Chapter 3
PARTIAL FRACTIONS

We know that how to add two or more rational fractions into a single rational fraction.
For example,

1 2 3x
Xx—17x+2 T x-DHx+2)

2 I 3 5% +5x-3
x+1 (x+1)Y x-2 7 x+ 1P (x=-2)

(1)

(i1)
Here we shall learn how to reverse the order (i) and (i)

Partial Fractions

To express a single rational function as a sum of two or more single rational functions
which are called Partial Fractions.
Partial Fraction Resolution

Expressing a rational function as a sum of partial fractions is called partial fraction

resolution.

Rational Fraction

% . . :
Q ((x) where Q (x) # 0, with no common factors is

called a Rational Fraction. A rational fraction is of two types.

The quotient of two polynomials

(1) Proper Rational Fraction
X
A rational fraction m is called a proper rational fraction if the degree of the
polynomial P (x) in the numerator is less than the degree of the polynomial Q (x) in the
denominator. For example,
3 2x-5 9x°

X+ 17 x2+4 and x3—1

are proper rational fractions.

(2) Improper Rational Fraction

: . P . : S
A rational fraction Q) B called an improper rational fraction if the degree of the

polynomial P (x) in the numerator is equal to or greater than the degree of the polynomial Q (x)

in the denaminatar Far examnle



X (x—=2)(x+1) d X=X +x+ 1
2X—3° (x—1(x+4) M x° +5

are improper rational fractions.

EXERCISE 5.1
Resolve into Partial Fractions.
Q.1 le_ 1 (Gujranwala Board 2007, Lahore Board 2011)
Solution:
L 1
-1~ x+D)x=1)
Let
I A B |
x-Dx+D) - x+DTx-1) (1)
1 _A(X—l)+B(X+])
x+Dx-1) (x+D(x-1)
l = Ax=D+Bx+1) (2)

put x = 1 1nequation (2), we get

l = A(l-D+B(1+1)

1 = A)+2B
1 = 2B B = L
= — =3
Put x = —1 in equation (2), we get

l = AC1-D+BE1+1)
| = —2A +B(0)

1
-2A =1 > A:—2

Put values of A and B in equation (1)
1

I
1 ~y 2
x+DGx-D - x+DTx-1

—1 ]
= 9 x+ 1) + 2 (x—1) are required partial fractions.




X (x2 + 1)
Q2 K+Dhx-D

Solution:

(Lahore Board 2007, 2008)

)
X~ (x2+ 1) Xt X

x+DHx-1) 7~ x~1
Dividing

x> +2

2 7 3

x —1 \/x + X

4 2

+X —X
-+

§e]

2X
x> -2

4 2
X + X 2 2
?=X+2+Xﬁ__ (1)

x -1 |

Here

2 2 5
-1 x+Dx-—1) (2)

2 A B
x+Dx—1) —x+1 1T x-1
2 _AE=-D+Bx+1)
x+1D)(x—-1) x+1Dx-1)
2=AE-D+Bx+1) (3)
Put x = 1 inequation (3), we get
2=A0-1H)+BO+1)
2 =A0)+2B

3 2B=2 = [B=1]

Put x = —1 inequation (3), we get
2=ACF1-1J+B1+1)
2=-2A+0)B

Take




= —2A=2 =
Put values of A, B inequation (2)
2 . 1
x+Dx-—1D " x-1"7x-1
equation (1) becomes
x4+x2_ 5 ] ]
T-1 = o x+1tx—1
Hence x*+2—— L ired partial fractions
ence x + 7x+1+x—l are required partial Iractions.
2x + 1
Q3 oD x+2) (x+3)
Solution:
Let
2x + 1 __A B C |
x—Dx+2)(x+3) ~ x—1Tx+2Fx+3 W1
2x + 1 A+ E+H+BE-DEx+3H+CHx-D (x+2)
x—DE+2)(x+3) (x=1)x+2)x+3)
2x+1 = AX+2)(x+3)+BEE-1Hx+3)+Cx-D(x+2) (2)

Put x = 1 in equation (2)
2(H+1 =A(0+2)(1+3)+B(0-DH{0+3)+C(-1(1+2)
3 =12A+0+0

3 I
12A =3 = A:12:> A:4
Put x = —2 in equation (2)

2 2)+1=ACF2+2)(-2+3)+B(-2-1)(-2+3)+C(-2-1)(-2+2)
—4+1 =A0)+B3)(H+CO)

~3==3B = [B=1

Put x = — 3 in equation (2)

2-3)+1 =ACF3+2)(-3+3)+B-3-1)(=3+3)+C(-3-1)(-3+2)
—6+1 =A0)+BO)+C-4 1)

-5 =0+0+4C



-3
-5 =4C = C:4

Put these values in equation (1)

1

2x + | 4 1
x—Dx+2)(x+3) =~ x—1"x+2 " x+3

1 1 5
4x—- DT x+2  4(x+3)

+ | &

are required partial fractions.

3’ —4x -5

Q4 (T2 +7x+ 10)
Solution:
| 32— 4x -5 3x° —4x -5
AS S (K +Tx+10) = (x—2) (x+2) (x+5)
Let
3x°—4x -5 __A B C
G-+ x+5) - G- T &+ T x+5) (1)
3x°—4x —5 AR+ (x+35)+Bx-2)(x+5+C(x-2) (x+2)
(X-2)(xX+2)(x+5) (Xx—=2)(x+2)(x+5)

34X -5 = AX+2) X+ +BX-2) x+9H+Cx+2)(x-2) (2)
Put x = 2 inequation (2)

32 -4(2)-5=AQ2+2)C2+3)+B2-2)2+5)H+C2-2)(2+2)
3(4)-8-5=AM@(1H+0+0

12—=8—3 = 28A

4 -5 = 28A A= L
T — - 28

Put x = —2 in equation (2), we get

3(-27-4(-2)-5=A(2+2)(2+5+B(2-2)(-2+5)
+C(-2-2)(-2+2)

34)+8-5=A0)+B(4)(3)+C(0)

2+8-5=-12B



Q.5

5
I5=-12B = B=-7; = |B=-]

Put x = —5 in equation (2), we get

3(5°-4(5)-5=AC5+2)(5+5+B(5-2)(-5+5)
+C(-5-2)(-5+2)

3(25)+20-5=A0)+BO)+C(-7)(3)

75+ 15 = 21C

90 30
90 = 21C = C:ﬂ =% C =—=

Put these values in equation (1)

105
UE g — 5 28 4 7

(x-2)(x+2)(x+5) ~ x-2F x+2Tx+5

1 5 30
28(x—-2) 4(x+2)TT(x+5)

are required partial fractions.

1
x-1)(2x-1)(3x-1)

Solution:

1 A B C
x - D2x - DHEGx -~ x 1 ax 1%3x 1

(1)

1 A2x—DBx—D+Bx-1D)GBx—D+Cx—1)(2x—1)

x-DH2x-DHBx—1) - x-1)(2x— 1) B3x—1)

I=AQ2x-DBx-D+Bx-DBx-1)+C(x-D2x—1)
Put x = | in equation (2), we get
1=ACMH-DBMH-D+BU-DHB)-1)

+C-D(2)—-1)
l =AQ2-1)3-1)+B(0) +C(0)

= A(D)Q2) = A:é—'

1
Put x = 5 in equation (2), we get

(2)



X
W THx-bx-o
Solution:
Let
X A B C
(X—a)(x—b)(x—¢) ~ x—atx-bFTx—c e

1
Put x = 3 in equation (2), we get

= a((3)-)(5)- 1) (5-1)(5(3)-1)
A )a-nrs(2)a-nrc(

3
| = A(O)+B(0)+C(%)(%)

[ = 2C c =2
=g+ = =

Y]

[am—

Put these values in equation (1), we get
1 9
1 2 —4 2
= - +
x-D2x-1)3Bx-1) x—-1"2x-1" 3x-1
_ 1 4 9
S 2x-1) " 2x-DHT203x_1)

are required partial fractions.




