Chapter 10

TRIGONOMETRIC IDENTITIES

FUNDAMENTAL LAW OF TRIGONOMETRY
Let o, B any two angles (real number), then
cos (a0 —PB) = cos acos P + sin a sin fB.

DEDUCTIONS FROM FUNDAMENTAL LAW

cos (%—B) = sin f

T ;
C()S(§+Ot) = —SImna

. T
SIH(E-I“OC) = COS O

cos (a+ ) = cos acos B —sinasin P
sin (a+3) = sin acos B + cos o sin
sin (o — ) = sin o cos f —cos « sin 3

tan o + tan
1 —tan o tan

tan (o + PB) =

tan oo — tan 3
| + tan o tan

DOUBLE ANGLE IDENTITIES

tan (o —P) =

(1) sin 2 o0 = 2 8in oL COS O

.. 2 . 2 2 . 3

(11) cos2a =cos a—sin o = 2cos a—1 =1-2sin" o
2 tan o

(111) tan2 o = T 73
I —tan™ o

TRIPLE ANGLE IDENTITIES

) : . 3
sin3 o = 3sina—4sin” o

(Lahore Board 2005)

(Gujranwala Board 2005)



3
cos3a = 4cos o—3cosa

3
3tan o0 —tan~ o

tan 3 o = - 3tan” o
HALF ANGLE IDENTITIES
@ _ I +cosa
cosy = £N\[T 5
.o 1 —cos a
siny = & 7
N 1 —cos a
sy = =N/ 1+ cos o

SUM, DIFFERENCE & PRODUCT OF SINES & COSINES
2sinocos B = sin (o + B) + sin (o — B)
2cosasinP = sin (o +p)—sin (o —P)
2cosacosP = cos(a+f)+cos(a—P)

—2sinasinB = cos (o +P)—cos(a—P)

and
P+ P—
sin P+sinQ = 2sin Qcos Q
2 2
P+ P
sin P—-sin Q = 2 cos Qsin Q
2 2
P+ P
cos P+cosQ = 2cos Qcos Q
2 2
P+ P
cos P—cos Q = —2sin 2Qsin 2Q‘

where P=o+p , Q=a-p
EXERCISE 10.1
Q.1  Without using the table, find values of:
Solution:
(1) sin(—=780°) (1) cot(—=855°) (ii1)  cosec(2040°)
(iv)  sec(—960°) (v) tan(1110°) (vi) sin(—300°)



780°
—sin (780°)

(ii) —cot 855°
Solution:
855°
—cot (855°)

(iii) csc (2040°)
Solution:

2040°

Apply “csc’ both side.

csc (2040°)

8 x 90° + 60°
—sin(8 x 90° + 60°)

—sin 60°

B

2

9 x 90° +45°

—cot (9 x 90° + 45°)
—cot 45°

—(=1)

|

22 x 90° + 60°

csc (22 x 90° + 60°)
—csc 60°
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For Quadrant
2

4 | 9
8
1

R=1

Note:

(1) When R =0, then quad. I or IV
(1) When R =1, then quad. ITor I
(ii1)  When R = 2, then quad. IIT or IT
(tv)  When R =3, then quad. IV or IlI




(iv)
Solution:
sec(—960°) = sec(960°)
960° = 10 x 90° + 60°
Apply “sec’ both sides.
sect(780°) = sec(10 x 90° + 60°)
= —sec 60°
= -2
(V) tan 1110°
Solution:
1110° = 12 x 90° + 30
Apply “tan’ both sides.
tan (1110°) = tan (12 x 90° + 30°)
1
= tan30° = %

960°
90°

= 10.666

We take only 10,

For Quadrant
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(v1) sin(—=300°) = —sin300°

Solution:
300° = 3 x 90° + 30°
Apply ‘—sin’ both sides. ‘Xf@&
—sin(300°) = —sin(3x90° +30°) 30°
= —cos 30°

Angle is in II quadrant cos is the in IV quadrant. So

= —(—lzéj = 325 Ans.

Q.2 Express each of the following as a trigonometric function of an angle of
positive degree measure of less than 45°.

(i) sin 196° (ii) cos 147° (iii) sin 319°

(iv) cos 254°  (v) tan 294°  (vi) cos 728°

(vii) sin (—625°)  (viii) cos (—435°) (ix) sin (150°)
Solution:
(i) sin 196°

= sin (180" + 16")

= sin 180° cos 16" + cos 180° sin 16° | sin (ot + B) = sin o cos B + cos o sin B

0 x cos 16 + (= 1) sin 16° Alternative Method:

= —gin 16° sin 196° = sin (180° + 16°)
= sin [2(90°) + 16°]

= —sinl6°



(i)

(iii)

(iv)

(v)

(vi)

cos 147°

cos (1807 —33°%) cos (ot — ) = cos B cos B + sin a sin B

cos 180" cos 33" + sin 180 sin 33°

= 1 xcos 33" +0xsin 33°

O
= —gos 33

sin 319°

sin (3607 —41°)

sin 360 cos 41° — sin 41° cos 360°

0xcos41°—sin41°x 1

I

= —sin41°

cos 254°

cos (270" — 167)

= c0s 270 cos 16" + sin 270" sin 16°

0 X cos 16° + (— 1) x sin 16°

= —sin 16°

tan 294°

tan 294° = tan (270° + 24°)
= tan [3(90°) + 24°]
= —cot24°

cos 728°

cos 728° = cos(720° + 8°)

B= cos [8(90°) + 8°]

= cos 8°

Alternative Method:
cos 147° =

Alternative Method:

sin 319° =

Alternative Method:

cos 254° =

cos (180° — 33°)
cos [2(90°) — 33°]

—cos 33°

sin (360° — 41°)
sin [4(90°) — 41°]

—sin 41°

cos (270° — 16°)
cos [3(90°) — 16°]

—sin 16°



(vii) sin (— 625")
sin (—625°) = —sin 625°
= —sin (630° — 5°)
= —sin [7(90°) — 5°]
= —(—cos 5°)
= cos 5°
(viii) cos (— 435"
cos (—435) = cos 435°
= cos (450° - 15°)
= cos [5(90°) — 15°]

