-geometric series.

¢ Find sum to » terms of the arithmetico-geometric series.

A sequence is simply an ordered list. For example, a
superball dropped from the top of the tower (556 ft high)
always rebounds three fourths of the distance fallen. How
for (up and down) will the ball have traveled when it hits
the ground for the 6th time, a sequence is being formed?
When the members of a sequence are numbers, we can
find their sum. Such a sum is called series.

Solve real life problems involving arithmetic sequence, arithmetic mean and arithmetic
series.




4.1 Sequence

We encounter sequences at the very beginning of our mathematical experiences. The list of even

numbers; 2,4,6,8. 10...
and the list of odd numbers;
1.3.5:7.9..

are examples. We can ‘predict’ what the 20th term of each sequence will be just by using -
€Ommon sense.
Sequences can be either finite or infinite. For example,
2,4,6,8, 10
is a finite sequence with five terms whereas,
5, 10, 15, 20, 25,...
continues without bound and is an infinite sequence.

The list of positive odd numbers:

1:3: 8. 79,
is an example of a typical infinite sequence. We use the symbol @, to denote the nth term of a
given sequence. Thus, in the above sequence; a; = 1, a; = 3, a3 = 5 and so on, the first term is
a,; = |, but there is no last term.
The list of positive odd numbers less than 100 is :

1;:3,8,77,9,..,99
This is an example of finite sequence. The last term is 99. This sequence contains 50 terms.

There are several ways to display a sequence.

e Write out the first few terms.
* Give a formula for the general terms.
* Give a recurrence relation.

Sequences: If the domain of function fin the set of positive integers, then the element of /(x) is
its range can be arranged in order of increasing n;

S, F@.fB). .., f&),..

For example if n is a positive integer, then the first several elements in the range of:

Functions whose domain are the entire set of positive integers are given a special name,
Definition:

Sequences: A sequence is a function whose domain is the set of positive integers. |
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Terms: Rather than using the customary function f'(x), a sequence usually denoted by symbol
{ a_ }. The terms of the sequence are formed by letters n take on the values 1,23 ... in the general
term a,. Thus, { a, } is equivalent to:

a, a a ...a,.. < clementsinrange |
| S . s < i .
1 2 3 .. n,... <elementsindomain |

A much better way to describe a sequence is to give a formula for the nth term a,. This is also
called a formula for the general term. For example, a, = 2n — | is the general term for the
sequence of odd numbers.

Consider the sequence 2, 4, 8, 16,...
Here, firstterm: a,=2'=2

second term:  a,=2°=4
third term: a3 =2'=8

The general term is a, =2"
This sequence can also be written as:

B N | L
Example 1: Find the first four terms and the 57th term of the sequence whose general term is
given by a, = (;ﬂn,
Solution: g, = f:; = —i | : a= .%]: =§
ﬂa—t—;l,“i:"% ’ “‘=%'];:=§

Note that the expression (—1)™ causes the signs of the terms to alternate between positive and %

negative, depending on whether n is even or odd. }

Example 2: For each sequence, predict the general terms. J

(i) 1,4,9,16,25,... (i) Vv1,VZ, 3 V4,... |

(iii) —1, 2, =4, 8, —16,... (iv) 2,4,8,16,... )

Solution: (i) There are squares of consecutive positive integers.
So, the general term is n’ 2

iLe. a,=n" |
(ii) There are square roots of consecutive positive integers. So, the general term is Vn. |
(iii) There are powers of 2 starting from 0 with alternating signs.
So, the general term is (—1)"[2™"!]. 2y
(iv) If we see the pattern of powers of 2, we will see 16 as the next term and gives 2" |
for the general term. |



1.In each of the following, the nth term of the sequence is given. In each case find the first 4 terms;

the 10th term, a,o and the 15th term, a,s.

(i) apn=3n+1 (i) ap=3n-1 (i) an=r7 (iv) ap=n*+1
LS P _n*-1 " _(-1 mad = (=1)" n2
V) ap=n'-21 (Vi) = i) @y =(F)  (vii) aa= (=)' n
(iX)a, =(—1)" (n+3) (x) a,=(—1)"** (3n -5)
2. Find the indicated term of the sequence
(i) ap=4n-3; ag (i) ap=5n+11; aq
(i) a, =(3n+4)(2n-5); a; (iv) ap=(-1)""1(3.4n-17.3); ay;
2

(v) @, =4n*(11n+31); az (vi) aﬂ=(1+i-) : Qag
(vii) @, =log 10™; a,; (viii)a, = Ine™; ag;

3. Predict the general term or nth term, a,,, of the sequence.

) 3,579 (i1) 3,9, 27, 81, 243,...

(iii) V2, V4, V6, V8, V10,... (v) 1.2,23,34,45,..

4.2 Arithmetic Sequence

A professional race car driver drives out of a curve. He enters the straight away at 119.9 mph. He
increases his speed by 78.3 mph and after 9 seconds his speed is 198.2 mph.

The table below shows how his speed increased each second after entering the straight path.

'1'.'.""']’._._"&3 i o 1 2 3 4 5 6 7 8 9
Speedinmph | 1190 | 128.6 | 137.3 | 146.0 | 154.7 | 163.4 | 172.1 | 180.8 | 189.5 | 198.2
250
200
E_ 156 4— ———— - I
g- - +— s T e T
7 s
|
0
] 2 4 6 8 10
Number of seconds

- e ———, e T o
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From the table and graph, we observe the number and pattern. This set of numbers is an example
of a sequence. Each number in a sequence is called a term. The first term is symbolized by a,,
the second term by a; and so on to a,,, the nth term. The sequence shown in the table contains
ten terms. Therefore, a;=119.9, a,= 128.6 and a,, = 198.2 (each term is obtained by adding 8.7
to the previous term). A sequence of this type is called an arithmetic sequence or arithmetic
progression (A.P). The number added to find the next term of an arithmetic sequence is
called the common difference and is symbolized by the variable 4.

L

Explanation: In as arithmetic sequence, all terms (other than the first) can be found by adding
the same number to the preceding term. For example, the sequence 2, 5, 8, 11, 14, 17, ... is
arithmetic because adding 3 to any term produces the next term. In other words, the difference
between any term and the proceeding one is 3. Arithmetic sequmce are also called arithmetic

progressions (A.P).

To find the next terms in an arithmetic sequence, first find the common difference d by
subtracting any term from its succeeding term, then add the common difference to the last term
to find successive terms.
Example 3: Find the next four terms of the arithmetic sequence 33, 39, 45...
Solution: Find the common difference 4 by subtracting two consecutive terms.
d=39-33=6 or d=45-36=6.

Now add 6 to the last term of the sequence and then continue adding until the next four terms are
found.

as = 45+6=>51, as = 51+6=57

ag = 57 +6=63, a7 = 63+6=69

The next four terms of the sequence are 51, 57, 63, and 69.
In this way terms of an arithmetic sequence are formed.

4.2.1 Formula for the nth Term of an Arithmetic Sequence (A.P)
The nth term a,,, of an arithmetic sequence with first term a, and common difference d'is given by

ﬂn = ﬂl -+ {ﬂ - 1} d
This is known as recursive formula.

Note that the coefficient of 4 in each case is 1 less than subscript.
Example 4: Suppose a race car driver increases speed at constant rate. What will his speed be

after 15 seconds, if his initial speed is 85 mph and his rate of acceleration is 4.5 mph per second?

Solution: a; =85 and d=4.5, a;4="7 (After 15 sec means we have to find a;¢ term)
Find a,5 using a, = a, +(n—1)d

a6 =85+(16-1)(4.5)

Q15 = 152.5
His speed will be 152.5 mph after 15 seconds.

b B e
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Example 5: The third term of an arithmetic sequence is 8, and the sixteenth term is 47. Find a,, d

and construct the sequence. Also find a4c.

Solution: We know that a3 = 8 and a,, = 47. We need first term a,and d {cnmmon difference).
a; =8 (Heren=13)

So, az=a;+(3-1)d = 8=a,+2d (1)
and : ay¢ =47 (Here n= 16)
a5 =a;+(16-1)d = 47=a, + 15d (ii)
Solving (i) and (ii), we have
a, =2, d=3 .
. So, a;=2, a;=a,+1.d=2+3=35, az=a; +2d=2+6=8,

ag=a;+3d=2+9=11""
The sequence is 2, 5, 8, 11, .
Now, a;5=a, +(15—1}d’ al-i-ldd 2+14(3)
ﬂ15_44
4.2.2 Arithmetic Mean

To find arithmetic mean between two numbers a and b, we use formula

a+b
AM= e
A number A is said to be arithmetic mean (A.M) between two numbers a and b if g,
A, barein AP, |

If d is the common difference, then
d =A-a=b=4

24 = a+b
a+b
4 =

Example 6: Find the four arithmetic means between 19 and 54.

Solution: We can use the nth term formula to find the common difference.
In the sequence 19, ; ; ; . 34; we have, a; = 19 and ag = 54.
| To find d, use ag = a, +5d
54=19+5d = d=17
Use a; = 19 and d = 7 to find the four arithmetic means

! ; az =ﬂ1+d =19+7 =26
| @ =a;+2d =19+2(7) =33
E 4, =ay+3d  =19+3(7) =40

as =a,+2d  =19+4(7) =47

I ( The four arithmetic means are 26. 331 40 and 47. .M
Example 7: Find the A.M between 6 and 18. - :

Solution: We have a, =6, b= 18, then

A.M-ﬂ—ﬂﬂlz ﬁ:mmmihnmm |

2




Example 8: Find the 7 A.Ms between' 7 and 20.
Solution: Let A1, A2, 4s... A7 be the required A.Ms between 7 and 20. Then
7, Av, Az, A3, As, As, As, Az, 20 are in AP,
a;=7, n=9, ag=20
@ +8d=20 = T+84=20 = d=1

10
PR H checkpoint

10 10
_ 11 92 Show that sum of n A. Ms between
<A ﬁ)=ﬁ' a & b is equal to n times 4. M
147 betweenad&b.

— 103 =27 -k - =
Similarly, ffs—m,zh E,As 2,..45 S.A-.r i

1. Find the first four terms of each arithmetic sequence.

(i) a,=4, d=3 (i) a,=7, d=5 (i) a, =16, d=-2
(iv)a; =38, d=-4 ™ a=3d=3 o) ay= 3 d=3

2. Find the next three terms of each arithmetic sequence.
(i) 5.9, 13, ... @) 11,14,17,... (@) 3 3 3 ... (iv) 0.07,0.12,0.17, ...

3. Find the 11th term of the arithmetic sequence 0.07, 0.12, 0.17,...

4. The third term of an arithmetic sequence is 14 and the ninth term is —1. Find the first four
terms of the sequence.

5. Find an arithmetic sequence for a,; = —40 and a,g = 73, find a; and d. Write first five
terms of the sequence.

6. The fifth term of an arithmetic sequence is 19 and 11th term is 43. Find the first term and 87th term.

7. Which term of the sequence —6,-2, 2,... is 70?7 -8. Which term of the sequence 231 -1—25?

2'2'2
9, If i !L'E- are in A.P. Show that the common difference is E

10. During a free fall, a sky diver falls 16 feet in the first second, 48 feet in the 2nd second and
80 feet in the third second. If he continues to fall at this rate, how many feet will he fall
during the 8th second?

11. If Rs. 1000 is saved on August 1, Rs. 3000 on August 2, Rs. 5000 on August 3 and so on.
How much is saved till August 207

12. A gardener is making a triangular planting, with 35 plants in the first row, 31 in the second
row, 27 in the third row and so on. If the pattern is consistent, how many plants will there be
in the eighth row?

13. Find AM. between (j) 7 and 17 () 3+3VZand7-3V2

(iii) 7V5 and V5 (iv) 2y+5and5y+3

14. Find ‘b’ if 10 is A.M between b and 20.

15. Find x and y if 2 and 13 are two arithmetic means between x and y.
16. Find the two arithmetic means between 5 and 17.  17. Find three arithmetic means between 2 and 18,
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4.3 Arithmetic Series

A sky driver falls freely covering the distance in the following pattern. These free-fall distances
form an arithmetic sequence. 16, 48, 80, 112, 144, 176, ...

To find out what the total distance coverd by the sky diver is, we would add the terms in the
sequence. 16 +48+80+ 112+ 144+ 176

The indicated sum of the terms of a sequence is called a series. Above series is called an
arithmetic series.

Definition: Arithmetic Series: An arithmetic series is the some the terms in an arithmetic

sequence. An arithmetic sequence is a numbers in which the difference between consecutive
5 terms is constant.

i Following are the examples of arithmetic sequences and their corresponding arithmetic series.
Arithmetic Sequence Arithmetic Series
2,4,6,8,10 2+4+6+8+10
-8,-2,4 -8+(-2)+4
g8 a8 2032 .00
55’5’5 5 5§ 5 §
@y, @z, ds, ﬂ,!.,.... ay, ' ay +az+ﬂ3 +ﬂ4 +,...,+ﬂ.n

The symbol S, is used to represent the sum of the first n-terms of a series. For example, Ss means

the sum of the first four terms of a series. For example, the sum of series 3+ 6+ 9+ 12 s 30. Ifa
series has a large number of terms, it is not convenient to list all the terms and then find their sum.
4.3.1 Sum of nth term of A.P

To develop a general formula for the sum of any arithmetic series, let's consider the series of sky
diving distances.
16 +48 + B0+ 112+ 144 + 176
We write S5 in two different orders and find the sum.
Ss=16+48+80+ 112+ 144+ 176

+ Ss=176+144+112+80+48+ 16

2856=192+192+ 192+ 192+ 192+ 192 ...  Jtimes 192 (6 sums of 192)
=6[192) = Ss=3[192] (Divide each side by 2)
& Here, 6 represents n, 192 represents the sum of the first and last terms (16 + 76) i.e. a;+ a,,. We
can replace the equation with the formula:
; ; Sn= 7 [a,+ ap] )

| We have learnt that in an arithmetic sequence, a,, = a, + (n — 1) d. Using this formula(i), we get
another version for the sum of an arithmetic sequence.

Sn = E[ai+an]; replace a,, witha, +(n—1)d
Sn= Z[ay+(ay +(n—1) d)]

Sn= 3 [2ay+(n-1)d]
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_ The sum Sx of the first n-terms of an arithmetic series
| is given by:
Sa= 21+ a,] = Su= = [2a;,+ (n-1)d]

Example 9: Find the sum of the first 100 positive integers.

Solution:
1" Method: In this serics, a, =1 and a, = Qqpp = 100
So= 7 l@r3 ap)
Sioo= == [1 +100] = 5050
2""Method Sumis1+2+3+ - .- + 100 term
a,=1,d=1,n=100
&=§ﬂm+h-nﬂ
Sioo = 2 [2(1)+ (100 - 1)(1)]
Sioo =50 [101] = 5050

Example 10:
Find the sum of the first 50 terms of an arithmetic series where a, = 5 and d = 25.

Solution: Given
a;=5d=25n=50

Sn=>[2ar+(n—1)d]
Sso = ? [2(5) + (50 - 1)(25)] (substituting values)

Sso=25 [10 + (49)(25)] = 30875

Example 11:Theaters are often built with more seats per row as the rows move towards the back.
Suppose the main floor of a theater has 28 seats in the first row, 32 in the second, 36 in the third

and so on for 50 rows. How many seats are on the main floor?
Solution: From the given information, 1st row = 28, 2nd row = 32, 3rd row = 36. The series is:

B3 H36+ 1 ieernivernnc (50 rows)
a, =28,d=4,n=50

Sa= % [2ay+ (n—1)d)
Sso= = [2(28) + (50~ 1)(4)]
Ss0=25 [56 + 196] = 6300

o2 A Ao Book Foundaton

(substituting values)
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Example 12:
Find the first three terms of an arithmetic series where a, = 17, @, = 101 and S,, =472.
Solution: First, find ‘n°.
Sn= 7 [as+ ay);
472=2[17+101] = 944=18n = n=8
Next, find “d’.
a,=a;+(n-1)d
101=17+(8-1)d
84=7d = d=12
Now we have:
a;=a, +d=17+12=29
a;=a, +2d=17+2(12)=41
Thus, the first three terms are 17, 29 and 41.

Find the sum of each series (1 -7).

1. 4+7+10+13+16+19+22+25 2. a,=2, a,=200, n=100

3. a;=5, a, =100, n=200 4 .a;=4,n=15,d=3

5. a,=50,n=20,d=-4 6 3+EDHEID* e + agp
7. 9+11+13+15+......... for n =12

8. Find the sum of the even numbers from 2 to 100.

9. Find the sum of the odd numbers from 1 to 99.

10. Find the sum of all multiples of 4 that are between 14 and 523.
Find S,, for each arithmetic series.

11. a,=3,a,=-38,n=8 12, a,=85n=21,a,=275
13. a;=34,n=9,a,=2 14. a;=5d=n—13
15. a;=91,d=—-4,a,=15 16. d=-4,n=9,a,=27
Find sum of the arithmetic series.

17. 6+12+18+ ...+96 18. " 34+30+26+,,.+2

19, 10+4+(=2)+... +(=50)

Find the first three terms of each arithmetic series.

20. a,=17,a,=139,5, =876 21. n=14,a, =53, 5, =378

22. a,=6,a,=3065,=1716

23. A formation of a marching band has 14 marches in the front row, 16 in the second row,
18 in the third row and so on, for 25 rows. How many marchers are in the last row?

How many marchers are there altogether?




24. How many poles will be in a pile of telephone poles if there are 50 in the first layer, 49
in the second and so on, until there are 6 in the last layer?

25. A family saves money in an arithmetic sequence: Rs. 6000 in the first year, Rs. 70,000 in
second year and so on, for 20 years. How much do they save in all?

26. Mr. Saleem saves Rs. 500 on October 1, Rs. 550 on October 2, and Rs. 600 on October 3
and so on. How much is saved during October? (October has 31 days)

44 Geometric Sequence
Iodine is used medically as a tracer isotope in monitoring the activity of the thyroid gland. A patient

is given a compound containing the radioactive iodine. The amount of iodine retained by this gland
is a measure of its ability to function.

lIodine has a half-life of about 8 days. That means approximately every 8 days, half the mass of
iodine decays into another element. Then in the next 8 days, half of the remaining iodine decays,
and so on.

Suppose a container hold a mass of 64 milligrams of iodine. To find the remaining mass of iodine
after each half-life, 64, 32, 16, 8, 4, 2, 1, and 0.5, are what type of patterns do you suggest?

The pattern of masses forms a sequence of numbers known as a geometric sequence or geometric
progression. The terms in this example are 64, 32, 16, 8,4, 2, 1, and 0.5.

Explanation: In an arithmetic sequence, we added a cértain number to each term to get the next
term. With the kind of sequence we consider now, each term is multiplied by the certain number
to get the next term. Then are called geometric sequence or geometric progressions (G.P).

Consider the sequence: 2, 6, 18, 54, 162, . . .
If we multiply each term by 3, we obtain the next term. Sequence in which term cab be multiplied

by a certain number in order to get the next term are called geometric. We call this multiplier the
‘common ratio’ because it is found be dividing any term by the preceding term.

In any geometric sequence, the common ratio r is found by dividing any term b}f the previous term.
Example 13:Find the next two terms of the geometric sequence 4, 12, and 36.

Solution: To find the commeon ratio, find the quotient of any two consecutive terms.

12 _ 36 & s
= = 3; the common ratio is 3.

The fourth term = 36 (3) = 108
The fifthterm =108 (3) =324
~ The next two terms of the geometric sequence are 108 and 324.

4.4.1 Formula for the nth Term of a Geometric Sequence

Successive terms of a geometric sequence are usually expressed in the product of r and the previous

term. Thus, a geometric sequence is also a recursive sequence. Each succeeding term in a GP
contains a factor of r, each term can be expressed as a product of r:




We derive the formula for GP using previous example. Observe the following table:

a4 a; as Ay -1 -1-1-1- _ Gn
4 [4m=12460=36 [acH=108 | . | .| . |.|.].| 4™
a ar ar® ar? A I N A I ar™-1

The nth term @, of a geometric sequence with first term a, and the common ratio r is given by
formula: a, = a;r*t

Example 14: Write the first five terms of a geometric sequence in which a, =5 and r= 2.
Solution: Given a; = 5. Write next term using formula; a, = a,r"!
a; =a;r* " '=a;r =(5)(2) =10 (Substituting values@; =5, r=2andn=2, 3, 4, 5
az =a,;r*"*=a,r*=(5) (2)* =20
ay=a,r*1=a,r?=(5) (2)° =40
as =a,r>"1=qa,r*=(5) (2)* =80
*~ The first five terms of a sequence are 5, 10, 20, 40, and 80.
Example 15: Find the seventh term, a;, of a geometric sequence in which a; =96 and r=4,
Solution: The general form of the third term of a sequence is a,” (a,r371).
Wehaveay =96,r=4,a; =7
a; = ar?
96 = a, (4)%; (we need a,to find a,)
96 =a,(16) = a;=6
Thus, a, = a,r® = (6) (4)° = 24,576.
Example 16:
Mr. Khalid saves Rs. 1000 on the first day. Then each day thereafter, saves double the amount he
saved the day before. Find the amount he should save the 20th day of the month.
Solution:
In this sequence, a; = 1000. Since the amount of money is twice that of day before, so r = 2.
an=a;r™! ; ay=1?
gz = alr“-"' - ﬂﬂ"lg = (lﬂ'ﬂﬂ) {2]”
Qg = 524288000
On the 20th day, Khalid should save Rs. 524,288,000,
4.5 Geometric Mean
If a, G, b is in a geometric sequence, then G is called the geometric mean of @ and b.
From geometric sequence a, G, b, we have :
Cormon ratio: r = £ (), =2 (ii)
Form (i) and (ii)
a_G6

— T z=
= h=G ab

G = :t W ahb |
Thus the geometric means of two numbers is the square root of their product. |




Key Facts
e The positive square root is chosen, if both the numbers are positive.

e The negative square root is chosen, if both the numbers are negative.
e The mean is imaginary, if two numbers have opposite signs.

Example 17: Find the geometric mean of each of the following pairs of numbers.

(i) 9and 4 (ii) -r-ami—%
Solution: (i) Herea=9and b=4. So, '
G=+ab (both are positive)
G=49%x4=6 .
(ii) Gwena——— b-—?
G=+ab (both are negative)
[z ‘iJ_
2 B
=42

Example 18: Find two geometric means between 81 and 3.

Solution: The sequence is 81, ; i

Use the general formula for the nth term to find the value of r.
Since a; =81,a,=3,n=4.

So, as=a;r"! becomes a,=ayr® or 3=81(r)*

r==§ = (= (%) (taking cube)

3

a;=a;r=81(3)=27
2
a, =a,r? =8l G-) =9
The missing geometric means are 27 and 9.

Example 19:A vacuum pump removes % of the air from a sealed container on each stroke of its
piston. What percent of the air remains after five stroke of the piston?

Solution:

Let 1 represent the original amount of air. After the first stroke, 1 —-_:: or 4; of the air remains.

The second stroke removes ¢ L of the remaining air.

Thus the amount that remain after two strokes is (1 — %) =4 % or %

This pattern can be expressed as a geometric sequence.




Nll mlmr ﬂf {} . 1 -2 3 4 5
strokes

4 16
Sequence 1 H 75
Terms a2y i sy ay g Qg

Now we use the formula a, = a,7™"? to find ag, the amount of air left after five strokes
a, = a;r"! (substituting the values; a; =1 and r = E)

Determine whether each sequence is geometric. If so, find the common ratio.

1. §, 20, 100, 500,... 2. 2,4,6,8,...
3. 5222 4. 7,14,21,28,...
2’4 8’16
Find the first four terms of the geometric sequence.
5 a;=3, r==-2 6. a1=2']',r=—-:- T n1=12,r=§
Find the next two terms of each geometric sequence.
8. 90, 30, 10... 9. 2,6:18... 10. 20, 30,45...
111 11
11. 729,243, 81... 12. =53 13. 25 L.
Find the nth term of each geometric sequence.
14. a;=4,n=3, r=5 15. a;=2,n=5, r=2
16. a;=7,n=4, r=2 17. @y =243,n=5, r=—3
18. a,=32,n=6, r=-§ 19, a1=15,n=3,r=:-_
Find the missing geometric means.
20. 3, , » , 48 21 1, s , 8
2. £ : , ; % 23. 3, , 75
24, 5, " ; , 80 L. . y , 112

26. A Ping-Pong ball is dropped from a height of 16 f# and always rebounds one-fourth of the
distance fallen. How high does it rebound the 6th time?

27. A city has a current population of 100, 000 and the population is increasing by 3% each year.
What will the population be in 15® years?

129




28. A super ball dropped from the top of the tower (556 ft high) always rebounds three-fourths of
the distance fallen. How far (up and down) will the ball have travelled when it hits the
ground for the 6th time?

29. The teaching staff of high school informs its members of school cancellation by telephone.
The principal calls 2 teachers, each of whom in turn calls 2 other teachers, and so on. In order
to inform the entire staff, 6 rounds of calls are made. Counting the principal, find how many
people are in staff at high school?

30. A 5-day rain caused the river to rise. After the first day, the river rose one inch. Each day the

rise in the river tripled. How much had the river risen after 5 days?

4.6 Geometric Series

The sum of the terms of a geometric sequence is called a geometric series.

4,6.1 Sum of the First n Terms of a Geometric Sequence

We want to find a formula for §,, when sequence is geometric as given below.
ay, ayrt, ayr? a3, .., ar™?

The geometric series S, (sum of n terms) is given by:
S.=a, +art +ar+ard+ o +art?art? (1)

If we multiply both sides of equation (1) by r, we have
pSy=ar+aritard+ 0 +agrtt4ar” (2)
Subtracting corresponding sides of equation (2) form equation (1), we get:
5“ o r5n= ﬂl o er“
or S.(1=-r=a,(1-1r")
Dividing on both sides by 1 — r gives the following formula:

The formula for finding the sum of n terms of geometric series:

5-“:“_1?%‘,1 forany r#1
Note: When r = 1, the denominator becomes zero. Therefore, the formula is applicable when r # 1.
ror |r| =1, weuse: §, = g fri-1) For |r| < 1, we use: §, == (1-r")
r=1 1=r

Example 20:
Find the sum of the first 7 terms of the geometric sequence 3. 18, 75:375, +04

Solution: First we note that:

15
a; =3, n=17, p=or 5




Using the formula for the sum of geometric series:

S, =22 For || >1
_3(57-1) = 3l aiid
et (Substituting values of ay, n r.)

= 2081251 _ 58, 593.

—_— key Facta
| | Another form of the formula for S, can be developed and used, when we don’t have

number of terms. l

an =a,r"!
Ay . = a;r™!.r  (Multipling by ‘r") |
apnr = ayr™ (i) |
We have, S, = 5*;—_“:Lﬂ f
Sy = % (Substituting value of a,r™)

Example 21; Find the sum of a geometric series for which a; =48, a, =3 andr = —%.
Solution: Since we don't know n,

= @1~ anT
=
.‘e-g -1 ¥ ¥ 1
Sa= = {Substltutmgaimq.g‘En=3mdr=_;)
L

Example 22: Find a, in a geometric series where §; =3279 and r=3.
Solution: Now, Here S7=13297,r=3,a, =?

e 'SI'I =Salr -2 (rf-1)

r-1

§; =2l (Taking =7 to get §,). |
3279 = 5’% (Substituting r = 3) |
3279 = 81.(2187-1)

2
| = 31::? =a, (Solve for a,)
O a = 3
i 452 Infinite Geometrie Series

: The first swing of a pendulum measures 25cm. The lengths of the successive swings of the
pendulum form the geometric sequence 25, 20, 16, 12.8,...
Suppose the pendulum continues to swing back and forth indefinitely then the sequence shown
above becomes an infinite geometric sequence.




The total distance the pendulum travels can be expressed as the infinite geometric series
25+20+16+12+ ...
In the series, @, =25 and r=22 = 0.8
So, the series can be expressed as:
25 + 25 (0.8)* + 25 (0.8)% + 25 (0.8)* + 25 (0.8)* +...
Look for a pattern in the values of (0.8)™ as n increases.
(0.8)' = 0.8, (0.8)° =0.107374, (0.8)5° = 0.0000143
In an infinite geometric series where |r|< 1, as the value of n increases infinitely, the value of r™
approaches 0. Therefore, substituting value of r™ in the formula:

Sn — 4 (1-?‘"‘)‘
1-r

we get: Sen :‘—1 . This is formula for the sum of an infinite geometric series. :
-7

Sum of an Infinite Geometric Series
Th sum, Ses ,0f an infinite geometric series where —1 < r < 1 is given by the following
formula:

Key Facts
I An infinite geometric series in which |r|> 1 does not have a sum. For example, consider

% (e series 1 +2+4 + 8 ++ .« where a; = | and r = 2. The terms of this series keep

increasing, so the ‘sum becomes greater with each additional term and never approaches

I 10 any point or number.

Example 23: Find the total distance travelled by the pendulum before coming to rest, if it successive
swings form the geometric series:
25+20+16+12.8+...

Solution: Sum of the infinite geometric series is given by:
§=25+20+16+128 +...

Here aq = 25 and r=0.38 .
I = ﬂ_i = —2‘EI = |
S=1= “1-os 125 5
Thus, the pendulum travels 125¢m. ‘

s N N - I
Example 24: Find the sum of the infinite geometric series 7 — 3+ 3 —~% +...

Solution: To find the value of », divide any term by its preceding term,



Since |r|< 1, we have Se = :'T‘r

4/3 _ 8
Sw = m;; = E
Example 25: Find fractional notation for 0.63636363...
Solution: We can express this decimal as:
0.63636363.......=0.63 + 0.0063 + 0.000063 + ...
This is an infinite geometric series, where a; = 0.63 and r = 0.01. Since |r|<1,
this series has a sum:

S, =0l = 063 _ 063 '63
" 1-r 1-001 099 99

Thus, the fractional notation for 0.63636363... is E or —.

Find the sum of each geometric series.

1. 16+16+16+...... to 11 terms 2. IS¥FIS+3+...... to 10 terms
3. a;=5 r=3,n=12 4. a,=256, r=075 n=9

5. =7, r=2, n=14 6. a;=12, a5=972, r=-3

7. ay=16,r=—-3 n=10 8. @,=243, r=-2 n=5

9. a,=343, ag=-1, r=-3 10. a;=3, ag=5;, n=6

Find a, for each geometric series:

11. S,=244, r=-3, n=5 12. 5,=32, r=2, n=6

13. a,=324,.r=3, S, =484

14. Find fractional notation for the infihite geometric series.
(i) 0.444... (i) 9.99999... (iii) 0.5555...
(iv) 0.6666... (v) 0.15151515... (vi) 0.12121212...

15. To test its elasticity, a rubber ball is dropped into a 304 hollow tube that is calibrated so that
the scientist can measure the height of each subsequent bounce, The scientist found that on
each bounce, the ball rises to a height = the height of the previous bounce. How far will the
ball travel before it stops bouncing? _

16. A hot-air balloon rises 80/ in the first minute of flight. If in each succeeding minutes the

balloon rises only 90% as far as in the previous minute, what will be its maximum altitude
(if it is allowed to rise without limit?