X AKX+ BX—a)x—c)+C(X—-a)(x—b)
(x—a) (x-b)(x—c) ~ (x—a)(x—b)(x—c)

X =AX-b)x-c¢c)+Bx—-a)x-¢c)+Cx—-a)(x-b)  ......... (2)
Put x = a in equation (2), we get
a=A(a—-b)(a—c)+B(a—a)+C(a—a)(a—Db)
a=A(a-b)a—-c)+0+0

a=A(a—b)a—c¢)

a

~(a-b)(a—c)

Put x = b in equation (2), we get
b=AMb-bb-c)+B(b-a)b-c)+C(b—-a)(b->b)
b=0+B(Mb-a)(b-c)+0

B b
_(b-ab-o

Put x = ¢ inequation (2), we get
c=A(c-b)c—-c)+B(c—a)(c—c)+C(c—a)(c—b)
¢c=0+0+C(c—a)(c—hb)

_ C
~(c—a)(c-b)

C

put these values in equation (1), we get

X a b
x-a)(x-b(x-¢  (a+b)a-ox-atTd-abd ¢ (x_b

C
tic—a)c—b)(x—0)

are required partial fractions.

6x> +5x*—7
Q.7 2x —x—1

Solution:
First dividing

3x +4

2%% —x — 1 46 +5x" —7



6x" — 3x” — 3x

-+ +
8x° + 3x — 7
8x* —4x —4
-+ o+
7x-3
6x'+5¢ -7 _ g Ix=3 i
e _x_] T Xt4+s T 1 (1)
Take
x-3 Tx—3
%7 —x—1  (x—DQ2x+1)
Let
7x -3 _ A B )
G-Dx+D - G-DT@x+1) e (2
7x -3 CAQx+D+B(x-1)
x—-D@2x+1) -  (x-1)C2x+1)
Tx-3 =AQx+DH+Bx-1) ... (3)

Put x = 1 in equation (3), we get
T(H-3=A2M+1H+B(-1)
7-3=AC+1)+0

4
4 =3A = Azg

1
Put x = ) in equation (3), we get

(1) 5= a(a( Der)en( 4 0)

=3 = A(—I+1)+B(—%)

B |~



13
13 =3b = B:7

Put these values in equation (2), we get

4 13
7x — 3 B 3 3
x-DCx+1) = x— 1T 2x+1
4 13

= 3x-DY30x+1)
equation (1) becomes

6x'+5¢ -7 _ . 5 4 13
—x—1 = Cx+D+30 T 32+ D)

are required partial fractions.
0S8 2X3-|;X2—25X+3
) 2x7 +x" - 3x
Solution:
First divide 2x” +x—5x+3 by 2x +x~ - 3x

1.e.
1
2x3+x2—3X\/2X3+x2—5x+3
2x" + x° — 3x
- - 4+
—2x+3
—
2x* + X~ 5x +3 ~2x+3
2 +x-3x — T2+ %0 3x
s (1)
x(x — 1)(2x + 3)
Let
—2x+3 A B &
x(x—l)(2x+3):;+x—1+2x+3 """"" (2)
—2Xx+3 Ax—12x+3)+Bx2x+3)+Cx(x—1)

X(x-DR2x+3) ~ X (x— 1) (2x + 3)



—2X+3 = AX-1)EZx+3)+Bx(Z2x+3)+Cx(x—1)

Put x = 0 inequation (3), we get

—2(0)+3 =A0-D(20)+3)+B(0)(2(0)+3)
+CO)O-1

3=ACD@B)+0+0

3=-3A = A = —1

Put x = 1 in equation (3), we get
2(M+3=A0-DQRM+3)+B () (2(1)+3)

+C () -1)
-2+3 =A0)+B2+3)+C(0)

l=5B = B=§

Put x = —E in equation (3), we get

(D)esaal 3 0)2(2)es]

+C
3 3
3+ A(O)+B(O)+C( 5)( 5 1)
15 6 x4 8
6=4C =% € = ] =3
8
— (3:5

Put these values in equation (2), we get

1 8

20X +3 -1 5 5
XxXx—D2x+3) - x Tx—11T02x+3)
1 I 8

T5x-T502x+3)
equation (1) becomes

2%+ x° —5x+3 | 1 1 8
X +x-3x L xts5x-DY502x+3)

are required Partial formula.




x-—1)(x-3)(x-3)
Q9 x-2)x-4)(x-6)

Solution:

x=Dx=3)(x=5 x -9’ +23x—15
x-2)(x—4) (x—6) ~ x°— 12x" + 44x — 48

By division

x'12x7 +44x 48 X~ 9x +23x — 15
x* — 12x7 + 44x — 48

— - 4
3x% - 21x + 33
x-Dx=3)(x-5 3x7— 21x + 33
x-2)(x—4)(x—6) ~ 1+(X—2)(x—4)(x—6)
3x7 21X + 33
= ]+(x72)(x74)(x76) ......... (1)
Now Let
3x7 — 21X + 33 A B C
x-2)(x-Hx-6) " x—2Tx—4Tx—6 e (2)
3 -21x+33  AE-HE-6+Bx-2)x-60+Cx-2)(x-4)
x-2)x—4dH(x-6) x=2)(x—4) (x—6)

33 -21x+33 = A(x—-D(x—6)+B(x-2) (x—6) +C (x —2) (x — 4)
Put x = 2 in equation (3), we get
3(2°-21(2)+33 = A(2-4)(2-6)+B (0) +C (0)
3(4)-42+33 = A(-2)(—4)
12-42+33 = 8A

3=8A = |A=yg




Put x = 4 1nequation (3), we get
3(4)2—21 DH+33=A0)+Bd-2)4-6)+C(0)
3(16)-84+33 = B(2)(—2)
48 -84 +33 = —4B

~3=-48 = |B

W

Put x = 6 in equation (3), we get
3(6)°=21(6)+33 =0+0+C(6-2)(6-4)
3(36)-126+33 = C4)(2)

108 — 126 + 33 = 8C

15 =8C = ng

Put these values in equation (2), we get

3 3 15
3x*-21x+33  _ 8 4 8
x-2)x-DHx-6 " x-Tx-HTx-6)
3 3 15
T 8x-2)T4x-HT8(x_6)
= equation (1) becomes
X —0x> +23x — 15 3 3 15

o2 radx 487 TR DTAG TR 6
are required Partial fractions.

1
Q0 o ob0 (=0 (Lahore Board 2007)

Solution:
Let

'l A B C
(a0 -bo(l -0 (1-a) (- (1l-cx) (1)

1 A=) d-cx)+B I -ax) (1 -cx)+C (1 —ax) (1 -bx)
(1 —ax) (1 —=bx) (I —cx) (1 —ax) (1 —bx) (1 —cx)

Il = A(l-bx)(1 —=cx)+B (1 —ax) (1 —cx)+ C (1 —ax) (1 —bx)



|
Put x = 3 in equation (2), we get

| = A(lbéj(lc.i)+B(0)+C(O)

,_.
Il
7N
—
|
& o
N
7N
|
oo
N

2

A(a—b)(a—c) 3 a
2 = AT ana—o

1
Put x = b in equation (2), we get

A(O)+B(1—a.%)(l—c.%)€(0)

1 |
O+B(la.5)(lc.g)+0

(b—a)(b-c) b
=BT = 1B b a0 o

—
I

Put x = c in equation (2), we get

1 = 0+O+C(l—a.%)(l—b.
c(1-8)(1-¢)
= c(58)(5%)
C(C—a)z(c—b) - C

. C=% ac b

O |—
j

2

1 =

Put these values in equation (1), we get

5 . a2
1 _ (a—b)(a—c) (b—a)(b—c) (c—a)(c—Db)
(I—ax)(I-bx)(1-cx) = (l-ax) T (I-bx) T (d-cx
B a2 b2
N (a—b)(a—c)(l—ax)+(b~a)(b~c)(l~bx)
2

Tc—a)(c—b) (1 -bx)

are required Partial fractions.