= sin 15°
(ix)  sin 150° Alternative Method:
= sin (180° — 30" sin 150° = sin(180° — 30°)
= sin 180" cos 30° — sin 30" cos 180° = sin [2(90°) — 30°]
= 0 xcos 30°—sin 30° (= 1) = sin 30°
= sin 30°
Q.3  Prove the following:
(i) sin (180° + o) sin (90° — o) = —sin a cos o
(ii))  sin 780°sin 480"+ cos 120° sin 30° = %

(iii)  cos 306°+ cos 234°+ cos 162°+ cos 18° = 0
(iv)  cos 330%in 600°+ cos 120"sin 150° = — 1

Solution:
(i) sin (180° + o) sin (90° — o) = —sin a cos o
L.H.S. = sin (180°+ o) sin (90°— o)

= [sin 180 cos o + cos 180° sin a] [sin 90° cos o — cos 90° sin o]
= [Oxcosa+(—1)sina] [l Xcoso—0Xsin o

= (—sina) (cos o)



= —SIn oL COS O

= R.H.S.  Hence proved.
Alternative Method:
L.H.S = sin(180° + o) sin(90° — o)

= sin|2(90°) + o] sin (90° — o)

= (—sina)(cosa)

= —SINo COSAL
1
(i)  sin 780° sin 480° + cos 120° sin 30° = >
L.H.S. = sin 780%in 480°+ cos 120%in 30°  ......... (1)
Sin 780" = sin (720° + 60°) sin 480" = sin(450° + 30°)
= sin [8(90°) + 60°] = sin [5(90°) + 30°]

= sin 60° = cos 30°

cos 120° = cos (180° — 60°)

= cos [2(90°) — 60°]

= —cos 60°

LL.H.S. = sin 780° sin 480° + cos 120° sin 30°
= sin 60° cos30° + (—cos 60°) sin 30°

-(BF-06

_ 3 1
=44
_3=1 2
=4 T4
-1 _Rus
= 5 = RH

(iili)  cos 306° + cos 234° + cos 162° + cos 18° = 0
L.HS. = cos 306° + cos 234° + cos 162° + cos 18°

= cos (360" — 54°) + cos (180 + 54°) + cos (180" — 18") + cos 18°

= cos 54° —cos 534° — cos 18" + cos 18° (

= 0
= R.H.S.

cos (m+0)
cos (mt—0)

S.ocos(2n—0) = cos O

COSGJ
—cos 0



(iv)  cos 330" sin 600" + cos 120" sin 150" = —1
L.H.S. = cos 330" sin 600° + cos 120° sin 150°
= cos (360" — 30°) sin (540° + 60°) + cos (180" — 60°) sin (180" — 30")
cos[4(90°) — 30°] sin[6(90°) + 60°] + cos[2(90°) — 60°] sin[2(90°) — 30°]
= cos 30° (— sin 60°) + (cos 60%) sin 30°

-3 A3 1.1
= 2 Xy 2%2
o2 1 =31 -4 _
= -4z = 1 _4_—1—R.H.S.
Q.4 Prove that
sinz(n+9)tan(37n+9)
(i) 31 = cos 0
cot’ (7 — 9) cos” (T — 0) cosec (2n —0)

. cos (90° + 0) sec (- 0) tan (180°—-6) ’
() Cec (360°— ) sin (180° + 6) cot (90°—0) —
Solution:

sinz(n+8)tan(37ﬂ:+9j
= cos 0O

(@) RE.
cot’ (7 -0 ) cos’ (t—0) cosec 2m —0)

3
sin” (m+ 0) tan ET‘R+ 6)

LHS. = P
cot’ (7 - 8) cos’ (m—0) cosec (2m — 0)

. P 3n
[sin (t + 0)] tan (7 + 9)

3r

)
[ cot (7 -6 ) } [cos (T — 9)]2 cosec (2m—0)

(—sin 0)” (= cot 0)
(tan 6)2 (—cos 9)2 (— cosec 0)

) —cos 6
sin 9[ <in 6 )

) o
—tan~ 0 cos™ O cosec O




—smocoso
-
sin” 0 ,

— > —.cos O
cos” 0

b
“sin 0

sin O cos 0
sin 0

= cos 0 = R.H.S.
Hence proved.

. cos (90° + 0) sec (—6) tan (180°—-6)
() e (360° — 0) sin (180° + 0) cot (90° —0) =

1

cos (90" + 0) sec (—0) tan (1807 — 0)

L.H.\ . = - A0 . 6] y
> sec (360" — 0) sin (180" + 0) cot (90° — 0)
...(E o)—— -
_ —sin B sec O (—tan 6) oS Ty E o
~ secO( sin0)tan O cos (—0) = cos O
tan (m—6) = —tan O
+ |
= 3 = —1 = R.H.S.

Q.5 If a, B,y are the angles of a triangle ABC, then prove that

(i) sin (o0 + ) = siny (ii) cos (%ﬁj = sin %
(iii) cos(a+P)=—cosy (iv) tan (o +B) +tany =0
Solution:
(i) sin (a0 + ) = siny

For a triangle ABC we know that
a+p+y = 180"
a+p = 180" —v
sin (ot + B) = sin (1807 — )
= sinvy (.. sin(m—0) = sin0)

Hence proved.



COS(%E)

(ii)
Since a, f,y are angles of triangle ABC

50 a+p+y = 180°

a+p = 180"~y

= b ISOQ_V: 90° - 5

cos [%E) = cos [90()}2{)

cos (%E) = sinyz' Hence proved.
(ili) cos(a+P) = —cosy

since a, 3,y are angles of triangle
SO a+p+7y = 180°
a+f = 180" —y
cos (ot +PB) = cos (180 —v)
cos(a+f3) = —cosy  Hence proved.
(iv) tan(a+p)+tany = 0
since «, B,y are angles of triangle so
a+p+y = 180°
a+p = 180" vy
taking tan on both sides
tan (o + ) = tan (180" —y) = —tany
tan (a+P)+tany = 0

Hence proved.