4.7 Harmonic Sequence
A sequence of numbers is called a harmonic sequence or harmonic progression (H.PYif the

reciprocals of its terms are in arithmetic progression.

For example, the sequence; 1, %, %, 1—1':,... is a harmonic sequence because the reciprocals of its

terms are 1, 4, 7, 10, . . . which form an arithmetic sequence.

4.7.1 The nth Term of a Harmonit Sequence

The sequence:
1 1

—_—

a’ag+d’ ag+2d’

Because reciprocals of the terms are:
a,a; +d,a;+2d, .-+ inAP.

We know that general term of A.P. is
ap=a;+(n-1)d

is H.P.

The reciprocal of the term:

1 1 ;
" Teoeng ib H.P)

where a,and d are the first term and common difference of the corresponding A.P.

- P TS IR |

Example 26: Find the 9th term of the H.P. 3, 3, . 5.+

Solution:

111 1 .
E’ ;, E‘ E' is H.P.

The reciprocals of the terms 2, 7, 12, 17,... are in A.P.

Wehavea, =2, d=5, n=9
ap=a;+(n-1)d |
a=2+(9-1)5 |
=2+40=42 inA.P. |

Thus, the 9th term of the H.P. is 7-12 ‘
Example 27: Find the harmonic sequence, whose fourth term is ;1-3- and eleventh term is % |
\

Solution: The fourth and eleventh terms of H.P. are '11—3 and -215 respectively. ‘
The reciprocals are in A.P. So, |
Fourth term (A.P.) =a,=13, |
and eleventh term (A.P.) = ayy =25 - |
a, =13 = a;+3d=13 (i) ‘
a;, =25 =* a;+10d=25 (ii)
Solving (i) and (ii), we have ‘
a;=7 and d=2




Here, a, =17 '
ﬂg=ﬂ1+d=?+2"9
az;=a; +2d=7+2(2)=11
a,=a,+3d=7+3(2)=13
- The arithmetic sequence is
7,9,11,13, .
So, harmonic sequence is
1111 .,
7" 911’13
4.7.2 Harmonic Mean
A number H is said to be the harmonic mean (H.M.) between two numbers a and b if a, #, b are
in H.P.
1

X As--,;;mmﬁl’

Zab
a+hb

Which is the formula for H.M. between a and b.
Example 28: Find the harmonic mean between 15 and 7.
Solution: Here a=15 and b=7, therefore

_ 2018)(7)
Ll = =teites

~210 105
22 11
4.7.3 Relations between Arithmetic, Geometric and Harmonic Means

(i) IfA, G, H are the arithmetic, geometric and harmonic mean between two poumve numbers a
and b, then show that

=h H=-=— (Harmonic Mean)

A>G>H
We know that
' A=22 (Arithmetic Mean)
! g Key Facts
. G=+vab (Geometric Mean) 1fa and b are ncgative real
) - numbers then
H==s (Harmonic Mean) A<G<H
¢ A>G if 2> @b
We have a+b > 2vab

a+b-2ab > 0




We can write:  (va + Vb —2Vab) >0

(Va — vB) >0, always true
A>G
® G>H if +ab>
2ab

Wecanwrite: a+b = =

a+b

a+b > 2\ab
So, a+b-2vab> 0 = (va — vB)'> 0, always true
G>H
Therefore, we have A>G>H
(ii) A4 x H=G?
LHS. =4 xH
a+b  Zab
= e e—
2 a+b
=ab=(Vab)’ = G* =RHS u
s oAdxH= Gz

Example 29: Find the arithmetic, geometric and harmonic means of 24 and 16.
Also show that AH = G2.
Solution: Here a=24, b=16 g
_ab_ 24+16 _
A=""=222220 (AM)
G=+vab =24 x 16 =8V6 (G.M.)

2ab _ 2(24)(18) _ 95
H= a+b 24+16 3 HM)

We have AH=G?
LHS. =4 xH =znx§ =384

R.H.S. =G?=(86)* =64 x 6=384
W A3H=Gz

Find th :li:nted term of the harmonic progression (Q. 1-6).

111 L 11  10thterm
1. FETTI Tth term 2. T r,
111 111 “ « | fr
) St 20th term 4. i nth term ( ‘] :



1 11 1111

5. 535075+  Dthterm 6. = -%.5,3—%,... nth term
11 1 1
7. Find the 14th term of HP. 2,7 7o 75+

8. 7,4,1,...isarithmetic sequence, find the 17th termof H.P.

9. Find the 8th term of H.P.
N T T

2 5 B
10. Find H.M. between 9 and 11. Also find A, H, G and show that AH = G2.

11. Find HM. benwmgand “;

12. Find four H.Ms. betweeni and %

For — + - . + ner
o e a2l at@-1)d

2a+(2n-1)d

S_z%f Ve ] (Thisisappmximatedmunfcrhamunicsﬁ‘iek}é |

‘Where:“a’ is the first term of A.P, *d’ uﬂmcammuud:ff:rmufu @
nntumlloganﬂ:m

4.8 Mhtdhm Scrlu
A sequence is simply an ordered list. For example, when a baseball coach writes a batti 2 order,
a sequence is being formed. When the members of a sequence are numbers, we can find their
sum. Such a sum is called a series.

. 4.8.1 Sigma Notation
When the general term of a sequence is known, the Greek letter Z(Sigma) can be used to write a
series. For example, the sum of the first four terms of the sequence 3, 5, 7. 9, ..., 2k + |, can

1 be named as follows, using sigma notation or summation notation;

Z (2k + 1) .
- k=1
This is read as, “the sum as k goes from 1 to 4 of (2k + 1).” The letter k is called the index of
sumiriation.
Example 30: Find the following sums.
5
) Zper b Ty, CDF@O o Ti@+5)




Solution:
1) N kP=12+22+32+42%+52
Evaluate k® for all integers from 1 to 5 and then add.
& 1+4+9+16+25 = 55
b) ¥, (-1 (2k) = (~1)! (2.1) + (—1)? 2.2) + (=1) (2.3) + (—=1)*
=2+4-6+8=4 '
c) ZLD(Z" +5)=(2°4+5)+(2' +5)+ (22 +5)+ (23 + 5)
=6+74+9+13=135
Example 31: Write sigma notation for the sum.
a) 1+4+9+16+25
b) -1+3-5+7 o
c) 3+9+27+81+... :
Solution:
a) 1+4+9+16+25
This is a sum of squares i.e. 12 + 22 + 32 + 42 + 52, So, the general term is k? and its sigma
notation is,

T s ¥
b) -1+3-5+7
Except for the alternating signs, this is the sum of the first four positive odd numbers.
Note that 2k — 1 is a formula for the kth positive odd number and (—1)* = 1, when k is even
and (—1)¥ =—1, when £ is odd. ,
The general term is thus (—1)¥ (2k — 1), beginning with k= 1.
So, its sigma notation is:
Yo (=D¥ 2k~ 1)
¢) 3+9+27+81+...
This is the sum of powers of 3, and it is also an infinite series. We use the symbol @ to
represent infinity and name the infinite series using sigma notation as follows:

2 :Il Sk

4.8.2 Some Important Results
The sum of the first # natural numbers, the sum of squares of the first # natural numbers and the

sum of the cubes of the first n natural numbers are expressed in sigma notation as:
Ti=1k=1+2+3+4+ ... +n

™ 212 2 2 2 R 2
Y k=12 4+22 432 442+ +n

o f3=13423433 4434 ... 4




We evaluate Z:ﬂ[ﬁ:"‘ — (k = 1)™] for any positive integer m and shall use this result to find
out formulas for three expressions stated above. '
o k™ = (k= 1)™] = (1™ - 0™) + (2™ —1™) + (3™ - 2M) + - - -

k=1
+[(n— D)™ - (a = 2)™] + [n™ - (n — 1)™]
=1M - QM4+ 2M IR 4" _2M ..+ (R=1)" - —=-2)"+n" - (N~ 1)™
=nm [only n™ will left, all other terms will be cancelled out]
Thas, Zpma [ = (k= 1)) = @

If m = 1, the equation (i) will become
2 el = (k= 1)"] =n?

k=1

Yooy lk—k+1]=n

Lk=1 1=n [Means; 1 + 1+ 1+...4+ 1 =n]

]

When m = 2, the equation (i) will become o fimmee)

2 ea[k? = (k = 1)?] =n?
Yooy k2 —k? + 2k = 1] =n2 ;
Ye2k-1 =n?
i 2 Xk=1 k-Ezu 1=n?
' 2%k k—n=n’ (“Ek=1 1=n)
23k k=n%*+n
Zk=1 k=“!:“ : . (o
X(a+b)=Xa+Xb
R, k=2l ! X3a=33a

z

Taking m = 3 in equation (i), we have .
‘ 2ok = (=1 =n?
a3 =3+ 1=
S D WLk r BV LD » BE LT
Wehave, XR.;1=n; Ti, k ='"—['-‘:—13
3 T k3B 3

g _32:,1"‘1‘_'“3“"""3“(:“)



_2n*-2n+3n* +3n

2
_zn+3nf+n
2
_n(zn®+3n+1)
. . 2
=n(1n2 +2n+n+1)
2
[2n1+2n+n+1}
=n
2 i
o [2n{n+1}+1[ﬂ+1}]
n z_ nn+1)(2n+ 1)
3 zk:lk = 2

En k; - nin+1)(2Zn + 1)
‘ =1 6

Similarly, we can prove that

2
n
E = 3= [n{n;- 1]]
Example 32: Find the sum of the »n terms of the series
12423434+,
. Solution: We know that the general term of

1+24+3+ ... isk
2+3+4+ -+ fsk+1,
If T is the kth term or general term of the series, then:
Te=k(k+1)
Tk=k2+k

To find sum, taking summation both sides:
EEHI Tk: Zl‘::‘l k 2 +k
n
= zkﬂl ke*+ EESI k
_nn+1)(2n+1) n(n+1)
6 2

_n{n+1) [Zn +1
2 3

+1]
o BREEn)
6
ZE o1 Ti= u(n+1:{rt+z}

Example 33: Find the sum to n terms of the series whose nth term is n2 +4n + 1.

Solution: Replace n with &,
Ty =k*+4k+1
Taking summation
LTi=L(k*+ 4k +1)

=5

2 _nn+1)(2n+1)
M S




=Tk*+4Tk+31
nn(n-i 1](2u+1]+4n{n+ 1}+H

6 2
=,,[{“_"'13:f“.__+_2.l+ 2n+ 1)+ 1]

=ﬂ[n’+2n+n+2+ 32n+1z+s]
6

S T,= n[nz* isﬁn + zn]
4.9 Arithmetico—Geometric Series
In mathematics, arithmetico-geometric sequence is the result of term-by-term multiplication of a
geometric progression with the corresponding terms of arithmetic progression, The nth term of
an arithmetico-geometric sequence is the product of the nth term of an arithmetic sequence and
the nth term of a geometric sequence. Arithmetico-geometric sequence arise in various
applications such as the computation of expected values in statistics and other fields. For
instance thé sequence

—-—--n.-—-—

12'#8 16732 " "
is an arithmetic-geometric sequence. The arithmetic component appears in the numerator and
geometric one in the denominator.
The summation of this infinite sequence is known as arithmetic-geometric series.
4.9.1 Terms of the Sequence
The first few terms of an arithmetico-geometric sequence composed of an arithmetic progression
~ with common difference d and initial value a and gwmemc progression with initial value b and
common rntm r are given by:

1=ab=A;G,
rz-(a+d>br=azsz
Tg =(ﬂ+2¢ﬂb}"2=ﬂgﬂg

Th=lat(n—] }Mn-l =AnGy
Ay G,

For example, in the sequence PSS S d=1,a=0,b=1landr=-
Then nth term is:

T = [0+ (n— D1] 1. (%)“'l
e - Q)"




4.9.2 Sum of the n Terms
The sum of the first » terms of an arithmetico-geometric sequence has the form:
C Sa=ZaaTi= T, la+ (k-1) d] brk-?
=ab+(a+d)br+(a+2d) b+ ... +[a+(n—-1)d]l br™?* (i)
Sp=A16,+ A6, + A3Gy + ... +A,G,
This sum can be written in closed form.

Proof:
Equation (i), is written as by putting b= 1
Sp=a+(@+dyr+@+2d)r+. - +a+@-)dr*t (i) '
Multiplying both sides of equation (ii) by r.
rSp=ar+(a+d)yr+(@+2d)r+(@+3dr’ - -+la+(n-Dd)r™* (i) ’

Subtracting 7S,, from S, and using the technique of telescope, we get:
Sp—rSp=[a+(a+d)r+(@a+2d) P+ - +[a+(n-1)d] "]
~lar+(@a+d)P+(a+2d)rP+(@+3d)r*- - -+ [a+(mn-1)d]r"]
=atartdr+ar+2dP+ ... +a™ 1+ (n—-1)dr"1
—ar—ar'—dr—ar -2d” —...—ar" - (n—-1) dr™
After cancelling like terms, we have:

=a+d(r+r+r+ . 41 + 1 " R
_ +d’ 0 r“_i-"*'I‘"“ (n= 3"]",' To generate the formula
=atd(r+r+r+ - +r"Y—ar™ —ndr™ + dr for finding the sum of
S“—r5“=ﬂ+d{r+rz+r3+ ELE +r"_1+‘r“)-{ﬂ+nd}r'“ th h we "
3 i ) ¢ nth term “§,",
(=NSp=a+dr(l+r+r+- - +r" Y —(a+ nd)r Wetka b, ‘
(1-2)S, =a+dru_r"]-—(a+najlr“ 1
Ar") (@ snyr 1
Sn= d (1-r?  1-r (iv)

Hence, a is first term and 4 is common difference of arithmetic series and » is common ratio of
geometric series. - |
4.9.3 Sum to Infinite Terms of Arithmetico-Geometric Series ‘
Let |r|<1

We know that r™— 0 as n — oo, then equation (iv) will become

dr
Se E o

This is sum to infinity of arithmetico-geometric series.

Example 34: Findthcsumufl+§+§+§+- . - to n terms.

Solution: We know that the sum of arithmetic-geometric series formula for # terms is




1-r") (a
By e :1 :-;riI r +::f]r @
We need the value of a (1" term) and d (common difference) for arithmetic series and r»
(common ratio) for geometric series.
Given series is:

- SR
1+E+:+E+' + + to n terms
We can rearrange as:
11 +3.2+5. 2+ 7.2+ - - tonterms
It can be guessed that 1, 3, 5, 7, ... is arithmetic sequence witha=1,d =2,

. 1113 . oty
T3 7o - IS geometric sequence wﬂhr—;.

Suhstituﬁngthe\rnluenfa=l,d=2mdr=-§,weget:
1-5) (1+2m)3
Semalpwg, L om] 04 Big
2 (1-3) 1-3
(1 Ll (1+zn]-ﬁ

safs - -ap s
=2+4-2-2(1+2m)%
=6-(4+2+4n)
=6—=(3+2n)

2 +3
Sy=6 =t

"“"'l"'

Example 35: Find the sum to infinity of the arithmetic-geometric series:
2 3 4 5
I+ 3 + S + o + =+
Solution: Given aﬁthmeﬁc—gcnmmic series can be written as:

1 x1+2x= "'3“'4“_"'5”5
The numbers 1,2, 3,4, 5, ... are in A.P. witha=1and d=1.

. Similarly, the numbers 1, ;, :, :'.r’ :1 . are in G.P. with first term as 1 and r=

Thus, sum to infinity of the arithmetico-geometric series for
1 1 1 1 =
1+21‘E+3 x;+4KE +53¢H + ... 18

1/3 _
1

H_l =

a dr
So=1 (1-1)2

Hma=1,d=1,r-§




ary
|

Wehave, Sp=—73+—+
= (1-3)

$n .
Se=7t; 77

A

3,3 9
Sw=373 "3

o T |

Evaluate the sum:

5 6
1. 2 2. Z -
kﬂzk kMZPH
5
z k=0 2“ 4. ELD k
5 Zﬂ 2, 6 27 (_1)k4_i:+1
) k=g K+1 : k=1
5 2
7. 3 (k?—2k+3) 8. ZHWH}

Rewrite the sum using sigma notation:
9, l+5+.3.+_".+i+___
2 3 4 5 6
10. 3+6+9+12+15
11, -2+4-8+16-32+ 64
1 1

12, —4— b
1«2 2+3 3+4 4+5

2
13. Prove that Ek:l k? = [ﬁz-ﬂ]-]
Find the sum to n terms of the series whose nrh terms are given:
14. n+1
15. n*+2n
16. 3n*+2n+1
Sum the following series up to n terms:
17. 22452482 +...
18. 22+4%2+6%+
19. 13+33+53+
20, 2+5+10+ 17+ ---to n terms
21, 1% 4+42x7+3x10+ ...
22, 1x3x5+3x5%7 + 5x7%x 9 + ... to n terms
Sum to n terms of the following series (arithmetico-geometric series):
23, 1+2%2+3%224+4x23+
4. 1+4y + 2+ 1007 + ...

Frr R




4§

r

7 .10
s+t =t
25. 1 steata

26. 1 Gl I S
z 4 B8 16
Find sum to infinity of the following series:

11

7.9
B SR AT
27. 3 3 9 27
2 3 4
b B O S i T TR
28. 1 & 25 125

29, 1+4x+72+ 10>+ ---
30 3+t B
10 100 1000

4.10 Applications of Sequence and Series

Sequences and series have their own importance in many areas of Mathematics such as finance,
statistics, population growth and physics. Most of the society and reality around us is based upon
sequence after sequence, changing and repeating themselves over and over again. Common
examples of this are time and calendrical system, Time (seconds, minutes, hours) always follow
the same sequence, which always contains the same number of elements, Our lives are ruled over
by sequences such as the routines that we follow every day without knowing leading to their
great importance in the structure and function of the modern world.

Example 36: Khalid is saving for a new car. He deposits Rs. 100,000 into his account and then each
month he deposits in Rs. 10,000 more than the month before. If the price of the car is
Rs.1,260,000; find:

i.  The amount Khalid has saved in four months.
ii.  The time in which Khalid reaches his goal of Rs. 1,260,000.
Solution:

i.  Since Khalid deposits same amount every month, therefore, we will use arithmetic series.
Let a, = 100000, d =10000, § ,=?
s, =-;L[2a+(n- 1)d]

5, =3 (2@ + (4-1d)
S, = 2[2(100000)+ (3)10000]
S, = 2{200000)+ 30000]
S, = 460000
Therefore, amount saved in 4 months = Rs. 460,000
il.  Let Sa=126,0000, d = 10000, a = 100000, n = ?

S, = §[2a+{n-1)d]




126,0000 =§ [2(100000)+ (n— 1)10000]
= 7[190000 1 +100000]

2520000 = 190000 » + 10000~

n +197-252=0
n +28n-9—-252=0
n(n+28)—9%(n +28)=0
(n—9) (n+28)=0
n =9, n=-—28 (n cannot be negative)

Khalid will reach Rs. 1,200,000 in the9"month.

Example 37: A new virus is on a remote area. On day one, there were 10 people infected, with
the number of new infections increasing at a rate of 40% per day.

i.  Find the expected number of infected people on the 7% day.
ii.  Find the expected number of infected people during week (7 days).

Solution:

i.  As the infection is increasing in percentage, therefore it is the problem of geometric
sequence series,

Let a, =10, r=1.4 [40% increasing 50 1= (100 + 40)% = 140% = 1.4], a,="?
Formula for nth term of a geometric progression.
a,=ar"
a, =ar®
a, =10(1.4)°
a' =75.29
Expected number of new infections = 75 after seven days

ii.  Total infected people after one week are.S-;.
§im a(r" 1)

v r>l
r—
T_
ST=a(r 1)
r-1
_10(1.4-1)
T 14-1
S, =238.53

Expected number of total infections = 239

e e
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1. A rocket rises 20 feet in the first second, 60 feet in the 2nd second and 100 feet in the
third second. If it continues at this rate, how many feet will it rise in the 20" second?

2. On the results declaration day, the school wants to invite parents as well as students.
Auditorium has 21 seats in the first row and each of the other rows has one more seat
than the one in front of it. There are 30 rows of seats in total. If they anticipate that 1200
people will come that day, will there be a seat for everyone? Justify your answer.

3. Majid retired after 30 years of employment. If his salary was Rs. 4500 in the first year
and he received as increment of Rs.820 at the end of each year of service. What was his

. total salary after 30 years?

4. You save Rs. 1 in the first day. Then each day thereafter, save double the amount you
saved the day before. Find the amount you should save in the 20" day of your plan.

5. A vacuum pump removes 1/5 of the air from a sealed container on each stroke of its
piston. What percent of the air remains after five strokes of the piston?

6. Aslam borrows Rs. 20000 at 11% interest compounded annually. If he pays off the loan
in full at the end of four years, how much does he pay?

7. A property dealer estimates that a piece of land will increase its value at a rate of 10%
each year. If the original value of land is Rs. 450000, what will be its value in 8 years?

8. A man deposits in a bank Rs. 2000 in the first year, Rs. 4000 in the second year, Rs. 8000

+in the third year and so on. Find the amount he will have deposited in the bank by the
fifth year.

9. The number of bacteria in a culture increased geometrically from 16000 to 1215000 in 5
days. Find the daily rate of increase assuming the rate to be constant,

10. A car loan is in the amount of Rs. 600000 from the bank. Interest is 9% compounded
annually and the entire amount is to be paid after 10 years. How much is to be paid back?

11. Zain bought a new car and got policy from insurance company. He will pay 5000 the first
year, 6125 the second year, 7250 the third year and so on, for 10 years, How much he
will pay to insurance company for vehicle?

12. Naveed takes a vehicle from bank after paying down payment. He deposits Rs. 13000 in
a bank in first month, Rs. 14500 in the second month, Rs, 16000 in the third month and
so on. Find how much total amount he has to deposit in the bank at the end of two years.

13. A man borrows a loan Rs. 1000000 for leasing a car and agrees to repay with a total 20
installments, Each installment is less than the preceding by Rs. 2000. What is his first

' installment? :

14, Sara pays her first installment Rs. 8000 to insurance company for the vehicle. Each

installment will increase by 5%. What total amount she will pay in 24 installments? }




I. Choose the correct option.
(i) How many terms of the sequence 18, 15, 12. - - + are needed to give a sum of 457

a. up to 7th b. wpto 10th c. upto 6th d. upto 5th
(i) Find the 20th term from the end of A.P. 2,7,12,17, - - ., 222,
a. 222 b. 132 e 127 d. 122
(iii) In the sequence 1,2,2,3,3,3,4,4, 4,4, . .. where n consccutive terms have the value
i, the 22nd term is:
a. 6 b. 7 c. 8 d. 9
(iv) Ifa, b, c are in A.P., then 3%, 3% 3¢ are in:
1. GP. b. H.P. & AP d. none of these
(v) What type of sequence?
4 4 4 4
= b. 7= ¢ = d =n
(vi) 0+0.1 +0.01 +0.001 +0.0001 + - - . , the sum is;
10 9 1
a. 9 b. ? c. E d. ;
(vii) Find first terim of the geometric series, when S, =30, n=4, r=-2
ﬂ- 'ﬁ hr| 6 C. E d-t =i E
(viii) I'he arithmetic means in the sequence -7, , , 5 are:
2 =3 b. 3,1 c. —4,2 d. 3,-1
(ix) Geometric means between | and% is:
1 1
a 3 b. ﬁ C. ﬁ d. ;
3 g3 i
(x) ¥, k?is equal to:
a. |4 b. 13 & 5 d. 30
(xi) The sigma notation for the sum -2 +4 -6+ 8 is:
a Y, (-1 (k+1) b. ¥ _ (~1)k2k <
e Xy (~D*2k d Y, (~D*2k
(xil) 2%=15 is equal to:
a. n b. 5n c. 5 d. 5"
. | 1 1 )
(xiii) The general term of the given series —+—+-=+ - - - s
1 1 1 1

& n(2n+1) b. (n+1)(2n-1) = n(n+2) ' (n=1)(2n+1)




-~ (xiv) Etl— 414 .. thenthterm is:

710 10-13
| b 1
{3In—-1)(3n+1) Y (3n=2){3n+4)
e O] demid s
& (3n+1)(3n+4) ' (m+2)(n+6)
(xv) The sum Z 1 represents:
rez2 T —1s
3 4 1
a1l b. 3 c. 3 d. 7
(xvi) Sumnfﬂmsmcsl+3+5+7+9+ll + il ig) s /%
a. n b. n* c.nn+l) d. (n-1)
(xvii) £32, 3 is equal to: -
a.10 b. 103 c. 300 -d. 30

2. The sum of four numbers in A.P. is 24 and their product is 945. Find the numbers.
3. Find four numbers in A.P., whose sum is 6 and sum of whose square is 14,

4. Insert 20 A.Ms. between 2 and 86.

5. Evaluate 3+ 33 +333+ .......up to n terms.

6. Iflheprudur.tofthrecnumbersmG“.Pchlﬁandthe:rmmbv.-l!i thenﬁndthunnmbu'!
7. Insert 4 G.Ms. between 2 and 486.

~ 8. Find n so that “";;: ::H may be the harmonic means between a and 5.
9. Find the H.P., whose 3rd and 14th terms are % and  respectively. T
10. Evalum:themm: A

10 , :
(i) Z z'ﬂ-l (i) E:-l(_ntﬂ 3k &

Sum to # terms of the following (arithmetico-geometric series):
1.4+ 14+30+ 52+ 82+ ...

12,1 +4+10+21+39+ _,




Division of Polynomials

After studying this unit, students will be able to:

+ Divide a polynomial of degree up to 4 by a linear and quadratic polynomial to identify
quotient and remainder.

« Recognize remainder theorem and factor theorem.

« Demonstrate and apply remainder theorem.

« Analyze and apply factor theorem to factorize a cubic polynomial.

« Apply concepts of remainder and factor theorem to real world problems.

You can use your graphing calculator to graph polynomial functions and approximate the real zeros
of a functions. When using your calculator to approximate zeros, it is important to know a complete
graph of the function before zooming-in on a certain point. Remember that a complete graph of the
function shows all the characteristics of the graph, such as all x-and y-intercepts, relative maximum

and minimum points and the behavior of the graph.

History a Mystery
: Muhammad Bin Musa Al-Khawarizimi was the first Muslim
@ mathematician who introduced Algebra and wrote a book entitled
Hisab-Al-Jabr Wal Mugabala in 820 A.D, He is known as 'Father
| ofAlgebra'




5.1 Algebraic Expressions

A statement in which variables or constants or both are connected by arithmetic operations

(ie. +, -, x, +) is called an algebraic expression.
For example,

-5x + 4

|
— , 3x+4,x-x+9 3(a+b)—4, Components of an algebraic
D,‘S.l’—ﬁt: %1 Jmﬂc‘ o -mm:

* Numbers
5.1.1 Kinds ﬂfﬁlﬂtbﬁit EIFI‘H!IEIII ™ Signg of npgmﬁnm (+,—,%, .;.)
Algebraic expressions are of three kinds.

1 1 1 * Variables (ﬂ;b,l:, ---;I.}',z}
. Polynomial Expressions « Grouping s e = ),
2. Rational Expressions ymbo

3. Irrational Expressions 2105

1. Polynomial Expressions (Polynomials)

Polynomials are algebraic expressions consisting of one or more terms in which exponents of the
variables involved are whole numbers.

General form of polynomial: P(x)=a.x" +a,x™ +... a,
For example,

3 3
0, -2, EJ.“ +:y"z, —EJ’J. Jir‘—:thJﬁetc.

. y 1 3 ;
The expressions x , f+;1- , A/»*, 2y are not polynomials because their exponents are not
Key Facts

positive integers (whole numbers). m The highest exponent of the vanahlc
29%1 involved in a polynomial is called its
Types of Polynomials w.r.t. Degree & degree. If more than one variables are
¢ Zero polynomial or no degree polynomial: being multiplied in terms of a
Py ; polynomial, then the degree of that
0’ is called a polynomial of no degree. Also, polynomial is the maximum sum of the
0+ Ox is a no degree polynomial, because exponents of the variables involved in
coefficients are always zero in zero polynomial, i : -

» Constant Polynomial: A polynomial having degree zero is called a constant polynomial.
e.g 2,2x°, ,ﬁ . 24 3x°,4/5 are all constant polynomials.

* Linear Polynomial: A polynomial having degree one is called a linear polynomial.
eg., X, 2x —y,— Txy’ etc.

® Quadratic Polynomial: A polynomial having degree two is called a quadratic polynomial.
e.g., 27+ 7, ax+ 2xp + 3, --:-Jyz" ete.
.® Cubic Polynomial: A polynomial having degree three is called a cubic polynomial.
e.g. 9 —Tx+5,—9xzy, 3ty - %z etc.

* Bi-quadratic Polynomial: A polynomial having degree four is called Bi-quadratic Polynomial.
eg x—4x—1,3xz+6x+9
Rest of the polynumials are called degree five and so on,

—__



« Rational Expression

An algebraic expression of the form —— )

O(x)

it is not a zero polynomial) is called a Rational Expression.

3 2x-1 2x+4 xl+x
ax?’ X +3° x*+5x+6 ' X +x’
e Irrational Expression

An algebraic expression which cannot be expressed in the form Q:x; , where P{x) and Q(x) are

polynomials but Q is not a zero polynomial is called an irrational expression.

3 3
For example: % » XY=y ﬂ—g% y {}x‘+y’ .24.!1J'_z+%—?etc.
:

. where P(x)and Q(x) are polynomials and Q(x) # 0 (i.e.

5 etc.

For example, l% i

5.2 Division of Polynomial
We explain with the help of example
Divide x*+32+1 by »-2x+3.
We use long division method.
Wecanwrite: x*+32+1 = X +0° +322+0x+1
2424 4
;1_1:+3)x‘+ux3+3.t‘+{1x+1
+x4 =25+ 322
2 +0.°2 +0x+ 1
1-2;’;—4:"1—&:
4 —6x+1
2x -11

We can say remainder is: 2x —11
5.3 Remainder Theorem

To understand reminder theorem, consider the following example:
Example 1: If we have two polynomials
p(x) = x> — 65 + 14x—8 and d(x) =x -2, then dividing p(x) by d{x},
can find the quotient and remainder as follows. "
x' —4x +6 « Quotient
Divisor - x—-2) x' —6x" +14x~8 « Dividend

-1-:’-:211

—4x* +14x
:4.1'1 tBI |

6x—8
+6x-12

4 « rermainder




S
So, quotient = x*—4x + 6 and remainder = 4
Here
quotient x divisor + remainder = (x?—4x+6) (x-2)+4
=x(P-4x+6)-2(*—-4x+6)+4
=x -4 +6x-27+8x—-12+4
= x—6x2 +14x -8
= dividend
Here, (x — 2) is the divisor of x* — 6x" + 14x 8.
If we putx= 2 in the dividend , we have,
p@ =2 -6(2y+14(2)-8
= B-6(4)+28-8
= B-24+28-8
= 36 -32
‘ = 4 « remainder
Hence, p(2) gives us same remainder which we have got by long division.
i.e. p(2) = remainder
. We can deduce that, if a polynomial x*— 6x* +14x — 8 is divided by a polynomial x - 2, the
remainder is 4 and the value of dividend at x =2 also equals remainder.
Conclusion: If p(x) = ¥’'—6x"+14x-8 « dividend
d(x) = x-2 « divisor
then, remainder =p(2) =4
Statement: If a polynomial p(x) is divided by x — ¢ (where ¢ is a constant), then the remainder is p(c).
Proof: Let q(x) be the quotient and r be the remainder. When p(x) is divided by (x —c), then
p)=(x-c)q@@) +r...... (i) We know that:
subsiing x =0 sk (), we e dividend = quotient x divisor + remainder.
p(c)=(c-c)q(c)+r
=0+r =r, which is the remainder.
Hence, p(c) is the remainder when p (x) is divided by x —c.