2 2z
X +a
QI T ) K+ 2+ d)
Solution:

x* + a’
(x> +b7) (X" + ) (x> +d9)

Let x* = y and neglecting the square of each term

We have

%* 4 g B yt+a
(X" +b) (X" +c) (X +d) T (y+b)(y+o) (y+d)

Let
y +a __A B ¢ |
G+ y+d) - y+b) T Groty+rn (D
y+a AW+ (y+d)+By+b)(y+d+C(y+b)(y+¢)
(y+b)(y+o)(y+d) — (y+b)(y+co)(y+d)

y+a=A{y+c)(y+d)+By+b)(y+d)+C(y+b)(y+c) ...
Put y = —b 1in equation (2), we get

~-b+a=ACDb+¢c)(-b+d)+0+0

a—b =A(-b)(d-Db)

A = (a—b)
~ (c-b)(d-b)
Put y = —c¢ inequation (2), we get

—c+a=0+B(c+b)(—c+d)+0
a-c=B((b-c¢)(d-c¢)

B - (a-c)
~ (b-c¢)(d-0¢)
Put y = —d in equation (2), we get

—d+a =04+04+C(-d+b)(—d+c¢)
a—d=Chb-dc—-d



(a—d)
(b—d) (c—d)

C =

Put these values in equation (1), we get

(a—b) (a—c) (a—d)
y+a (e-bd-b) (b-¢)(d-¢c) (b-Db)(c—-d)
(y+b)(y+c)(y+d) — y+b * y+c¢ * y+d
a a—b a—c a—d

btct+d (¢ b - by+b b -oWd oy+aFTd dc dy+d

Replacing the neglecting squares, we get

2

3 B 2 p) 2
X +a a —b 4 —c

E+P) R+ +d) - @ -+ T D) (@ =D (X +¢
2 2
a —d
T DD +d)

I

2

)

are required Partial fractions.

EXERCISE 5.2
Resolve the following into Partial fraction.
2x% —3x + 4
Q.1 (x— 1)3
Solution:
Let
2x’-3x+4 A B C 1
(x—l)3 _(x—l)+(x—l)2+(x—l)3 ......... (1)
x> 3x+4 AE-D’+Bx-D+C
fe—IPF © (x 1)
2x'=3x+4 = Ax-D'+Bx-D+C ... (2)

2x* - 3x+4 = AX*+1-2x)+Bx-B+C
2x"—3x+4 = AX +A-2Ax+Bx-B+C ... (3)
Put x = | inequation (2), we get
2(1Y-3(Hh+4=A0-1D'+B(-1H+C
2-3+4=0+0+C

3=C = [C=3]

Equating coefficients of x°, x in equation (3), we get



X

x ; —2A+B =-3
— —2(2)+B = —3
= —4+B =-3

B =4-3
Put values of A, B and C in equation (1)
2x—3x + 4 2 1 3

G- "G DTa-DtE-1y

are required partial fractions.

5x°—2x +3
Q2 T2
Solution:
Let
5x*—2x + 3 A B C
x+2f “x+27x+22tx+2P

5x*-2x+3  AG(+2°+B(x+2)+C
(x+2)° (x+2)

5%°—2x+3 = Ax+2°+Bx+2)+C

5 —2x+3 = A (x> +4+4x) +Bx+ 2B + C

Put x = —2 inequation (2), we get

(Lahore Board 2005)

527 2(2)+3=A(C2+27+B(2+2)+C

5)+4+3 =0+0+C

200+7=C = [C =127

P g 2
Equating coefficients of x”, x, we have

X

x : 4A+B = -2
45)+B = -2
20+B = -2

B=-2-20



Put values of A, B and C in equation (1) we get

5x*-2x+3 5 ~22 27
x+2) ~ x+2tx+2° T x+2)
5 22 27

x+2 x+2° " (x+2)°

are required partial fractions.

Q.3 x + 1;42X(X 1) (Lahore Board 2009, Gujranwala Board 2003, 2005)
Solution:
Let
4% A B C
G+ G-D - G+D T+ - e (1)
4x Ax+DE-D+Bx-_D+Cx+ 1)
x+ D (x—1 ~ x+ D7 (x—1)
X =AX+DE-D+Bx-D+Cx+D> ... (2)
4x = A(X— 1) +Bx B+ C(xX"+ 1 +2x)
4X = A “A+Bx -B+Cx*+C+2Cx ... (3)
Put x = — 1 inequation (2), we get

4-1)=A0)+B(-1-1+C(0)

— = 2B = B =2

Put x = 1 inequation (2), we get
4(1) = AO)+BO)+C(+1)

4=C@Q = 4=4C = [C=1

Equating coefficient of % in equation (3) we get,

x> A+C =0 X C =1

A+1 =20

A= |

Put values of A, B and C in equation (1), we have

4x —1 2 ]
x+ 12— - x+DHTx+1)YTx-1

are required partial fractions.



Q4

9

(x+2)7(x=1)

Solution:

Let
9 A B C

x+2’Gx-1H) - x+) " x+2 T x-1

9 A+ (x—D+Bx-1D)+Cx+2)7°

x+27(x - 1)~ (x+2) (x 1)

9= Ax+2)(x-D+Bx-DH+Cx+2> ...

9= A(X"+x -2)+Bx B+ C(x"+4+4x)

9 = AX"+Ax-2A+Bx-B+Cx*+4C+4Cx ...
Put x = —2 in equation (2), we get

9 = A()+B(=2-1)+C(0)

9=-38B = |B=-3

Put x = 1 inequation (2), we get

9 = A(0)+B(0)+C (1 +2)°

9

0+0+C @3)

9=9C =

. 5 3 2 . F
Equating co—efficient of x~ in equation (3) we get

A+C =0
A+1 =0 X C =1
A= 1

Put values of A, B and C in equation (1) we get

9 ] 3 1
x+2’Gx-D - x+2)  x+2°Tx-1n

are required partial fractions.



1

Q.5 (x—3)2 x+1) (Lahore Board 2007)
Solution:
Let
1 A B C
x G+ - x 3T x 3 Txen e (h
I AX-DE+D+Bx+1)+C(x—3)
(x-3 (x+1) ~ (x 37 (x+ 1)
[ = AG-3)E+D+BxE+D+Cx-37> ... (2)
l = A(x*-2x - D+Bx+B+C(x*+9 6%)
| = Ax> 2Ax 3A+Bx+B+Cx*+9C 6Cx ... (3)

Put x = 3 in equation (2), we get
1l =A0)+B@+1)+C(0)

] =0+4B +0
| = 4B b= =
= — = 3
Put x = — 1 in equation (2), we get
I = A +BO)+C(—1-3)
[ =0+0+C(—4)
1 = 16C R
= — = 16

Equating coefficients of X~ in equation (3) we get

A+C =0

1 S |
A+]6_0 C_16
N

- 16

Put values of A, B and C in equation (1), we get
| 1 1

1 16 4 16
(x—3)2(x+l) = x-3tx3%tx_3
B I 1 I
T lex-3)T4x-3T16(x+ 1)




o

X

Q.6 x—2) (x—1) (Lahore Board 2011)
Solution:
Let
X’ A B C
-G - -t E_DTE_1p = e (1)
X AX—1)P+Bx-2)(x-1)+C (x-2)
(x—2)(x— 1) ~ (x—2) (x— 1)
XX = AX-1)VP+Bx-2)x-D+Cx=-2) . (2)
X = A +1-2X)+B(x —3x-2)+Cx-2C
x> = AX°+A-2Ax+Bx*—3Bx-2B+Cx-2C ... (3)

Put x = 2 in equation (2), we get
(2 = A2 -1’ +B(0)+C(0)

4 =A@
4
4 =9A = | A= 9
Put x = | inequation (2), we get

() = AO)+B(O)+C(1-2)
Il =0+0+C (1)

1l ==C = C =-1

Equating coefficients of x” in equation (3) we get

A+B =1
4
§+B = 1
B =1 é
-9
5
B =9
Put values of A, B and C in equation (1), we get
4 S
X2 9 0 —1
x-2x- 1 - x-2tx Htx 1)
4 5 1

0x-2)T9x—1) " (x—1)



1

Q7 1P+
Solution:
Let
| A B C
x Dx+h -G DTx 1 xrn 0 (D
| Ax-DE+D+Bx+DH+C(x 1)
(x-17(x+1) ~ x— 1) (x+ 1)
l=AX-DE+D+Bx+D+Cx-1> ... (2)
l = A - D +Bx+B+C(x*+1-2x)
| = Ax" A+Bx+B+Cx>+C-2Cx il (3)

Put x = | inequation (2), we get
1 =A0)+2B+0

b | —

Put x = — 1 in equation (2), we get
I = AO+BO)+C(=1-1)
I = 0+0+C(=2)

] =4C = C =

1
4

Equating coefficients of x° in equation (3), we get
A+C =0

|
A+Z=O X C =7

L]
= 4

Put values of A, B and C in equation (1) we get
1 1 1

1 4 7] 4
x—1Px+D) = x— 15 x-1)Y Tx+1
- I 1
dx—-DHh 22— a4+ 1)

are required partial fraction.