EXERCISE 10.2

Q.1  Prove that
(i) sin (180 +0) = —sin 6
(i) cos (180°+0) = —cos O
(iii)  tan (270°-0) = cot 0
(iv) cos(®—-180") = —cos 9O
(V) cos (270°+0) = sin® (Lahore Board 2009)
(vi) sin (0 +270°) = —cos©
(vii) tan (180°+0) = tan 0
(viii) cos (360° —0) = cos O
Solution:
(i) sin (180 +0) = —sin 0
L.H.S = sin(180° +0)= sin 180" cos 6 + cos 180° sin O

= 0O0XcosO+(—1)sin 0
= —sin® = R.H.S.
Hence proved.
(ii) cos(180°+0) = —cos O
L.H.S. = cos (180” + 0)
= cos 180° cos O —sin 180 sin 0
= —1XcosO—(0)Xxsin 0O
= —cos0 = R.H.S.
Hence proved.
(ili)  tan (270°-0) = cot 0
L.H.S. = tan(270°-6)
sin (270° - 6)
cos (270° — 0)
sin 270 cos 0 — sin O cos 270"
cos 270° cos O + sin 270" sin 0

—cos 0
= - = cotO® = R.H.S.
—sin 0

Hence proved.



(iv) cos(0—-180") = —cos 6
L..HS. cos (B — 180

cos 0 cos 180° + sin 0 sin 180°

= —cos O = R.H.S.

Hence proved.

(V) cos (270° +0) = sin 0 (Lahore Board 2009)
L.H.S. = cos (270" +0)

= ¢0s 270" cos  — sin 270" sin 0
= 00X (cosO)—(—1)sin B
= sinB® = R.H.S.

Hence proved.

(vi) sin (@ +270° = —cos @
L.H.S. = sin (0 + 270

sin 0 cos 270° + cos 6 sin 270°

sSinO X0 +cosB(—1)
= —cos® = R.H.S.
Hence proved.
(vii) tan (180°+0) = tan 0

L.H.S. = tan (180° +0)

tan 180" + tan 0
| —tan 180° tan O

0O+tan 6 tan O
= "1_0 = | = tan O = R.H.S.

Hence proved.
(viii) cos (360°—98) = cos 0
L.H.S. = cos (360" —0)
= cos 360° cos O + sin 360" sin O
= I XcosBO+0Xsin0
= cos 0 = R.H.S.

Hence proved.



(1Iv) cos (0—-180") = —cos O
L.H.S. = cos (0 1807
= ¢os 0 cos 180" + sin O sin 180"
= —cos0O = RH.S.
Hence proved.
(V) cos (270° +0) = sin O (Lahore Board 2009)
LL.H.S. = cos (270" + 0)
= ¢0s 270" cos 0 — sin 270" sin 0
= 0X(cosB)—(—1)sinB
= sinO = R.H.S.
Hence proved.
(vi) sin (0 +270°) = —cos ©
L.H.S. = sin (0 +270%)
= sin 0 cos 270" + cos 0 sin 270"
= sinOXxX0+cosB (1)
= —cos 0 = R.H.S.
Hence proved.
(vii) tan (180" +0) = tan 0
L.H.S. = tan (180° +0)

tan 180" + tan 0
[ —tan 180° tan O

0+ tan 6 B tan O
B 1-0 — 1

= tan 6 = R.H.S.

Hence proved.
(viii) cos (360°—0) = cos O
L.H.S. = cos (360" —0)

= ¢os 360" cos 0 + sin 360" sin 6
= I XcosO+0xsin0O
= cos O = R.H.S.

Hence proved.



(vi)  tan 105°
= tan (60" + 45%)
_ _tan 60° + tan 45°
1 tan 60° tan 45°
_ 3[3 + 1 Anis
= 1 _.\/5 ns.

Q.3 Prove that

(i) sin (45° + o) = @ (sin o + cos @)

1
(i)  cos (o +45°) = @ (cos oL — sin &)
Solution:

1
(i) sin (45’ + ) = @ (sin a + cos o)

L.H.S. = sin (45" + a) = sin 45" cos o + cos 45" sin .

1 1
= ﬁcosa+ﬁsino&
1
= @ (cos a+sina) = R.H.S.
Hence proved.

(ii) cos (o + 45°) = é (cos oL — sin @)

L.H.S. = cos (o +459
= ¢cos o cos 457 — sin o sin 45°

| |

= @cos oc~$ sin o
1 :
= % (cos a—sin o) = R.H.S. Hence proved.

Q.4 Prove that
(i) tan (45° + A) tan 45°-A) = 1

(i) tan(%—0)+tan[%+9) =0



a

(iiii) sin(9+%j+cos(9 +—j = cos 0

5]

. sine—cose.tani 0
(iv) = tan 5

. 0 2
cos O +sin 6 .tani

1-tan O tan ¢ _ cos (0 + ¢)
(v) l1+tanOtand = cos (0 —¢)

Solution:
(i) tan (45°+ A)tan 45°-A) = 1
L.H.S. tan (45° + A) tan (45° — A)

tan 45° +tan A tan 45° —tan A
1 —tan 45 tan A " 1 + tan 45° tan A

l+tan A 1 —tan A
|l —tan A " | +tan A

= | = R.H.S. Hence proved.

(i) tan(§—9)+tan[%+9) =0

T 37
tan(49)+tan[ 1 +9)

S S 1
dn4f‘m an4+an
= +

3
1+tan%tan9 l—tanftan()

L.H.S.

l—tan® —1+tan0
1+tan9+ | +tan ©
l —tan® -1 +tan O
I +tan O
_ 0
" l+tan®

0 = R.H.S.

Hence proved.
(iii) sin[9+%)+cos(9+§] = cos 0

: n Y
L.HS. = s1n[6+6)+cos(6+3)



(iv)

(v)

; T . Tt T " . T
= sm@cosg+cos@smg + COS@COS?*SH’IBSIH?

Il
g
&
=
D
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|
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D
by
S

3 1

= 5 81n6+2c0s9+§c089—

= cos O = R.H.S.

Hence proved.

. 0
sme—cose.tan2 t 0
p = "My
cosG+sin9.tan§
0
R.H.S. = tan2

[l

tan[@

oD

)

(a] sin O 0

) tan O — tan 5 —cos 0 tan 5 5
 l+m0mnd 14808 ,8
+ tan O tan 3 + P tan 7

sin O — cos O tan 3

= e = L.H.S.

cos 0 + sin tan 5

Hence proved.