Example 2: Find remainder if x’— 5x*+ 7x - 6 is divided by x - 3.

Solution: Let p(x)=x"-5x"+Tx—6 Key Facts

dix) = x-3 Remainder theorem provides us

By using the Remainder Theorem, a helpful tool for finding

p)=x' -5 +Tx-6 remainder instead of doing long
Remainder = p(3) division.

=3y -53)Y+7(3)-6 I
=27-5(9)+21-6
1 =27-454+21 -6= -3

Example 3: Find the value of p, when 3x* - 4px* + 5x — p is divided by x + 2 and the remainder is 4.
Solution: Let f(x) =3x*~4p®+5x—p; d(x)=x+2
By using remainder theorem,
Remainder =f (-2) =3 (-2)*- 4 p (-2)*+5(-2) -p
4=3(16)-4p(4)-10—p

Ty e .0 WS T



4=48-16p-10-p

= - Pay Heed
3: = 433= I'Ilr'-;p . o Degree of dividend is always greater
34 =17 C ®) than or equal to the degree of divisor
34 d =l * Degree of remainder is always less than

p= T = 2 | the degree of divisor.

Hence, the value of pis 2.

5.3.1 Zeros of a Polynomial — Memory Plus
Consider an equation, 2x+5=9
2x+5=9 The zeros of p(x) = x*— 9 are the same
2r+5-5=9-5 .asmesntuﬁonmthtequuﬁnnxi-9=ﬁ.
2x=4 |
or x= 2

Here “2’ is called the root of 2x + 5 = 9, as it satisfies the equation.
Hence, the roots of a polynomial p(x) means the values of x that satisfies p(x) = 0. These roots are
called ‘zeros of the polynomial’.

Definition: Let P(x) be any polynomial and ‘a’is called zero of polynomial if and only if P(a)=0.

The values of x which satisfy p(x) = 0 are called *Zeros of the Polynomial p(x)’.
For example 5 and -5 are the zeros of the polynomial p(x) =x” — 25, because
p(5) =(5)-25

=25-25 =0
and p(=5) =(-5°-25
=25-25 =0

Basically, when we are finding zeros of a polynomial, we are looking for those values of x which
cause the values of polynomial equal to zero.

Example 4: Is -3 a zero of polynomial p (x) =2 x*+ 7x >~ 4x* - 27x - 187
Solution: *-3" will be a zero of p(x) =2x*+ 7' - 4x*—27x - 18, Ifp(-3)=0

p (=3)=2(=3)*+ 7(-3y-4(- 3)*-27(-3) - 18
=2(81)+7(-27)-4(9)-27(-3)-18
=162-189-36+81-18
=243-243 =0

Hence, ‘-3’ is the zero of p(x).

Example 5: If zeros of a polynomial are 0, 6, -1, find the polynomial.
Solution: Let required polynomial be g(x). Then setting x=0, 6, -1, we have
gx)=(x-0)(x-6)(x+1)
=x(-6x+x-6)
=x"— 5" - 6x is the required polynomial




S S . A

Example 6: If one zero of g(x) = 2" +x* - 2x— 1 is _?1, find its other zeros.

Solution: If one zero of the given polynomial is :2—1~, then its other zeros can be found by

factorizing it. Setting x = h?l,aothat21+ 1 is the factor of g(x).
First divide g(x) by 2x + 1 for getting its quadratic factor.
x? -1
2x+1) 2x* +x% —2x -1
£25' £x°
-2x~-1

-2x-1
+ -4

0

So, 20+ -2x—1= 2+ 1) (¥-1)
= (2x+1) (x-1) (x+ 1) «———factorizing
Hence, its other zeros are 1 and —1. ¢—— setting x—1=0and x+1=0
e, x=land x=-1

5.4 Factor Theorem

Factor Theorem is a result of Remainder Theorem and is based on the same reasoning.
Statement: A polynomial p(x) has a factor x — ¢, if and only if p(c) = 0.
Proof: Let g (x) be the quotient and r be the remainder when p(x) is divided by (x —¢)

then, p(x)=(x-¢c)q(x)+r ....... (i)

Key Facts

If x—cis a factor of p (x), thenr=0. | * Every factor is a divisor but every
Now by Remainder Theorem, r = p(c) divisor is not a factor ~f polynomial.
© sremainder=p(c)=0 » Factor of p nw.ynomial divides it

Conversely, if p(c)=0, thatmeans, remainder =0  |___ o=

Therefore, result (i) reduces to
p(x)=(x—c)q ()
. (x=c) is a factor of p(x).

Hence, (x - c) will be the factor of p(x) if and only if p(c) =0.

Difference between reminder and factor theorem: The reminder theorem tells us that for any
polynomial P(x), if you divide it by the binomial x- a, the reminder is equal to the value of P(a).
The factor theorem tells us that if a is a zero of the polynomial P(x), then (x - a) is a factor of P(x)
and vice-versa. .




Example 7: Show that y— 1 is a factor of y*—24)*— 13y + 36.
Solution: Let f(¥)=)'-24"=13y+36 ....... (i)
By Factor Theorem, y— 1 will be a factor of f{y), if f{1)=0.
So, first we find f(1).
Ff(y=(1)"-24 (1>~ 13 (1) +36 — substituting y =1 in (i)
f()=1-24-13+36 ‘
=37-37
=0
ie. remainder =10
Hence, y — 1 is a factor of y*— 24— 13y + 36.

Example 8: Determine the value of k for which x + 3 is a factor of (x + 2)° + (3x + k).
Solution: Let flx)=(x+2)°+(3x+k) .. (i) dx)=x+3
As x+3 is a factor of f{x), so by Factor Theorem,
f(=3)=0, substitute x=-3 in (i)
ie. (3+2Y+[3(-3)+k]=0
-1yY+(-9+k)=0
-1-9+k=0

~10+k=0 or[k=10]

Here fork =10, (x+3)is a factor of (x + 2)° + (3x + k)

I. Find the remainder of the following by using ‘Remainder Theorem' when
(i) 2¢ +3x* — 4x+ 1 is divided by x + 2.
(i) x*+2x'— x*+2x + 3 is divided by x - 2.
2. Show that x — 3 is a factor of ¥’ — 2x*— Sx +6.
3. Decide whether x — 3 is a factor of x° — 2x* — 5x + 1 or not.
4. Ifdy’-4y"+ 10 + 2y is completely divisible by any of its factor such that the quotient is
4y* — By + 10, then find other factor.
5. Find the value of ‘q” if x> + qx”— 7x + 6 is exactly divisible by (x + 1).
6. Find the value of ‘m” in the polynomial 2x* + 3x* - 3x — m which when divided

by x -2 gives the remainder of 16.
7. Check whether 1 and -2 are the zeros of x'— 7x + 6.
8. Find zeros of the polynomial 2x° + 3x*— 11x - 6.
9. Express f(x)=x"—x"—14x+8 in the form f(x)=(x—a)g(x) + r, where a=4.
10. A rectangular room has a volume of ( + 11 + 34x + 24) cubic feet. The height of the

roomis (x-+1) feet. Find the area of its floor.
(Hint: Volume of room = area of floor x height.)




5.5 Factorization of a Cubic Polynomial

With the help of Factor Theorem together with some intelligent guessing, we can factorize
polynomials of higher degree. Consider a cubic polynomial,
fR)=x-2"-5x+6
The process of factorizing above polynomial is explained as under.
Step-I: We can substitute, +1, +2, +3 and +4 to trace the roots by using factor theorem.
First try, x—1.
Here, x— 1 will be the factor of f(x)if f(1)=0——> by Factor Theorem
fM=1yY-21)°-51)+6
=1-2-5+6
Hence, (x— 1) is a factor of f(x).

Step-11: Divide x’—2x*—5x+6 byx -1 to find its other factor g(x).
x'-x-6
x=1) X’ -2x* -5x+6
+x° —x?
-
-x =-5x +6
-x'+ x
+ _—
—6x+6

-6x+6
-

0
So, (¥=2F-5x+6)= (x—1) (¥-x-6).
Step-III: Factorize quadratic factor (if possible) for other linear factors.

¥
X -2"-5x+6
=(x- l)(f—xﬁﬁj
=(x-1)(*-3x+ 2 6)
= (x— D[x(x~-3) + 2(x - 3)] D) (+2)(3)=+6

=(x-1)(x-3)(x+2)
‘ X-22-5x+6=(x-1) (x-3) (x+2)

t 1 1 _ e

"



Example 9: If two linear factors of the polynomial 2)° + y*— 8y — 4 are (2y + 1) and
(v — 2), find its third factor. +— unknown factor
Solution: 2y°+)y*-8y—-4=(2y+1)(y-2) (X)
2P +) -8y —4=(2 +y-dy-2) (X)
27+ )P~ 8y—4=(2y"-3y-2)(X)

PO T
By 27 B9 XD
2y* =3y-2
y+2
piay-2 ) 20’ +y'-8y—4 |
+2y° =3y* -2y
-+ 4+
4y" —6y—4 .
+4y* —6y—-4
SRR T Y
0

'Hence, missing factor is (y + 2). -

s+ By —4=(2y+ 1)(y—-2)y+2)

Example 10: Factorize x’ — 5x — 2 by factor theorem.
Solution: Let fix) =x"—5x -2

!— —_—
Step-1 For x=-2, fi-2)=(-2)'-5¢-2) -2 ¥ =2x=1
=_-8+10-2 =0 "'+2) x' =5x-2
3 2
Hence, x + 2 is one of the factors of x'- 5x—2. il = b2
- 2x"—5x-2
Step-11: Now, we divide x'— 5x—2 by (x +2). _o?_4x
+  +
So, ¥-5x-2=(x+2)(x"-2x-1) —x-2
-x-2
. + +
Hence, ¥ —5x-2=(x+2)(*-2x~-1) ===

— Key Facts

I By inspecting, if. f{x) is of degree .
three, we would expect it to have
three linear factors at most, so that ‘
flx) = (x+ a)(x + b)(x +c), where a, )
b and ¢ can be positive or negative
numbers. Also, by multiplying the
last term of each factor, a,b and ¢

numerically equals the last term of
the polynomial. |
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Factorize the following by using factor theorem.

L. yP-Tv-6 2. 28-F-2%+1 3 20+57-9x-18

4. 3P-5¢-36 S5 C+243t-5

6. If (x — 2) is one of the factor of 2x"— 15x*+ 16x + 12, find its other factors.

: 1 2 :
7. Factorize 2x' — 158°+27x-10 if‘i'muneofﬂszm.

8. If h(x)=4x"+ 4x* + 73x + 36 and h[%ll =0, then factorize h(x).

5.6 Applications of Remainder Theorem

If you give 10 pencils to five students out of 11, each student will get 2 pencils. Only one pencil will
remain with you and this leftover 1 pencil is called the remainder. 11 is the dividend, 5 is the divisor,
2isthe quotientand 1 is the remainder.

A remainder theorem formula is a powerful tool that can be used to solve a variety of
mathematical problems. A remainder formula is used to differentiate the polynomials.

Suppose Nasir hits a high fast ball straight up over home plate. The function that describes the
height of the ball after t seconds is

h(t)=-16¢" +80t +5 A
The roots of the function tell us that at what times the
ball is theoretically in the ground. When t =0, the
height of the ball is 5 feet. This is the point at which he
hits the ball.

Suppose we find the height of the ball after 4 seconds.
h(t) =16¢* +80¢ +5

h(4)=-16(4)* +80(4)+5 replacet with4.

h(4)=69

After 4 seconds, the height of the ball is 69 feet.
Notice that the value of /4(4) is the same as the remainder when polynomial is divided by t-4,

-

Example 11: The volume of a rectangular solid is 72 cubic units. The width is twice the height and
the length is 7 units more than the height. Find the dimensions of the solid.
Let x be the height of the solid.

volume = (2x)(x+ 7)(x)
 72=2x"+14x%

X +7x*=36=0
Trace the possible zeros.




2P +7(2)* -36=0

0=0
So, the zero is 2.

height=x=2
width=2x=4

length=x+7=9

Exercise 5.3

|
[

1. The volume of a wooden box is 120 cubic centimeters. The length of the box is 7 cm longer
than its height, and the width is 3 cm shorter than its height. Find the dimensions of the box.

2. Inthe cricket match season, the number of tickets sold during the match can be modeled by
t(x) = x’ —12x* +48x+ 74, where x is the number of games played. Find the number of
tickets sold during the twelfth game of the cricket season.

3. A rectangular solid has a volume of 144 cubic units. The width is twice the height and the
length is 2 units more than the width. Find the dimensions of the solid.

4. The volume of a rectangular solid is 2475 cubic units. The length of the box is three units
more than twice the width of the box. The height is 2 units less than width. Find the

dimensions of the box.

5. The area of rectangle ACED is represented A G D
by 6x* +38x+56. Its width is represented by
2x+8, Point B is the midpoint of AC. ABFG
is a square. Find the length of rectangle B F
ACED and the area of square ABFG. C ' E

6. The volume of the box is 3’ =2)? —y+2. If the length of one side is y—2, find the
length of the other two sides.



1. Encircle the correct option in the following.

(i)  Factors of ~2 - x + x? are:
(a) (x=2)(x=1) (b) x+1)Yx+2) (c)(x+2)(x—1) (d) (x+1)x-2)

(ii) Divide 9y?+49y— 10 by 3y -2, then remainder is:

fa) 0 (b) 1 (c)2 (d) 3
2
x“—x—9 {3
= e Y
{lll} 1_3 X 1-3
(@ 27 B =3 <9 I—3-§+x+2 d 3
) (v)  If 32— 2%+ 5 is divided by x + 1, then x + 1 will be its;
(a) divisor as well as factor (b) dividend
i) quotient (¢)  remainder
(v) If 2 isa zero of the polynomial x*+ 5x* - 4x + k, then the value of k will be:
L) -4 (by =20 " 1) 20 id) 0
(viy If x—bis the factor of q(x), then q(b) is:
(e factor (b)y  divisor (] remainder () dividend
(vii) If the expression 2’ + 3px* — 4x has a remainder of 4 when divided by x +2, ,
then p=
. (a) -2 (h) 1 () -1 " (d) 0
(viii) If flx) is divided by x — 2, then remainder is 12. What is £{2)?
() =12 (h) A=2) i) 12 (d}  zero
. (64y* - 8) + (4y-2) 3. (125y° - 8) + (5y-2)
4. Is3y-2 afactorof 6y -y 2 5y+2?
5. If zeros of a polynomial are 4, %, —2, find the polynomial.
6. Find the value of 'k’ so that the remainder upon dividing (x*+ 8x +K) by (x— 4)is
Zero.
7. Suppose that the quotient upon dividing one polynomial by another is
: Iw?-x+32- 2L
x+4

What is the dividend?

8. Iftwo linear factors of the polynomial 3 + 6)* —y — 30 are (y - 2) and
(x*-+3) tnd its third factor.
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PERMUTATION AND COMBINATION

After studying this unit, students will be able to:

« Explain and solve problems that involve the fundamental counting principle.
+ Explain and solve problems that involve permutations.
» Explain and solve problems that involve combinations.

« Apply the concept of permutation and combination to real world problems such
as (cryptography, estimating the odds of winning a lottery, calculating the
number of possible DNA sequences or protein structures, choosing different set
of songs for certain occasions.

™

Fundamental Principle of Counting

The history of counting is as old as the humanity is. Counting is a basic tool. How to count
correctly and quickly is very important in our daily life. For this purpose, we develop the
techniques for computing number of elements in sets without listing them. To determine a
general rule, we consider a coin and a dice. A coin has two outcomes that is head and tail while a
die has six outcomes 1, 2, 3, 4, 5 and 6. Then the outcomes of tossing a coin and rolling a die are
(H,1),(H,2),(H,3),(H,4),(H,5), (H,6), (T, 1),(T,2),(T,3), (T, 4)(T, 5), (T, 6).

These outcomes are 12 in number. We can also find this number 12 without listing all outcomes.
We know that a coin has two outcomes while a die has six outcomes. So, the total outcomes are
the product of values of two things that is 2 X 6 = 12.




6.1 Rule of Product

If A can happens in m ways and B can happen in n ways then the pair (A, B) can happen in
m X n or mn ways. If we have threc objects A, B and C which can happened in m, n and p ways
respectively. Then the triplet (A, B, C) can be written in m X n X p or mmp ways. In this unit, we
will develop formulae and techniques for counting the number of objects. Then these formulae
will be used to calculate the number of arrangements of the objects.

6.2 Factorial Notation
Factorial notation was introduced by French mathematician Christian Kramp in 1808. Factorial
of an integer n is denoted by
n=nn-1)(n-2).. 3x2x1
and is defined as the product of all the positive integers from n down to 1.

Factorials for First 6 Numbers : | T DY Key Facts
00l=1,11=1 have a factorial key commonly

%1 locate on the top of x~! have
sign x! is used with shift button.
For example, 4! = 24,

21=2%1=2,31=3x2x1=6
4l =4x3x2x1=24
S5l=5x4x3x2x1=120
6l=6X5%X4x3x2x1=720

oy . - Paoint to be Noted
Example 1: Simplify the following. x4 =2x1)(4x3x2x1) =48
@ 8! (i) I (iii) (n+1)!- | (2 x 4)! = 8! = 40320
5! 41x3!  5Ix2! (n—2)! In general; (m x n)! = ml xnl
Solution:  (mE+n)#Eml4nl
M $="2=-g76=33
» 1 7 _ 5 7%3
) ¥ sz~ saboi T Sheod s
-5 .21 _ 5421 _ 26 _ 13 (n+1)!= M+ 1nl
B ~ 51x31 7 5Ix3]  120x6 720 360 Bt w0
.. (1) (n+D)n(n-1)(n-2)! =
(iii) -2 = n=2)! = (n+ Dnln- 1)=n*-n

(0+ 1)! = (0 + 1)0!
Example 2: Write the following in factorial form.

1l=1x0!

o) 13.12.11.9 (ii) (n-4)(n-3)(n-1)

6.5.4 n(n-1) 1=20l

Solution:

@ 13.12.119 _ 13.1211.10198!. 3! _ 1319131 Hemen 01 4

6.5.4 6.5.4.31 108!  10L8.6!
(ii) (n—4)(n-3)(n—-2) = (n-2)(n-3){(n-4)(n-5)! - (n-2)!

n(n—1) n(n-1)(n-2)! (n-5)!

A (n-2)I(n-2)! _ [(n-2)1)?
ni(n-s)!  nl(n-5)!




—

1. Evaluate the following:
@ 10! (ii) 12! 41-2! . . (m=1) 8!

of A
2. Write the following in factorial form:

e W ses (W) (n—2)! (61)?

. (n=3)(n-2)(n-1)

- 'y T z —

(1) 14.13.12.11 (ii) 1.3.5.7.9 (iii) n(n 1) (iv) o o
3. Prove the following:

e Al X & o (A1) =

O statsn~sm: Y gy~ A

4, Show that;
@ &2 r135.. (20— 1)) i) 2 = 271(1.35 .. (2 — 1))

n! (ﬂ.—l]]
5. Find the values of n in the following.
\ n __ 33 . nl (n-1)! .
M ) o o~ 20+ 2

(n-4)l _ (n-3)!
6. Prove the following for neN,
M m+Dhn+m-1DCn-1D+m-2)(n-1)] =n+2)!
s nl n! _ (n+1)!
(i) ri(n-r)l + (r=1)l(n-r+1)! i ri(n—-r+1)!

(iif) :—1 =naln=1)G=2) .+ 1)

. n! — nl
) (-7+1.0005 = e

(v) 33! is divisible by 2°

(vi) Zn! _ n(n+1)(n+2)..(2n-1)(2n)
(=112 (n-1)!
7. Find m, if
’ nl " n nl
(i) T 930,n =2 (i) 5 20. (n-a]!'" 25
(iii)y m+2)=60.n=1) (iv) M+2)=132.n!
- - 1 1 _n
v) (+2)! =56.n! Vi) ¥
(vii) n!=990.(n-3)! (viii) (n+ 1) =6.(n— 1)!
(n+2)! _ (n+3)! 72 1 1 P

(ix) (2n-1)! - (2n+1)! 7 (x) 2(n=-2)! : 4lin—4)




Permutation, and Combination e —
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6.3 Permutation
The number of ways in which r objects out of n objects 0 < r < n can be arranged in a definite

order is called permutation.
Example 3: If a vehicle number plate consists of four digits; then the different number plates

consisting of distinct digits from 1, 2, 3, 4, 5, 6 can be counted as follows.

1“ 2I'rd sl\d 4“1.
6-choices S-choices 4-choices 3-choices

For the first digit, we have 6 choices of digits 1, 2, 3, 4, 5, 6. For the second digit, we have 5-
choices; because the selected digit cannot be selected again. Similarly, for the third digit, there
are 4-choices and for the fourth digit, we are left with 3-choices.

So, the total number of plates =6 X 5 x4 x 3 = 360

Example 4: Suppose a student has four different subject’s books and wish to arrange them on a
shelf. In how many ways he can arrange the books, can be counted as follows.

For the first place he has 4 choices, for the second place he has 3 choices, for the third place he
has 2 choices and for the fourth place he has 1 choice.

Hence total number of arrangements are =4 X 3 X2 X 1 = 24 = 4!
So, we can conclude that if we have » distinct objects then total number of arrangements are nl.

6.3.1. Permutation of n Distinet Objects Taken rat a Time (0 = r < n)
Here we are going to gencralize the above discussed counting process.
Let we have n number of distinct objects and we want to arrange  of them in some order.
We denote such arrangement by "P, and read it as n-permutation-r.
For the first object, we have n choices.
For the second object, we have n - 1 choices.
For the third object, we have n - 2 choices.
For the third object, we have n - 2 choices, and so on.
For the 7* object, we have [n-(r-1)] =(n-r+1).
We write "P; in factorial form as:
P, = n(n = D@ = 2. (0 = v+ D x SRl
_nn=-1)(n=-2)..(n-r+1)(n-r)(n-r-1)(n-r-2)..321 __ nl

(n-ry(n-r-1)(n-r-2)..3.2.1 (n-r)l




J Deductions

(i) If r=n; then (ii) Since, "Pa=n!
"Po=n(n-1)n-2).. m-n+1) nt n!
There 1=Ran=0=1
—nn—-1Dn-2)..1=n! o e nl
n! o sememmsmmm———=
"Pa= = == 1 e I
(n-n)t o! v =1 :

-

Example 5: In how many ways can 6 peoples out of 8 can be seated in a row?
Solution: 10tal nube us peopae = n =8
People to be seated =r=6

|
Total number of ways ="P, = ipg = (E:G)t = _:.%
- B.7.6.5.4.3.2! — 20160

2!
6.3.2. Permutation of n Objects When Some of Them are Alike (not Distinct)

Let we have total *n’ number of objects which are all not distinct. Suppose that there are n,
objects in 1* similar objects category, n, objects in the 2™ gimilar objects category, and
similarly, n; objects in the k™ similar objects category.

So,n =Ny +n; +ny + Ny

Let X be the total number of permutations in this situation. If we consider all similar objects as
distinct objects in all the categories, then number of permutations for 1* category are n,!, for 2
category n,! and for the k™ category n,l.

~ We have X.n,1.n,! ...n;! number of permutations.

But total number of permutations are n!, therefore

X.nlnl ! =n!
n!

s ﬂl!.ﬂzl v T

al
= njlngl.mg!
Example 6: How many different arrangements of the letter used in the word EVENING can be
made by using all the letters?

Solution: The total number of letters in the word ‘EVENING' =7

Here, E is repeated 2 times, N is repeated 2 times

: 7 _ 765432 _
Thus, number of permutations are = 5o = ——Z57— = 1260

e g T R N



6.3.3. Circular Permutation

Some times we have to find the number of permutations while arranging
the objects about the circle. b

Observe these four arrangements; abed, beda, cdab, dabe
All are distinct along a line but all are same along a circle. Since

the position of each object with reference to other is same,

Check Point

r
P ‘In how many different ways can the letters of the word *OPTICAL’ be arranged
\4 so that the vowels always come together?

Example 7: In how many ways 8 people can sit around a circular table for dinner.

Solution:
Total number of people=n=28
Number of permutations = (8 — 1)! = 7! = 5040 ways

Example 8: There are 5 tnen and 5 women in a party. Find the number of ways in which they
can be seated at a round table if:

(i) anyone can occupy any seat, (i1) men and women have alternate seats.
| Solution:
| (i) Total number of persons=5+5=10
Since there is no restriction, so they can sit in (10 -- 1)! = 9! ways.
, (i) We can start either with men or women. If we start with men then they can be seated in
. (5-1)! ways
So, the total number of ways that 5 men and 5 women be seated at round table such that
they occupy alternative seats = 4! x 5! =24 x 120 = 2880

Now we consider the case in which the objects are arranged in a circular manner but we can
flip or turned over them.

4 3 3 4
|
' flip
_ |
1 2 2 1

The arrangements which were anticlockwise are now in clockwise direction after flipping but are
same. So, number of arrangements are ﬂ:z-‘ﬁ=3;r=§= 3




Use of Permutation in Crypt[l';graphy
Permutations are used in the cryptography as explained in the following example.

Let we have to encrypt the word “PAK”, Label P as 1, A as 2 and K as 3. Total number of
encrypted words are as follow:

PAK a2 3)

PKA a 3 2

AKP 2 3 1)

APK 2 1 3) '
KAP 3 2 1) ’
KPA 3 1 2)

Let we want it to be encrypted as

APK e 2 1 3

It is decrypted as 1 2 3
=PAK

".'.ﬂ:"i'
Y Exercise 6.2

wllF

1. Prove the following for neN.

(i). "Pr= .::r;. (i), "By= MP,_, (iii). "Pr=n"'Pn
(iv). "Pr="1Pr™ P (V). "Py=2"P,:
2. Find n, if:
(i). "Py=20"P; (ii). 2'Ps = 100"P; (iii). 16"Ps=13"*Ip;
(iv). "Ps=20"P; (v).  30"Ps= ntlp, (vi). "Ps.™Py=6:1

(vii). "Py:™Py = 9:1 (vili). "IPs:"IP3=5:12  (ix). 2P, %P, 1=22:7

3. Findr,if:
(i). Pri=7°Ps (iij). "P,=2°P, (iii). P, =210 (iv). 9P, =3 19p,,
(v). 4°Pr="Prsy (vi). 20Pn:=7P, (vii). Prs3:%Pps=1: 30800

4. How many 3-digit even numbers can be formed from the digits 1, 2, 3, 4, 5, 6, if the digits
are not repeated?

5. How many 7-digits mobile number can be made using the digits 0 to 9, if each number
starts with 5 and no digit is repeated?

6. How many 4-digit numbers can be formed with the digits 1, 2, 3, 4, 5, 6 when the repetition
of the digits is allowed?




20.
21.

22.

23.

e D G

How many numbers can be formed with the digits 1, 1, 2, 2, 3, 3, 4 so that the even digits
always occupy the even places, using all the digits and no digit is repeated?
In how many ways can a party of 4 men and 5 women be seated at a round table so that no
two women are adjacent?
How many different signals can be made with 2 blue, 3 yellow and 4 green flags using all
at a time.
How many words can be formed from the letters of the word FRIDAY? How many of
them will end with F?
How many different permutations of the word STATESMAN can be formed using all

letters at a time?
Find the number of arrangement of letters of the word VOWEL in which vowels may

occupy odd places?

In how many ways can letters of word MACHINE be arranged so that all the vowels

are never together?

How many 3 letter words (with or without meaning) can be formed out of the letter of

the word ENGLISH, if the repetition of the letter is not allowed.

Fatima wants to arrange 5 Mathematics, 3 English and 2 Urdu books on book shelf, If the
books on the same subjects are together, find all possible arrangements,

How many odd numbers can be formed by using the digits 1, 2, 3, 4, 5, 6 when repetition
of digits is not allowed.

How many 4-digit odd numbers can be formed using the digits 1, 2, 3, 4 and 5 if no digit is
repeated.

How many odd numbers less than 10,000 can be formed using the digits 0, 2,3, 5,6
without repeating the digits.
The chief secretary of Sindh calls a meeting of 10 secretaries. In how many ways they be

seated at a round table if three particular secretaries want to sit together?

Find the number of ways that 6 men and 6 women seated at a round table such that they
occupy alternative seats.,
Make all the permutations of the following words
WHY, SAD, TWO, MADE
Encrypt the word LAHORE by using the permutation:
3 461 5 2

By labelling L as 1, A as 2 and so on.
Decrypt the word “TNLUMA” by using the permutation:

4 6 3 2 15
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6.4 Combinations

In permutation we arrange the ob]ects in some definite order. If in the arrangements of objects
their order is not important then this arrangement of objects is called combination.

Let, we have three objects a, b and ¢ then abc, ach, bac, bea, cab, cha all are same. In
permutation we consider them all distinct, so there are 6 arrangements, but in combination all

 these ard same (since order is not important). Hénce, we consider all these arrangements same

and consider them a single combination. The combination of r objects taken out of n distinct
objects is denoted by "C; or (:)

n
: neo— =
6.4.1 Prove that Cr‘ (r) T
Proof: Let we have n distinct objects and we want to take r at a time where, 0 < r < n. Let the .
total number of combinations be . i.e. X we take these r objects in some order then total number
of ways are r!. But in combinations all these r! ways will be treated as same that is one way.

i.e. 1! combination =1 permutations
= rl X =1 permutation
Since, total number of permutations are "P.. So,

. Xrl="P:
1 1 n!
o e rl’ {n—r}!
=5 ﬂcr ———— H:r F.I.I:I!
(n) o= fﬁ' ﬂ "C,x 11 =P,
= ri"C.="P:
Deductions e
. n mn
(1) (n) - (ﬂ) =1
) n n!
since, () = ey
Putting 7 —n we have
_ n! _ 1 1 1
() n!(n ml ol 0 1
Now taking r = 0; we have
n! n! 1
( ) = = =—=1
0 0l (n=0) 1n! 1

s (1) = (5) =1
o 06"
Since,(ﬂ) =r{:_'_7},

Replacing r by n — r, we h:::;e o

(n—r) =(n—w;]l[n—(n—r)]!={n—r)l(n—n+r)!

=m=(:)




(nir) = (:)
@ O-( )

. s T
Since, ("'r) = ritn-r)!
Putting r = 1; we have

n! _n(n-1)! -
G) -1 (-1 "
Nowputr=n-—1
)= nl an-1)! _ a@-1)
U m-Din-n-10) @-Din-n+1)! (n-DII
=n

‘ _ Henee, (1) = (,, 2 ;) =n
W ()0

Since, (:) ol rI(n.—r]l (l)

Replacingrbyr—1

(r n ) _ nl Pl n! )
-1/~ r=Dlln==-1]! ~ ¢=Di(n-r+1)!