2

Q.8 (x—1)§ x+1) (Gujranwala Board 2003)
Solution:
Let
X A B C D
(x—1)3(x+l)_(x—1)+(x—1)2+(x—1)3+(x+1) ......... (1)
x> A D+ D+BE-DE+D+Cx+D+Dx 1Y
x-D’(x+1) = (x— 1) (x+ 1)
C=AX- 1Y E+D+BE-DEx+H+Cx+H+Dx-1> ... (2)

B
b

X =A(X3—X2—X+])+BX2—B+CX+C+DX3—3DX2+3DX—D
X = AX —AX —AX+A+BX —B+Cx+C+Dx’ —3Dx" +3Dx =D ......... (3)
Put x = 1 inequation (2), we get

(l)2 =A0)+BO)+C(1+1)+D(0)

1 =0+0+2C+0
2C =1 C—l
= o =5
Put x = —1 1nequation (2), we get

1Y = AO)+BO)+CO)+D(1-1)
I=0+0+0D (2

1 =-8D = |D=-

; 5 2 . :
Equating coefficients of XB, X~ in equation (3), we get
’%

x : A+D =20

Ar-p X D= +

8" =8
Al

=3
x> © —A+B-3D =1
lB(l)l X At po 1
AR =8 Y T8



/1

I

lE
8+1 -3

B ="

g_o 5 =
=8 = =4

Put values of A, B, C and D in equation (1) we get
| 3 I |

5 1 3§

G-I x+D - x-DTx-DTx-D’FTx+D
I 3 I I

Sx-DTax-—1"T2x 1Y 8(x+1)

are required partial fractions.

x—1

Q.9 x—2) (x +1)3 (Gujranwala Board 20006)
Solution:
Let

x— | A B C D
x DG+ " x DT+ T Ty (1)

X — 1 A+ +BE-2D)E+D+CHx-Dx+DH+D((x-2)
(x-2(x+1)y = x-2)(x+ 1)
x—-D=AE+D+BE-2DE+ 1D +CE-2E+DH+Dx-2) ..cc..... (2)
x—1 = A +14+3x +30+B (X -3x-2)+C(x"—x+2)+ D (x - 2)

x—1 = AX’+ A +3Ax" +3Ax + Bx = 3Bx - 2B +Cx" = Cx+2C + Dx-2D ...... (3)

Put x = 2 inequation (2), we get

21 =AC2+1)+0+04+0

1 = A@Q3)
1 = 27A A = L
= = = 77
Put x = —1 1nequation (2), we get

—-1-1=0+0+0+D(-1-2)



o2
3
3
X : A+B =0
L B=20 H A—l
27FP = = 27
b L
27
x> :3A+C =0
|
3 27+C:0
& cC=20 C = 8
g =Y = =9
Put values of A, B.C and D in equation (1) we get
1 1 1 2
X — 1 27 27 -9 3
x-2Gx+1) - x=-tx+ DT+ 1T x+1)
| I | 2

T 27(x-2) " 27(x+ D 9x+ 1 3+ 1)

are required partial fractions.

4x3
Q.10 (x2 — l)x(x T 1)2 (Gujranwala Board 2005, Lahore Board 2005)
Solution:
4x* 4x* 4x°
X =D+ T x+DE-D&E+1)Y ~ x=D(x+1)
Let
4x’ __A B C D
x DG+ " x- DT x+DTxr 2 &y (D)
4x? CAG+D'+BE-DE+ D’ +CEx-Dx+ D+Dx-1)
x—D(x+1y ~ (x—D(x+1)
A4 = A+ D' +BE-DE+1D)+CE-DGx+D+Dx-1 ... (2)

3

P = A 143 430+ B (4 x - D+ C - D+D -1
3

4% = A+ A +3Ax +3AX+BX +Bx° - Bx - B+Cx>-C+Dx-D ... (3)

2



Put x = 1 1nequation (2), we get
A1)y = A0+1)Y+0+0+0
4= (2 A

4 =8A = A =

| —

Put x = — 1 inequation (2), we get

4(-1)) =04+0+0+D(—1-1)

~4=-2D = [D=2]

Equating coefficients of X3, x* in equation (3) we get

2

x> : A+B =4

+B =4 HA =

B [ —

x> : 3A+B+C =0

3 7
2+2+C =0

Dic=o0
5 te =

54C =0 = C =35

Put values of A, B, C and D in equation (1), we get

1 7
4x° _ 2 2 5 2
x-DEx+1) - x-DTx+D) x+ 1T Tx+1)

B I 7 5 2
T ox-DT2x+D) x+ DT x+1)

are required partial fractions.



2x +1
QI 3 x-1) (x+ 27

Solution:
Let
2x + 1 A B C D
x+3) G-Dx+2 " x+) T x-DFx+ T x+2? 0 e (1)
2x + 1

(xX+3)(x— 1 (x+2)
A(x—l)(x+2) +B(x+%)(x+2) +C(x+%)(x—1)(x+2)+D(x+%)(x—l)
(x+’%)(x—1)(x+2)“
Cx+1) = AX—DE+2+Bx+3) x+2 +Cx+3)x-Dx+2)+D(x+3)(x-1)
(2)
X4+1= AKX +3  DH+B O +TX+16x+12) + C (X +4x°+ X - 6) + D (x> +2x — 3)
2x + 1 = Ax" +3Ax" —4A + Bx’ + 7Bx” + 16Bx + 12B + Cx” + 4Cx” + Cx — 6C
+Dx* +2Dx - 3D (3)

Put x = — 3 inequation (2), we get
2(-3N+1 = ACE3-DE3+22+0+0+0
6+l = ACA (1

5
—~5=2—-4A = |A= 1
Put x = 1| inequation (2), we get
2(D+1 =0+BU+3)(1+27+0+0
2+1 = B4) (3
3=B#) ()
3 = 368 B = 2 B = L
= = 36 =12
Put x = —2 in equation (2), we get

2(2)+1 =0+0+0+D(C2+D(2-1)
441 =D(1)(=3)

= o

Equating coefficients of x> in equation (3) we get
A+B+C =0

5 1
4112

15+ 1
12

+C =0

+C =0



4
+C=0 = C=—§

Put values of A, B, C and D in equation (1), we get

5 1 4
2x + | 4 12 73 1
x+3)E-DE+2’ - x+3) T x-DTx+2) T x+2)?
5 | 4 |

4Ax+3)T12(x 1) 3(x+2) T (x+2)
are required partial fraction.

2x4
Q12 3 x+2)7

Solution:
2x! ox* 2x"
(X—=3)(X+27 T (x )X +4+4x) X +x —8x—12
2x—2
X+ x —8x—12 \/2)(4
Dt Ox¥ - Ie® — Ddx
= = + +
—2x7 + 16x7 + 24x
—2x7— 2%+ 16x + 24
+ + - -
18x” + 8x — 24
ox* 18x” + 8x — 24
x>+ x —8x—12 ~ 2x—2+ x* 4+ x°—8x— 12
18x% + 8x — 24
= 2X2+(x83)?x+2)2 ......... (1)
o MBe8x-n A& B C 2)
(x=3)(x+2) x=3) x+2) (x+2)

18 +8x-24 AGx+2 +Bx-3)x+2)+C(x—3)
(x —3) (x +2)° (x —3) (x + 2V’




18" +8x—-24 = AXx+2)+Bx-3) x+2)+Cx-3)  ..oo..... (3)
I8 +8x—24 = A(X +4x+4)+B (x*—x—-6)+ C(x — 3)

18x" + 8x — 24 = Ax" + 4Ax +4A + BX’—=Bx - 6B+ Cx - 3C ......... (4)
Put x = 3 inequation (3), we get

183 +8(3) - 24=AB+2)"+0+0

18 (9) + 24 —24 = A (5)°

162
162 = 25A = | A = 25
Put x = —2 1n equation (3), we get

18 (=2 +8(=2)-24 = 0+0+C(-2-3)
~36-16-24 = C(-5)

32
32 =-5C = |B= -3
Equating coefficients of x> in equation (4), we get
A+B =18
B=18-A
B =18 1hd B = il
= %75 7 = 25