1-tan@tand  cos (0 +¢)

l+tanOtand  cos (6 —¢)

Lus, = Ss0+0)
cos (0 —¢)

cos 0 cos ¢ —sin O sin ¢
cos 0 cos ¢ + sin O sin ¢

Alternative Method:

sinf — cosO tan 6/2
cosO + sinB tan 6/2

LHS =

sin 0/2
cos 0/2
sin 6/2

s 0/2

sinf — coso

cosO + sm@

sinf cos 6/2 — cosO sin 0/2
cosO cos B/2 + sinB sin 6/2

sin(0 — 6/2) sin 6/2

cos(0—0/2) — cos 0/2

= tan 0/2
= R.H.S

Alternative Method:

| — tanO tanO
[ + tanO tan®

LHS =



Dividing up & down by cos 6 cos ¢ B sin® sinO
cosOcosd sinBOsin = C(_)SG Cf)se
‘ 0 e 1 sinB sinb
cos ¢ cos O cos 0 cos ¢ +
= . ; cosB cosH
cos O cos ¢ N sin O sin ¢
cos O cosd cosOcosd cosO cosO — sinb sind
| —tan O tan ¢ - cos9 CO.SB .
= cos6 cosO + sinb sin0
1 + tan O tan ¢
cosO cosH
= L.H.S. Hence proved.
_ cos(B+9)
—cos(B—¢)
= RH.S

Q.5 Show that
cos (o + B) cos (@ —P) = cos> a—sin® B = cos’ B —sin’ a
Solution:
L.H.S. = cos(a+p)cos(a—)
= (cos acos P —sin asin ) (cos o cos f + sin o sin )
= (cos o cos B)z— (sin o sin B)2
= cos” o cos” B— sin” o sin’ B
= cos” (1-— sin” B)—(1- cos’ o) sin” B
= cos” o — cos” o sin’ B— sin’ B+ cos” o sin’ B
= cos” o — sin’ B = R.H.S.
Again,
LH.S. = cos(a+p)cos(a—p)
= (cos a.cosf —sinasin ) (cos o cos B + sin ain 3)
= (cos a cos B)2 — (sin o sin B)2
= cos” o cos’ B— sin” o sin’ B
= (1- sin’ o) cos’ B - sin” o (1- cos’ B)
= cos” B— sin” o cos” B— sin” o + sin” o cos” B

= cos’ B— sin” o = R.H.S.



sin (o0 + PB) + sin (00— )

Q.6  Show that cos ( + B) + cos (o—B) = tan o
Solution:
B sin (o + f) + sin (o — PB)
Lils = cos (ot + B) +cos (o —P)
_ sinacosf+cosasinf +sinocos P —sinP cos o
"~ cos acos B sinasin P+ cos o cos B+ sin o sin B
2 sin o cos 3
== _ — = tano = R.H.S
2 cosacos P
Hence proved.
Q.7 Show that
. cotacot -1
M cot (o +B) = cot o + cot 3
- cos acos B+ 1
(i1) cot (a—B) = cos B — cos a
tana+tan 3 sin (o + )
(i) tana—tan B ~ sin (o0 —B)
Solution:
. cot o cot 3 —1
(i) cot (aa+P) = p

cot a + cot 3
L.HS. = cot(aa+p) =

cos o cos B —sin a sin B
sin o cos B+ cos o sin B

Dividing up & down by sin a sin
cosacos B sinasinf

sinasin B sin o sin B

sin o cos P
sin o sin 3

cos o sin f3
sin o sin 3

cota cot b — |
cot p +cota

cotacotp— 1
cot o+ cot p

= R.H.S. Hence proved

Alternative Method:

cota cotfp — |
cota + cotp

R.HS =

cosa cosfd
sino sinf3

cosal  COS

sinf3

sino

cosal cosP — sina sinf
sina sinf

cosa sinf + sina cosP

sino. sinf

cos(a+p)

= — . .=cot(a+p)=L.H.S

sin(o+p)



.6 Show that = tan
Q cos (ot + B) + cos (o — PB) «
Solution:
sin (o + ) + sin (o —
LHS - (a+f) (o —p)
cos (o + P)+cos (aa—p)
_ sinacosf+cos asin 3 +sin o cos f—sinf cos o
"~ cos o.cos P —sin o sin B +cos o cos P+ sin o sin
2 sin o cos B3
= = tana = R.H.S
2 cos o cos B
Hence proved.
Q.7 Show that
. cotacotB—1
i +B) =
M cot (a + ) cot o + cot 3
. cosocosf+1
ii cot (aa—P) =
(1) (o.—p) cos 3 — cos
Gii) tan o + tan f _ sin (o + B)
o tano—tan B~ sin (a0 — )
Solution:
cotacot—1
i cot (+p) =
M (e + ) cot o + cot 3
cos (o + Alternative Method:
L.HS. = cot(a+p) = (4[2
sin (o + 3) cotar cotP — |
. , RHS =
_cosacosf—sinasinf coto + cotf}
~ sinacos B+ cos a sin f3 coso cosP
Dividing up & down by sin o sin p __sina sinp
cosacosP sinasinf cosa + %E
sinosin B sin o sin B sino. — sinf}
~ sinacosP  cos asinf cosaL cosP — sina sinf3
sinoesin B sin o sin f3 sina sinf
o0 680E B ] ~ cosa sinP + sina cosp
T cot B+ cot o sinigs st
cos(a+
_ cotocotP —1 _ cos(atp) =cot(o+f) = L.H.S
= sin(a+p)

sin (o + )+ sin (00—

)

cot o + cot

= R.H.S. Hence proved




.6 Show that = tan o
Q cos (ot + B) + cos (o — PB)
Solution:
sin (o + f) + sin (o0 —
LHS. - (o +f) (o —p)
cos (o + P)+cos (a—p)
_ sinacosf+cos asinfl+sin o cos f—sinf cos o
"~ cos ocos P —sin o sin B +cos o cos P+ sin o sin
2 sin o cos BB
= = tan a = R.H.S
2 cos o cos B
Hence proved.
Q.7 Show that
i cotacotB—1
1 cot (o + =
M (a.+B) cot o + cot 3
. cosocosf+1
il cot (aa—f) =
() (.—p) cos 3 — cos a
(i) tana+tanf3  sin (o + )
ini =
tanoa—tan 3 ~ sin (o —B)
Solution:
) cotacotf—1
1 cot (o + =
M (e + ) cot o + cot 3
cos (o + Alternative Method:
L.HS. = cot(a+p) = (4@
sin (o + ) cota cotP — 1
. , RHS =
_ cosacosf—sinasinf coto + cotf
~ sina cos  + cos a sin f3 cosol cosP
Dividing up & down by sin a sin 3 sinosinp
coscucos f sinasinf S + %E
sinosin B sin o sin B sina. * sinf
~ sinacosP  cos asinf cosaL cosP — sina sinf3
sinousin B sin o sin 3 sina sinf
cot o cot f— | ~ coso sinP + sina cosp
= cot B+ cot o i Al
cos(a+
_ Hmgenip—] - oSl i) = LS
= sin(a+p)

sin (o + ) + sin (00—

)

cot o + cot

= R.H.S. Hence proved




4
Q9 If sino =7 and sinp = 75 where y<a<m & 5<B < Find

=5 13 2
(i) sin (@ +PB) (i) cos (o +PB) (i) tan (o0 + B)