Adding (1) and (2)

nl n!
C)+(rfl) =r[(n—r}l+(r—-1}l[n-r+1)l
n! n!

=r(r—nsltn—r}z*(r—1}1(n—r+1)(n—-r)1
mn
=(r—1)!(n—r)![F+n—r+1]
- n! n-r+1+r
T r=Din=r)"r(n-r+1)
_ n! n+1
Tr=-D)'=-)'r(n-r+1)
P nl(n+1)  (n+1)
) T r=-Dirr-Din-r+1) rin+1-n
: =(n+-1)
- _
Example 9:10 students applied for 6 HEC scholarships. In how many ways can these 6 be chosen?

Solution:
Total number of students =n = 10
Number of students to be chosen=r=6

. |



‘ Because for this selection order of the students is not necessary.
So, this selection can be made in:

oo = 100 _ 10! _ 109874l

6!(10-6)! 6l4! 614.3.2.1

Example 10:  Find the value of n if "Cz2=10
Solution: Given"C2=10

= 210 ways

= =10 x 2
nn—1) =20 ;
n*-n-20=0
n*—5n+4n—-20=0
nn—=5)+4n—-5)=0
(n—=5)(n+4)=0
n—5=0orn+4=0
n=5orn=-—4
n = —4 is not possible as value of n is positive.
Hence,n=35

1 I O

Check Point

There are 8 men and 10 women and you need to form a committee of 5 men and 6
\‘f’ women. In how many ways can the committee be formed?

U Exercisess S

1. Prove the following for neN. "
() "Cr=—2— (i) n*Cer=(-r+1)7Cer (iii) r"Cr=(n—r+1)"Cri

ri{n-r)l

(vi) 2C,=2135-Gn-D)

n!

(iv) ™Cr+™Ce="Cr (v) "Cr+"Cr1= i 6
(vii) "Cp="Cq=2p=qorp+q=mn (viii) "Cr+2°Cri+"Cr2=""Cs

(ix) r°Cr=n"'Ce (x) The product of k consecutive integers is divisible by /.
2. Find n, if:
(i) "Cs="Cs (i) "C1s="C7 (i) "Cso="C1  (iv) *C3:"C3=11:1 L
(v) "Cs:™C3=33:4 (vi) 2C3: "C2=12:1 ‘
3. Findr,if: J‘

@ YCx=YCea (i) }C:-"C:="C2 (iii) '8Cr="%Crd (iv) “Cr:¥Cri=11:5




4. Find nand r, if:
i) "Ce1:"Ce:%Ceri=6:14:21 (i) "Cr1:°Cr:"C1=3:4:5
(iii) "™'Cr+1:"Cr:™Cr1=22:12:6 (iv) "Cr"Cr1:%Ce2=1:2:3

5. In how many ways can 11 players be chosen out of 16 if
(1) there is no restriction.
(ii) a particular player is always chosen.

6. Out of 5 men and 3 women, a committee of 3 is to be formed. In how many ways can it be

formed if at least one man is selected?
: 7. A committee of 5 members is to be formed out of 6 men and 4 women. In how many ways

can it be done if it has (i) exactly 2 women (ii) at least 2 women (iii) at most 2 women?

8. Thereare 10 points on a circle. Find the number of (i) lines (ii) triangles that can be drawn?

9. Find the number of diagonals in n sided polygon?

10. In how many ways a group of 10 girls can be divided into two groups of 3 and 7 giils.

11. Number of diagonals in n-sided polygon is 35. Find the number n?

12. For the post of 6 officers, there are 100 applicants, 2 posts are reserved for serving
candidates and remaining for others. There are 20 serving candidates among the applicants.
In how many ways this selection can be made?

13. In an examination, a candidate has to pass in each of 6 subjects. In how many ways he cannot

. qualify the examination?

14. A question paper has three parts A, B and C each containing 8 questions. If a student has to

« choose 5 questions from A, and 3 questions each from B and C. In how many ways can he
choose the questions?




Y Review Exercise

1. Select the correct option in the following.
(i) If 3"P:="Pa then value of n is:

& 5 b. 6 c.'7 d8
(ii) Number of ways of arrangement of the word “GARDEN™:
a. 480 b. 600 c. 720 d. 840
(iii) The product of r consecutive posilive numbers is divisible by:
a. r! b. ¢ +1) ec.rl+1 d. 2r! ‘
(iv) The total number of 6-digit number in which all the odd and only odd digits appear is:
a 26l b. 61 c. 26! d. %5! <
(v) LetA={1,2,3,...,20}. Find the number of ways that the integer chosen is a prime
number is: ‘
a 3 b. 5 c.7 d. 8

(vi) FromA={1,3,5,7,9}and B = {2, 4, 6, 8} if a cartesian product A X B is chosen,
then the number of ways thata + b= 9 is: _
a. 0 b. 2 ¢ 3 d. 4

(vii) A student has to answer 10 out of 12 questions in an examination such that he must
choose at least 4 from fist five questions. The number of choices is:

a. 30 b. 35 c. 40 d. 45
(viii) If "Cs = "C,o then value of n is:
a. 10 b. 12 c. 13 d 14
(ix) 1f'SCa; = "5Cri3 then value of r is:
& 1. b2 c. 3 d 4
(x) The number of ways in which r letters can be posted in n letter boxes in a town is:
a. "C b. *P; e r d. n"

2. How many words can be formed by using four distinct alphabets?

3. How many 3-digit numbers are there which have 0 at unit place?

4, How many six-digit numbers can be formed using the digits 0, 2, 3,4,5,7 w1thnut
repeating.

5. The number of ways of arranging 7 keys in a key cham.

6. Twelve persons are seated at a round table. Find the number of ways of their arrangement - ¢
if two particular persons don’t want to sit together.
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MATHEMATICAL INDUCTION AND
BINOMIAL THEOREM

After studying this unit, students will be able to:

» Describe a mathematical argument, identify the base case, induction of hypothesis and a
precise conclusion.

e Apply the principle of mathematical induction to prove statements, identities, divisibility of
numbers and summation formulae.

e Evaluate and justify conclusion, communicating a position clearly in an ppropriate
mathematical form in daily life.

» State and apply the binomial theorem to expand expression of the form (a + b)", where nis a
positive integer.

e Describe binomial theorem as expansion of binomial powers restricted to the set of natural
numbers.
Calculate binomial coefficients using Pascal's triangle.
Expand using the binomial theorems, and use appropriate techniques to simplify the
expression.
Find an approximate value using binomial theorem. Applications of binomial theorem.

e Use binomial theorem to find the remainder when a number to some large exponent is divided
by a number.

* Use binomial theorem to find the last digit of a number. Test the divisibility by & number and
compare two large numbers.

» Apply concept of mathematical induction and binomial theorem to real world problems such
as (puzzles, domino effects, pascals triangle, Economic forecasting, rankings, variables
subletting)

The concept of mathematical induction was first 11-5'['-’&1"*"4'* il A T
utilized by the Italian scientist Francesco Maurolico

in 1575. During the seventeenth century, both Pierre nt-«u..-.!:.;l(?:%T
de Fermat and Blaise Pascal also employed this Aeatt WO g}t
technique, with Fermat referring to it as the "meihod {"‘J'{i‘w‘ﬂ
of infinite descent." In 1883, Augustus De Morgan, Ry

renowned for De Morgan's laws, provided a
meticulous description of the process and named it
mathematical induction.




7.1 Mathematical Induction

To illustrate the idea of mathematical
induction, envision an infinite sequence of
dominoes arranged in a line, where if one
domino falls backward, it causes the next
one to fall backward as well. Now, suppose
the first domino falls backward. What
occurs next? . . . They all fall down. (Fig.7.1)

If the kth domino falls backward, it will also push the (k + 1)th domino backward.

To establish the connection between this visualization and the principle of mathematical induction,
consider the sentence "The nth domino falls backward", denoted as P(n). It is known that for every
k > 1, if P(k) is true (the k" domino falls backward), then P(k + 1) is also true (the (k + 1)®

domino falls backward). Additionally, it is given that P(1) is true (the first domino falls backward).
Hence, according to the principle of mathematical induction, P(n) (the nth domino falls backward)

is true for every integern = |.

7.1.2 Principle of Mathematical Induction
Example 1: Use the method of mathematical induction to prove that

nn+ 1)(n+2)
3

12423434+ +nn+1)=

for all positive integers n'.
Solution:
Here the proposition P(n) is:

nn+1)(n+2

Step 1: (Basis Step)
P(1) is true; since r Key Facts

12 = 1(1+1)(1+2) ™5 The two steps are involved in the
- 3 mathematical induction. First one is known

=2=2 “" as basis step and next onme is known as

Step 2: (Inductive Step) inducive step.

P(k + 1) is true whenever P (k) is true.
Let P(n) is true forn = k. i.e,;

k(k + 1) (k + 2
12423+ 344 o (k4 1) = f )

Now we prove that P(k + 1) is also true. For this we add (k + 1)(k + 1+ 1) on both sides.
12 234344 +k(k+1)+Uk+1)(E+1+1)
N ke(k + 1) (k + 2)
- 3

+k+DEFI+1)



kk+ Dk +2)

12+23+34++kk+ D+ Gk +DEFI+1) = : (0 + (k2 2)
=&+nm+ng+q=&+n&+nF§q
_(k+ DEFT+DEFT+2)
= 3

This shows that P(k + 1) is true. Thus, it is true for all positive integers.
Example 2: Use the method of mathematical induction to prove that

(1‘-%)(1-%)(l-i-)---(l-nil)nil

for all positive integers 'n’

Solution:
) Here the proposition P(n) is:1 ) . g )
(1"2')(1_5)(1_3)'“(1_n+ 1)=n+1
Step 1: (Basis Step)

Forn=1;P(1)is

(1-3)-

1

1_1

= 252

This shows that P(1) is true.

Step 2: (Inductive Step)
In Ihm step we will pmvc that P(k + 1) is true whenever P(k) is lnw

B-D6-D-D-6-r-eh
Now mt;]liply both sides by (1 - FH?) . 1 :
(1"5)(1__)(1_4) “(1 _m)(i_ﬁ+1)=(k+1)(l_ﬁ)

(k+1)( k+2) (kil)(k::; )=(k:-1)¢:;)=kj—2

Tkri+1 1 +1
! This shows that itis true forn = k + 1i.e.; P(k + 1) is true.

Thus, it is true for all positive integers n.
Example 3:Use the method of mathematical induction to show that n® — 3n + 4 is an even {l.c:
divisible by 2) for all positive integers n.




Solution:
The proposition P(n) n* — 3n + 4 is an even number for all positive integers.
Step 1: (Basis Step)
Forn = 1; P(1) is 12 — 3(1) + 4 = 2 which is an even number. Thus P(1) is true.
Step 2: (Inductive Step)
P(k + 1) is true when P (k) is true. )
Let P(k) is true i.e.; k2 — 3k + 4 is an even. Now P(k + 1) is:
(k+1)*-3(k+1)+4=k*+2k+1-3k—-3+4
= (k? -3k +4)+ 2k +1-3)
= (k*—-3k+4)+ (2k—2)
=(k®-3k+4)+2(k—1)
Which is an even because it is sum of two even numbers (k% — 3k + 4) and 2(k — 1).
=  P(k + 1) is true. Thus, it is true for all positive integers n.
Example 4: Use the method of mathematical induction to show that 3™ > n? for all positive
integers n.
Solution:
The proposition P(n) is 3" > n? for all positive integers n.
Step 1: (Basis Step)
Forn=1
P(1)is - = B |
= P(1) is true.
Step 2: (Inductive Step)
P(k + 1) is true when P (k) is true.
Let it is true forn = k. i.e.;
3% > k?
Now 3%+1 = 3 x 3k = 3% 4 3k 4 3k > 3k 4 3
= 3k+1 > j2 4 3K v 3% > k?istrueforn =k
Also3*>2k+1 fork>1
=23 S 242+ 1
= 31 5 (k + 1)?
This shows that P(k + 1) is true. Thus, true for all positive integers n.
Example 5: Use the method of mathematical induction to show that

4446+ 467 +4.6% + -+ 46" = 1 for all positive integers n.
Solution:

n+l_
We have to nrove the proposition P(n) that 4 + 4.6 + 4.6° + 4.67 + -+ 4.6" = )
by mathematical inducuon.
Step 1: (Basis Step)
Forn=0

5




4(6°*1 — 1) 5
4= ; -4:-:5—4 |
=P(0) is true

Step 2: (Inductive Step)
P(k + 1) is true when P (k) is true.
Let it is true forn = k. i.e.;
: 406"+ —1
4+4.6+4.52+4.53+---+4.ﬁ“=-(—5—) =
Now we have to show that proposition is true forn=k + 1.
~ Adding 4. 6%*'on both sides of equation (1), we get:
’ 4(6*+1 — 1)

44+ 46+46%+4.6%+ -+ 46" +4.6%1 = 3 + 4. 6K+
- i) 4. (ﬁk+1 -14 5{5“”‘)
e - y
_ 4.(6.61—1) _ 4 (652 = 1)
- 5 T 5

This shows that P(k + 1) is true. Thus, true for all positive integers n.

T Excrciicn) S ey

By the method of the mathematical induction prove the following when n is an integer.
. 142+3++n=280  ya51

2
3 12422 432 4o 2 = HOFDERED o
' 6
3. 13+23+33+...+ 3=n3(r:+1}2 o
1 n

5
5. 1=+32+52+~--+(2M-1]’-ﬂ"m—11 yaal

3
6. 4“+4‘+45+---+4“=43( AL vn=3
T rlz+$+i+...+n(:ﬂ}___n:tl Yas1
8 L;.2+2.::2= 3423+ +“f:"'—.|:'~z"=l_m+_:l+2.; Yvnz1
9. 1.;.3 + 2.2.4 + s.:.s ok n(n:::nﬂ} 5 2(:5_3:;;?2} vn=1

z 7
Iﬂ.?+??+T??+-**+???...?“;m”=H(10“”—9n+-10) vn1
11. 13433 +53 4+ +(@2n+1P=n+1)*2n%2+4n+1) vn=0
12. 1,2°4+2.21 +3.22 4+ +n2"'=(n—-1).2" +1 vn>1

e b - 5.‘7.__w:




13, 1114221433l 4+ nnl=(n+1)! - vn=1

4 (1-%)(1-%)(1-3).- (1——)_““ Vn>2

9

5. (33) GG~ G = {zéz;. ¥uxe
16. 1=24+2% = 2% 4 o (—n-izgn-1 = 2CD Vn20

17. () + (D) +G)+-+() =2 Yn>0
18. ’1')+2G)+3(;]+---+n@—n.2ﬂ-1 vn=1

=]

1 1 u+1
19. () +3(D) +3G) + - +5: () =5 Vnzo = .
Prove the followings by mathematical induction.
20. n? + 2n is divisible by 3 vnz1
21. 6is a factor of n(n? + 5) vnz1

4ien?
22, BOR ::“ wad 3 is a rational number.
23, 4™ 4+ 15n — 1 is divisible by 9 Vvnz1l
24, 7" — 2™ is divisible by 5 Ynz=0
Prove the followings incqualities by using the method of mathematical induction.
25. 2" < (n+ 1)! vnz2
26 S"+9<6” VYn=2
27. Ifth> =1thenl4+nh<(A+h)" Vnz=0
28. (2") < 222 vn25
n

29. Yn<2-2 vn=2
30. 1+3n< 4" Vnz=0
3. n*>2n+1 vnz2
32. nl > n? Vnz=4

7.2 Binomial Theorem

‘Bi’ mean two and ‘nominal’ mean terms. So, binomial mean an algebraic expression consisting
of two terms. e.g.,(x + y), G - %) ' (xz + i) etc all are binomials.

Often, we need some positive integral powers of binomial like square, cube or even higher powers.
Higher is the power the longer will be the expansion. To handle such problem we use binomial
theorem. General form of binomial expression is a (@ + b)™ where n is a positive intcger. We can
expand the expression (a + b)™ by using binomial thcorem. Another way to cxpand fa + !1)" is the
use of Pascal’s triangle.

—



7.2.1 Pascal’s Triangle

b - +

— e — e —

— e — — — S e —

This triangle of positive integers is known as Pascal’s triangle. How the Pascal triangle is
helpful in the binomial expansion; observe some positive integral powers of (a + b)".

forn=1 (a+b)=a+b

forn=2 (a + b)? = a* + 2ab + b?

forn=3 (a + b)?® = a® + 3a?b + 3ab® + b®
forn=4 (a + b)* = a* + 4a®b + 6a®b? + 4ab?® + b*
Observe that the binomial coefficients in the above expansion are.
forn=1 1 1

forn=2 1 2 1

forn=3 1 3 3 1

forn=4 1 4 6 4 1

Which are same as the first four rows of the Pascal’s triangle.

In this way we can find the binomial coefficients from the Pascal triangle by considering its n*"
row; for the expansion of (a + b)"™. Also from the above expansion note that, expansion starts
with a™ and in each next term exponent of a is decreased by 1 and the exponent of b is
increased by 1. The expansion ends with the term 5™.

Key Facts
Ejﬁxpmsiun by using Pascal’s triangle is convenient when n is a small positive integer. J

Example 6: Expand (1 4+ 2x)® with the help of pascal’s triangle.

Solution:

Herea = 1; b = 2x and n = 6. For the binomial coefficients we need the 6 row of the
. Pascal’s triangle.

Here a = 1; b = 2x and n = 6. For the binomial coefficients we need the 6™ row of the

Pascal’s triangle.

1* Row - > 1 1

2™ Row > 1 2 1

3™ Row > 1 3 3 1

4" ROW e » 1 4 6 4 1

T T
N '




5 Row > 1 5 10 10 5 1

6" Row » 1 6 15 20 15 6 1

Thus

(14 2x)% = 1(1)¢ + 6(1)5(2x) + 15(1)*(2x)? + 20(1)(2x)® + 15(1)?3(2x)* + 6(1)*(2x)5
+ 1(2x)8

= 1(1) + 6(2x) + 15(4x?) + 20(Bx?®) + 15(16x*) + 6(32x5) + 64x°
=1+ 12x + 60x? + 160x® + 240x* + 192x° + 64x°

5
Example 7: Expand (z - i) with the help of Pascal’s triangle.

Solution:

(2-3) =[2+(-3)

Herea=2: b= —; and n = 5. For binomial coefficients we need 5™ row of the Pascal’s

5

triangle.

1* Row > 1 1

2™ Row | 2 1

3" Row » 1 3 3 1

4™ Row > | 4 6 4 1
5™ Row » | 5 10 10 5 1

Therefore

5 2 3 4

[2 + (H%)] = 12)° +5@)" (—%) +10(2)° (—%) +10(2)? (- %) +5(2)? (— j_:)

5
(Y
= 132+ 516)(~3) + 106) () + 108 (~53) + 5@ () +1(-5)

=32-24+3 -4+~

x3  xt x5

7.2.2 Binomial Theorem
Statement: If @ and b are any two real numbers and n is a positive inleger then

@+b) = ()@ + (7) a1 + (3) @262 + -+ (, 1 ;) atbm= + () %"

Proof:
We will prove this with the help of mathematical induction.
Step 1: (Basis Step)
' Forn=1
(a+b)! = (Iﬂ) a'h? + (}) at=1pt = (1)a(1) + (Db =a +b

Trueforn=1
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Step 2: (Inductive Step)
Letitistrue forn = k. i.e;

@+ = (5) @00 + (¥) a0t + (X) a*2p2 4o (L K ) abrr 4 (K) b

Now we will prove that it is true for n = k + 1. For this multiply the above equation by « + b on
both sides.

(a+b)(a+b) = (a+b)[(F)axs® + () @101 4 (§) a*2b2 4 (| & ) abh=r o () %]

= (a+ b))+ = a[(g) akb® + (‘D ak-1p1 + (’;‘) a*-2p? 4 -+ x Jab =t + () a®*]
+b[(5) a0+ (¥) ax1pt + (§) @22 4 ok (L 6 Y abkot 4 () a%t]
= [(g) ak+1p0 4 (D akb' + (g) ak=1h? 4+ (k E 1) ab*-1 + (D a”bk]
+[(§) a0 + (§) @102 + () 2?4t (X )bt + (£) 20*1]

By collecting the like terms, we have,

o G Ol O~ Ol
+ D aOpkH

= -1-(5)
e @=1=G1d)
) (E)+ =1y porosrsn

e+t (K+1Y ks130 , (K+ 1) 4 k41 p152 ., k+1 k
(a+bys+t = : ) a*+15° + ( : )atb+( : ) ak-15? + +(k+1_1)ab
k+1Y g ke
+(k+1ab ‘
This shows that it is true for n = k + 1; hence it is true for all positive integer n.

Some Properties of Binomial Expansion

1. The number of terms in the expansion of (a + b)™ is one more than the index n.

2. . The sum of exponents of a and b in each term of the expansion of (a + b)" is n.

3. The coefficients of the terms equidistant from the beginning and the end are same.

4.  Ifnis even then there will be odd number of terms in the expansion of (a + b)™. So the

th th
middlc term in this expansion is the (3 + 1) = (%) " erm,



5. Ifmsnddihenthmwiubec;ﬁmnumbﬂoftumsintheexpansionuf(n+b)“.$nthm

will be two middle terms in the expansion; thes:an.-.(—) and |—) terms of the

expansion.
6. In the expansion of (a + b)", exponent of a is n and the exponent of b is zero in the first

term. In each next term exponent of a is decreased by 1 and the exponent of b is increased
by 1. In the last term exponent a becomes zero and the exponent of bis reached to n.

7. Any particular (r + 1)*" term from beginning also known as general term in the expansion
of (a + b)™ is given by
Tppy = (:) a™Th" )

8. A term which is at r*" position from the end in the expansion uf‘ (a+b)"isat

(n + 2 — r)** position from the beginning. .
Example 8: Expand (x — ¥)° using binomial theorem.
Solution:

(x=y)¥ =[x+ (-»P
= (g) x*(-y)° + (i) x*(-)' + (g) x3(=y) + G) x2(-y)* + G)x‘(-y)*

5
+ (5) xO(-y)* (1)
Now the binomial coefficients are;
5 5! 5!
( ) = = =]
o/ o (5 0)! 1x5!
(5) 5l 5 % 4] "
1!(5-1}: x4 & -
(5) _ 5! 5I 5x4x3!
2T 25-2) 21x3! 2x1x3!
(5) _ 5l _ 5! 5x4x3 =10
3)T3(G-3) 31x2 3Ix2x1
5\ _ 5! _ 51 5x 4'
(4)‘4:(5-4}!'41x1! Hax1
51
(5) = = =1
5/ 01(5-0) 1x5! :

Substituting values in equation (1) 1
= (1)x5(=3)° + (S)x* (- + (10)x* (=)? + (10)x2(=y)* + (5)x' (=)*
+ (1)x°(-y)?
= x5 — 5x*y + 10x3y? — 10x?y? + Sxy* — y°
10
Example 9: Find the constant term in the expansion of (I + i-) .

Solution:
The constant term in the expansion is independent of 'x’.



i

Here a = x; b=§andn=1ﬂ

The general term of binomial expansion is a
T4y = C:') a®Th" ’

Substituting the values
1 2 710 o
Tr+1=(f)1m'r(;) =(r)x1n rZ |
10 -
- (1- )xm rogr )
Term will be independent of x if the exponent of x is zero i.e; 10— 2r =0=2r = 10
; =2r=5
Putting value of r in equation (1), we have
J _(10\ _o,5 _ 10! =1_ﬂl _ 10.9.8.7.6.5!
T =(5) st -9 VB2 = 5532 = 533715 G2
i Te = 8064

5
Example 10: Find the 3rd term from the end in the expansion of (2 — =) .

Seolution: Herea = 2, b=_?f, n=S3
3" term from the end is at 5 + 2 — 3 = 4*" from the beginning.

Topy = (:) a™Th"
For fourth term, r = 3

Substituting the values; )
3
5N ez (=5 51 (—125) 51 —-125) 5.4.31 (=500
Ty = 2>=4 (—- = 24 = 4 =
i (3) 4;) 31(5-3)" \ 2 ETF T S ) 321\ 3
3 -
T, = 10(~500x"%) = =5000x

Example 11:

Find the remainder when 7191 is divided by 25.
| Solution: .

7101 7 7100 7. (?2) 50 ':r(.l_g}ﬁﬂ 7

| T T I T )

f - 2—?5- () o010 + (3) 502 (=13t + (3P) (50)*0(=1)? + -+ (32) 50yt (- 1)*
s +(3g) (50°(-1)%] |
| = _2_'{5_ {(su)su(_l)ﬂ & (51“) (50)*?(—1)! + (52“) (50)*(=1)% + -+ (ig) (50)_‘(-1)"}

G ,



= % [(Eﬂ)ﬁﬂ (_1)?0 ¥ (51[’) (5{])4!(_1}1 + (52‘]) tsu)iﬂ(_ 1}2 R & (ig) {50)1(_1)491

*%5
Thus, the remainder is 7. Illustration 1
E le: urth : . 0N & If we divide 25 by 7 the
.xnmp e: The fo term in the expansion uf(ax + I) is 2 inder is 4. We may
Find the values of @ and n. write :
Solution: 25 4
General term of the binomial expansion is Foot7
T = (n) . Numerator of the fractional
e AR . part is the remainder.
The fourth term in the expansion of (ux + i) is
3
= T3+1 - (;) (ﬂ.‘.\‘.‘)““g (%) - G) un-axn-ﬁ
Given that fourth term is E; thus
L SR '
(3)amxm-s =2 ()
Now right side of (1) is independent of x, this needs exponent of x to be zero. i.e;n—6=0

=2n=6 3
Putting value of n in equation (1), we get

M) n-30_5 o_ 6 g 5 _6543,3_5

(S)E'I‘z . =3 =3TN* "2

5
. R 32
= 20a =3 =2a =30

||

=

l
ST

723 Use of Paseal’s Triangle and Binomial Theorem In Real World Problems
Pascal triangle and binomial theorem are used in the real-world problems such as cryptography,
calculating the number of matches played in a tournament where n teams are playing, calculating
the possible number of protein structure and DNA sequence.

Example 12: Use pascal triangle to find the possible number of heads when three coins are tossed
simultaneously. '

Solution:

. When three coins are tossed together the following are the possible results.

HHH HHT HTH HTT THH THT TTH TIT

0 Heads = one result

1 Head = 3 results
2 Heads = 3results
3 Heads = one result

By pascal triangle we have




By pascal triangle we have

1 s |
1 2 1
1 3 3 1
0 heads lhead 2 heads 3 heads

B O s e s

. Expand the following with the help of Pascal’s triangle. '
5
0 (2vx +%)5 @ G+ -21'1)'i Gii) (2-2¥2)" (v (“fo ~ ‘E)
2. Expand the followings by using binomial theorem.
® (E-2) @x+y  Gi)Gu-1)7 (i) (a2 +bVE)°
4
@ A+2e—y)ei) (G+243)"
3. Expand and simplify.
(i) (@Q+10x)*+(1-10x)*
(iii) (1+2x+ 2x?)(1—x)" (iv) (.99)° + (1.01)*
X 4 4 .
i @ G-9+C+) vi) (a2 +VaT=1)" = (a? - VaT=7)"
4. Find the coefficient of the 8" term in the expansion of (x’ -+ %)m.
5. Find the middle term in the expansion of the following,
; 7 . AR G 2 1
@ (3x%-3) (i) (22 - &
Gii) (& + V&)

(i) (2 - 2) (1 + 422)

11

12
@ (a-3)
6. Find the specified term in the following expansions.

10
Term involving b in the expansion of ("—: + 21:2)

(i)

- 2 u
(i)  Term involving q® in the expansion of (Ez" + 5q3)

‘ (iii)  Term involving x*y? in the expansion of (3x* — y)*
(iv)  Term involving y®x? in the expansion of (y* — 3x)5

7. Find the term independent of x in the expansions of the following.
s ilagi TN (\F 110
(i) ( = (1i) x4+ E’:)
8. Find the r** term from the end in the expansion of (a + b)" where0 < r < n.

Ty T



9. Prove that sum of all the binomial coefficients in the expansion of (a + b)™ is 2"; hence or
otherwise prove that sum of odd coefficients is 2",

10, The sum of coefficients of first three terms in the expansion of (n — 535)“ 15 559, Find the

term involving a? in the expansion.

11. If the coefficients of (r — 5)*® and (2r — 1)*® term in the expansion of (1 + a)** are
equal; then find the value of r.

12. If the coefficients of 2™, 3" and 4™ terms in the expansion of (1 + x)*™ are in A.P., show
that 2Zm? = 9m + 7 = 0.

13. If coefficients of three consecutive terms in the expansion of (1 + x)™ are in the ratio
6 : 33: 110, then find the value of n and thc position of terms.

14. Prove that (") = (n) +3 G) L ( ) 2::1-*
15. Prove that (o) - 3(7) +3(5) =+ {;:-}: ==
16. Prove that (n) (n) t (n) +- + 2n ) (:)
17. Prove that (J) +(§) +(5) +-+ (n) =)

18. Use pascals triangle to find the number of heads when six coins are tossed simultaneously.
19. If 7 coins are tossed how many times 5 heads will appear.
20. If a coin is tossed 8 times how many times 3 tails will appear.

7.3 Binomial Series
7.3.1 Expansion of (1 + x)" when n is Positive Integer
Since the index n of (1 4+ x)" is a positive integer; so by using the binomial theorem we have,

(1 +20" = (g) Wrae + () mtat + (5) =2 + 4 (1) (100"

n! ! n! nl
= PO+ e i OV srm =2 (D)x? + 4 i *

- 0)!
_nl n(n—1)! nn—1)n-2)! , E “
_EUH- (n—l)!x+ 2! (n - 2)! X ++n!x
(1+x}“=1+nx+“[';11}x2+ -4 x"

The series on the right is terminating and has (n + 1) number of terms.

7.3.2 Expansion of (1 + x)" when n is not Positive integers or Fractional Number

When n is not positive or fractional number then expansion of (1 + &)™ is non-terminating. i.c.;
n(n— 1) n(n 1)(n—-2) e B

-
(1+x)"=14+nx+ 2 =




The above series will be convergent if x| <lor—1<x < 1.

Convergent means series has a finite sum otherwise series will be divergent. We will focus only
those expansions of (1 + x)™ which are convergent.