Put values of A, B, C in equation (2), we get
18x” + 8x — 24 162 288 32
(x=3)(x+2) T 25(x-3)"25(x+2) 5(x+2)
equation (1) becomes

4x° 162 288 32

x-3)(x+2) - KD+ 3T B x+2) 5 (x+2)
are required partial fractions.
EXERCISE 5.3
Resolve the following into partial fractions.
9x —7
Q1 7 ’1‘) s (Lahore Board 2004, 2010)
Solution:
[et
Ox — 7 B Ax+B C |
B+ E+8 - D Ty 0 e (1)
Ox — 7 _ (Ax+B)(x+3)+Cx+1)
(x+ 1) (x+3) ~ (x> + 1) (x + 3)

9% -7 = (Ax+B)(x+3)+Cx*+ 1) ... (2)



Ox—7 = AX +3Ax+Bx+3B+Cx" +C ... (3)
Put x = —3 inequation (2), we get
9(-3)-7=0+C[(-3)+1]

-27-7T=0+C0O+1)

— 17
-34 = 10C = C=‘5—
Equating coefficients of X", X in equation (3) we get
x> ;5 A+C=0
N
-5 =
N
— e
x : 3A+B =9
3(£ B =29
5)72 7
51
?+B:9
B=9 =
- 75
_ 45-51
- 5
=T:
— 5
Put values of A, B, Cin equation (1) we get
7 6 17
Ox —7 55 5
X+D(x+3) T x+1  x+3
17x — 6 17

TS5+ D)5 (x+3)
are required partial fractions.

Q.2 (x2 N 1)1 x+1) (Lahore Board 2003, 2006)
Solution:
Let
| Ax + B C
C+rDG+D - E+D T x+) e (1)
1 (Ax+B)(x+ D+ C x>+ 1)
C+D(x+1) = (x7+ 1) (x+ 1)

l = (Ax+B)(x+ D+ Cx + 1)
| = A+ Ax+Bx+B+Cx>+C ... (3)



Put x = — 1 1nequation (2), we get

1 =0+C(-1)*+1)
1 =C(+1)

1 =2C = |C=

1
2

Equating coefficients of x~ and X in equation (3) we get
X ;. A+C =0
A==

W 1
-2

Equating coefficient of x
x ; A+B =0
B=-A

B | —

B =

Put values of A, B and C in equation (1) we get
I | 1

1 “2XtH 2
C+Dhx+D — X+ Tx+D
—x+1 1

T2+ T2+ 1)
are required partial fractions.

3x+7

Q3 i 4)x+3)
Solution:
Let
3x + 7 B Ax +B C
(Xz+4)(x+3)—(xz+4)+(x+3) ......... (1)
3x + 7 C(Ax+B x+H+Cx+4
(x> +4) (x+3) ~ (x> +4) (x + 3)
3x+7 = (Ax+B)(x+3)+Cx"+4) ... (2)

3x+7 = AX>+3Ax+Bx+3B+Cx>+4C ... (3)



Put x = —3 1n equation (2), we get

3(3)+7 =0+C((-30°+4)
~9+7 =C((9+4)

2

-2 =13C = |C = 3

Equating coefficients of x~ and x in equation (3) we get
2

X : A+C =0
=-C
2
A=T3
x ; 3A+B =3
= 3—3A
2
=3—3.1—3
6
=37E
_ 396
- 13
33
5=1
Put values of A, B and C in equation (1) we get
2 33 2
3x+7 13*713 713
(C+4) (x+3) = xX+4 T x+3
2x + 33 2

13(x*+4) 13 (x+3)
are required partial fractions.

x>+ 15
Q4 Tix+5 -1
Solution:
Let
X+ 15 Ax +B C
(KC+2x+5) (x— 1)~ (X+2x+5) T (x-1) e
X'+ 15 (Ax+B) (x ~ D)+ C (<’ +2x +5)
(X +2x+5) (x—1) ~ (C+2x+35)(x 1)

X*+15 = (AXx+B)(x=D+Cx*+2x+5) ...
x2+15 = AXQ—AX+BX—B+CX2+2CX+5C .........



Put x = 1 1nequation (2), we get
(H*+15 = 0+C ((1)* +2 (1) +5)
1+15=C((1+2+)5)

16 = 8C =

Equating coefficients of x°, and x in equation (3), we get

XX . A+C=1

A=1-C
A =1-2
A =1
X ;3 —-A+B+2C =0
B=A-2C
B=—1-2(2)=~1—4
B=-—3

Put values of A, B and C in equation (1) we get

x>+ 15 B —X=5 2
(C+2x+5)(x 1) = X +2x+5 T (x— D)

are required partial fraction.

XZ
Q5 i x+2)
Solution:
Let
x> Ax + B C _
C+d)(x+2) - CAdH T x+ (1)
%" (AX + B) (x +2) + C (x* + 4)
X*+4) (x+2) ~ (x> +4) (x+2)
X = (AX+B)x+2)+C X" +4) .. (2)
x> = Ax"+2AXx + BXx + 2B+ Cx* +4C ... (3)
Put x = —2 in equation (2), we get

(2 = 0+C((-2)2+4)
4=04+C4+4



b [ —

4 =8C = |C=

Equating coefficients of x” and x in equation (3), we get

X . A+C =1
A=l Co1 1
=1L =1-

A=l

=2

x : 2A+B =0
1
2(2)+B:0
|+B =0
B=-1

1
X2 2X—1 2
K+ (x+2) - X+4FTx+2
X—2 1

T2 +hH T 2x+2)

are required partial fraction.

Q.6 g:} (Lahore Board 2003)
Solution:
Let
X+ 1 X"+ 1 A Bx + C
X+l T+ x+D) et x+ ) e (1)
x* + | A —x+D+Bx+C) (x+1)
= x4+ D(C—x+1) " (x+ 1) (X —x+1)
X+1 = AKX -x+D+Bx+Ox+1) (2)
X4+l = A —AX+A+BX+Bx+Cx+C (3)
Put x = —1 inequation (2), we get

7 +1 = A(=1D2=(=1+1)



I+l =A+1+1)

2
Z=3A = A:g

Equating coefficients of x2 and x in equation (3), we get

N

x> : A+B =1
gB—l
gl =
B =1 E_d
- 373
51
— 3
X ~-A+B+C =0
le—O
-3+3+C =
lC—O
f3+ —
C_l
3

"3+ DT3 T x+ D)

are required partial fraction,

; X+ 2X + 2
Q7 i3 x+1)(x=1)
Solution:
Let
X" +2x +2 _ Ax+B L D
K+ E+DE-D - &+ T x+DTx-1) e (1)
X +2x +2 A+ B G+ D E-D+C K+ x-D+DE+3) (x+1)

(X+3)(x+D(x—1) - +3)(x+ 1) (x—1)



X“+2x+2

2% +2 = AX - AX+BxX =B+ Cx" - Cx> +3Cx - 3C +Dx" +Dx> +3Dx + 3D

Put x = — 1 1in equation (2), we get
1P +2CD+2 = 0+C( 1D +3) (- 1-1)+0
1 -242=C(1+3)(-2)

]
| = -8C = C:78

Put x = | inequation (2), we get
(1’42 (H+2=0+0+D (1) +3)(1+1)
1+2+2 =D(1+3)(2)

5=8D = |D=

o0 |tn

s spss s . 3 2w "
Equating coefficients of X~ and x~ in equation (3), we get

X3 . A+C+D =0

A=-C-D
15 -4
“ 8787 8
A~ L
=2
X : B+D-C =1
B=]-D4+C=1-2_2
= ATETR B LT

Put values of A, B, C, D in equation (1), we get

o1 1 a)

x? +2x +2 _ 2**"g 73 3
X+ Gx+Dx-1) — x+3) " x+HTx-1
[ 2x 1 5

AX+B)x+ D x—D+CxE+D-—DH+Dx +3)Hx+1) ... (

4 +3) 8(x+1) T 8(x-1

are required partial fraction.