(iv) sin (a—pB) (v) cos (aa—P) (vi) tan (o —P)

Solution:

(i) sin (o + 3)

4
sinazg (g<a<n = o is in Il Quadrant)

16 /25—16 9 3
cosoc:\/l—sin“a: I—E: 73 = E:ig

-3
cosa = 5 (.. o 1s in II Quadrant)
12
sinfp = 13
- 144 169 — 144 25
cosp=NT=sin"B =\J1-Te0 =\[" 160 = "\J169 = *1
—3 ;5
cosp = B (as B lie in Il Quadrant).

we know sin (ot + ) = sin o cos B + cos a sin 3

_4.-5 o312 -4 36 2036 6
=5* BT Ss X373 65T 65 T 65 MM
(ii) cos (o + B)

= cos o cos f —sin o sin B

3.-5 412 15 48 15-48 33

= kR BF B & - & e
(iii) tan (a+P)
- 56
_ sin(a+B) 65 56
" cos(au+p) - =33 7 33 A,
65
(iv)  sin (a—p)
= sin o cos 3 —cos o sin B
4 -5 -3 12 —-20 36 - 20+ 36 16
=X T — = XT3 5 Zz *+ e = 22 —= Ans.

=5%X93 75 X137 65 Y65 = 65 T 65



(v)  cos(a—p)
= cos oL cos § + sin o sin 3
_ 3 -5 4 12 15 48
=5 X13+5%13 T 65 T 65
63
cos (o —P) = 65 Ans.
(vi) tan (a—p)
16
_sin(a—-f) 65
~cos (aw—P) 63
65
16
tan (oe — ) = 63 Ans.
Since sin (o —B), cos (o —P), tan (oo — ) are all +ve, so terminal side of (o —p)isin I
Quadrant.
Now sin (o + pB)is —ve, cos (au+ ) is —ve and tan (o + B) is +ve. Thus terminal
side of oo+ P isin I Quadrant.
Q.10 Find sin (oo + B) and cos (oo + ) given that
3
(i) tan a = 4> €08 B = 13 and neither the terminal side of angle of measure o
nor that of B in I quadrant. (Lahore Board 2005)
15 7
(ii) tan o0 = — 18 ° sinf} = — 25 and neither the terminal side of the angle of
measure o nor [ isin the IV quadrant.
Solution:
(i) tan o = 4
, 3 4
tan oo = 4 = coto = 3

l.e. 1S + ve, so terminal side in the III Quadrant

we know that

—— [ 9 [16+9 _[5_s
AR g = 16 = 6 - \/16 = 1

‘ =2 =3
SeC O = 4 f— COS O = 4

seC A



o 16 9+ 16 25 5
coseca =\l +cot” o = 1+?: 9 :\/;:4-5
25

ST S IR U R v 12
cosec o = 3T = sina = g ., sinP = 69 = 713 sin 3 3
Now
sin (ot + ) = sin o cos P +cos asin P
3. 5 -4 -12
=5 %137 5 * 13
= 48 - 15+48
= 13765 T 65
33 ,
sin(o+ ) = 65 Ans.
cos (a+ ) = cosacos P —sinasin
_ =45 -3 -1
5 %1375 %3
-4 36 -20-36
T 13 65 T 635
ox _ =6
cos (a+p) = 65 Ans.
.. 15 7 : : :
(ii) tan o = — 18> Sin B = ~ 35 and neither the terminal side of the angle of

measure o nor B isin the IV quadrant.

—15 ‘ =38
g — cota =77

tan o =
since tan 18 — ve. Thus terminal side in the II Quadrant

2 725 (4+225 /289 17
seco = \/l +tan” a0 = - 6 — ?

— 17 _ -8
Q = CcosSa =

/ 64 /289 64 / 5
sin o = \/1 —cos o = 89 = 789 = i

Sin oL = 17

SEC A =

=7



/ 16 9+ 16 25 5
cosecoc:\/1+cot“a: I+E: 9 :\/;:i§

=5 =3 o .5 _ 12 12
coseca = 37 = sina =5, sinf} = 169 = 13 smB_—13
Now
sin (ot + ) = sinacos B +cos o sin

_ 3.5 -4 -12
=5 13T s A3
_ —3 48 -15+48
= 13%65 T 65
33
sin (ot + ) = 65 Ans.
cos (a+ ) = cosacos—sinasin P
_-4. 5 -3 -12
= 5 X137 5 %3
=4 36 -20-36
T 1365 65
—56
cos(a+B):§ Ans.

15 7 g ; X
tan a0 = —1g> Sin B = ~ 25 and neither the terminal side of the angle of
measure o nor B isin the IV quadrant.

I b _ =8
tano = —¢— = cota = T3

since tan is — ve. Thus terminal side in the II Quadrant

[ 225 /64+225 / 17
seca:\/1+tan o = l+6 = i8
17
S€COL=T — COSO[—_
. 289 — 64 _ _ 15
sin o = \[1-cos” o = 289_ 289 =17

15
SIn o = = 17

W



Q.12 If a, B, y are the angles of a triangle ABC, show that

cot % + cot g + cot % = cot % cot g . cot % (Lahore Board 2004)

Solution:

Since o, .y are the angles of a triangle ABC

a+P+y = 180°
+ B+
OC_%K: 90°
o
§+%_900]2£ ......... (1)

taking tan on both sides

a B o o ¥
t(m(z 2)—&111(9() 2]

B
tdn2+tdn2 t
= CO
a B 2
]—tdﬂztdl’IZ

| |

a+ B
cot 5 cot

2 2 y

= cot
| — tg cot 4

002. 3
cotg+cotE

2 2 y

= cot

a B >
cotzc,otz—

o By B )
cot2+cot2—cot2(cot2 t2 |
C()t%Jrcot%: Cot%co‘[2 Cot%—cot%

o o
C0t§+cotg+cot% = cotg COI% CO’[%

Hence proved.