The series 1 + nx + m;zxz + w;’a + -+ is known as binomial series. The general

term of the binomial series is given by
nn-1)n=2)..(n—r+1)
Trpa = = x”

Y Excreise 7.3 [oalriemsie e e

1.  Expand the followings upto four terms and also find the values of x for which the series is

convergent.
, @ @-v9~° @ (63+)° . E-2)
ﬂ 1-2x 2 JEFL
(iv). (v). E (vi) =
2.  Approximate the value upto four places of decimal.
(i).V65 (ii). E i), (1.03)F @iv) (.95)7

3.  Find the term involving x** in the product of (1 +x2)(2 + V3x3) 2

4. If x is so small that its square and higher powers may be neglected then prove that:

. VEIERQ-x)2 2 19 oo (1432) *4VaTEE
® 3x ?(1 e (i) (44x) "2 (3 ET )
(iii) _é:"";
X
5. If x is so small that its cube and h:gher powers may be neglected then show that:

(14021422 _ 3 15 _, (#+0)24+(1-22)"5 183 8419 ,
@ Vi-x max—Sx ) (1+2x)? + Tt 6™

2
6. If x is so large that G) and higher powers may be neglected then show that:

Jx’+25~J:2+9=g
(2+x)*?
(14x)¥ }
8, Identify as binomial series and find the sum of the following:
' 3 3\2 3\3
M 1=+ 4.(? = a.(;) 4 oo

ii 1——- — —
(i) 15+2| 15 3:155"-

i A T ) 5 AR

. 7. Find the term involving x™ while simplifying



: 3
(9): By =y

3l.18

1 3 3
% W Iry= 211 + 2421 + 2°31
1.3.5

. 1 1.3
(ii) 1f}'=;+ﬁ+m+---thenshowthaty‘—Zyﬁ2= 0.

- + ---, then show that 8y? + 16y — 19 = 0.

axP-px? 1
o =
xo=e =%
+2p 3

.. ; . q P
(ii) If p and q are approximately equal; then prove that e (

10. (i) If x is very nearly equal to 1 then show that

2.01

: Y3
Hence approximate the value of (T) . . .

Applications of Binomial Theorem

The binomial theorem has a wide range of applications in Mathematics, like finding the remainder,
finding the digits of a number, etc. The most common binomial theorem applications are as
follows:

Finding the Last or Unit Place digit of an exponential number

Consider the table given below in which numbers are written in first column while their
exponents are written in the first row and it is showing only the unit place digits.

Powers —

N 112|3|4|5|6|7|8]|°9
0 ololojololojo]|oO]|O
1 trrelely 111441
2 2486 2[4]8|6]2
3 397139 7]1[3
4 4| 6|4|6|l4|6/4|6]|4
5 s|sIs5]s15]518 |5]|S5
6 6le6l6|6[6|6[6]|6]6
7 719131171913 1117
8 8 |4|2]|6|8|4[2[6|8 .
9 o 1[9]1]9]1]9]1]9

From the table, the unit place digits for 2 are as 2 = 2, 22 = 4 23 = 8,2* = 16 and 2° = 32.
Since the unit digit is same as that of the number 2 therefore the cyclicity of 2 is 5 — 1 =4. In the
same manner we can find the cyclicity of other numbers. The cyclicity of 3, 7 and B is also 4. For
1, 5 and 6 the unit digit remains the same for all the exponents and for 4 the unit place digit is
cither 4 or 6 whereas for 9 it is 9 or 1 only. Hence, we can say that if the exponent is of the form ‘
4n, 4n+1, 4n+2 or 4n+3 then we can easily find the value of the unit place digits of all the
numbers. |

A0 i SN /v ok ot



Example 13: Find the unit digitof: (i) 172°* (i) 29%¢ (i) 36397

Solution:
(i) 17293
Now 203 can be written as;
203=4x50+3
 Since, the remainder is 3 so, 73 = 343
Hence the unit place digit of 17293 is 3.
(i) 29%¢
As in case of 9 from the table we can see that there are only two values i.e.; 9 and 1.
So, write 26 as 4 x 6 + 2. Hence remainder is 2 that is 92 = 81. Unit place digit of 9 is 1.
(iii) 36397
As the unit place digit is 6 which always remains 6 at unit place, so 36°7 has 6 at unit place.

Finding Remainder Using Binomial Theorem

The method is explained with th help of example.
Example 14: Find the remainder when 7193 is divided by 25.
Solution:
7% 7(49)%  7(50 —1)St
25 25 25

7(25k —=1) _ 175k —25 + 25 — 7)
T 25

25(7k — 1)+ 18
25

% The remainder = 18

Example 15: If the fractional part of the number £ is £, then find k.

Solution:
z-ma 23 {24)1!!0
15 -~ 15




= —E- 100 = 8 = i = il
15 (16) g (I5+1)y» = 13 (15A+1)=8A+ 15
+ 8 is an integer, fractional part = -1%

So, k=8
Example 16: Find the unit digitof (i) 17299 (i) 292%¢ (iii) 36307

Finding Digits of a Number
The method is explained with th help of example.

Example 17: Find the last two digits of the number (13)'°.

Solution:

(13)'"=(169)y°= (170 - 1)°

=3Co (170)° = °C1 (170)*+ *C2(170)’ - *C3 (170)* + 5C4 (170) — °Cs
=5Co (170)° = *Cy (170)* +5C2(170)* — 5C3 (1702 + 5Ca(170) — 1

A multiple of 100 + 5(170) — 1 = 100k + 849

~ The last two digits are 49.

Relation between Two Numbers
The method is explained with th help of example.

Example 18: Which one is greater 99°Y + 100°? or 101597

Solution:
101%° can be written as:

101°°= (100 + 1) = 100°+ 50 . 100+ 25 .49 . 100"+ ...

Y9 can be written as:

= 99%0= (100 - 1)*= 100°°— 50, 100¥ + 25 . 49 . 100** ~ ...

Now, 101%°—99% =250, 100"+ 25(49) (16) 100"+ ...]
=100"+50.49.16. 100"+ ... >100°°

& 101%°-99%> 100%
= 101°°> 100%° + 9959



Divisibility Test

The divisibility test means that we want to to check weather a number is complelety
divisible by the other number. Mean when a number is divided by another number and the
remainder is zero then this is known as the divisibility of a number with another one. If a number
is to large and we want to check that it is divisible by other number this method is explained in
the following example.

Example 19: Show that 11°+ 9'' is divisible by 10.

Solution:
1749 = (10 + 1)’ + (10— )"

=[PCox 10°+°C, % 10°+... + °Co] + [M'Cox 10" - MC; x 10" +... +1'Cyy]
=9Cux 10°+°C) % 10*+ ... +%Cy < 10+ 1 + 10" = M"C; x 10"+ ... + VCypx 10 -1
=10°Cox 10°+°Cy x 107+ ... + °Cg+ "Co x 10" = 1'Cy x 107+ ... + ''Cy0]

= 10k, which is divisible by 10.

I Excicise 7.4 e e e S S R

1. Find the unit place digits in 27°%¢,108%%, 542°% and 503*7,
2.  Find the remainder when:

a. 9°%isdivided by 31. b. 82% is divided by 48.
3. If fractional part of number “— is =, then find the value of k.

4.  Find the last one or two digits of the number where applicable.
a 15° b. 377 c. 29'°
5. Which of the following is a larger number?
a. 98+ 100 or 102 b, 47% + 50* or 53%
6. Show that 12'% + 8% is divisible by 10.
Show that 22%° + 18 is divisible by 20.
. Use binomial theorem to find the remainder when 51%9 is divided by 13.
9. What is the remainder when 171717 is divided by 9.

10. Using Binomial Theorem, indicate which number is larger (1.1)'°°® or 1000.

11. Show that 9"*! — 8n — 9 is divisible by 64, whenever n is a positive integer.

12. If g and b are distinct integers, prove that a — b is a factor of a” — b”, whenever nis a
positive integer.

13. Show that 6™*3 — 8n — 6 is divisible by 6.

% =




B Review Excrcise - SRR R

Select the correct option:

(1) Mathematical induction is used to check a proposition for all n where n is a/an:
(a) real number (b) rational number (c) integer (d) positive integer

(i) A mathematical statement which is true for all positive integers is also true for all:
(a) negative integers  (b) positive numbers (c) whole numbers  (d) none

(iii)) Ifnis even positive integer then the middle term in the expansion of (a + b)" is

= th th

@ (3 ) em @) (22) teim (@) (3) tem @ (3+1) term
(iv)  In the expansion of (a + b)*® a term. is at the 11" position. Its position from the

end is: :

(a) 9% (b) 10™ (c) 11™ (d) 12
(v) The coefficient of the 3™ last term in the expansion of (1 + x)3%° is:

(a) 277 (b) 44850 (c) 303 (d) 4305600

; 11 11 11 11y .

(vi) (D)+(2)+(4)+m+(m is equal to

(a) 2 (b) 212 (c) 210 (@21 -1
(vii)  If the third term in the expansion of (1 + x)” is — %xz then the value of p is:
@2 ®) 1/, (c)4 (@3
(viii) The coefficient of x™ in the expansion of (1 + x + x? + +--)™™ where n is a even

number?

(a) 1 (b) -1 (c)n (d)-n+1
(ix)  The greatest coefficient in the expansion of (1 + x)° is; )

x 10 10

(2) 2 ® () @)  @a2e
(x)  Binomial series (2 + 3x)~%/2 is valid when:

(@) x| <1 ) |x] < 1 (c) x| -=:§- ) lxl <3
Using principle of mathematical induction prove that for all positive integersn:

1 1 NS 1 e n(n+3)
123 234 nn+1Dn+2) 4+ 1)(n+2)

The ratio of coefficients of three consecutive terms in the binomial expansion of (1 + x)™
is 2 : 15 : 70, Find the average of the three coefficients.

12
Show that the expansion of (J:2 + 1) does not contain any term involving ;

T _a a8
Sa=25. a+2f g

1f2C, is the largest coefficient in the expansion of (1 + x)? then find 1C,..
Use binomial theorem to prove that 6™ — 5" leaves a remainder 1, when divided by 5.

If @ and § are nearly equal then show that. (
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Trigonbmetry has @wide range of applications in the
sciencas. suah as. inthe measurcment of distances

between celestial bodies or in satellite navigation

.‘1}'."'-!'\?”],'1. -,

The solar systems has fascinated human beines
cvervivfiere since the start of ‘envilizatuon, We use
trigonometry to find*heights of high buildings, trecs
and mountins e andidistance of the shore [rom
painstherseaSAStronomers use trigonometry 1o
calculate how far stars and planets are from Farth
Even thbugh, weknow the distances between planets

; < Establish fundamental law of trigonometry.
< Apply fundamental law and its deductions to derive;
» trigonometric ratios of allied angles.
» double angle identities.
» half angle identities.
» triple angle identities.
%+ Express the product of sines and cosines as sums and differences of sins and cosines.
«* Express the sums and differences of sines and cosines as product of sins and cosines,
ancdstark.
|
| Natlonal Book Foundation
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8.1 Distance Formula

The formula for the distance between two points whose

coordinates are (x1, y1) and (x,, y,) is: = )
d=AB= (5 -x) +(y-y,) ey SR
This is called the distance formula. '

For example, if A(S, 4) and B(3, 2) are two points in the plane then distance between A and B is:

AB= 'J(xl ‘11)2 ""(J"l "J"z)z = -J(S—B)l +(4-2)
= J@2F +(2) =8 units

8.2 Fundamental Law of Trigonometry
This law is stated as:

cos(a - f) = cosacos f +sin asin f where & > f#
Proof:

Consider a unit circle with centre at O as shown in the figure below. OC and OD are terminal sides
of angles & and f respectively in standard position where a > /.

The coordinates of points D and C are respectively (cosa, sin @) and (cos £, sin ).

Measure of ZCOD is @ - f. An angle ZAOB equal to measure of ZCOD =a - § is constructed
in standard position in the same unit circle.

As ZCOD= ZAOB =a - f3, therefore
‘ CD = AB

V(cosa —cos B +(sin a—sin A =y[cos(ax— §) 1] +[sin @~ )~ OF |
Taking square on both sides, we have:
(cosa —cos B + (sin @ —sin ) = [cos(a'~ g) =T +[sin( @ — ) —Of
_—.>nus’a+ms’ﬁ—stamsﬂ+sh’a+sh2ﬁ—Zsinashﬂ

=cos’ (@~ B)+1-2cos(a - f)+sin (a - B)




=> cos’ @ +sin” &+ cos’ f+sin’ f—2cosacos f—2sin asin §

=cos’(a - ) +sn’(a— f) +1-2cos(@—f) ......
= l+1-2cosacos f—2sin asin f=14+1-2cos(a - )

= —2cosacos - 2sin asin f =-2cos(a - )
After simplification, we get

cos(ax — ff)=cosacosf+sinasn f ............ (1)

This law is known as fundamental law of trigonometry.

Does the identity (1) make it possible to find

cos(90° —60°) =? Let us check. .

cos(90° —60°) = cos 90° cos 60° + sin 90° sin 60°

cos30° =0x0.5+1x0.866

0.866 =0.866 which is true.

Now replacing S by — fin the above law, we get:
cos(a + ff) = cosa cos(—f) + s e sin — )

cos(a@+ ff) =cosacos f—snasn f......... ... (2)

cos(—f) = sin@

Key Facts
Trigonometric identities
“are used in simplifying
complicated problems
in various fields such as
calculus, physical and
social sciences.

=

Key Facts
r sin(—@) =-sing

l tan(-@) = - sinf

Before proving the other identities, we deduce some important results from the fundamental law.

(i) Letting @ =0in the fundamental law, we get:
cos(0— g) = cosOcos # +smn Osin f
= cos(—f) =1xcos B+ 0xsin S
cos(-f)=cos

(ii)  Substituting & =§ in the fundamental law, we have:

r . i W
ms[i-ﬂJ-mszcosﬂ+sm 2511,6’

:rms(f—ﬂ)zﬂxcos,ﬂﬂxshﬁ

(iii) Now substituting f = ——%iu the fundamental law, we have:

A . ] : o .
cuﬁ(a*(-E}J-m’sams( 2J+smasm[ ZJ

= ms(a-+ %) =cosa x0+sin ax(-I)

Wﬁ(%@);—ﬁm

Check Poimt

1. Are the equations
sma = cos(90° —a) and
cosa = sin( 90° —a) true for all

_ real numbers or only for values
of @ in the interval
D<a<90°?

2. Amna said that, without finding
the values on a calculator, she
knows that sinl100° = cos(—10°).
Do you agree with her? Explain
why or why not.

T T U Nelienal Bk Faindini. OGS0 W



(iv) Replacing A with %+ a, the identity m[% s ,a] =sin f gives:

{35 =(5

= Cﬂﬂ—a}zgh(%-l-a]

(v) Replacing @ with %+ a, the identity (2) gives:
msI\%+a+ﬁ)=m(%+a]m&ﬁ~sh(’—£—+a]ahﬂ
:ms[—‘%ﬂa +ﬂ})=ms[%+a)cusﬂ—sh [%+ a]sinﬁ

W‘+ﬁﬂ)=ﬁamﬁ+mamﬁ ............... (3)
Now replacing £ by— fin identity (3), we get:
sin( @ +(—/)) =sin acos(—f) + cosa sin( - )

§i(@=p)=snacosf-cosasmf @)

Example 1:  Prove that: I Prove that - Check Point
o ) Y :2; b M

i e 1= 2222 A - et

sin acos ff + cosasin §
cosacos f—sin asin f
Dividing numerator and denominator by cosacos f, we get:
s a cos I + cosasin ff sin @ cos f§ . cosasin f
cos @ cos _ cosacosfl  cosacosf
cosacos § —sin asin f cosacosfi smasinf

cosacos f cosacosff cosacosf
sna  sinf Key F
cosa cosfl _ tana+tanf The identities of tangent ratio m]
sma_snf 1-tanatan f are true for all values of @ and f
_—— —— ;
cosa cosjf for which cose = Oand cosf # 0,
i+ ) = tan @ + tan / and for which tan(e + f) o tﬂ[{a_ﬂ] -
Eﬁ'ﬁ_.«b ; l-tanatan 8, are defined.
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8.3 Trigonometric Ratios of Allied Angles

The angles connected with basic angles of measure @ by a right angle or its multiple, are

called allied angles. -
If @is a basic angle, then angles of measure Zio,n iﬂ,T +8,2xr+ 86 ete. are called
allied angles. -

The following trigonometric ratios can be derived easily with the help of fundamental
theorem of trigonometry and its deductions.

s'n[%— ):ms& sh(g+ﬁ)=cnﬂﬂ sk xEl) = Eond
cba(f-.;_e)=ma_ m[£-+'§j-.; —sn® | cos(z26)= m
. .-2 - : 2 il e . .ﬁr- b 1, ke
mn[+;£~é)=mtﬂ mu(%+ﬂ]=-cutﬂ l:mi.rr:l:t?} +ung
[3—”1 aJ = —c080 (3” + a] +5in 0 (3—" ta]-;au‘f&r;f ;
2 2 z e e LA
sin( 2w £ #)=+sin £ cos(27 £ 8)=cosl tan{2r + @) =+tan @

Key Facts
(1) A trigonometric ratio changes to its co-ratio when allied angle contains
an odd multiple of right angle. For example sine ratio changes to
cosine ratio and vice versa.
(ii) A trigonometric ratio does not change when allied angle contains an
even multiple of right angle.
(iii)  The sign of ratio will change according the position of terminal arm of
angle in the quadrant.
(iv)  The above results are also valid for the reciprocals of ratios of sine, cosine
and tangent.

Example 2: Use (60° —45°) = 15° to find the exact value of:

. (i) cos15® (ii) sinl5°  (iii) tan15°
| Solution: Letting & = 60° and S =45", we have:
. ' (i) cos(a— f)=cosacosf+sinasinf

cos15° = cos(60° —45°) = cos 60" cos45° +sin 60° sin 45°
cos15° =0.5%0.707+0.866x0.707
cosl5® =0.3535+0.6123 =0.966

(ii) sm(a— f)=sin acos f—cosasin f




sin 15° = sin( 60° —45°) = sin 60° cos45° —cos60° sin 45°
sin 15° =0.866%0,707-0.5%0.707

sin 15° = 0.6123~-0.3535=0.259

sin15°  0.259

i) tan1s® =
(1) tan 13 = 15— 0.966

=0.268

Example 3: [fsin A z% ,and sin B = % . where angles A and B are in quadrant II, then find

cos(A + B). In which quadrant does the terminal arm of angle (4 + B) lie?

Solution : We use the identity cos’ @ =1-sin’@ to find cos Aand cos B.
cos’ A=1-sin’ 4

2 "

25 25
cosd=— @ (Terminal arm of angle is in quad. 1I)

SIII'Ij].E.I'I}", msl B =I_Sh2 B Check Point
2 1y _ l Find the exact value
g el 3 =)= = of tan y, when
cosB = - (Terminal arm of angle is in quad. TT) ™ tan( y—45°) = 3

Now cos(A+ B) = cos Acos B—sin Asm B

oo 5
JI%_1 831

tﬂﬂ(/‘!'i" EJ:T_-G 5

As the value of (4 + B) is positive, therefore terminal arm of angle lies in fourth quadrant.
Example 4: If a, f, 7 are interior angles of a triangle, then prove that:

cot fcot y +cotacoty +cota cotfi=1 | Check Point
Solution : Given that a+ f+y =180 Find the exact value of .
a+ f=180" -y (i) cos105° (ii) cos (f;—'—- %]
cot(@+ ) = cot(180° — ) : ;
L e =  tan(a+f)="tan(180° ~7)
tan(a +f) tan(180° —7)
tan & + tan

=—tany = mna+tanﬁ=—tany(l—tanafﬁﬂ£}

l1-tan e tan f
—tana +tan f=—tany+tanetan ftany = tana+tanf+tany =tanatan ftany




Dividing both sides by tana tan Ftan y.
tan & ” tan " tan y _tanatan ftany
tanatan ftany tanetan ftany tanatan ftany tanetan ftany

cot fcoty +cotacoty+cotacot f=1
8.4 Expressing asin@ + bcos@ in the form r sin(8+@)

Let P(a, b) be a point ili_li;e coordinate plane and
let @ be the angle that OP makes with x-axis as shown in

the figure. _
If we let a = rcos¢ and b=rsing, then y—i:us
asin@ +bcos@ =rcos@sind + rsingd cosd Pla, b)

=r(cos@dsin@ + sing cos #)

=rsin(@ + ¢) r b
Where r=+a’ +b% and ¢ = m‘(ﬁ}

a
%

For more illustration, let us solve following example. 0 a - anls
Example 5:

Express 12sin# + 5cos @ in the form of rsin(@ + ¢ ).
Solution: If we compare 12sin# + Scos @ with rcos @ sin@ + rsing cos &, then:
a=12=rcosg and b= 5= rsing

So, r=va® +b* =|/(12) +(5F =169 =13

Now 12sin@ + 5cos @ = lJ[-:—;xsilﬂ+ichsHJ=l shﬂx%+cos£'x—$-J

13 13
= r(sin @ cos ¢ +cos@ sin @)= rsin( 6 +¢)
Where =13 and ¢ = mn-'(ﬁJ " m—'[.i}
a 12
Check Polnt

Express cos@ +sing in the form of rsin(@ + @),




1. Find the values of cus_{a + ), sinf @ £ ) and tan( & +-f7) for each given pair of angles.
() a=180° f=60° (i) a=90°, f =60° (i) a =180° f=30°

7 _T a 3 L7
(iv) a_x.ﬂ—T (v) a= 2"3-& (vi) @ 2.,.-3 4

2. a. Find the exact value of cos15° by using cos (45° — 30°).
b. Use the value of cos15° found in a to find cos165° by using cos (180° — 15°).
¢. Use the value of cos15° found in a to find cos345° by using cos (360° - 15°).
d. Find the exact value of sin75°.

3. a. Find the exact value of cos120° by using cos(1807 — 60°) and cos(90° + 30°).
b. Find the exact value of sin120° and then tan12().
¢. Find the exact value of cos75° by using cos(120° —45°),
d. Use the value of cos75° found in ¢ to find cos105° by using cos(180° — 75°).
e. Use the value of cos75° found in ¢ to find cos285° by using cos(360° — 75°).
f. Find the exact value of sin 15°.

4. Rewrite as a single expression.
(i) cos6fcos3@—smn 60sin 30 (if) cosTHcos26+sin T0sin 268

(iii) sh[%)cus(%}+ cns(g]sin [f—;} (iv) sin 138" cos46" —cos138" sin 46°

47
) 75 —tands’ i i s T
1+ tan 75° 1an 45° l_mn%frmz_;'_
q -
5. For sin & =%, tan =—;—2 with terminal sides of angles & and /S lie quad. 11,

find cos(a + f) and cos(a — ).

6. For cosar = —:—5 and cot fi =L—5 with terminal sides of @ in quad. II and S in quai_d. 1

find: (i) sin(a-p) (i) cos(a-p) (i) tan(a— f)

; 12 4
7. Given @ and f are acute angles with sin @ =5 and tan £ = 3 find:

(i) sin(a+f) (i) cos(a+f) @iii) tan(a+f)

8. If sm a=§,where ﬂ{aﬁ%aud cnsﬁ':-%.where 3?}?{,8{211' find:
(i) escla+ f) (i) sec(a+f) (iii) cot(a+f)
3
9. Given a and J are obtuse angles with S'na=—1— and Eﬁsﬁ=-'§ find:

J2
(i) smlatpf) (ii) cos(a = fg) (iii) tan(a + f)



IR,

10. Verify:

(i sin{%-a) = cosa (i) cos(r—a)=-cosa

(iii) cos [a +,})= %{cuﬁa -sina) (iv) sin (ﬁ+ %}= -‘;_E{gggﬂ +sinﬁ)

7\ tany -1 . ( 7| l+tany cosy+siny
e tﬂﬂ +— |= -
” tan(r 4] tany +1 e A 4) l-tany cosy-siny

(vii) cos(x+ y)+cos(x—y)=2cosxcosy (viii) sin(x+y)—sin(x—y)=2cosxsiny

11. Show that:
sin(180° + A)cos(270° + 1) =1 @) sin(90° + &)~ cos(360° —a) + cosa _
sin(180° = 1)cos(270° - 1) sin(180° —a) +5in(270° —a) +cos90° +a)

_ sm(a +f)
(iii) tana+tanf _—-___cusacusﬂ

(iv) sin(a+p)sin(a - p)=cos’ f —cos’a =sin’a —sin’ §
tan (x+y) tan’x—tan’y vi) cos@+f) _1-tanatang

v = 3
® cot(x—y) I-tan’xtan’y cos@-/f) 1+tanatanf
cota cotf +1 cos4f sin4d
vii tla-g)= viii =gi
(‘,‘) m(a ﬂ) cot - cola (viii) e + —>p sin 50
12. If @+ f+y =180, prove that:
(i) tana+tanf+tany =tanatan ftany (i) mt%+mt—§+mt-§=mt%mt§mt§

(iii) m§m§+m-‘g—m§+m§m%-l=ﬂ

13. Express the following in the form of r sin(& + ¢).
(i) 12sin@ — 5cos @ (ii) 3sin@+ 4cosd (iii) sin@— cos@

14. A telephone pole is braced by two wires that are both fastened to the ground at a point 3m
from the base of the pole. The shorter wire is fastened to the pole 3m above the ground
and the longer wire 7m above the ground.
a. What is the measure, in degrees, of the angle that the shorter wirc makes with the ground?
b. Let @be the measure of the angle that the longer wire makes with the ground. Find sin @

and cos 8. -
¢. Find the cosine of the angle between the wires where they meet at the ground.
d. Find, to the nearest degree, the measure of the angle between the wires.




8.5 Double, Half and Triple Angle Identities

(i) Double Angle Identities
The double-angle identities for sine, cosine, and tangent can be derived by putting a =

in the following identities.
sin{ e + ) = sin @cos f+cosasin (1)
cos(a+ f)=cosacos f—-smasn f  (2)

tan @ + tan
+f)= ——— 3
tan(a + ) —Waon (3)
Check Foint
Putting £ = @ in identity (1), we get: |
sin{ & + @) = sin @ cos @ +cosasin @ = Does cos 28 = sin 2(90° —0)?
sin( 2a) = 2sin a coser (4) Justify your answer. .
Now putting f = a in identity (2), we get: |
cos(a +a)=cosa cosa —sin @sn a
cos2a)=cos’a-sn’a (5
Using relationcos® @ +sin * @ =1, the identity (5) becomes:
m1 =2cos’ @ -1 (6)
2sir (7)
(8)
(9)
Again putting f = a in identity (3), we get:
Ma+aJ_M r I Check Point
|-tanx tan @ -, Use the double angle formula to
——— /] find the exact value of sin]20°. -
tan(2a) = 'IT* (11) "

I.r_....____

(ii) Half Angle Identities

L= & e
Substituting a = 5 in above identities, we get the following relations.



: From identity (4), we get:

sﬁ{Zx%FZsin[g]cus(g] = sm(ﬂ}=2m[%]ﬂm[§] | (12)
Similarly, identities (5) to (7) imply:
cos0)=cos’( £)-su’(£) _zm‘(g-)-hr-z : E) W
And from identity (11):
0 m”{g) _ 28R
tan(2x—)=—2 = tan(@)=—— (14)
Y« , . o

From identities (8) and (9), we have:

m(a)# 1+?6 (15)

(16)

These 1d;:nnt1cs are useful in simplifying complex lngonnmetnc expressions.
(iif) Triple Angle Identities

sin 3a, cos3a and tan 3a etc. are called triple angle identities. Let’s prove these
identities.
(a) sin(3a)=sin( 2a +a) =sin (2a)cos @+ cos(2a )sin @
=(2sin acosa)cosa+(1—2sin* a)sin @ Ey (4) and (7)
¢ =2sin acos’ a+sina-2sin’ &

‘ ' =2sin a(l-sin* &) +sin @ — 2sin’ & (v sm*a+cos’a=1)
=2sin & —2sin’ & +sin @ —2sin’ &

sin(3a) = 3sina—4sin’a (18)



(b) cos(3a)=cos(2a + ) =cos(2a)cos a —sin (2a)sin
=(2cos’ a@—1)cosa —(2sin acosa)sin & ... by (4) and (6)
=2cos’ a —cosa—2sn’ acosa
=2cos’ @ —cosa—2(1—cos’ @)cosa ... (- sin‘a@+cos’a=1)

=2cos’ @ —cosa—2cosa+2cos’ a

by(11)
2tana +tana(l-tan’ @)
B l—tan’a _ 2ftana +tana —tan” a
l-tan’ @ —2tan’ 1-3tan’a
I-tan’ @

5x 2
a'a )
ot

Example 6: Given s 6 = %, where @ lies in quad. I, find the values of sin 26, cos26 and tan26.

Solution: First we find the value of cosf.

3V 16
2 =]—si 2 2 =I— -— = e—
cos"@=1-sm° 6 =>cos @ [5] T
msﬂ:%
Now (i) sin 28 =2sin #cosf — H————Chrckl'nlnt
3 4 24 Find sh[—]when
sin280=2x—x—=— )
- S ‘%

3 L1
(ﬁ:l Eﬂﬁ23=l—2xsh’9 L E'DSH-:—;'H'ETEE‘:FﬁIr.

3]]-1-15 T e —_ =




J
;
|
-
3

Example 7:Use the half-angle identities to find exact values for: (a) sm15° (b) tan15°

Solution:
@® sin15°=m(3g"] - J““‘f‘z‘“’ =J"‘;Eﬁﬁ =J“‘1234 =/0.067 =0.259
30°) _ 1-cos30° _ [1-0866
tan15° = tan = = ; 8| _ 1-cost
®) (2) sn30° 0.5 Sunos, “‘"[2) =
=%=ﬂ.263

0.5
=T - . (@ a
Example 8: For cosa =?5- and & in quad. I1L, find values of sin (-z-) and cos [E}

Solution: When 7<a < %meu %«: %«: STE. Thus, siu[%)}ﬂ and cus(%){ 0.

Example 9: Express 4sin* x in terms of an expression containing only cosines to the power 1.

Solution: 4sin*x=4(sin? x) = {l—msth

2

1+cosdx

» 4[1—2mslx+ms’(2.t}
4

J =1-2cos2x+

_2-4cos2x+1+cosd4x 3-4cos2x+cosdx

2 2
Example 10: Find the exact value of sin 22.5° . ¢os22.5°. Verif
Solution: As sin( 2a) = 2sin acosa (shﬂ-msﬂ)’ =1-sin 260

. sin m:asa=3h(;m —




Substituting the value of angle, we get:
sin 2 +22.5%)

sin 22.5%. c0s22.5° = =

=5u(2-22.5 }=sm45 - 0.345
2 2
2 l—cos@
: - tan| — |=%
Example 11: Prove that [2) ( o J

Solution: We know that:
tan(g)=:l: [1-cos@ i (1-cos#)1-cos6)
2 1+cosé (1+cos@)1~cosd)

i =i\’(1—¢059}1 _iJ(l—cnsH)’ zt[l—cusﬂ]

1-cos’@ sin’@ sin @

sin fcosd .
0.5cos26

sin @cos@ 2 - sin @cos
Solution: LH.S = 0.5c0s28 2-0.5c0s28
_ sin 26

Example 12: Prove that: tan2 @

=tan 260 = R.H.S

cos 28 : |
1. Suppose P (=3, 4) lies on the terminal side of & when ¢ isrplutted in standard position.
Find cos 26 and sin 260 and determine the quadrant in which the terminal side of the angle

20 lies when it is plotted in standard position. 1
2. If sina =y and a lies in quad. I1. Find expressions for sin 2a, cos2a and tan2a in terms of y. ‘

3. Use a half angle formula to find the exact value of cos15°.”

|
' g
4. Find (a) sin 28 (b) cos28 (c) tan28 (d) shg (e) ms% (f) tan— when: . |
i
|

2
2 3
(1) cosE":% where ﬂr:&«:% (i) tm_19=15— where rr{ﬂ'cT’r
(iii) sinﬁ=—% where 3%-:9{2;:_' (iv) secf= where 3?3{9-:2# - {

!
(v) cscd=y2 where Z<O<n (vi) cnsﬁ=-5 where E-m?{:r




5. Find exact values for sin @, cos@ and tan @ using the information given.

(i) smn2f= -i—:, 26 in quad. 11 (i) cos2é= —%, 26 in quad. I1I
(iii) s 23:—%, 28 in quad. I11 (iv) Eﬂﬁzﬁ=%, 2@in quad. IV

6. Use a double-angle identity to find exact values for the following expressions.

v (i) sinl5°cosl5® (i) cos’15°—sin’15° {iii]-l-ls‘n’[%]
zum[EJ
12
o,
! m(u)

7. Rewrite in terms of an expression containing only cosines to the power 1.

(i) sin’acosa (i) sin'‘acos’a (i) sn‘acos'a
8. Verify the following identities.