2

F)

)



1
Q8 1P x+2)

(Gujranwala Board 2006)

Solution:
Let
I A B Cx+D i
(X—l)z(X2+2)_(X—,l)+(X—I)2+(X2+2) ......... (1)
I CAG-DE+D)+B X+ +(Cx+ D) (x—1)°
(x—1Y (x"+2) ~ (x — 1) (x* +2)
l = AX-DE+2)+BX +2)+(Cx+D)(x—1)" ......... (2)
= AKX - +2x-2)+B (x> +2) + (Cx + D) (x> + 1 — 2x)
I = AX' = AX"+2Ax - 2A+BxX’+ 2B+ Cx*+ Cx —2Cx* + DX+ D —2Dx  ...... (3)

Put x = 1 inequation (2), we ge
I =0+B (1) +2)+0
1 = B(l1+2)

]l =3B = B =

1
3

Equating coefficients of x, x°, and x in equation (3), we get
I =0+B((1)Y+2)+0
1 = B(l+2)

00 | —

. . 3.2 : ;
Equating coefficients of x7, x, and x in equation (3), we get
’;

XX 5 A+C=0 (i)

x> ; —~A+B-2C+D =0 X B:%
—A—2C+D:—% ......... (i)

x : 2A+C-2D=0 ... (iii)

from(@) A = —C
Put in (i1) and (ii1).

1
~(-0)-2C+D =3



and

|
—C+D=§ ......... (1v)
2(-C)+C-2D =0

-2C+C-2D =0

-Cc-2b=0 ... (V)

Subtracting (iv) from (v)

-C-2D =0
1
-C+ D:—g
+ - +
3D =0 :
= — +3
3D—l D = L
Y T3 7 B
L. :
Put D = —¢ Inequation (v)

cz(é) = 0

e 2 c_2
ity = = =9

Put this value in equation (i) we get

A:—C:?

Putting values of A, B, C and D in equation (1) we get

I
(x—1y (x+2) ~ x-—1

T9x-DT3x-_1)To+2)

are required partial fraction.



X
1-x*
Solution:
4 4
X _ — X
1—x" 7~ x"—1
By division
= |
X1 —x
—x'+1
+ _
-
= S 1
—4_—1 - _F'—_l ......... (1)
L 1 B 1
1T D ED T DD+ D
Let
| A B Cx+D )
(x+l)(x—1)(x2+1)_X+1+x—1+x2+1 ......... (2)
1 CAG-DE+D+BE+DE+ D+ (Cx+D) (x+ D (x— 1)
x+DE-Dx+1) x+DE-DE+1)
Il =AG-DE+D+BE+ D+ D+(Cx+D)(x+ D (x-1) oo (3)
l = A —xX+x-D+B X +x>+x+ D+ (Cx+D) (x> 1)
Il = AX'AX’+AXx —A+Bx’+Bx*+Bx+B+Cx’ - Cx—Cx+Dx*-D ......... (4)

Put x = 1 inequation (3), we get

ACT-D(E1+1)+0+0

_
[l

l=AE2)(1+1)
1 = 4A A = -
— =3 = =y
Put x = —1 in equation (3), we get

1 =0+BA+D((1H)*+1)+0



X —2x +3
Q.10 X +x + 1
Solution:
X*—2X +3 X°—2Xx+3
XX+ T P rx+ DK —x+1)
Let
Xx°—2x +3 Ax + B Cx+D
K+x+ D —x+1) " (X2+X+1)+(X2—X+l)
X —2x + 3 (AX+B) (x* —x+ D(Cx+D) (x> +x + 1)
CHx+ D) (C—x+1) (X +x+ D)X —x+1)

,_
I

B@)(+1)

|
1l =4B = B=4

Equating coefficients of x> and x~ in equation (4) we get
X’ 5 A+B+C =0
1 1
-1t + C=20
= ([CE=10

% . —A+B+D =0

11
4+4+D=()

o

D:—§

Put values of A, B, C, D in equation (2) we get

i
I -7 1 O=x—5

T+ (0+x) — x+1 x—11" 7+

— 1 1 |
T Ax+DTAG-D 23+ 1)

Equation (1) becomes

— % | —1 1 1

SE ]|:4(X+1)+4(X1)2(X2+l):|
1 1 1

Ax+D) 4x-D 27+ 1)

are required partial fractions.

= —1+

X°—2x+3 = (AX+B) (X +x+ D (Cx+D) (X" —x+ 1)

X—2X43 = AX —AX +AX+BX —Bx+B+Cx +CxX*+Cx+Dx" +Dx+D ... (2)



Equating coefficients of x°, X, X, x and constant term in equation (2), we get

X  A+C =0
X ; —A+B+C+D =1
x ;1 A-B+C+D=-2
cons ; B+D =23

Put A +C = 0 inequation (ii1), we get

-B+D = -2

adding equation (iv) and (v), we get

2D =1 =

D =

1
2

1 .
Put D = 5 in equation (1v), we get

B+§=3

B=23

1
5 =

B =

Put B+ D = 3 inequation (ii), we get

-A+C+3 =1
—A+C =-2
adding equation (vi) and (1)
2C = -2
C=-1
Put C = — 1 inequation (i), we get
A-1=20
A =1

Put values of A, B, C, and D in equation (1), we get

X2 —2x +3

6—1
2

(KX=x+DE+x+1)

= + 2
X +x4+1 x —x+1

T 2(xPHx+ D) 2(x—x+1)

are required partial fraction.

(1)

(ii)
(iii)
(1v)

(v)

(Vi)



EXERCISE 5.4

Resolve the following partial fractions.

1 X+ 2x +2
QL Zix+1y
Solution:
Let
X +2x+2  (Ax+B) _(Cx+D) |
O x+ 1 = Cax+ DT rx+1p e (1)
X +2x+2  (Ax+B)(x’+x+1)+(Cx+D)
(XC+x+ 1)~ (X +x+1)
X +#2Xx+2 = (Ax+B) (X +x+ 1)+ (Cx+D)
X +2x+2 = A+ A+ AX+BXX +Bx+B+ Cx+D ......... (2)
Equating coefficients of x’, x*, x and constant term in equation (2), we get
x° ;. A+B =0
4B =0 =
Xx ; A+B+C =2
1-1+C =2 = L=
Cons ; B+D =2
-1+D =2 =
Put values of A, B, C, D 1n equation (1) we get
C+2x+2 x| 2x +3
CHx+1Y - K+x+ DT +x+1)
are required partial fraction.
2
X
Q2 i1 x-1n
Solution:

Let

X’ __ A  Bx+C Dx+E
x-DE+1P? T x=DTZ+1 T+ 1)

(1)



2

X A+ +Bx+0O) - +D+Dx+E)(x—1)

x-D+1)7 7 (x— 1) (" +1)°

= A+ +Bx+Ox-DE+D+Dx+E)(x—1) (2)

= A1 +2X)+Bx+0O) (X +x—x = 1)+ (Dx + E) (x = 1)

x> = AX +A+2Ax°+Bx"+B x> Bx Bx+Cx +Cx Cx"C
+Dx"-Dx+Ex-E ... (3)

Put x = 1 inequation (2), we get
(" = A+ 1) +0+0
I = A(l+1)

1
1 =A@Q) = = A=y

Equating coefticients of X4, % . x> and constant term in equation (3), we get
4

X . A+B =0
B=_-A
5 4
=4
3
X : —B+C =0
C =B
oo 1
=4
x> . 2A+B-C+D = 1
D = 1-2A-B+C
N 11
= 1_2(4)+4_4
L1
= 475 T4
o
=2
x ;: —-B+C-D+E =20



B —
B —
b | —

D9 | —

E =

Put values of A, B, C,D and E in equation (1) we get
1 r 11 1
X2 4 4% 4 g*Ty
(x2+1)2(x—1) = Fg=1T Tkl +(x2+1)2

| X+ | X+ 1
dx—1D) 4x+DH T2 +1)

are required partial fraction.