Q.13 If a+p+y = 180°, show that

cotoacotB+cotPcoty+cotycota =1 (Gujranwala Board 2005)
Solution:

a+p+y = 180°

a+p = 180°—y

taking tan on both sides

tan (ot + ) = tan (180° —v)

tan o + tan [3

= —tan
1 —tan o tan 3 !
1 1

+
cota  cotf 1

| I 7 coty

~ cotacot f3

cot oL + cot —1

cotacotf—1  coty
coty(cota+cotP) = —(cotacotp—1)
cotacoty+cotPcoty = —cotacotff+ 1
cotacoty+cotPcoty+cotacotp = 1
Hence proved.

Q.14 Express the following in form y sin (0 + ¢) where terminal sides of the angles
of measure 0 and ¢ are in first quadrant

(i) 12sin 0 + 5 cos 6 (ii) 3sin0—4cosH
(iii) sin©—cos 0
(iv) S5sin©-4cosHO (Gujranwala Board 2007)
(V) sin 6 + cos O (vi) 3sin@-5cos0
Solution:

(i) 12sin©® +5cos O
Since rsin (B0 +¢) = r(sin 0 cos ¢ + cos O sin )
= rsin 0 cos ¢ +rcos O sin ¢
Let rcos¢p =12 ., rsing =5
Squaring & adding

r* cos’ ¢+ r sin ¢ = 144425



(i)

r (cos2 O+ sin” ¢) = 169

2

=160 = r =13
‘ _sing 5
tdn(l)_cosd)_lZ

12 sinB + 5 cosO

13
13 (12 sinB + 5 cosB)

12 3
13 (ﬁ sinB + 13 cos@]
= r (cos¢ sin® + sing cos0)

r sin(6 + ¢)

05
= | where ¢ = tan [ﬁ Ans.

3sin0—4cosB

rsin(@—¢) = rsinBcosd—rcos O sind

Let rcos¢o =3 ... (1)
rsing =+4 L (11)
Taking square & adding

r cos” ¢+ r” sin” b = (3)2 + (+ 4)2

r (cos ¢ + sin (|))2 =9+ 16

=25 = r=>5

dividing (ii) by (i)
rsing +4
rcos¢p 3

4
tan ¢ = 3

5
3sin0 — 4cosB = 5 (3sinB — 4cos0)
L 4
= S[g sin® — 3 cos@)
= 5(cos¢ sin® — sing cosO)

= r1sin(0-0)



(111)

(iv)

(v)

sin O —cos O

rsin(0—¢) = rsin® cos ¢ —rcos 6 sin ¢
Ligt f@080 = 1 0 asmsanses (1)
rsim¢p =1 (11)
Taking square of (1) & (i1) & adding

. (cos2 o+ sin” 0) = 1+1

=2

=12

Dividing (i1) by (i) we have

rsing

r cos

tan ¢ = 1
\fQ sin(@—¢) , tand = 1| Ans.
5sin 6 —4 cos 0

rsin(0—¢) = rsin0cos ¢ —rsin ¢ cos 0O

Let rcos¢p =5 . (1)
rsimp =4 L (i1)
Taking square & adding

2 2 . 2 2 2

1~ (cos” ¢ +sin” ¢) = (5)" +(4)

2

- = 41

¢ = A
Dividing (ii) by (i)
rsin ¢ 4

rcosd S

tan ¢ = 3

|

\/ﬂ sin(®@—¢) , tan¢ =

sin 0 + cos 6

rsin (B+¢) = rsin® cos ¢ +r1cos O sin
Let rcos¢o =1 ... (1)

rsing =1 .. (i1)

Ans.

(Gujranwala Board 2007)



Taking square of (1) & (11) & adding
r (cos2 O+ sin” p) = 1+1

F =2 = r= \/E

Dividing (ii) by (1)

r cos ¢

tan ¢ = 1

rsin (0 +¢) = \ﬁ sin(@+¢) , tand = 1| Ans.
(vi) 3sin®-5cosH

rsin(@—¢) = rsinBcosd—rcosbsind
Let rcos¢p =3 ... (1)

rsimp =5 . (11)
Taking square & adding of (1) and (i1)

i (cos” ¢ +sin” ) = (5)° + (3)°

2

rm=25+9

r2:34 =% 1':\/3_4

tan ¢ = % (dividing (ii) by (i)

5
rsin(9—¢):\/3_4$in('9—¢) , tan¢:§ Ans.

EXERCISE 10.3

Q.1 Find the values of sin 2 a, cos 2a, and tan 2a when

. 12 i} 1
(i) sino = 3 (i) tan o = 13

T
(ili) cosa = 5 where 0<a<5

Solution
- : 12 T
(i) sima = 73 0<0L<2
cooo_ 12
SIn oL = 13

— / E_ /169—]44_ /ﬁ
cosa =\l —sin" o = l—169 = —169 = 169
5

cos o = 73 (since ain T Quadrant)



(1)

(i1)

(i)

in2a = 2sin 0 cos o = 2 X2 x>
SINn 200 = SIn oL COoS &L = X13X13

S R
Sin 0{—169 ns.

%) . 2
cos 200 = €OS™ oL — Sin~ o
2 : 2
= (cos o) —(sin )

25 144 25-144 119

=169 169 = 169 — 169 Ans.
sin 2 o
tan 2 o =
cos 2 o
C 120 —119 120 169
= 1697 169 ~ 169% 119
tan o = 119 1S.
3
Cos O = 5

/ 9 /25—9 16
sina =\l —cos” a = I_E: T:\/;:

SRR

sin o =

sin2 o = 2 8in o cos o

3_24
XS_ ns.

: 4
sm20c:2x5 75

) .2
cos 20 = cos o —sin_ o

s = 2 16 _9-16 -7
COEs% =95™085 = 25 < 25 ns:

sin2a 24 -7 24 -25 24

tan 2 o = e — = oy = —— Ans.

cos 2 o 5725 257 7

Prove the following identities

4
5



Q.2 cota—tana = 2cot2 q.