(iv) 2:053[%)—1 v)

1 1

i m & @) =1+smn 260 i tan 2x = -
(i) (sin @ +cos@)’ =1+sin (ii) T T
8 snd ; tan & + cota
— = et s e
i) 2 l+cosé () o 2
(v)  8sin*@=3+cosd4f—4cos2f (vi) sin 48 = 4sin fcos’ @ —4sin’ Gcosd
(vii)- sin 20 =2cot@sin’ @ (viii)  cos® 2x+4sin® x cos’ x =1
: (ix) cos46=8cos*#—8cos*H+1 (x) sec2x =— cusx. mx'
COSX+sSmXx COSrYr—SmXx
(xi) cos'x—sin'x=cos2x (xii) m§+mt~§=zmﬂ
B L.ass .
(xiii) csc2a—cot2a=tana (xiv) il s,n X L2t
cOS X —Sin X 2
sin3a  cos3a  l=cos’p 2 B
- =2 ———— = [
(V) sma cosa ) 2—-2cosfi s
- T-tan?—
(xvii) 1 e d i t‘mg (xviii) —i =cosx
hees 1+tan® E
' Ghg SiG ik (xx)  2sin’*Z+cosp=1
sina@ cosa 2 :
. (xxi) 2cosysec2y= 1 — + . -
cosy—siny cOsy+siny
(xxii) 2sin ysecly= l - !

cosy—simy cosy+sny




8.6 Sum, Difference and Product of Sines and Cosines
8.6.1 Expressing the Product of Sines and Cosines as Sums or Differences
We have proved the following identities:

sin(a + ff) =sin acos f+cosasn (21)

sin(a— f)=sn acos f~cosasn (22)

cos(a + ff) =cosacos f—sin asin § (23)

cos(a — ff) =cosacos fF+smn asin F (24)
Addition of identities (21) and (22), and then (23) and (24) gives:

sin{ @+ )+ sin{ @ — f)=2sin arcos (25)

cos(a + ff)+cos(a— ff)=2cosacos (26)
Subtracting (22) from (21), we get:

s @ + f)— s & — ff)=2cosasin f (27)
Now, subtracting (24) from (23), we get: «

cos(a + B)—cos(a — f)=—2sin asin S (28)

Identities (25) to (28) can be re-written as:

2sin acos f =sin{ @+ )+ sin(a— f)
2cosasin f=si( a+ f)—sin(a— f)
2cosacos f=cos(a + f)+cos(a—/f)
— 2sin arsin = cos(a+ f)—cos(a— )

-

Example 13: Express the product 2cos68sin 36 as a sum or difference of sine and cosine.
Solution:  Using the identity (6 ), we can write: i Bl
2cos 6@sin 36 =sin (66 +36) —sin (66 —36) I : S
. : Express sin 60° cos30” as a sum
=sin (98) —sin (36) ) . .
;- 74 or difference of sine and cosine
Example 14: Simplify sin 40° cos20° +cos40° sin 20° /4 and simplify.
after converting into sum or difference |
of sine and cosine.

Solution:  sin40° c0s20°+ cos40° sin 20° = %(Zsin 40° cos 20" ] + %[2:054[}" sin Zﬂ“)

= oin 40° +207)+ sin (40° ~20°)} 7 in (40° + 20°)-sn 40" ~20°)
=-;'{m 60° +sh20"}+% fsin 60°—sin Zﬂ“]=%{sinﬁﬂ“ +5in 20° +sin 60° —sin 20°
l V3

=E{25h6{}"] =




J,-"" =t ie L
Y=
8.6.2 Expressing the Sums or Differences of Sines and Cosines as Product

2 2
<BYT., P 2D _pg=P*4_pr-q_2_
a+fl= 5 + T 2_;:Jam:lc:r Ji} 2 3 > q

Above identities are known as sum to product formulae.

Example 15: Express cos45°— cos15° as product.

a (¢} I:I_ (]
Solution:  cosd5°— m15°=-zsh[45 +15 ]si{‘“ 15 J

2 2
=-2sm 30°sin 15° |
snx+sny = x+y ™
16: Show that =tan Check

o il cos.x+sin y 2 Provide two different methods of

x+y = calculating cos195° cos105°, one

iy Mizshy TB o - MA KR Bica fie prodact fo sum.

' €Osx +sin y zm-f"'.}’m -y | Which method is easier?
2 = —

=mn£ft

2
Example 17: Show that: cos6a + cos S +cos 3a + cos 2a = 4cos(4a)cos(1.5a)cos(0.5a)
Solution: €056 +cos S+ cos 3 +cos 2a = (cos 6a + cos 2a )+ (cos S + cos 3a)
ba+2a 6a-2a Sa+la  Sa-3la
=2cos cos +2cos cos
2 2 2 2
=2cos4acos 2a +2cosda cosa = 2cos da(cos 2a + cosar)
2a+a  2a-a
N

=2cosda x 2 cos

= 4cos(4a)cos(1.5a )cos(0.5a) ‘

Example 18: Show that: sin70°sin30° c0s20"cos10° = zlmslﬂ" +!iﬁi- +%Siﬂ4{]’
Solution:  sin70"sin30’ c0s20°cos10° | |
=%{sin?ﬂ'cns20“mslﬂ“) (silﬁﬁ“ = ,-11] |



=

-i-_{lsin?ﬂ“cuslﬂ“ Jeos10°

4l[stn{m° +20°) +sin(70° - 20°)]cos10°

cos10”

cosl0"”

cosl0®

=

l[sin'?llll“ + $in50"Jcos 10° =l—[1 +5in50°Jcos10°

—cosl0® + %s'mi[}“{:uslﬂ“ = i-mslﬂ“ +% % 25in50°cos 10

+ a;—[sin[il'}“ +10%) +sin(50" - 10°)]

1(\3

+ %[Sinﬁﬂ" +5ind40°] = —cos10° +§[T +sin4{}“J

|
4
N | ‘

+—+—sind()
16 8

4

Use the product-to-sum formula to change the following to sum or difference.

(i) 4sinl6xcoslOx (i) 10coslOycosby  (iii) 2cos5rsin 3tx

(iv) 6cosSxsinlOx (v)  sin(=u)sinSu - (vi) —2sin(-100°)simn(-20%)
(vii)) co0s23°sinl7° (viii) 2cos56°sin48°  (ix) 2sin75°sinl5°

@) 4sin u-lz- Y cos ; v (xi) Ecﬂszuzzvsin 2!:;21!

Rewrite the sum or difference as a product of two functions.

(i) sin70°+sin30° (ii)) sin76" —sinl4’ (iii) cos58° —cosl2®
(iv) cos P ; q +cos P ; q (v) sin(—10°)+sin(-20")

Prove the following identities.

(i)

cos{a +f) _1-tanatanf (i) 6cosBusin2u _ -3sinlOu +3
cosf@—F) 1+ tanatanf sin(-6u) sinbu

(iii) 4cosdv sindv=2(sinTv—sinv) (iv) sin3@+sin@ =4cos’ @ sind

(v)

(vii)

cosdx+cosx= Zcusx(r:uslr} (vi) Z2tanycosdy = secy[sintly —siuZy}

Sin6p+sndf _ . os s (viii) SS9 ¥C0SD _ _cat20c0td

sin 64 —sin 48 c0s30 - cosf




cosbx+cos8x cos2a —cosda _

tana

i =cotxcos7 5 =
() sin 6x—sin4x RSBk [0 sin 2ax + sin 4

(xi) 2cos2ucosu +sin2usinu = 2cos’u (xii) 2sin2ysin3y =cosy—cosSy

.... c0sl0x+cosbx
(xiii)

cosbx—cosl0x

Prove that.
1

(i) cos80°cos60° cosd0° cos20° = % i) sin70°sin50°sin30°sin10° =

= cot2xcotBx

i) sinZsinToinTen® 3
9 9 9 9 16

[ Rovicw Fxcrcise 2 —

Select the correct option in the following.

(i) sin(45°-30°)=...

(a) ‘E;*@ (b) ‘E:‘E © “'E;“E (@ ﬁ;&
i X K -
(ii) M[E+E]=

V3-1 V3+1 S+l V3+1
® A ® B EEaT B 28

(iii) sin22.5° c0s22.5" + c0s22.5° sin 22.5°

Il

-1 1 1 =]
- (a) o (b) B (c) B (d) B
(iv) cos(z—-6)=...

(a) sec# (b) xcos@ (¢) cos@ (d) —cosf
(v) :an{%+a]=... '

(a) cot@ (b) —coté (¢) tanéd (d) —tan &
(vi) 2sinacosa =...

() sin(r—2a) (b) sin(r+2a) (c) sin(-2a) (d) sin2(r-a)

(vil) sin 2a cosa =
cos’a —cosasin’a
(a) cscla (b) —sec2a (c) tan 2er (d) -tan2a




) Irsiaﬁ=%, then cos2 = ..

=7 7 =7 7
(a) = (b) 5 (c) ‘ﬁ' (d) 75
(ix) cos’3x—sin®3x=...
(a) sin6x (b) cos6x (c) ~—sin6x (d) —cosbx
(x) (sinx-cosx)’ =...
(a) 1+sin2x  (b) 1-cos2x (¢) 1-sin2x (d) 1+ cossin2x
(xi) cos(60°~30°)=...
@ cos30°  (b) sin60° (¢) V1-sin?30°  (d) cos60°—cos30°
(xii) 128X _
sin x

® w(i) ® cg{g) © i) @ o)

2.  Given that shﬂ=%,sh#=%whmﬂ is obtuse and ¢ is acute. Find the values of:

i) sin(0-¢) (ii) tan(0—¢) (iif) tan(0+9)
3. Express the following as single trigonometric ratios.
i ! ; o 1 o 1 z o
(i) :E(smﬂ +cosf) (ii) Esm?ﬁ +7Ercns?5
4.~ Find the values of}

i) 1+tanl5°

(ii) cos70° cos20” —sin 70° sin 20°
I1-tanl5"

5. Find the values of tan® when tan(0 - 45° )= %

. ] 2—tanf
6. (i) If sin(a+6)=2coda @) prove that tanar = =" .
(ii) If sin(@ —8)=coda +8) prove that tana =1.
4sin* @ cosd sin 108 —sin 40

= cosT8sech

7. Show that: (i) —————=tan2@tané (ii)

cos36 +cosf sin 48 + sin 20




g Provethat: (i) J c0s(90° + x)sec(—x)tan(180° —x)  _
* \sec(360° — x)sin(180° + x)cot(90° — x)

=CO5Xx

i mn’(%-x}h’(:n-x]sh(h-—x)
cos’( - x)co{%—. +x)

9. Simplify (l-!ﬂﬂz.rms[_x].cos(;ﬁn- - 1})13“45- '.
; P {siugﬂn_sin“ 80° + ;}} [sinﬁﬂ"- mﬁ(ﬂﬂ“-x}] |

: 10. Prove that: (i) sin(16x)= 16 sin(x) cos(x) cos(2x) cos(4x) cos(8x)
(ii) 1+cos280 _ 2cos@
sin268 —cosf 2sind -1
2tan’® _  —2tan’d "

(iii)

tan’0-1  sec'0—2tan’® \
B
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TRIGONOMETRIC FUNCTIONS

After studying this unit, students will be able to:

¢ Find the domain and range of the trigonometric functions.

¢ Discuss even and odd functions, and the periodicity of trigonometric functions.
¢ Find the maximum and minimum value of a given function of the type:

-

-

a + bsinB,

a + bcosl,

a + bsin(c® +d),

a + beos (cb +d),

The reciprocal of above, where a, b, cand d are real numbers.

¢  Graph and analyze the trigonometric functions sine, cosine, and tangent to solve problems.
¢ Explain the properties of graphs of sin8, cos@ and tan8.

e Apply the concepts of trigonometric functions, identities, graphs, periodicity, even, odd
functions, and extreme values to real-world problems such as (distance, elevation, and
direction of tall structures, navigation and mapping, lengths of irregular shapes, graphs to
visualize and predict patterns in data, frequency and periodic length of Ferris wheel, forces
on a see-saw or lever, the ideal angle for solar panel placement)

A Ferris wheel is 60 ft. in
It makes one
revolution every 100 seconds.
Yasir climb up 6 feet of stairs to
get on the wheel at its lowest
point. Model the height of a
rider as a sinusoidal function
and graph 1 revolution.

diameter.

o 25 30 75 100
e Time 1 {in scconds)




9.1 Domain and Range of Trigonometric Functions

The domain of a function f{x) is the set of all possible values of ‘x” such that function f(x) is
defined. The-range of a function f{x) is the set of all possible values the function f{x) can take,
when “x’ is any number from the domain of the function.

y-axis A
-~ P[-r y
Let ‘0’ be any real number. Construct the angle 3
r
whose measure is @ radian, with vertex at the origin y
of a rectangular coordinate system. Let the initial 4 -
' . 0 & M x-axis
line of the angle ‘8’ be along x-axis. Let P (x, ¥) be
" any point on the terminal side OA of the angle and
on the unit circle i.e. =1
LetOP =r - Key Facty
. Then from rt£ZAOMP: l « [a, b]is called closed
) / 5 interval of numbers from a
() Sin 6 =2 H tobnd
g [a, b]=a<x<b.
Forany ‘6" -r=<ys<r « (a, b) is open interval
2wl such that
==l (a,b)=a<x<bh.
| —-1=<Sin8 <1 -
Domain of Sin @ = Ror (—oo, ) and range of Sin 8 =[-1, 1]
: (i) Again, from rtZAOMP:
Cos ==
=
For any ‘8’ -r<x=<r
| -1=3g1
r
' -1<Cosf<1
| »
. Domain of Cos @ =R or (—e0, ) and range of Cos 8 =[—1, 1]
; v (iii)  Since Tan @ is defined for any real number ‘@’ which is not an odd multiple of E
:i‘ For any such value of ‘@', the ratio%can be any real number.

Domain of Tan 6 =R — {(2n +1) %, n € Z)
Range of Tan # =R |




(iv). Cot @ is defined for any real number ‘8° which is not an even multiple of ; ‘

For any such value of ‘8", the ratio ; can be any real number.

Range of Cot 8 =IR

(v)  Sec 8 is defined for any real number ‘8° which is not an odd multiple of g

L
Domain of Cot 8 =IR — {nm,n € Z} }
\
\

For any such value of ‘8", we have:

-1s¥g1 e, [=1 :

1}|21=|£|a1 = |SecB] =1

Domain of Sec # =R — {(2n +1);;£ ,nel}
Range of Sec 8 =R — (—1,1)
(vi) Cosec 8 is defined for any real number ‘@° which is not an even multiple of % i

For any such value of ‘8’, we have:

f 5§£ 1 ie, |§| <1
> |

r

=1 = |-| =1 = |Cosec 8| =1 ¥

Domain of Cosec 8 =IR — {nm,n € Z}

Range of Cosec # =IR — (—1,1) _ |

Remark-]
The maximum (i.e., greatest) value of Sin & and Cos 8 is | and minimum (i.e., least) value is —1. |
(i) |Sin@] €1;ie,-1<Sinf <l;ie, Sin%8 < 1. 1

(i) |Cos@| <1;ie,—1<Cos@ <1;ie,Cos?0 <1. |

Remark-11 .
Tan 8 and Cot @ can take any real number value.

Remark-111 |
Sec 6 and Cosec @ cannot take value in the interval (—1,1). ’

| Sec 8| = 1,i.e., Sec?d = 1

| Cosec 8] = 1,i.e.,Cosec?8 = 1



¥y = Cosx R = (—00, ) -1sysl

y = Tan x {x:xeIR A x#(2n+ 1)%, n an integer} | IR = (—oo,)

y=Cotx |{x:xelR A Xx#nmnaninteger} IR = (—00, )

y=Secx |{X:xeRR A.x#[2n+1]%.naninteger} 1<yandy < -1

! y =Cosecx [{X:xX€IR A x# nm, nan integer} lsyandys -l

' Example1:
Find domain and range of the following;

1
2Cosx -1

{iv) . 2—5;3:

(i) y=48Sin3x (i) y=

1
142 5in8g

(i) y=
Solution: (i) We are given
¥y =4 Sin3x (1)
) Since (1)is defined for all real values of ‘x’. Then, domain of y = Dy= (—o0, ) orlR.
+  Similarly, to find the range of (i). Let,

5 3x=46
Form (1) y=4Sing )
As, range of Sine functionis —1 € Sin# < 1.
So, —-1<Sinf<1
and -4 <45inf <4
| ~4<4Sin3x < 4
: Form (1) —4 <y < 4, thus

Range of y =Ry=[—4,4].

(ii) We are given

(3)

B = 2Cosx -1
Since (3)is defined for all real values of *x” except
[x:x€Rand x + (2n:r+§)hx¢(2nn+%’).ne!}.




e oy,

Therefore, domain of y =Dy=IR —{x : x €IR and x # (2nw + E} Ax # (2nm +5?") ,neZ}
Now, we find the range of (3), since, range of cosine function is [-1, 1].
We have -1<Cosx<1

—-2=<2Cosxs2

-2-1<2Cosx-1<2-1

—3<2Cosx-1=<1
-1

We get Stz =13 ‘
-1
From (3) lsys—+
y= _Tl andl <y
Thus, Range of y =Ry = (—m,—-;l] U [1,+0o0)
(iii) We are given

(4)

y = 142 8in x
Since (1)is defined for all real values of “x’ except

{x:xslﬁandr#(zmr+?)nx¢[2nrr+%),ne } ’ ‘
Therefore, domain of y = Dy=IR —{ x: x €IR and x # (2nn+??“) Ax # (2nrr+5?-),n € Z}.

Now, we find the range of (4), since, range of sine function is [-1, 1].
Similarly, -1<Sinx<1
—2<2Sinx<2 ‘
—-241<2Sinx+1=<2+1
—1<2S8Sinx+1<3

1 1 \

T 35T 1S ! 3

1 |

From (4) Eﬂfﬂ—l ¥
1

SEY andy < —1 W

Therefore,

|

Range of y = Ry= (—0o0,—1] U [é. +00)




(iv) We are given :

Y = —sin3x (5)
To find the domain of (5), we can see that 2 — Sin3x should not be equal to “0", i.e.,
; ' 2—=5in3x+0
_ Sin3x + 2
Which is understood because —1 < Sin 3x < 1, so (i) is defined for all real values of ‘x*. .
Hﬂﬂﬂ@. Domain ﬂf}' = Dy = {*-III‘ EI'J) or IR.

Now, we find the range of (5), since, range of sine function is [-1, 1].
We have -1=<Sin3x<1
—(=1)=-Sin3x = -1
1=2-Sin3x=-1
24122-Sin3x=2-1
3>2-Sin3x=1

1 =0 1
Fi 5 o i e
GRL) 352 sm3x =1
Therefore, Range of y =Ry= [;1, 1]

9.2 Periodicity of Trigonometric Functions _
We often encounter periodic phenomenon in the nature, technology, and human society. Recall
the 24-hour day-night cycle, or tidal cycles caused by the moon revolving around the earth.
A periodic function is a function whose value repeats after a specific time interval. A periodic
function is represented as ;

fx+p)=f(x)
Where “P” is the period of the function. For example, Sine wave, triangular wave, square wave,
and saw tooth wave are periodic in nature.

\VAVAVAVAVAY,

Sine wave Square wave
[ | AN
Rectangular wave - Saw tooth wave

All trigonometric functions repeat itself at regular intervals, or periods. The values of trigonometric
functions for ‘0" and “2nmw + 8', where 8 €R and n e Z, are same. This periodic behavior of
trigonometric functions is called periodicity.

T




9.2.1 Periodicity of Sine Function
Suppose “P" is the period of Sine function, then:

sin (8 + p) =sin#@ (i) where 8 € IR. Wy Fncte
: _ ) Period of a trigonometric
Now putting 8 = 0, we have: function is the smallest +ve
sin (0 + p) = sin0 all integer which when added to

the original circular measure
of the angle, gives the same
= p= “Y0) =0,+m+ 2m +37, ... value of the function.

= Sinp=0

Case 1: Putp=min (i) , Sin( 8 + m) = sin @, which is not true.
Sin(m +8) = —Sin#
. 1T is not the per'm& of Sin 6.
Case2: Putp=2min(i)
(6 + 2m) = Sin@ (ii)
From (i) LHS= (2r+6)= Sin(4 ;’; +8)=Sinf#=RHS

Since terminal side of angle is in first quadrant, and ‘27" is the smallest +ve real number

for which: Sin (6 + 2m) = Sin 4. - Key Facts
. . - : el Cosine is the periodic
2% 15 the period.of Sin 6. function and its period is
: ' 2m.
9.22 Periodicity of Tangent Function | cos (8 + 21) = cos 0
Suppose “P" is the period of Tangent function, then:
tan (8 + p) = tanf (i) where 6 € IR.

Now putting # = 0 in (i), we have:
tan(0 + p) = ran0

= tanp =0
= p =tan"1(0) =0, m,2m,3m, ...
Put p =m in (i)

Tan (6 +m) = Tan @ (ii)

From (ii): L.H.S=Tan (7 + 6) = Tan (2 ~’;-+ 6)= Tanf = R.H.S

Since terminal side of an angle is in third quadrant, and *r’ is the least +ve real number
for which:

Tan(6 +m) =Tan#@
. 1 is the period of Tan 8.




— Key Facts
Cotangent is the periodic function and

its period is m.
cot (B +m) =cot B

If “P” is the period of a periodic function f(x), then ﬁ is also a periodic function and

will have the same period “P " as f(x).

Thus, y = cosec is a periodic function and its period is 2 because sinf =

cosecl’
Similarly, y=sec@ is a periodic function and its period is 2m because cosf = —.
If“p” is the period of the periodic function f(x), then f(ax + b), @ > 0 is also a periodic function
: .
with a period lal
, 2
f(x) = Sinx 2n Jix) =sinax or f(x)=Sin(ax+ b) m
" 2m
f(x) = Cosx 2n fix)=cosax or f(x)=cos(ax+b) fal
T
f(x) = Tanx n fiv =tanax or f(x) =tan(ax+b) Tal
3
f(x) = Cotx n ftx) =cotax or f(x) =cot(ax + b) Tal
2n
f(x) = Secx 2m fix)=secax or f(x)= sec(ax+b) Tai
. 2
f(x) = Cosecx 2r | fix) =cosecax or f(x) =cosec (ax + b) al
Example 2:
Find the periods of:
(i)  f(x) = sin3x (i)  flx) =cosT (i) f(x) =tan=
Solution: -

(i) 'We know that period of sine function is 2w, i. e., period of sin x = 2rr




Period of sin (ax 4+ b) = —“ , Wherea =3 Key Facts
- - & — 2“ — L
=  Period of sin 3x = I Periodicity of cos’(x) = 5" =7
__ Periodicity of CosX .o, +:
(ii) We know that pennd of cos x = 2m £ = 2 UEnolxeven)
- * Periodicity of cos"(x)
Period of cos (ax + b) =% =2
( ) lal * whete 5 = Periodicity of cos x
s Periudnfcocs-25=%5=2::.5= 5. =2m (if 'n’is odd)
= 5 i . e Similarly, for Sine function.
Hence, 5 is period of cos %-;- * Periodicity of tan"(x)
_ . _ = = Periodicity of tan x ’
Check: Since ‘57’ is period of cos - (no matter ‘n’ is even or odd).
“ cos (z?z + 5m) = cos -E (x+2m) R .

This clearly shows that ‘57 is period of cos =
(i)  We know that the pcriod of Tangent is m, i.e., Period of tan x = .

Period of tan (ax + b) = .whcrca=;

S S .
= Period of tan > - _-"!f- me -
Hence, ?—:ik period of tansTx

Note: If “p™ is the period of the periodic function f(x) then a f(x) + b, a > 0, is also a periodic
function with a period of “p”,

ic Functions
f(x)= usinx+b
f(x)=acosx+b

f(x)=atanx+b

f(x)=acosecx+b
f(x)=asecx+b
f(x)=acotx+b

Example 3: Find the period of f(x) = cot 3x + sin =
Solution: .

Since, period of sin x = 2w

Since, period of cot x =1

Puiodnfcnt{ax+b)-ll:i wherea =3
rum,mepmodofmax=§

Period ufnm{ax+b)=-—— whuea-- v

T’hus,thnpmodofsm—= T-Sn
3;.,;—- s

RS S TR ST R N bk Pt 0




Hence,  period of f(x) = 2 =3n

Hence, 3m is a period of cot 3x + sin 13_: HCFof3and1

Period of f(x) = L.CMof mand 3n

Example 4: Find the period of f(x) = 7 sin (3x + 5).
Solution: f(x) = 7sin(3x+5)

Since, period of sin x = 2m
Period of sin [ax+b}==% wherea=3
Thus, the period of 7 sin (3x +5) = =,
9.3 Maximum and Minimum Values of Trigonometric Functions
(i) a+bsing © (i) a+bcos@
(ili) @+ bsin (cf + d) (iv) a+bcos(ch +d)

The reciprocal of the above where a, b, ¢ and d are real numbers.
(i) a+bsin @
Maximum value (M) =a +|b] (1)

: ‘=a+|b| = whensin # = 1
or a + b sin @ is maximum when b sin 8 is maximum and it is maximum when sin 8 is maximum.

As sin 0 is maximum when sin 8 = 1.

Minimum value (m) = a +|b| {—lj

=a—|b|]=when 6=-1
or a + b sin @ is minimum when b Sin @ is minimum and it is minimum when sin 8 is minimum.
We know that sin @ is minimum when sin 8 = —1.
(ii) a+bceosh

Maximum value (M) =a +|b| (1)

=a+|b|=whenmsﬂ=1 !
ora+bcos@is maxlmum when b cos @ is maximum and it is ﬁ‘t-a.xfmmn'ﬁheu-ms # is maximum.
As cos 8 is maximum when cos 8 = 1. '

Minimum value (m) = a +|b| (—1)
=a—|b|=>when 68=-1

ora + b cos @ is minimum when b cos @ is minimum and it is minimum when cos 6 is minimum.
As cos @ is minimum when cos 8 = —1,

(iii) a-+ bsin(cl +d) '
Maximum value (M) =a +|b| (1) . |
=a+|b| = whensin (¢ +d) =1 |




ora + bsin(cf + d) is maximum when b Sin(c6 + d) is maximum and it is maximum when |
sin(cf + d) is maximum. As sin(c6 + d) is maximum when sin(cf +d) = 1. |
Minimum value (m)=a +|b| (=1)
=a —|b| = when sin (cf +d) = -1
ora + b sin(c@ + d) is minimum when b sin (¢f + d) is minimum and it is minimum when
sin(c@ + d) is minimum. As sin(c6 + d) is minimum when sin(cf +d) = —1. | ;
(iv) a+ bcos(cO+d)
Maximum value (M) = a +|b| (1)
=a +|b| = when Cos (¢6 +d) ='1
ora + b cos(c@ + d) is maximum when b cos(c8 + d) is maximum and it is maximum when
Cos(c8 + d)is maximum. As cos(c@ + d) is maximum when cos(c8 + d) = 1.
Minimum value (m)=a +|b| (—1)
=a —|b| = when cos (cf + d) = -1
or a + cos(cf + d) is minimum when b cos(c6 + d) is minimum and it is minimum when

cos(cB + d) is minimum. As cos(c@ + d) is minimum when cos(cf + d) = —1.

Example 5: Find the maximum and minimum values of y =3 + 4 sin 8.

Solution: y=3+4sin8 (i)

Since, y=a+bSin@ (ii) 1

+  Comparing coefficients of (i) and (ii): |
a=3 and b=4 ‘

Maximum value (M) Minimum value (m)
M=a+|b|=3+4=7 m=a-—|bl=3-4=-1 ‘
M=T7 : m=—1 |
Example 6: Find the maximum and minimum values of y = % —5Cos 6. 1‘
Solution: y= % —5Cos# (i) .
Since, y=a+bCos@ (ii) - _ i
Comparing coefficients of (i) and (ii): ‘

1 -
a=3 and b=-5 i
Maximum value (M) Minimum value (m) |
M = a+|b| = ;+|-5I © m=a-|bl=;-1-5| I 3
1 _16 s

] ~ +5= - =3 5 3 ‘

16 . L

Example 7: Find the maximum and minimum values of the following trigonometric functions. ‘

(i) y=1+2sin@ (ii)y=3+2cos (36 —2) (iii]y=l+”m;9_m |

|



Solution: (i) y=1+2sinf (1)
Since, y=a+bsiné i (2)
Comparing coefficients of (1) and (2):

a=1 and ‘b =2

Maximum value (M)
M=a+|b|=1+4+2=3

Minimumv_mlur. (m)
m=a-—|b|=1—-2=-1

M=3 m=-—]
(ii) y=3+2Cos (38 —2) (1)
Since, y=a+bCos(c@+d) (2)
Comparing coefficients of (1) and (2)
a=3 and b=2
Maximum value (M) Minimum value (m)
M=a+lb|=3+2=5 m=a=|b|=3-2=1
M=35 m=1]
(iif) Y=1+3s;nl{za ~15) )
Then the corresponding reciprocal function of (1) is
y=1+38in (28 — 15) (2)
Since, y=a+ b Sin (cf + d) (3)
Comparing coefficients of (2) and (3):
a=landb=3
Maximum value (M) Minimum value (m)
M=a+|b|=1+3=4 m=a-—|bl=1-3=-2
M=4>0 m=-2<0
Now for maximum value of (1) - Now for minimum value of (1)
Let | - Let
W= et m= 43
M= % m'=‘l2
T [ Key Facts
. IfM>0 andm> 0, then
; M== and m’= %




B i e——

1. Find the maximum and minimum values of the following trigonometric functions.

(i) y=2-2Cos#@ (i) y=3 —3Sin@
(iii}y=*;~—25in(aﬂ—?) (iv) y=7 +%Cns(2&—1}
2.  Find the maximum and minimum values of the following reciprocal trigonometric
functions.
. _ 1 i - 1
0 Y= i+3sine () y ;!-51:“3
y g = 1 : = 1
(i) y = } - 4 5in(20-5) (iv) y 3+ i! Sin (50-7) '
3. Find domain and range of the following:
(i) y=7Cos4x (i) y=Cosz
(iii) y=Sin =" - (iv) y=7Cot Zx

(V) y=4 Tannx (vi) y=Cosec 4x

4. Find the periods of the following:
(i) ¥=6Sec(2x—3) (i) ¥ =Cos(5x+4) (i) ¥ =Cotdx +Sin >

(iv) y=7Sin(3x+3) (v) ¥y=5Sin(@x+3) (vi) ¥ =2 Tan3x + 7 Cos5x




9.4 Graphs of Trigonometric Functions

All the trigonometric functions are periodic functions. We can draw their graphs on the intervals
of lengths equal to their periods. Because, when the graph of a periodic function of period ‘p’ is
drawn in a given interval, then it is sufficient to draw its graph only in that interval. Further, it can
easily be drawn completely by repeating it over the intervals of lengths ‘p’.