2x -5

QI i x-2
Solution:
Let
2Xx—5 A Bx+C Dx+E
-+ " x- T2 T2 (1)
2x -5 A +2 " +Bx+0)(x-2) (x*+ 1)+ (Dx +E) (x —2)

(x - 2) (X +2) tx— ) (x° + 2)°

X 5=AKX+2+Bx+0O)(x-2)(*+2)+Dx+E)(x-2) ... (2)

2X-5 = A +4+4) + Bx+C) (x> = 2x> +2x —4) + (Dx + E) (x - 2)

2x 5 = AX +4A +4Ax" + Bx' - 2Bx” + 2Bx” — 4Bx + Cx” — 2Cx” + 2Cx — 4C
+Dx*—2Dx+Ex-2E ... (3)

Put x = 2 1n equation (2), we get

22)-5 = A((2)*+2) +0+0

4-5=A@+2)

1= A6 = = A=-3¢

) I .4 3 2 ) .
Equating coefficients of x°, x7, x~ and x in equation (3), we get

x4 . A+B =0



X . 4A+2B-2C+D =0

T NI E

v
I
|
+
|
|

x ; —4B+2C-2D+E =0
E =2+4B-2C+2D

() ()

_ o, 1 11
= 2¥g—g Ty
+

6+ 1
3

L.l
_—|—3

7
E=3

Put values of A, B, C, D, E in equation (1) we get
| 1 1 1 7

2x -5 36 36718 673
X+27(x-2) - x-27 x¥+2 T+2)
— 1 X+ 2 x+ 14

= 36(x 2)36(x+2)T6(x +2)



8x”

Q4 x*+ 1)* (1-x%)
Solution:
As
8x’ B 8x° |
(I—x) (1) (=x) (1 +x) X+ 1)
Let
8" A B Cx+D Ex+F |
T-x0)0+x0)C+1) T 1-xT1+x" X+1 "o+ 1> e (1)

8x>

(1=x) (1 +x)(x"+ 1)

_ A(I+x)(x3+I)3+B(I—x)(x3+l)3+(Cx+D)(x-’+I)(l—x)(] +x)+ (Ex +F) (I —x) (1 + x)
B (1 —x) (1 +x)(+1)

2

8" = Al+X) G+ D +B -+ D+ (Cx+D) (x> + D (1 = x) (1 +x)
+(Ex+FH{-x(0+x)y .. (2)
8x~ = A(x5+x4+2x3+2x2+x)+B(—x5+x4—2x3+2x2—x)+C(—x5+x)
DX+ D)+ Ex+F) 1 -x)
8x” = Ax + Ax' + 2Ax° + 2Ax7 + Ax — Bx’ + Bx" — 2Bx’ + 2Bx” — Bx

2

CxX’+Cx-DX'+D+Ex —ExX+F-Fx* ... (3)
Put x = 1 inequation (2), we get
S() =AU+ (D) +1)°
8§ =AQ)(+1)

8=AQ)&) =

Put x = —1 in equation (2), we get
8(-1) =0+B 1+ D (=D +1)
8 = B(+2)(1+1)
8 = B(8)
B =1
Equating coefficients of X, X4, x* in equation (3) we get

X : A-B-C=0



C=0

4

% : A+B-D =20
D=A+B =1+1
D=2

x>’ © 2A-2B-E =0
E = 2A-2B
= 2()=2(1)
E=0

Put values of A, B, C,D and E in equation (1) we get

8x’ _ 1 I 2 4
T-x)T+0)C+1) T I-x T 1T+x X +1 (x+1)

are required partial fractions.

5 ax* + 3x° + 6x% + 5x
Q5 o) C+x+1)

Solution:
Let

4x" + 3x7 + 6x7 + 5x A Bx + C Dx + E 1
K-DX+x+1) - x-DV T EC+x+ DT X +x+1) e (D

44346 +5x AT Hx+ 1)+ Bx+0) (x= D (X +x+ 1)+ (Dx +E) (x— 1)
x—1D X +x+1)° (x—l)(x2+x+l)2

4x* + 3% + 6x° + 5x

A +x+ 1D +Bx+0) x- D +x+ D+Dx+E)(x—1)

4x4+3x3+6X2+SX=AX4+2AXB+3AX2+2AX+A+BX4—BX+CX3~C+D><2—DX+EX—E
......... (3)

Put x = 1 inequation (2), we get
AW +3 M +6(1)+5() = A1) +1+1)+0+0
443+46+5=A0+1+1)



18 = 9A =

X . A+B =4
B=4-A=4-2
[B =2]
X : 2A+C =3
C=3-2A=3-22)=3-4
C=-1
x2 : 3A+D =6
D=6-3A=6-3(2)=6-6=20
x ; 2A-B-D+E =35
E=5-2A+B+D
=5-22)+2+0

Put values of A, B, D, D and E in equation (1)

AP 430 +6x7+5x 2 2x — 1 3
X -DE+x+1” “x- DT rx+ DT +x+1)

are required partial fractions.

6 2x? - 3x° —dx
Q6 i x+1)
Solution:
Let
oxt 3% —4x A B Cx+D Ex+F

K+ 1P C+2° - x+1 12Tz T+ 2P

oxt = 3% —4x

(x+ 1) (x" +2)°
CAGHD 2P +B (42 +(Cx+D) (x+ 1 (x +2) + (Ex + F) (x + 1)’
N (x + 1)* (x° +2)°

X3 A = AR+ D (X+2P+B X+ 27+ (Cx+D) (x+ D (x+2)+ (Ex+F) (x+ 1)* ......



2x' - 3x—4x = A(x5+x4+4x3+4x2+4x+4)+]3 (x4+4+4x2)
+C (X +2x" + 3% + 4x7 + 2x) D(x*+2x 3% +4x+2) + E(x*+2x>+x)
+F (x2 +2x + 1)
2x' - 3x7 —dx = AX" + Ax" +4AX" + 4Ax” + 4Ax + 4A + Bx" + 4B + 4Bx”
+ Cx” +20x" +30x% +40x% +2Cx + Dx* + 2Dx° + 3Dx° + 4Dx
+2D + Ex” + 2Ex” + Ex + Fx” + 2Fx + F (3)
Put x = —1 in equation (2), we get
21V =31 41D =0+B(=1)2+2)+0+0
24344 = B(1+2)°
9 = B(3)

9=98 =

: S . 5 4 3 2 . .
Equating coefficients of x7, x ', x7, x7, x and constant in equation (3), we get

x>’ ;. A+C=0 (i)

x! ; A+B+2C+D =2 (ii)

X 1 4A+3C+2D+E = -3 (iii)
x> ; 4A+4B+4C+3D+2E+F = 0 (iv)
X 3 4A+2C+4D+E+2F = —4 (V)

cons ; 4A+4B+2D+F =0 (vi)
from (1)

C=-A

from (i1)

D=2-A-B-2C=2-A-1+42A = 1+A (vii)
from (i11)

E=-3-4A-3C-2D = —-3—-4A+3A-2-2A = —3A—5 (viii)

Subtracting (vi) from (iv), we get
4C+D+2E =0
—-4A+1+A+2(-3A-5) =20
—-9A =9

= A=-1



Put this value of A 1n (1), (vi1), (vii1) we get
i) = C=-(-1)=1 = |C=-1
(vii) = D=14+-1)=0 = |D=20

(vii) = E= 3( 1) 5=3 5= 2

- [E=-2
from equation (vi)
4D+4(DH+2(0)+F =20
—4+4+0+F =0
F=0

Put values of A, B, C, D, E and F in equation (1), we get

2xt 3%t —ax 1 I X 2x
x+ 1P C+2”  x+ 1T+ T2 42

are required partial fractions.



Chaprer

PARTIAL FRACTIONS

MULTIPLE CHOICE QUESTIONS

(1) The function of the form f(x) = %whcrc q(x) # 0 and p(x) , q(x) are
polynomials is called:
(a) Identity (b) Equation
(c) Fraction (d) Algebraic relation
|Lahore Board 2005]
(2) Partial fractions of NI 1s equivalent to:
' Ax+ B l A i B
{d) X:—l (’) X 4 1 X—l
A
(c) 1 (d) 1 [Lahore Board 2005-07-08]
__ L X+ Tx+3 .
(3) The fraction 1.
(a) Improper (b) Proper
(c) Equivalent (d) None of these
[Gujranwala Board 2005]
(4) Partial fractions of 3 will be of the form:
X'+ 1
(. A ‘ B (b) A } B
) x—1 x*-x+1 D x+1 x?—-x+1
B A Bx + C d A B
(L) XII XZ—Xi] () X—l x2|]

[Gujranwala Board 2005]



(6)

(7)

(8)

(9)

(10)

(11)

A fraction in which the degree of numerator is greater than or equal to the degree
of denominator is called:

(a) A proper fraction (b) An improper fraction
(c) An equation (d) An algebraic relation
[Gujranwala Board 2006]
X+ |
(x=x+2) "™
(a) Proper fraction (b) Improper fraction
(¢) [dentity (d) None of these