Solution:
R.H.S. = 2cot2 o Alternative Method:
2 : 7
cos2a 2(cos o —sin” ) L.HS = cota— tana
~ Tsin2a © 2sinocos o '
cosoL  sina
C()S2 o Sil’12 o B SINO.  COSOL
~ sinocos o sin o cos o 5 . 2
cos oL — sin“o
= cota—tan o = L.H.S. sinaL cosa
Hence proved. 2cos2a 2cos2a
~ 2sinacoso.  sin2a
= 2cot2a
= R.H.S
sin 2a
Q3 T 5 - =tana (Lahore Board 2007, 2010)
1+ cos 2a
Solution:
sin 2o 2 sin oL COS o
[=H.: = = b) . 2 2 , 3
| +cos 2o Cos" oL+ Sin" o+ cos o —sin” o
2 sin oL COs o sin o
= ) = = tan oo = R.H.S.
2cos o COS O
1-cosa o
Q4 ———— =tan7j;.
sin o 2
Solution:
| —cos o
LHS. = —/—
sin o
2 gin2 o L
sin” 5 sin 5

o
= = = tan5 = R.H.S.
S ein D ens®  om -
S 7 COS ) COS )

Hence proved.



COS O, — SIn o
Q.5 ” = sec 2o — tan 20.
cos o + sin o

Solution:
RH.S. = sec2a—-tan2 o

] sin 2o
cos 20 Cos 2a

1 —sin 2a 1 — (2 sin c cos )

2 . 73
Ccos 20 cos™ o —sin” o

2 . D )
COS™ O+ sIin” oL — 2 sin o cOs o

2 — 7
COS O—S1In o

: 2
(Cos oL — sin Q)
(cos o — sin o) (cos o + sin o)

COS oL — sin o
= : = L.H.S. Hence proved.
Cos oL+ sin o

5 Q_'_ a
0.6 1+sina_5m2 oS 5
’ l-sina = | a o
sin 5 — cos 5

Solution:

1 +sin o *osin2ae = 2S8Ino coso
L.H.S. = = g _ _
I —sina sinot = 2sin o/2 cos o2

o > O

v win2 B 2o
SIn 2+c0,s 2—l

[§]

IR R

.20 . O o
sin §+cos +25m§c035
o e ) . o
sin §+cos —2sm§csos§
o o
(sm§+cosz)

= 2

.o o
sin 5 — CoS &
2 2
o

. o
sin 5 +cos 5
o o

2

2

R.H.S. Hence proved.

Sin 5 — COS ~
2




cosec O + 2 cosec 20 0

o sec O = 1Go 2
Solution:
cosec 6 +2 cosec 26
LS =
sec O
1 1
- (sin9+23in29>CObe

| 2
- (sin8+2sincos 6)COS@

[cos@+l) 2
sin O cos O cos

[l

2 cos2 Q Cos Q
2 ),

6

2

0
= Cot2 = R.H.S.

28in 5 COS = sin
2 2

Hence proved.
Q8 1+tanatan2 o = sec2o. (Gujranwala Board 2006, Lahore Board 2006)
Solution:

L.HS. = I +tana . tan 2a

sin o, sin 2 o
.+_
COS 0L COS 2 o

COS20L cosoL + sin2oL sinot
COSOL COS2at

cos(2o — o)
COSOL cOS2aL
cosal
COSOL COS20L

1
cos2a

= sec2a
= R.H.S

Hence proved.



2sinBsin20

Q.9 Prove that 030 +c0s30 = tan 20 tan ©

(Gujranwala Board 2007, Lahore Board 2006)

Solution:

LHS. - 2s1n6 sin20 B 2s1n0O sin20
TR cosO + 0830 T cosO + 4cos O — 3cosd

2s1n0 sin20

4¢0s’0 — 2cosO
2sin0 sin26

2¢0s0 (2c0s™0 — 1)
2s1n0 sin20
T 2c0s0 cos20 tant a2l
R.H.S
sin30 cos36 _ 5

sin®  cos©

Q.10

Solution:
sin30 cos30 sin30 cosO—cos30sin0

Labbds = "8 = cesB - sin 0 cos 0

sin (36 —0)

sin O cos O

sin 2 0 _Zs_inecose
sin®cosO ~ sin0cos O

= 2 = R.H.S.

Hence proved.

cos30 sin30
cos O * sin O

Q.11 = 4 cos 2 6.

Solution:

cos30 sin30 _
cos 0 + sin®

LHS. =

cos30sinO+sin36cosH

cos 0 sin O
_ sin(36+6) _sin46  2sin26co0s26
~ cosBsin® " cosPsin®  sinBcosO
2.2sinBcosBcos20
= . (-. sin28 = 2sin6 cos 0)
sin O cos O

= 4cos26 = RH.S.

Hence proved.



0 tan§+c0t5 .
Q. 0 g = sechH.

coti—tani
Solution:
.9 0
Cns tdl’l2+COt2
R 6 6
cotz—tan2

sin /2 cos 6/2
cos 072 " sin 0/2
cos 6/2  sin 6/2
sin 6/2  cos 0/2

sin” 0/2 + cos” 0/2
sin 6/2 cos 6/2
cos” 0/2 — sin” 6/2
sin 6/2 cos 6/2

1 |
cos” 0/2 —sin” 0/2 ~ cosd

= secH
= R.H.S

sin306 cos30
cos O + sin O

Q.13 = 2cot20 (Gujranwala Board 2006)

Solution:

sin30 cos36
+—
cos 0 sin O

L.HS. =

sin30sin0+cos30cosO

cos 0 sin 6
_cos(36-6) _cos26
© cos0sin®  cosOsin®

multiplying & dividing by 2
cos 20
2sin O cos O
cos 20
sin 2 0

Hence proved.

= 2 = 2cot20 = R.H.S.