Procedure for Sketching Graphs of Sine and Cosine Functions
To graph y = a sin bx or y = a cos bx, with b > 0, follow these steps.

Step 1: Find the period EE. Initially, start from “0"" on the x-axis, and lay off a distance of -zb—".

Step 2: Divide the given interval into four equal parts:
a. Find the midpoint of the given interval by adding the end-points of each interval and
dividing thesumby 2. -
b. Find the quarter points (the midpoints of the two intervals obtained in part (a)).
c. Continue in the same way until the required number of equal parts are obtained.

Step 3: Evaluate the function for each of the five/nine/thirteen x-values resulting from step 2.
The resulting points will be maximum points, minimum points, and x-intercepts.

Step 4: Plot the points obtained in step 3 and join them with a sinusoidal curve having amplitude
|al.

Step 5: Draw the graph over additional periods if required.

Angles in Degrees and Radians

2T 5w 7 4m 3 S 11m

— w — e

3 6 6 3 2 3 6
0° | 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°

0 2

R
wlH
A

Graph of y = sin x
We know that sin x is a periodic function of period 2.

Step 1: For this function b = 1, so the period is 2m.
The function will be graphed over the interval [0, 27 ].

Step 2: Divides the interval [0, 2 J'in twelve equal parts to obtain the x-values:
ﬂnrrn'z:r 5m Tk 4n I Sm 11::2“

EJ 3’ Er?l ?r m, ?1?1 ?r ?J T
Step 3: For this, we first construct the table determined by the x-values in Step 2.

o 0 E E n 2_1: Sm = ?ﬁ ' 4 3m Sm 11w 9
6 |3 |2 |7 |% 6 | 3 |Z| 7T | |I*F
sinx| 0 [05[086]1 [086]05| 0 |—0.5(—086] -1 | —0.86| —05| 0

Step 4: Plot the points (0,0), (£,0.5), (£, 0.86), (51) (5.086).(%,05),

(m,0),(£,-05), (¥,-086),(F,-1),(,-0s6), (2=, 0.5 ), (2m,0).



Step 5: Join them with a sinusoidal curve having amplitude 1.

2 2 y-axis
1 =1
* ---------------------------------------------------------------------- }r.. ..... 'P.
: : : : L] : L : L L L Ll L L *
x-axis O| = ® = 2rx 5S¢ w\7n 4n 3mx 5m llv2n x-axis
6 3 2 3 6 3 23
B e -
=1 y==—1
--2 -~
Characteristics
Domain = (—00,00)=IR
Range = [-L1]
Period =2Im
Amplitude = |
MNature = odd function

The graph in the interval [0, 27 ] is called a cycle. Since the period of the Sine function is 2m.

So, the sine graph can be extended on both side of x-axis through every interval of 2m.
Graph of y = cos x

We know that cos x is a periodic function of period 2.
Step 1: For this function b = 1, so the period is 2m. The function will be graphed over the
interval [0, 2 ].

Step 2: Divides the interval [0, 2n] in twelve equal parts to obtain the x-values:
§. 5 E goiw 5§ 0 an Sx 38 woa
israrzjgfﬁiiﬁfaizlsaﬁ!

Step 3: For this, we first construct the table determined by the x-values in Step 2.

. 0 n U i 2_:: 5_1-: . '?_tr 4 I Sm 11w -
6 | 3|23 6 3 3| 2| 3| 6
Cosx | 1 (08 | 05| 0 |-05|-086|-1|-086] -05]| 0 0.5 | 0.86 1

Step 4: Plot the points (0,0), (%,0.86), (3,05),(5.0), (£~ 05), (2. —0.86),

(m,-1), (%5, -0.86), (2, -o. 5). (%, 0),(%,05), (2=.086), (2m, 1).




jreon y=1 Characteristics

Domain = (—00,00)=IR
Range ==L}

Period =2n
Amplitude = 1

Nature = gven function

The graph in the interval [0, 2m ] is called a cycle. Since the period of the Cosine function is 2.
So, the Cosine graph can be extended on both side of x-axis through every interval of 2.
Graphofy= fan x
We know that ran x is a periodic function of period m.
Step 1: For this function b= 1, so the period is 7. The function will b-e graphed over the interval
[D, 4 ]* :
Step 2: Divides the interval [0, ] in twelve equal parts (From 0 to 1 :7) to obtain the x-values:
0,+% +3,4+5 5,47 4
Initially, we draw the graph nf tangent function from 0 to +m.
Step 3: For this, we first construct the table determined by the x-valu 2s in Step 2.

5w 2m T m T T m m 2w 5w =

¥ |wml=l==l=3l~3 | "5 V|6 |7 {2] 3 6

Tanx | 0 | 058 [ 173 | —e [-1.73| 058 | 0 (0581173 | o | =173 | -058 | 0

Step 4: Plot the points (-, 0), (— 2=, 0.58), (— 2, 1.73), (- 5. @), (-5, -173).
(-%,-058) (0,0, (,058), (5.1.73), (g. w),(Z,-1.73), (%~ 058), (z.0).
Join these points by a free hand curve to obtain the graph offtan x.

=

i aT v
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Graph of y = 3 sin 2x

We know that sin x is a periodic function of period 2.

Step 1: For this function b = 2, so the period of y = 3 Sin 2x i lS —= . The function wnll be
graphed over the interval [0, ).

Step 2: Divides the interval [0, m ] in eight equal parts to obtain the x-values:

EE B & 3ndn Sn
) ‘ﬁ’-" 3’ :J 3'! "P EIH. -
Step 3: For this, we first construct the table-determined by the x-values in Step 2.

=

% 0 3 T T m 2m am Sm .
6 4 3 2 = 4 | 6
n n 2m m 3m 5w
. 2x - = = et o b 2
* 1 5 2 3 = 3 2 3 "
Sin 2x 0 ﬁ 1 E 0 _E -1 _E 0
! 2 2 2 2
3 Sin 2x 0 2.61 3 2.61 0 =2.61 -3 -2.61 0

Step 4: Plot the points (0,0), (%, 2:61), (%.3), (%,2.61), (%.0), (2, —2561), (%%, -3),
(3.-261), (m,0).
Join them with a sinusoidal curve having amplitude 3.

Step 5: Extend the graph by repeating the cycle, from 0 to .
4 y-axis y=3

: In the similar way, we can draw the graphs for the interval from —2m'to 2.

| Characteristics
i Domain = (-00,00)=IR
: Range = [-3,3]
Period = T
Amplitude = 3
Nature = odd function




I Key Facts Key Facts ‘
For y = a Sin bx, we know that =1 < Sinbx <1 ‘
and —a<aSinbx<a. Also, Sinx is a
periodic function of period 2m. Therefore,

For y =a Cos bx, we know that —1 < Cos bx <1
and —a<aCosbx<a. Also, Cosx is a

periodic function of period Zm. Therefore, Cos bx

M b ds ¥ F in
Sin bxisperiodic functionof period - Hence, is periodic fenction of pﬂiﬂdL:. Hence, a Cos b ds

3 ST z -
a Sin bx is periodie function of period + periodic function of period %.

Graph of y = 3Cos2x
We know that Cos x is a periodic function of period 2. '
Step 1: For this function b = 2, so the period of y =3 Cos 2x is z?x = 1. The function will be

graphed over the interval [0, 7 ].

Step 2: Divides the interval [0, m ] in eight equal parts to obtain the x-values:
gEZxEixixix
atatalztat e’ e’
Step 3: For this, we first construct the table determined by the x-values in Step 2.

. 0 i LS T L 2n 3n 5m
6 p 3 2. | T | ZT | T | "
m m 2 4 3m S5t |
2x 0 - - —_— — —_ — 2
3 2 3 % 3 2 3 4 1
Cos 2x 1 1 0 _—1 -1 _—1 0 -1- 1 ‘
2 2 Z 2
3Cos2x | 3 LS -1.5 -3 -1.5 0 1.5 3 l

Step 4: Plot the points (0,3), (£, 15), (%,0), (%,-15), (%, -3),(%.-15), |
(%.0).(%.15).x. "
Join them with a sinusoidal curve having amplitude 3. J

Step 5: The graph can be extended by repeating the cycle.

1==34 .
24 ‘
Characteristics b | |
Domain = (-00,00)=R ) )
Range = i-3,3] saxi j
Period = T T
Amplitude = 3 24
Nature = even function ‘
===}




In the similar way, we can draw the graphs for the interval from —2m to 2.
Graph of y = cosec x
We know that Cosecant function is a reciprocal of the sine function which is a periodic function

of period 2. Therefore, Cosecant is also a periodic function of period 2.
Step 1: For this function b = 1, so the period is 2m. The function will be graphed over the
interval [0, 2 |.
Step 2: Divides the interval [0, 27 ] in twelve equal parts (from 0 to +) to obtain the x-values: |
o 05+l T X 4 4y
Initially, we draw the graph of Cosecant function from 0 to 4.

. Step 3:For this, we first construct the table determined by the x-values in Step 2.
= = 5m 2n | ®m| mw | ®™ 0 n m T | 2 | S5m
6 il 3 sl "Ll F 2] 31 =

Cosecx | —o| —2 |-115| -1 |-115] -2 e | 2 |115] 1 11151 2 | =

Step 4: Plot the points
(-m—), (==, ~2), (-2, -1.15), (- £,-1), (- £, -1.15), (=%, -2), (0, ),
. (£:2). (5115, (5.2). (2 115), (5,2, st
: .»  Join these points by a free hand curve to obtain the graph of Cosec x.
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Step 5: Extend the graph by repeating the cycle.
In the similar way, we can draw the graphs for the interval from —2m to 2m.
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The graph in the interval [0, 2 ] is called a cycle. Since the period of the cosecant function is
21, So, the cosecant graph can be extended on both side of x-axis through every interval of 2m.

Characteristics

Domain -~ {x:xelRandx # nm, n an integer}
Range - (-oo,-11U[l1,00) or|y|=1

Period = 2

Amplitude - Nil

Nature = odd function

Graph of y = sec x
We know that Secant function is a reciprocal of the Cosine function which is a periodic function

of period 2. Therefore, Secant is also a periodic function of period 21,

Step 1: For this function 4 = 1, So the period is 2. The function will be graphed over the
interval [0, 2 ].



Divides the interval [0, 2m ] in twelve equal parts (From 0 to +m) to obtain the x-values:

-
-

Step 2

ki3 ™ w in S
B S o S e e
Initially, we draw the graph of Cosecant function from 0 to +m.

Step 3: For this, we first construct the table determined by the x-values in Step 2.

=1

-1.15

—2

Bl

Blm

R|w

-2).(-

5m
6

1.15

=30

=115

=3

Secx

5.1.15)

2),(-

). (-3

F2 4
3

,—1.15), (-

s
&

Step 4: Plot the points (~x, =1, (~

,(m,—1).

,—1.15)

]

Join these points by a free hand curve to obtain the graph of sec x.
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Step 5: The graph can be extended by repeating the cycle.
In the similar way, we can draw the graphs for the interval from —2m to 2m.

y-axis
- A 4 A
(] L] [l
i i :
(] L] []
1 H H
: H :
] L] ]
L] L] L]
E . :
i i i
: H :
§ L] [l
. H i
[l ¥ i -
) . i el T
- 1 i
[l ] L]
L] (] []
L] ¥ L] W
e} —— e+
3w -ls -im 30 —dm -Tx = = -1n -k - -x O 1z
T NIRRT P
[l L] i
[} ) L]
] ) []
A HI o N A = R :
' : : ; ==
i i H .
' i 4 : 1
: i <2 H 1
] i : }
¥ ] ¥ .
: i : H
: 5 ; :
i ! ! :
v v ¥ ylaxis ¥ v

The*graph in the interval [0, 2] is called a cycle. Since the period of the cosecant function is
2m. So, the cosecant graph can be extended on both side of x-axis through every interval of 2m.

Characteristics

Domain = {x:xeRand x # -+ nm, nan integer}
Range = (~00,-1]1U[1,00) or|y|> 1]

Period - 2

Amplimde = - Nil

Nature = even function

Graph of y=Cot x

We know that Cot x is a periodic function of period .
Step 1: For this function = 1, so the period is 7. The function will be graphed over the interval

[0, ].




Step 2: Divides the interval [0, m ] in twelve equal parts (from 0 to %) to obtain the x-values:
m w i m 5w
ﬂ:r :l:Ey :t;a i;: tTJ :t?; iﬂ'
Step 3: For this, we first construct the table determined by the x-values in Step 2.

= — Sm| 2w m| m | ®m 0 n L 2m S5m
6| 3| 2| 38| 6 6 13|23 | % |«
cotx |—co| 1.73 | 0.58 | =0 | —0.58| —1.73 |0 | 1.73 | 0.58] 0 | —0.58 | =1.73 |
Step 4: Plot the points _ _
& sm Zm b 4 E § o
(-m,0),(-=.058),(-Z,173),(-Z, 058),(-3,-173),(-%,-058) (0,0),
L " T in 5m
(E,u.sa). (3.173).(5.0).(%.-1.73), (¥, - 058), (m,0).
Join these points by a free hand curve to obtain the graph of Cot x.
y-axis
4 ~
| i
| :
: :
t i
| -+ : : — e —————t >
' x-axis -m o n x-axis

R g e e R
il

-‘-—--'--i-i-i--- -

i b T T pp——

Step 5: Since cotangent is a periodic function of period 7. So we shall first draw the graph in the
interval [—m, 7 ]. In the similar way, we can draw the graphs for the interval from —27 to




Ll

¥ y-axis

The graph in the interval [0, 7] is called a cycle. Since the period of the cotangent function is .

So,

the cotangent graph can be extended on both side of x-axis through every interval of 7.

Characteristics

Domain

Range

{x: xe IR and x # nm, n an integer}

{_ mvm) =R

n

Period

Nil

Amplitude

odd function

Nature




9.5 Even and Odd Trigonometric Functions
All fiinctions, including trigonometric functions, can be categorized as even, odd or neither.
e A function is odd if and only if f(—x) = —f(x) and is symmetric (by reflection) with
respect to the origin.
s A function is even if and only if f(—x) = f(x) and is symmetric (by 1807 rotation) with

respect to the y-axis.
o Key Facts

The graph of Sine function is symmetric about the origin therefore, it is an odd

function.
¢ The graph of Cosine function is symmetric with respect to y-axis therefore it is an

even function.
Example 8:
Check whether the following function is odd or even?
Solution: f(x)=x3Sinx..........(0)

Replace ‘x" by *—x’

f(0)= (=x)*. (-x)
= —(x)*. (- Sin(x)) e
=x3, Sinx = f(x)

As f(=x) =f(x)

So (i) is an even function.

Exlmble 9:

Check whether the following function is odd or even? |
(i) y=3 Sinx +4Cosx (i1) y=%
Solution:

(1) ¥ =3 Sinx +4 Cosx

Replace *x’ by ‘—x'
f(=x) = 38in (=x) +4 Cos(—x)



= —3 Sinx + 4Cosx
= —(3Sin x — 4Cos x)
As, f(=x)=# f(x) or f(—x)#-—-f(x)

So, f(x) is neither even nor odd function.

W -
Replace ‘x’ by ‘—x’ l— — . Key Facts
Flrx) = —2BEE O | Sin(=x) | = — Sin x ‘
it u E | Cos(—x) | = Cos x
_ _~Tanx -~ -
= -x+5inx 'D Tan (_x] — Tan x ‘
_ _Tanx O | Cot(—x) = — Cot x
x=Sinx = = ( -
e = ec x
As, f(=x)=f() ) L
So, f(x) is an even function, O | Cosec(—x) | = L Otate
9.6 ﬁplﬂ ication e P—s 4
Example 10: ;

A Ferris wheel has a diameter of 30 m with a center 17 m above the ground. It makes one
complete revolution every 60 seconds. . |
(1) Graph one complete period of the Ferris wheel that models the height in relation to time. |
Assume a rider starts at the lowest point. 1

(2) Find the equation of the graph using the cosine function.
(3) What is the height of the rider at 45 seconds? |
(4) At what time or times, the rider is ata height of 15 m?
Solution: - |
(1) The graph of the problem is given below:

— Height in Meters
(]
[=]

ol 15 30 45 60
' ——Time t (in seconds) ‘

R N R (e sk T



(2) We know that y =af [b(x-¢)}+d
y=ACos (Bx-=D)+C
h(t) = ACos (Bx) + C (i)
Where,

|A|=15=A=-15 and T is the period.
60 =2 =B=andC=17
Putting values in the above equation (i)

h(t) = —15Cos (& t)+17
; . = —15Cos G—'&) + 17

This is the equation which will give us the height of the rider at any time *'t’.
(3) Since -
h(t) = ACos (Bx) +C
=— Ase
h(45) = —15Cos (5 ) +17
=- L
= —15Cos (3 ) +17

= 17 meters
4)
h(t) = —15Cos (& t) + 17

15 = —15Cos (= t)+17

—2 = —15Cos (—3-’-:-]- t)

wt 2
cos (35) =%
mt —1.2
E-Cas {15}

L
e (1.437)

Here,
6 = 1437, and 6, =2mw— 143 = 4846

’ =22 (1.437), and t,= > (4.846)

= 13.7 seconds
= 46.3 seconds



3 : KE" Facts
I We can transform Sine and Cosine to fit a specific scenario using vy = af[b(x — ¢)] + d.

Maximum — Minimum
2

« ‘b’ is related to horizontal stretch (5), and to the period.

+ ‘a’isa vertical stretch, or amplitude, a =

e period =§ X 2m or period =% % 360°
e ‘c’is the horizontal translation, or phase shift.
e ‘d’is the vertical translation, which will be the midline, a = Maxbruon :"mm"m

Example 11:

The most used current is alternating current and it reverses direction in a cyclic fashion. In Canada
the standard frequency is 60 Hz (60 cycles per second). The maximum voltage is about 170 V. the
voltage can be modeled by V(t) = aSin[K(t — d)] + c.

(a) What is the period of 60 Hz AC? .
(b) Determine the value of k.
(c) What is the amplitude of the voltage function?

(d) Model the voltage with a suitability transformed Sin function.
Solution: T
(a) 60 cycles per second (b) k = ——— = 5—=216,00
(14

.1
=~ each cycle is P seconds.

(¢) Maximum = 170, Minimum = —170

Maximum — Minimum _ 170 =(=170) _ 170
2

~ amplitude =
(d)a=170,k=216,00,c=0andd =0
Vi = aSin[K(t =d)] +¢

=170 Sin 216,00 t

JUEXCreise 9.2

1. Check whether the following functions are odd or even?
(i) y=Sinx +x Cosx (i) y=x?8in x Cosx

x*Tanx - = x3 Sin x Cos %x
(lll} ! xr+ Sinx {W} y

sinx L b LT

v) ¥ e T = i) y= Sindx




Secx
x+Tanx

(vii) y =

(viii) y = x? Sinx — Cotx

2. Draw the graph of each of the following functions:

(i) y=2Sinx
(1) y=2 Tan 2x
(v) y=28Sin3x
(vii) y =Cos?x

(ix) y = Tan?x

(i) y=2Cos3x

(iv) y=Cos3
(vi) y=3Cosx
(viii) y =Sin2x
(x) y=S8inZ

3. Draw the graphs of y = Sin x and y = Sin 2x in [0, 27r] on the same scale.
4. Draw the graphs of y = Cos x and y = Cos 2x in [0, 2rr] on the same scale.
5. Solve graphically:

(i) Sinx = Cosx (i) Cosx=x .

(iii) Sinx=x (iv) Tanx=x
6. Alternating current cyclically reverses direction. The maximum voltage is about 180 volts
when the standard frequency is 56 Hz (56 cycles per second). The voltage can be

modeled by
V(t)=aSin(k(t—-d))+c

Determine each of the following:

a. Period of 56 Hz AC,

b. The value of k,

¢. The amplitude of the voltage function,

d. Model the voltage with an appropriate transformed Sine function.

7. AFerris Wheel has a diametet of 17 m. You board at the bottom of the Ferris Wheel from a
platform 2m off the ground. Ifit takes 25 seconds to reach the top, determine an equation for
the height of a rider with respect to time.

8. The pendulum of a clock swings with a periodic motion that can be represented by a
trigonometric function. At rest, the pendulum is 16 cm above the base. The highest point of
the swing is 20 cm above the base, and it take 2 seconds for the pendulum to swing back and
forth to its starting point once. Assume the pendulum is released from its highest point.
Write a cosine equation that models the height of the pendulum as a function of time.

BTV T ST . o . T T R



Review Exercise

1. Mark the correct option in each of the following:

i. 1f Cosf = — 2 and the terminal arm of angle is in III quadrant. Then sin § =.......

1 1 2
"3 b. 3 c.V3 d=7

ii. The exact value of the trigonometric function tan (=15x) =.......
a. 0 b. -1 c. 1 d. Undefined

iii. If2S8in@ + % Cesec @ and 8 = 459, then the value of the given trigonometric identity is:

a. % b.% c. % d,?
. Ifsin (270° + 6) = x and the terminal side of an angle ‘@’ is in IV quadrant,
i then x =....

a. cosfl b, —cos 8 c. sinf d. — sin@
v. The trigonometric identity 1:::::_'::;" =

a, sina b.cosa c.tana d. cota

vi. Express 2 sin 3x sin 7x as a sum or difference:

a.cos4x —cos10x b.cos10x —cos 4x  c. cos 4x+ cos 10x d. cos 10x + cos 4x

vii. Express sin 5x + sin 7x as a product:

a. 2 5sin 6x cos x b. 2 sin x cos 6x c.2 cos 7x sin 5x d.2cosSxsin 7x

viil. Iftan A = %, and tan B= % , Then cos 24 is equal to:

a.sin B b. sin 4B c.sin 3B d. cos 2B
5 i sin?x
iXx. Whether the function f(x) = e g
a. even b. odd ¢. neither even nor odd d. both even and odd
%x.  The period of cos % is:
a. 10m p2X c.2m d.4m
5

xi. 2c¢os5x.5in3x=......

a.sinBx—sin2x b.sinBx + sin 2x ¢. cos Bx + cos 2x d.sind4x—sinx




xii. The trigonometric functions which are even and having period = 2 are:

a, sinx &cos x 'h.secx&casx ¢c. sin x & cosec x d. tan x & cot x

xiii. If*f"is a periodic function and its period is m, then f(8) could be equal to:

a.2cos x b. 2 cos 3x c. 3 cos 2x d. cos 4x

xiv. If function f(x) = sin 8x is a periodic function and its period equals:

a. 1 hf c.2m ¢§
) xv. If the range of the function f(8) = a sin(26) + b, where a > 0, is [3, 5],
_ then 3a + 2b= ...

a ll b. 14 c.9 d.5

xvi. The minimum value of the trigonometric function f(8) = 17 sin(48) is:
a. 4 b. -4 e =17 d. 17

xvii. If the given figure represent the curve y = 3 sin x, then |a] + |b| =......

T y-axis {%. a)

3
32, 5)

a1 b2 e3 d.6

xviii. The maximum value of 7 cos x + 24 sin x is:

' a. 25 b.—-25 c.7 d. 24
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S T

If cos 8 — sin® = v/Z sin @, then show that cos @ + sinf = V2 cos 6.

Verify the following Trigonometric identities:

tan x - cot x 2
(a) ———— = sec
sin x.cos x

x — cosec’x
secix + tanix

{ } sint % sintcost
l1-cost 1+cost

= cosec t(1 + cos’t)

Prove that:

(i tan (a + B)=tan fi
) 1+tan (a+ B). tan §

=tan a

{ii} 1+ 5in 28 - cos 28
14 5in28 + cos 280

=tan @

A Ferris wheel is 40 meters in diameter and boarded from a platform that is 4 meter
above the ground. The six o’clock position on the Ferris wheel is level with the loading
platform. The wheel completes | full revolution in 16 minutes. The function h (t) gives
a person’s height in meters above the ground t minutes after the wheel begins to tumn.

a. Find the period, amplitude and vertical shift of h (t).
b. Find a formula for the height function h (t).

¢. How high off the ground is a person after 5 minutes?

The ‘h’ (in meters) above the ground of a rider on a Ferris wheel, ‘t’ (in seconds) after
the rider begins is given:

h(t) = 10 sin (3(t = 30)) + 12
Determine cach of the following:

a. The maximum and minimum heights of the rider above the ground.
b. ¥he height of the rider above the ground 30 seconds after start.
¢. The time required for the Ferris Wheel to complete one complete revolution.

O . By =




7.

The top of the flagpole sways back and forth in high winds. The top sways 8m to the

right (+ 8 cm) and 8 cm to the left (= 8 em) of its resting position. It moves back and

forth 260 every minute. The pole was momentarily at its rest position at t = 0, before it

started moving to the right,

Find:

a. the equation of the sinusoidal function that describes the distance the top of the
pole is from resting position in terms of time elapsed.

b. the domain and range correspond to the situation described.

Find the domain, range, and period of the following trigonometric functions:

@) 2sin3 (ii) 5sin3x (iii) 3 sin =
(iv) 3 cos = (v) 3sinmx (vi) 7sin 5x
(vii) g— cot J—:x (viii) 9cos (3x — 2) (ix) 8 — cos 4x

(x) 7+5sin(2x =3  (xi) 6+4cos (2x +2)




ANSWERS

Exercise 1.1
1, =i -1 iii—f w2 wv.=1
2. i.54+6i ii.2-2i iii. 8 + 0i iv.0+10i v.18—i vi.Z42;
.. v 5.3 10
w;. 4:- 2i '.nu;t iy .
L 15—-14 "E-EI m.?i iv.0 v.5+1i
4, Lx==2iy= hx=4/3;y=5/3 ii.x=15/4,y=5/4 iv. x=7;y=1
5 4—%i
, : pr | . =7 8l
6. 1.4+ 3i ii.—3i+8 m.Z-E k]
7. i.v265 ii. 3 iii. 15 iv. J3 v. 11
Exercise 1.2
4.2 = 2 6. 1=240
8. lL4x?+ 4y’ —4y—15=0 di.x—y=0 iii.25x2+9y* =225 iv.y=—8
v.x= 11 vi-3=sy=<2
I v B 1z , i ¥ 13 iv 36
9. LE_E[ ll.m +ml IH'E_EE mn+
w=28 _ a8 vi.—1-—1i
1681' 1681
Exercise 1.3
. i (z—13i)(z + 13i) ii. 2(z — 3i)(z + 30) fii. 3(z — 110)(z + 110)

iv. (z — "'?i i)(z + %i) v. (224 3)(z—-V5)(z+V5) vi(z—1)(z-2)(z+3)
vii. (z +3)(z +4)(z—5)  viii.z=2)(z +5) (z + 3) ix. (z—8)(z + 1)
x. (z-1)(4z - 11)

2. i{34+v7} ii.{-5+v29) i“-[%z_ﬂ] “"[@

3 (-3£VET i (25 i, (341} iv. {2557
i = 3'!'3 l‘ﬂ 177
% " [1%{29"' 31!}'41::1 " {(105 zns 205 zusi ]
i 5 &8 B0,
i (G- St tim U} ivr=SHohw=g—-gi
Exercise 1.4
’s M iuq am : 3_'-‘1
i A(cosZ+isinZ) i 2v3 (cos = - isin =) iii. 212 (cos % ~isin)
2. i =i

2

s B




4. i1-1d i, =28 ¢ i -2 iv.—2v3 + 21 v.V3+i

Vi, 5% + %f vii. 6.43 + 7.66i viii. =1 4
5 iL.x+y=1iix2+y%= ﬁirﬁsﬁﬂﬁ

iv. (=v3-1)x +(v3-1)y+4(V3+1)<0 < —x+y+4

wxl+yi=1 viv3(x2—=y* +1) - 2xy =0

vz T PO : A

6 Lo+ il (1+V381) il o= (V3+1) 7. 14231 i 04756
B i 2-T  i-32(77438) 9. 03cost 10. 0.8 cost
11.7.936 cos(t +39.39°) 12. V61 cos(t + 86.33°)

REVIEW EXERCISE

. ic b iiia ivd vb vid viic viid ixb xb

280 ivZ V221 iv.———221 3. i.3(x—6D)(x+60) ii 4(x — VIO0I)(x + VI0I)
4

s 3
: _ =14 , 64, _ 1471
4 z=2x 5 z—-?+§| 6.2+ 11 7. £ AL 8. 2

! Exercise 2.1
. L2x3 ii. 3x2 iii. 3x1 iv. Ix4 v. Ix1 vi. 2x2
2 i.rectangular ii. Square - iii. column iv. square V. row vi. square
3. L lower triangular ii. scalar iii. diagonal iv. identity
v. diagonal _ vii. upper triangular viii. diagonal ix.scaler
2 V5 k
¥ 5 1] neither symmetric .. |6 neither symmetri P 6 symmetri
4 L 0 6 9] nor skew symmetric 1L |2 Mfmil'm':k o [ﬁ 2] e
i)
; [0 =1 =9] '3 -6 9 9 0 o
iv[l1 0 5 v. |-6 2 ul vi.[u 6 Dl
L9 §5 0. L9 0 0O 1 3 12
skew symmetric symmetric neither symmetric
" nor skew symmetric
Exercise 2.2
[ 2 ?,fz] 2 N [ WA . [F1/3 =4/3
- |.-. - - -
1 [5;2 4 u [11 2] im [; 1 ] 1v, 1/3 _2!3
' 0 -1/3 -=2/3 0 -3/2 -4 2/3 12 2/5
2. |1 2/3 173 ii. [3,’4 0 —5}'4] i [2;‘5 1/3 Zf?]
8/3 7/3 2 | 8/9 5/9 0 2/7 1/4 2/9
1 5/3 5/2; -5 0 -
iv.]5/3 2 13/5] 3. C='[ﬂ -8 ﬂ]
2 2305 3 | 4 =4 1