[Gujranwala Board 2006]

o . Ix*+25 : : .
Partial fraction ot b('x F3)(x + 4) will be of the form:
. A B A B
(@) X+3 x+4 (b) “m‘x%ﬁl
(c) 7+ % + N ? 1 (d) None of these
|Lahore Board 2014, Lahore Board 20006]
The fraction 2 l,‘b 1s:
Xx—3
(a) Proper (b) Improper
(c) Irrational (d) None of these
[Lahore Board 2006]
Partial fraction of 1 - will be of the form:
(x+1)x-—-1)
. A Bx + C A B C
(a) xil‘xf—l (b) x*lrx—l*xll
, A B - C A Bx + C
©  itaentxer 0 @ T T Ry
[Gujranwala Board 2007]
Partial fraction of x "X] ;(Lxl_ 0 are of the form:
. A B _ A B
(a) x+l+x—1 (b) 1+K—1*x—1
o A Bx +C Ax+B C
© I+ o (d) x+1 " x—1
[Gujranwala Board 2007]
Types ol rational fractions are:
(a) Three (b) Two
(c) Four (d) Infinite

[Lahore Board 2007]



(13)

(14)

(15)

(16)

(17)

|

T Dxt D) equals:
A Bx +C A B

(a) <+l x+1 (b) 1 x4l

, Ax+B _ Ax+ B C
© e @ ern T

[Lahore Board 2008]

-
[
(a) Proper fraction (b) Improper fraction
(c) Decimal (d) Equation

[Lahore Board 2008]

|
Partial fractions DT‘XR | are of the form:
A . B (t A + B
(a) x—1 x*+x+1 (b) x+1 x2—x+1

A N Bx+ C d A N Bx + C
x—1 x2+x-+1 (d) x+1 x2-_x+1
[Gujranwala Board 2008]

(c)

: b
Partial fraction oti—rm\—‘) will be of the form:
(x —c)x —d)
A B A B
(a) + (b) I+ +
x—¢c x-—d x—a x-Db
A B B A
(©) x—a{x—b (d) l{x—CFx—d
[Lahore Board 2010]
Partial fraction Otf — | ; %) will be of the form:
| A B | | I
P ,{,
(2) x—-1 x-2 (b) Xx—1
] A B
(c) x+2 (d) I+x—l+x'2

[Gujranwala Board 2011]
Conditional equation 3x — 1 = 0 1s true only 1f:
(a) Xx=3 (b) Xx=-3
I , I
(© x=3 (d  x=-3

[Lahore Board 2012]



(18)

(24)

Partial fractions of x+DE-1) will be of the form:

) a_ BxiC . A B C
@ i1t e L
. A B C ) A Bx +C

(c) (d)

x—1 (x+1)
[Lahore Board 2012]

+ - — +
x+1I (x+1)y x-1

The tunction of the form IZ% .q(x) # 0 1s called:
(a) Identity (b) Equation
(c) Fraction (d) Formula
[Lahore Board 2013]
2
Partial fractions of o are
) ] N 1 b ] 1
@ I ytx+1 () -1 x+1
, 1 ] 1 1
(c) (d)

2(x+1) 2(x—1) 2x—1) 2x+1)

[Lahore Board 2013]
A conditional equation is also called:

(a) Identity (b) Equation
() Fraction (d) None of these
An equation which holds good for all values of the variable is called:
(a) Identity (b) Equation
(¢) Conditional equation (d) All of these
Expressing a rational function as a sum of partial fractions is called:
(a) Fraction (b) Partial fraction resolution
(c) Equation (d) Identity
(x+3)x+4) = x*+7x+ 12 isalan:
(a) Fraction (b) Conditional equation
() Identity (d) All of these
3x*-1

x—2
(@)  3x=6+ ? 5 (b) A\‘\_" ZB

Ax+ B

(c) Ix+6+ (d) 3Ix+6+

x2—1 : Xx—2



x> — 10x + 13
(x—1)(x*=5x+6)

(26)  Partial fraction of will be of the form:

,_ B o g A, Bx+C
(2) x—1 x*+5x+6 (b) x—1 x*-35x+6
( A BxiC " A B C
) x—1 x2+5x+6 (@ x-1 x-2 x-3
4x° + 8x
27 okt 9 ©
(a 4x% + 8x b 4x- + 8x
a) (X% + 2x + 3)(x? + 2x + 3) (b) (x2+2x - 3)(x* +2x + 3)
. 4x- + 8x 4x- + 8x
(c) (d)

(x? = 2x = 3)(x* + 2x + 3) (x* +2x + 3)(x? = 2x + 3)

P

(28)  Partial fraction of" where x # b 1s of the form:

O b
N L BxiC A B
(d,) X—b X2+'l)x*b: ( ) X—b x2+bx+al
S S d)  None of thes
(¢) < + bx + b2 (d) one of these
(29)  Partial fraction of ('—K‘——l ) is of the form:
2 i 1 A Bx+C
@ )y ® T x-1y
A Bx+ C
(c) = (d) None of these

x—1 * (x—1)

(30)  cos’0 +sin*® = 1 isa/an:
(a) Identity (b) Conditional equation
(c) Fraction (d) None of these

(31)  An equation in which two algebraic expressions are equal for particular values of
the variable is called:

(a) Identity (b) Conditional equation

(c) Fraction (d) None of these



-

(32)  The guotient of two polynomials where Q(x) = 0 with no common lactors 1s

Pix)
Q(x)

called a/an:

(a) Partial fraction resolution (b) [dentity
(c) Rational fraction (d) None of these
]
"',“ o '; ‘-2— PRI Mms ‘7..‘ a 3 i
(33)  Partial fractions of xx+ D e of the form
" I b | |
1o L1
(©) X ox—1 td) x x—1

[Lahore Board 2014

Anawers

(1) " 2) b (3) a (4) C (5) b
(6) b (7 C (8) b (9) ¢ (10) b
(11) b (12) d (13) b (14) C (13) d
(16) a (17) ¢ (18) C (19} C 20) b
21) b (22) a (23) b (24) C (25) d
(26) d (27) d (28) d (29) d (30) a
(31) b (32) v (33) d




_—

{  SOLUTION )
Q2 As
L I A B
NN xtDx—1) x+1 x—1

Q.3  As degree of numerator is greater than the degree of denominator so it is an
improper fraction.

Q4 As,
] |
X+l (x+1)xP-x+1)
So let,
! A Bx~C
(x+ (x> =x+1) x+1 xT-x+1
, X'+ 1 X3+ 1
Q.6 (x-)(x+2)  x2+x-2

As degree of the polynomial in numerator is greater than the degree of the
polynomial in the denominator so it is improper fraction.

7x%+ 25 7x*+ 25
Q7 (x+3Hx+4)  x2+Tx+12

7
X'+ Tx+ 124 7x* + 25
7x* + 84 + 49x

—-49x — 59
TCE2S L —49x-59
= (x43)(x 14 (x +3)(x +4)
LA B
- x+3 x+4
. 1 ) 1 I
Q. (x+ 1)(x*=1) (x+1)(x+1xx=1) (x=1)x+1)
We Let,
1 A B C

x-Dx+1P  x—1 x+D? x+1



Q.10

Q.14

Q.24

Q.26

Q.28

X+ 1 x:+1

(x+Dix=1)  x*-1
1
x?— 14 x*+ 1
x? -1
-+
)
= {:+l = 1+ ﬁz = l+=2.
x“—1 x =1 (x+1ix-1)
Its P.F will be of the form.
[+ A N B
x+1 x-—1
As,
| B 1
x*— 1 (x—D)(x*+x+1)
So P.F of — arc of the form = + 2BX+C
X =1 x—1 x+x+1
As,
x> —10x+13 _ x*— 10x+ 13
(x — 1)(x*—5x+6) (x— 1(x—-2)x~-3)
N x-— 10x+ 13 . ; A B C
= P.F of x— )(x—2)(x—3) arc of the form ] + 2 x_3
As,
xP2x2 49 = (P 2x F3)NxP—=2x 1+ 3)
4x’ + 8x
= (X +2x+3)(x*—2x+3)
As,
x-b x—b B 1
X — b3 (x — b)(x> + bx + b?) X+ bx + b’

As it is true for all values of "0’ so it is an identity.