-—_. o



4 LA= [5 ?’;2] [”2 1 l} iii.[l’]whererﬁﬂl

8 —-11/2
iv.z=4,t=0, x? +yz—2ﬂv.n'——1ﬂ;ﬂ=9 vi. —4,3
6. a==9;, f=-1 10. sl:nwsymmuic 3 4 a 1 13 sl
1 3 _1 5 5 5 5- 5 5
o I, e =3+121 > 7 _as=i 14
12.X [1 0 ] Ym [u O 1] B.X=|—=— 2-i < |, Y=|5F —1+31 =
1 1 —646l 7 7 18-3i
5 5 5 5 5 5
Exercise 2.3
. .15 il i, -6 iv. 16+ 8i
2. L=17 .27 iii.1-16i iv. — 17 + 11i
3. singular ii. Non-singular iii. Non-singular iv. singular
4. i.16/23 e I
r 1 1 1 -4 16 -4! 1 3 2420 =24
;1 E c; i Tx 191 ast ° ;!I 4 1_11 th i '-3_1 .::
= £ g1 = 8 L o = 1H
i 3 sl 5 5 s 1 —| V|0 = roll B _,[_"'1 1 E' 3
& =% A 1 4 =17 L g = —af A Bl e A e
ls 9 3 3. 5 9. s 5 11 22 44 * e
Exercise 2.5
1 3 511 0 O 1 =18111 0 0 o0
l.iijo 1 1|0 1 0 ii. |0 1 ‘ 0 1 ﬂ 1 2'? \ 1 ﬂ]
0 0 11W 0 1 0 0 0 0 0 1
1 —2 3/2 1 0 0
; 1 -8 1 0 2/5 0 1 2
iv. [ﬂ ! -ﬂﬁ‘] [“ 10 " [u 1 4;5] [u 1 4/5) vi. [0 0 0
0 0 1 0 0 1l 00 0

)

ik ii.2 i3 iv.2

[-12 -5 -3 -2 0 2 '10-»615 -8 5 2
3.3l -4 -1 —1] h;[m -15 —16|iii. |3 -9 6 iv.|—18 18 —]

2 1 1 -6 6 6 Z -4 6 15 -6 3
5 Exercise 2.6
x5 T X3 X3
1. i.|2x3 il |2, iii, |2x3 iv. does not exist.
X3
—-10
i o 17x
2 l...|1=l_1; 11: ii.A=2; —.1.'3 ord=-T: 513]
Iaxa X3 13 o
3L ;E;—-:—: ii. No solution iii. %*%: % iv. =7;=7:;5
H K p A § r S
4. 1. 3;1; i, —=:=:0 i. solution no - AP
i. 3,152 - ii t possible as A is singular iv. =; — ==
5. q—l-.-'_-q.a—ilg- E-:r& 111 E.' —z_xi- _E H " .
R T T I LT -3 T2 4 v.2; 3; 5

o

13/31 -8/31 -1/31
19/62 5/62 —11/62

7. A = %4, no solution; 1 # +4 unique solution

-3/62 9/62  5/62
-




0. [1 0 0 1. [ 0 -
0 1 —sl;x"+_v**+1uy'+1&=u 01 nZ];x*‘+sx'—3y*+4=n
0 0 1 0 0 1
21 0 1 ;3.1 0 3
0 1 ﬂ]:!x'z—53'2—4x'—ﬂ=ﬂ 0 1 2}:21’—?}r'+11=ﬂ
0 0 1 0 0 1

REVIEW EXERCISE
I. i.b i.d iiid ivwb wv.c vib viid viic ixec x.d

2. -11,3,10;87 4. 113
Enrdu.!l
‘ I i.=71—5] ii.—221—16] iii. —7f+ 28] iv.=21-2)  v.-181+ 155
Ligt+3f iil. fl = =51+ 8f; ¥ = 71— 11 iii. 81— —

4.im=4/3 ii. 142f+3k, —2i +2j+6k, At-2Ak
Sigel—mf+mk i.V5 i3 7Tid=+2ViT iildl=[B =5

5 15 T H v 1 P
E.i.ﬁj—ﬁﬁ i, — E!+7ﬂ-} E ;r+;§ ii. 1—12f+5k
10.i.D(=2,1) lLFﬁm:lr-l i PS=F— 7
16. AC =d+b, ﬁ:‘:i:'-g. EF=-b, DA=-23, EB=2@—-b),FA=a-bFC =24

: Exercise 3.2

l. i.15 ii.90 iii-lﬁi\r 147 v. 4
-30

2. i.8=cos™! ﬁ ii. 8 = m‘iﬁ) iii. 8 = cos™! Wi

iv.@ = ms“‘( ) v.8 = cos™! ‘,‘:ﬁ)

i. cns"‘ (—) ii. 90°

& L=
1 'H-

i.cosa = f—.cosﬁ m,msr =
6. i, 45°45° . ji, iﬁriﬁjiﬁﬁ
—-45/2

2.2t
"V11s' VB2

I

. b

' 8. F=t+2J+k
14. 350 /V11joules 15. 28 units 16. 150v3
: Exercise 3.3
l. i(4, =15, = Mii. (30, 11,-27) iii. (4, — 6, 2)
2. i(-18,-8,3) ii (3 15 5}
vl R (i )
" ¥25/26 V1533’ mz—ﬁ g | a4
i, paratlel-—-i'+—j—ﬁf: perpcndicular tep-=k 5. & a=-§s—3;+;ﬁ
6. i.a=t+2f+3k o i 18 ii. 6

4



10. i.34/59 ii. 5/VZ  a=7421°p = 60.50°y = 45.29°

11. V75 12.Eitherd=0 or b=0 or Botharezero
140 VIBT G116 15,0 3 (7-300+ 3 (1—t)j+ek i (~3(at+20),-3(2¢ +3),¢)
16. 11i + j — 5k 17. 151 — 20f + 7k; — 91 — 26§ + 19k; 61 —46] + 26k
Exercise 3.4
I i.—14 ii.-20
2. 2 ii-8
3, ii.A=-1/2 _
4. i.A=2 6. i. zero i.68 7.i.27/6 i3

REVIEW EXERCISE
i.d #.¢ dii.b iv.b wv.c viid wii.b wiii.b ix.c x.a
i.2/3 ii.-3/20 '
. V2 4 V19 5. —11/2
8. Ground speed = 235.492 km/h true course= 64.872°
9. Speed = 237.816 km/h direction = 107.980°

m"

W

Exerciue4l
1. (i) 1-4“;—?ﬂ3—1n'ﬂ4-13ﬂ1g—'—31 ﬂ15-—-4ﬁ
ﬁi] ﬂ],—zﬂzﬁ5ﬂ-3‘—3ﬂ-;—11ﬂ1n—29ﬂ15'—-44

1 2 3 4 10 15
':1“]' ﬂ1=i,ﬂ2=-3‘,l13=:,.&4— Julu=ﬁlal5_ﬁ
(W'} ﬂ1—2ﬂz—5ﬂ-3—lu ﬂq.'_l? ﬂm—lﬂl ﬂ.u,—ZZﬁ
(v) a;=-1, az—aﬂ ag—ﬂaﬁ—ﬂ ﬂ.m—-ﬂﬂaﬁ—l?f
(vi) a3 =0,a=5a3=5a4=175 00 = 350 Qs = 13

m 1 1
(vii) ﬂ1—1 ﬂzz—ilﬂa—iﬂ‘—“fﬂ-ln _m'a-lj:_lgiﬂ_!

(viii) @, = 1,8, = 4,3 = 9, a4 = 16, a,o = 100, a;5 = 225

{iX} iy = —4, a; = 5. a3 = -6, a4 = 7i g = 13, iy = —18

(x) a;=-2,a3=-1,a3 =4,ay =-7,a;9=—25ay5 =40
2. (i) ag =29 (ii) aq =56 (iii) a; =225, (iv) @ay; =—235

(v) ag; = 528,528, (vi) azo =% (vil) Q43 =43 (viii) agy = 67
3. (an=2n-1 (i) an=3" (i) a, =v2n (iv) a, =n(n+l)

Exercise 4.2
].. {Ijﬂll—q'ﬂ-z'—? ﬂa—lﬂﬂ.;-—l?t {“}ﬂl—?ﬂz—‘lz ﬂg—l? ﬂ*zzz
(iii) a; = 16,a, = 14,a; = 12, a4—10 (iv) a; = 38, a; = 34, ﬂ.g—3ﬂﬂ4 26 N

13

3 5 3 13 ]
Ma =5a=1, ﬂs-“h" Mlay =5 ap=1,a3 =7 aﬂ4—

4 2 '

2. (i) The uex[ three terms of the sequence are 17, 21,25

(ii) The next three terms of the sequence are 2!]_}2%* Zliif- .

(iii) The next three terms of the sequence are S+ 2+ =

(iv) The next three terms of the sequence are 022,027,032 3. an = 0.57

23 _ _ _

4, ﬂ1=19.ﬂ;}—_ﬂ3—14ﬂ4 5. ﬂ1=a,ﬂz-—5ﬂ3—z ay = 1
6. ag; =347  T.ay =70 E. gg = -%5 ) i s
10. ag = 240 feet 11, S50 = Rs 39000 12. B=?

. e — —
b
b
\



13. ()12 @5 (i) 45 (iVZ+4.  14.b=0 15. x=-9,y=24
16. ﬂ, =g| .142 =13 I.T Al - _B;Aa = —B' Aﬂ =-=13 V'
Exercise 4.3 ‘

l. S, =116 2.5, = 10100 3.S,, = 10500 4.5, = 375 5.5, = 240,6.~210 7.5, = 240
B. S, =2550 9.5, = 2500 10.5, = 34036 11.5, = —140 12.5, = 1155 13.162
14.104 15.5,= 1060 16.5, = 387 17.5, = 8§16 1B.5, = 162 19.5, = —220

20.a, = 7,0 =19,a3 =31 21.a;=1,a,=5,a,=9 22.a4,=6, a,=36, a,=66
23.a,,=62,950 24.45  25.12,280,000  26.38,750

; ; Exercise 4.4
1. The sequence is not geometric
2. The sequence is not geometric 3. The sequence is geometric (r--}
“ 4. The sequence is not geometric 5. a, =3,a, = —6,a; =12, n4—-24
6. ay=27, a=—9, a3=3,0a;=—1 ?a1_12n2_5,a3=3,a,,=§
135 405
8. a,=%,a,=2 9. ag=54,a5 =162 10.a, = =2,a =22
11, ay=27,a;=9 12. ay=1,a5=3 3. ay=2,a5=4
14. a; =100 15. as =32 16.a,=56 17.a5=3
18. agg=-1 19. ag =3 20. 6,12, 24 2124 22.4,2,1,
23, 15 24. 10, 20, 40 25.14,28,56 26.Lf 27.151258, 9[apprn}
28. 3100 . (approximately) 29. 127 30. 81
Exercise 4,5
1.176, 2. 93.15 3.13,28,600 4.947.11 5.114681 6. 732
7.10.66 B. 165, 9. 300 10. 189 1.4 12.0.51 13. 4
4 5 2 5 4
14.0); (i) 1 I[lil}; {Iﬂ; (1'}*3-3- [vﬂ'a—a 15. 70 - 16. 80O
Exercise 4.6
1 1 1 1 1 1
' L 2-3 -5 4 S5 G'TILT
‘ 1 1 1 99 8 E & & 5
r Exercise 4.7
137 43024 15551
1. i 2 S 3. 63 4. 451 5. =222 T 6. —52,432 7. 43, 3. 9. I:k-l ey 10. E 3k
— 11k ok n'+3 2 2
1.35_,(—1)k 2k 12. E““ku:-u} 14. “"“z—“ 15. (Zn +9n+?) 16. = (Zn +5n+5)
| 17.2(2n +3n—1) 18, 2@ +13)(2ﬂ +1 19, n (2n*+ 204110 +1)
g 20. 1 (2n°+3n 47) 2. n(n+1)2
6
| 22. n(2n*+8n*+7 n-2) 23.2"(n—1)+1 P et “:;::;‘f ot s a2
3.77'-42n-21 _6n+7 ; 25 2r+1 100
| 25. i 26. 14 — 27. 9 23 = 2P mene e 30. — =
| Exercise 4.8
1. 780ft 2. 1065, no because the auditorium has only 1065 seats 3. 491,70044
4. axn=524288 5. a=03280r32.8% . 30361.4082 7. 964615




8. 32000 9. r=2595 10. Rs. 1420418.205 11. Rs. 100625
12. Rs. 726000 13. Rs. 69000 14. Rs. 356015.99

Miscellaneous Exercise
L.a (i)c ()b (ivia (v)c (vi)d (vipb(vii)a ()b (x)a (xi)c (xii)b (xiii)a
(xivic (xv)b (xvi)b (xvii)d 2.3,5,7,9 3.0,1,2,3 4. 6,10,14,---
5.2-[10"*1 —9n —10] 6.4,6,9 7.6,18,54,162 8.n=—1 9. ay= 5,03 =1,a3= 5,05 =;

P

10. (i) 5 (ii) —4920 11. n(n+ 1)? 11.%(21:’-— 3n*+13n—-6)
Lo e SU POl wo A i i R R ey ci el |
Exercise 5.1

1. () 5 (i) 35 3. No 4.y+1 5 -12 6. m=6 7 Only]l isazeroof P(x)
8. 1'_3'_?1 9. S =(x—-4)(¢+3x-2)+0 10. 2+ 10x+24
Exercise 5.2
L+Dp-3)p+2) 2.(x-DE+1)2r-1) 3. (x-2)x+3)2x+3) 4.(x-3)37 +4x+12)
5 (t=1)t+2t+5) 6. Other two factors are (x—6) and (2Zx+ 1) 7.(2x = I){x - 5)(x-2)

8. (2x + 12 + x + 36)

Exercise 5.3
|. Semby 12cm by 2em 2. 650 3. 6 units by 8 units by 3 units 4. 9 units by 11 units by 25 units
5. Length of one side of square ABFG is x+4. Area= (x-+4)*. The length of rectangle ACED = 3x+7.
6. y+1,y-1

REVIEW EXERCISE
(i) (d (i) (a) (i) ®) (v) (a) (v) (b) (vi) (c) (vii) (b) (viii) (¢)
167 +4y+4 3 257 +10y+4 4. Yes 5. 50 -130°-34r+24
.48 7. xt4 8 y+5

LELEN o &
L T L ATt T LA o1}

Exercise 6.1

1. i.3628800 ii. 7920 ifi. 11/63 iv.n—1 v. 7790
5 14! 9l .. (ne1)l @ (n=1)!
2 B i —— iii, ——— R
10! 41x16 (n-2)! n(n-4)(n-4)!
5. L6 ii, 6 7.i. 31 ii. 8 fii.3 iv.10 v.6 wi.l2l w0l wiii.2 ix. 4

X 5
Exercise 6.2
.17 i 13 1S5 w8 v.29 wvi.6 wvii.9 wvii.8 ix. 10
314 ii, 5 iii.2 iv.8 wv.2 vi.d  wvii. 41

4. 60 5. 60480 6.1296 7.18 8. 576 9, 1260 10. 7205 120

11.45360 12,108 13.4320 14. 210 15. 8640 16. 360

17.72 18. 94 19.30,240 20. 86400 21. 6,6,6,24 22. HOELRA 22. MULTAN
Exercise 6.3

2,813 .22 .5l iv.6 v. 1l w5 303 i3 .6 w5

4.i.9;3 ii. 62; 27 ii. 10; 5 iv. 14; 4

5.1. 4368 ii. 3003 6.55 7.i.120 ii. 186 iii. 186 8.i.45 ii. 120

9. "Ca-n 10. 120 11,10 12. 300500200 13.63 14. 175616




REVIEW EXERCISE

I. ib il ¢ il & iv.a v.d vi.d vii. b vili,d  ix.c X. C

2. 24 3,90 4. 600 5. 360 6. 32,659,200

. Unit 7: Mathematical Induction and Binomial Theorem s
Exercise 7.2

.. & 32:2+BD;:+B:]J‘+T+_!+_I
xiI x2

729 729y , 1215y% . 135y%

" 135y | 9y® | »®

B bpo o A o +1’ﬁ== SR = o

3

iii. 128 — 448x7 + 672x% — Sﬁl‘.}x'i + 280x® —B4x7T + 14x° = x7
- n :s

iv. :—“"'-5—;[4' 1n--10—;+52;

¥y ¥z
2. i ﬂ_“_".pﬁ__s.}ﬁ 253

243 27 3 :ﬂ F_zi'z';ﬁ
. 6ot 150 3 186 gk 1
i =x 5,"'_.,: P +Jr' ,-.rl+:.r=
iii. 2187u” — 5103u® + 5103u° — 2835u* + 9454 — 1892 + 21u — 1

3 5
V. Iv. 223 + 20aby3 + 30ab2VZ + 20ab™V3 + 45ab*V3 + bS3E

| V- V.14 Bx—dy + 245~ 24xy + 6y + 326 ~ 12x%y + 62y’ - y° + 16x* — 325y +
24x?y? — 8xy3 4 y*

a o 3. 8 24 | 32 12 , 72 . 144 , 96 216 , 108 , 216 , 81
i vl'x*+ﬁ+xzy=+:?’+y‘+xx’+z?yz+xyiz+y':+:’:’+m’+y*z’+ﬁ+;u_’+;
| 3.1.241200x% + 20000x* il. Bx? —12x 4 2 —;
' i, 1= 3x 4+ 2x? + 1023 + 5x* — 11x5 + 8x5 — 257
| iv. 201090301 =
' 32 x* ; " 3
Vot vi.  8a®Va? -1+ 8a*(VaZ—1) 4. Ex‘y’
% 5.0 =150, ii. 0.946176x* iii. 70a* ivﬁ"i%,‘“
' . 15 40095 ;
| 6. i -a'*p® ii. =< —p'%q® iii. —12x%y3 iv. —270y°%x3
I
: . n e
} . 7. 11980 ii. 5 8. Tisa =(r+1)ﬂn r=1pT+1
\ lﬂ. . sm l ]r 14 ]3‘. 121 1 18. I'l 61 151 201 Is; ﬁ. I
o 19. 21 times 20. 56 times
L : ; Exercise 7.3
. L i.143x3+6x + 10x: b<x<1 ii.—1;--3-+—ff——-;§"— T |
| 33 3%x 3Tat 330 3 3 I
r t 3
i (2 = 25 8 o e
t I(} _:'@'_ 2;55144-2;5;:5 le}s W1+ i +3' +34' 3<x<3

:-m,__;’r ———




,,_%_ .i,+%),+(ﬁ3,1+_1_,),=ﬁ( - +_‘,)x* -6<x<6 vi. 1

37 3237 128.3% 12837 1637
2. i.2.0052 ii. 1.2963 iii. 1.0099 v, 0.9859 3. %

7. # (n? + 7n + 8)a™

1
- &
8. i.% ii. (3)° iii, (=3)¢ iv2v2
Exercise 7.4
1.1,8,4,7 2.a5 b2 3.1
42525 b3,33 cl,0 8.8 9.8

REVIEW EXERCISE
1. i.d ii.c iii.d  iv.d v.b viic wvii.b wiiiha ix.b x.b
3.232 f. 78

EXERCISE 8.1
I. (i) cos(180° + 60°) = —cos 60°, cos(180° — 60°) = — cos 60°, sin(180° + 60°) = — sin 60°,
Sin(180° - 60°) = sin 60°, tan(180° + 60°) = tan 60°, tan(180° — 60°) = — tan 60°

(i1) cos(90° + 60°) = — sin 60°, cos(90° — 60°) = sin 60°, sin(90° + 60°) = cos 60°,
sin(90" — 60°) = cos 60°, tan(90° + 60°) = — cot 60°, 1an(90° — 60°) = cot 60°

(iii) cos(180°+ 30") = - cos30", cos(180°~ 307) = — cos30°, sin(180" + 30°) =— sin30’,
sin(180" — 30°) = sin30", tan(180" + 30") = 1an30", tan(180"-30") = — tan30°

T
—

(iv) ccs[rr+§}=—ms 3

n n n + ” .

b e ) a4 e e

3 cos( 1T 3) €os 3 sin{ 1T 3] sin
n m

- tun{:t+%}=mni+ tan(m— 3) =— tan

E

.
3

0 cn(5 +2) =), (5 2) = ). o5 +3) - o).
(5 2)=eo(2), (3 +2)=cad). w3~ 2)-em(3)
o o+ )= ) . cosCg - 2) =~ n(5) s +3) = -cosl).

in(2- ) e on () - 3) (- )= ()

sin[n‘—%} = sin

o_ 1413 i 950 - 1413
2 (@) cos157=10 (o) cos 165°=-T (0) cos MY =1 (9) sin75" =T

S T —— \( L




3. (a) cos l?.ﬂ"v—l (b) sin 12ﬂ°= . ,tan 120°=-+/3  (c) cos 75° = "';.-1
0o _1-V3 o= - ¥3-
(d) cos105° =222 (e) cos 285 rﬁ‘ (@ sinls°=222

4. (i) cos90 (u} cos 58  (iii) sm; (iv) sin92° (v) tan30® (vi) tan2m

5. cos(a+B) =12, cos(@—f) =3¢

6. () sin(a~pB) =32 (i) cos(@—p)=1= (i) tan(a—p)=12

7.0) sin(a+8) =5 (Gi) cosla+p)=—32 (iii) tan(a+p)=—2

8. () csel@+ )= (i) sec(a+B) =2 (iii) cm{a+ﬁ)=§

9. () sin(@ +p) =—g7 sinf@~p) =g (i) cost@+p)=—;7 . cos (@ —f) =%
‘ (i) tan(a + B) = 7 , tan(a — ) = 3

13.)) 125in6~5 cos 0 =rsin(9 + ¢) where r=13 and ¢ = tan”'(~ =

12

(ii) 3sinﬂ+4cm3=rsin(ﬂ+w}whemr=jnnd¢:=mn“e) (iii) Do yourself.

58
EXFRCISE 8.2

1 cos20=—2, sin sin20=—-2, I quadrant

4. @a=45" () sinB==,cos6== () 09285  (d) 22°

2. sin2a=-2y/T=y7,cos 20 =1-2y ,tan2a = -2 3 goq y50= L1005 g6

=2y2 2

| 4.G) sin26= 32,020 =~ tan20=~2 sin?= %, cos?= L, anl=1

(ii) sin20= 122, cos20=-112 an26 =12 sin2= 2 coss= 75, tng=-3
R0 et Lt e
. (iv) m!ﬂ——;,mslﬂ=~%.tm2&= ;,singm J—‘f%, mg%: - .‘if_‘r.;_‘, tan§=- f:
i (v) sin20=~1, cos 26 = 0, tan 20 = undefined, sin & = f—ﬁ-,¢m§= %,M% %
E (vi) sin28=*—"r?§.ms23=—-§.mnzﬂ- ﬁ,sin;:r ? - cos;=% . tﬂﬂ%‘wﬁ
" - 5.(3) sinﬂﬂa,msﬂ=i tanﬂ=-3- (ii) ginﬂ‘nivcngﬂ:_a mg=_§.

(iii) ﬂmE=—.cmE=—l—i,man-—§ (w} sinf =—— r,cmﬂm——"z,mﬂn—tl?
| 6.G) T (i) % {iii) % v 2w +

7.(i) Anganie (i) 1—;[1 — 7cos2a — cos4a + cos2a cosda] (iii) m[S — 4 cos4a + cosBa)



EXERCISE 8.3

I. (i) 2[sin26x+sin6x] (i) S[cos 16y+cos4dy] (iii) sin8s—sin2¢
(iv) 3[sin15x+sin5x] (v) 3[cos6u—cosdu] (vi) cos120° - cos 80°
(vii) > [sin 40° —sin 6°] (viii) sin 104° sin 8°
(x) 2[sinu + sin v]

2. (i) 2sin50° cos 20°

(iv) 2cosEcos?

{ix) cos 60° —cos 90°
(xi) sin 2u— sin 2v

(ii) 2 cos 45° sin 31°
(v) —2sin15°cos 5°

(iii) 2 cos35°cos 23°

2 2 -
REVIEW EXERCISE
1.() a (i) b (iii) ¢ (iv) d (v) b (vi) a
(vii) ¢ (viii) d (ix) b (x) ¢ (xi) d (xii) a
20 % @ -3 @@ -5

3. (i) sin(f +45°) or cos(f —45%)

(if) sinl20° or cos30’

4. (i) tan 60° = 1.732 (ii) c0s90°=0 5. tanf=2 9.
EXERCISE 9.1

. 1 Maximumvalue(M) = 4 ;  Minimum value (m) = 0
ii. Maximum value (M) = %‘“ ;  Minimum value (m) = %

i, Maximum value (M) = 1—51 :  Minimum value (m) = — %

iv. Maximum value M) = %, Minimum value (m) = %

2. i, Maximumvalue(M) = 1 ;  Minimum value (m) = %
ii. Maximum value (M) = TZT . Minimum value (m) = — %

ii. Maximum value (M) = =5 ;  Minimum value (m) = - iy

5 H

iv. Maximum value (M) = x
Domain =Dy=] —00,00 [=R;
ii. Domain=Dy=] —00,00 [=R;

iii. Domain=Dy=] —00,00 [=R;

Minimum value (m)

Range=Ry =[-7,7]

Range=Ry =[-1,1]

Range=Ry =[-1,1]

iv. Domain'=Dy=] —-00,00 [=R; Range=Ry =0
v. Domain=Dy=] -00,00 [=R; Range=Ry =0
vi. Domain=Dy=] —00,00 [=R; Range=Ry =[-6,6]
4 im i B iii, 47 iv. 2 v. m 2




ili. even

i. odd viii. odd

EXERCISES.2

iv. even

R ———

ok

Dy ——

:
s A F s
: sracng.

-

Characteristics
i (-00,00)=R
[-2,2]

odd function

(-00,00)=R
-2, 2]

even function

Range = ]-00,00[

Period = .-'-E. .
Amplitude = Nil
Nature = odd function




vi.

i e g [ e e

Characteristics

Domain = (-00,00)=R
Range = =11}
Period = 4Am
Amplitude = 1

Nature = gven function

‘Characteristics

Domain = (-00,00)=R
Range = [=2,2]
Period = ggr_r
Amplitude = 2

Mature = odd function

Characteristics

Domain = (-00,00)=R
Range = [-3,3]
Period = 27
Amplitude = 3

Nature = even function
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y = 8 L oo .m
g = § — A
Lk~ 3 9 = 8 Vi :
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Characteristics
Domain

Range

Period
Amplitude
Nature
Characteristics
Domain

Range

Period
Amplitude = 1
Nature
Characteristics
Domain

Range

Period

Amplitude = Nil

Nature

i —
A hm A B =5
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Characteristics

Iy

-
-

Ry T T

= (-00,00)=R
= [L1)

1

Amplitude =

Nature

i}

2
5
A~

even function

R ——, -

y==1

*"_-----—-—------------*.*i...ﬁ###---

: : Tal-
y i "
: + E|em M
e >
|3
+ ¥ e

y=S8inx
( -t

.1'."—..1.;..

= Sin 2x

T T - m

remssssmmma

y==1

x-axis

1y

y==1

8§

y =Cos 2x

W

-

-

2
1

X-axis

‘--_-_---"+----_--'*+----L---'-ibﬂ--------
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y=Tanx

-« t t +—+ +—t t t } ‘J‘r
xaxis O n mom 2n x-axis

o B 3 il

'

:

'

L)

]

L]

:

TR T

y-axis |

Y

o
a. each cycle is second

b. k=20,160
c. 180

d. v(t) = 180 Sin 20, 160t

h(t) = —8.5 Cos (5) + 10.5
y = 2 Cos [2mx] + 18

ii. a
vii. a

xil. b

xvii. d

REVIEW EXERCISE

. ¢ iv. a V. C
viii. b ix. © X. a
Xiil. ¢ xiv. b XV. a
xviil. a




5. a. Period = -E' ; Amplitude = - 20 ; Vertical shift = 24
' b.  h(t) =-2uc.:s(“?‘)+z4
¢.  The height is 32 m after Sminutes.

6. a. Maximum height =22 m, Minimum height =2 m.
b. The height is 12 m after 30 seconds.
c. One complete revolution takes place in 120 seconds.

7. a.y=10Sin1440¢,y = 10 Sin 1440 (¢ — -
b. Domain = {t /t 2 0,t € R}, Range = {y/ =10 <y <10,y € R}

i, Domain =]-c0,00[=R Range=[-2,2] _ 6

ii. Domain =]-00,00[=R Range=[-5,5] 2..;.‘

ii. Domain =]-00,00 [=R Range-[—i.;] In

iv. Domain =]-00,00[=R Rangc=[—%;%] 3_%

v. Domain =]-00,00[=R Range=[-3,3] 2

. vi. Domain =]-00,00[=R Range=[-7,7] 2_;'

vii. Domain R—E‘z—',nEZ Range =] - 00 0o [ %

viii. Domain =]-00,00 [=R Range=[-9,9] 2_2

ix. Domain =]-00,00 [=R Range =([7, 9] .g.

1 X. Domain =]-e0,00[=R Range =[2, 12] w
|

xi. Domain =]-00,0[=R Range =[2, 10] T




GL OSSARY

Adjoint of a matrix: A matrix of order 2, obtained by interchanging diagonal elements and changing
the signs of non-diagonal elements.

Algebraic expression: A statement in which variables or constants or both are connected by

arithmetic operations (i.e. +, -, x, +).

Allied angles: The angles connected with basic angles of measure @ by a right angle or its multiple, are
cilled allied angles.

Arithmetic mean: A number M is said to be arithmetic mean between two numbers a and b if a, M, b are
in AP,

Arithmetic sequence: An arithmetic sequence is a sequence in which each term, after the first, is found
by adding a constant.

Arithmetic series: The sum of the terms of an arithmetic sequence is called an arithmetic series.
Arithmetico-geometrico sequence: This sequence is the result of term-by-term multiplication of a
geometric progression with the corresponding terms of arithmetic progression.

Column: The vertical arrangement of objects.

Column matrix: A matrix having only one column.

Combination: If in the arrangements of objects their order is not important then this arrangement of
objects is called combination.

Complex number: The number of the form a + ib, where a and 5 are real number and i = «f——_l .
Complex polynomial: If z is a complex variable, then the expression @ + @,z + a2 + -+ a,z" is
called complex polynomial of degree n if @, # 0 and n is a non-negative integer.

Conformable for matrix addition: Matrices of same order so that they may be added.

Conformable for matrix multiplication: If number of columns of first matrix is equal to the

number of rows of second matrix so that they may be multiplied in that order.

Conformable for matrix subtraction: Matrices of same order, so that they may be subtracted.
Conjugate: Two complex numbers differing only in the sign of their imaginary parts.

Constant polynomial: A polynomial having degree zero is called a constant polynomial.
Consistency criteria: A system of homogencous linear equations is consistent if Rank A = Rank Ay,
Consistent system: A system of equations is consistent if it has at least one solution.

Cross product of vectors: The product of vectors resulting in a vector quantity.

Cubic polynomial: A polynomial having degree three is called a cubic

Deductive reasoning: Deductive reasoning is a logical approach where someone moves from general
ideas to specific conclusions.

Determinant of a matrix: A number obtained by subtracting the product of non-diagonal elements
from the product of diagonal elements, in a square matrix of order two.

Diagonal: A line joining any two vertices of a polygon that are not joined by any of its edges;
clements running from the upper left corner to the lower right comer of a square matrix.

Diagonal matrix: A matrix in which all the non-diagonal elements are zero but at least one

element of the diagonal is non-zero.

Direction angles: The angles that a non-zero vector # makes with the coordinate axcs in the positive
direction are known as direction angles of .

Direction cosines: Coines of direction angles are called direction cosines.
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