Q.14 Reduce sin' 0 to an expression involving only function of multiples of 0,
raised to first power. (Lahore Board 2004, 2010)

Solution:
/ ) | — 26
Sin48 by (Sin2 0) [ Sinze = %)
)
- (l—cos29) ( e I+Cos48)
=75 S COS =" 5
B 1~2c0829+c08229
= 4
[ Il +cos40
= 4_l—2cos29+ > ]
B l_2+4c0326+1+cos48]
T 2
_ 1_34c0326+cos46}
4 2
B 3—-4cos20+cos40
- 8

Q.15 Find values of sin 6, cos 6 when 0 is
i) 18" (i) 36" (iii) 54° (iv) 72" (v) 140°
1
Hence prove that cos 36° cos 72° cos 108° cos 144° = 16

Solution:

(i) 0 =18
50 = 5x18° = 90°
Now 30+20 =90" = 36 =90°-20
taking cos on both sides
cos 30 = cos (90°—20) =cos 90° cos 2 0 + sin 90” sin 2 0
cos36 =sin26
4cos’0 - 3cosO = 2sin0cos O
cos O [4 cos” 0 3] = 2sin0Bcos O
4(1—sin"0) -3 -2sin0 = 0
4-45in"0-3-25in6 = 0
4sin"0+2sin0—1 =0
a=4, b=2, ¢ =—-1 ByQuadratic formula

—bi\/b2—4ac

sin® = 7a




—2+\4-4@BH (D —2+/4+16
8

B 2(4)
) —24++/20
sin = 3
. 2425 1445
sin® = 3 = A

O s @
As 18" 1sin I quadrant so

5-1

sin 18° = 1

.
cosO =\/1—-sin" 6

[10 125 [10+ 25 ,
cos 18° = %= 416£=cosl8L

(ii) 06 = 36°
5x0 = 5x36°
56 = 180°
30+20 = 180" = 30 = 180°-26
sin 30 = sin (1807 — 20)
3sin0 4sin° 0 = sin20
sin 0 (3 —4sin”©) = 2sin O cos O
3_4sin’0—-2cos® = 0
3—4(l—c0329)—2c039 =0
3-4+4c0s"0-2cosO = 0
4coss@—-2cosO—1=0
a=4,b=-2, ¢=-1 ByQuadratic formula

—bi\/bi—ﬂrac

cos O =
2a

| 2+\4-4(4) 1)
cos O = 2 @)

2+[4+16 24420 2+24/5
8 -8

8




(iii)

(iv)

(v)

I ++/5

c08 367 = 1

As 36" isin I quadrant so

2
sin® =\l —cos" 0 = \/l(l+4 5)

: 10 —24/5

sin © = 6

gin 36° = ~ 1023
- - 16

sin 54°

sin 54° = sin (90° — 36"

= cos 36" ( sin(ze) = cos@)

(N}

c 5+ 1
sin 54° = L Ans.

4
cos 54°
= cos (90° - 36") = sin 36" (
o . [10-245
cos 547 = 16
72°

sin 72° = sin (90° — 18°) = cos 18° (

= cos 18°
10 +24/5
x o _
sin 727 = 16
cos 72° = cos (90° - 18°) = sin 18°
51

cos 720 = 34L
sin 144°
sin 144° = sin ((180° - 36°) (..

o3

cos( 9) = sin@)

sin( ~9) = cose)

SRR

sin(m—0) = sin6)



Q.1

- O
= sin 36

, § 10 — 3[5
sin 1447 = Ans.

2
16

cos 1447 = cos (180°=36") = —cos 36°

cos 144° = —(1 +4 5) Ans.

1
Next cos 36°. cos 72°. cos 108° . cos 144° = 16

L.H.S. = cos 36° cos 72° cos (180° — 72°) cos 144

= ¢o0s 36° cos 72° (— cos 72°) cos 144°
- (B0 (-0 (=)
- 4 4 B 4 4
2 2
- (18] (&)
- 4 4

2

‘(1+\/3)(\/31)]

16
2
(%)
16
4 1 1

Hence proved.

2

(\f5)2<1)2}

L 16

EXERCISE 104

Express the following product as sums and differences
(i) 2sin306 cos® (Lahore Board 2006)

(i) 2c0s50sin36

(lii) sin50cos26 (Gujranwala Board 2004)

(iv) 2sin70sin26

(V) cos (x+y)sin (x—y) (vi)  cos (2x + 30) cos (2x — 30)

(vii) sin 12" sin 46" (viii) sin (x +45") sin (x —45")



Solutions:
(i) 2sin30cosO
sin (30 + 0) + sin (30 — 0) (-

=sin46+sin206 Ans.

(ii) 2cos50sin30
=sin(56+30)—-sin(560-30) (
= sin80—-sin26 Ans.

(iii) sin56cos20
multiple & divide by 2

1
5 [2 sin 5 0 cos20]

1
3 [sin (50 + 20) + sin (56 — 20)]

[l

1
5 [sin 70 + sin 30]  Ans.

(iv) 2 sin 70 sin 20
= — [~ 2 sin 70 sin 20]

—cos[(70+20)—cos(70-20)] ('

= —[cos 90 —cos 50] Ans.

(V) cos (x+y)sin (x-y)
multiply & dividing by 2

[2 cos (x +y)sin (x —y)] (

Il
09| =

L9 | —

S[sin(x+y+x—y)—sin(x+y—x+y]

1
=3 [sin (2 x) —sin 2 y] Ans.

(vi)  cos (2x + 30°) cos (2x — 30°)
multiply & divide by 2

1 0 (6]
=5 [2 cos (2x + 30%) cos (2x —30%)] (-

2sino cos = sin(a + B) + sin(c — )

2 cosasinP = sin(o+PB)—sin(u—p))

(Gujranwala Board 2004)

—2sinasinB = cos (a0 + ) —cos (o —p)

2cosasin = sin(a + B) — sin(o — P))

2coso cosPp = cos(o+ B) + cos(at — B))



|
=3 [cos (2x + 307 + 2x — 30%) + cos (2x + 30° — 2x + 30%)]

| 0
=5 [cos 4x 4+ cos 60°] Ans.

(vii) sin 12" sin 46

multiply & divide by —2

1 _

=5 [~ 2 sin 12° sin 46°) ( —2sina sinf = cos(a + B) — cos(o — B))
1 _

= — [cos (12° +46%) — cos (12° — 46")]
— 1 0 o

=5 [cos 58 —cos (— 34)]

— 1
=5 [cos 58" —cos 34"]  Ans. (= cos(—0) = cos0)

(viii) sin (x +45") sin (x —45")
multiply & dividing by —2

= 71 [— 2 sin (x +45%) sin (x —45%)] (. —2sinasinf = cos(a + B) — cos(a — B))

— 1 0 0 0 0
= 7[cos(x+45 +Xx—45)—cos(x+45 —x+45)]

1
= —75 [cos 2x — cos 90°]

Q.2  Express the following sums and differences as product
(i) sin50 +sin30 (Lahore Board 2006,2007)
(ii) sin 80 —sin40
(iii) cos60+cos30

(iv) cos70—cosH (Lahore Board 2009)
(v) cos 12 + cos 48 (Lahore Board 2010)
(vi)  sin (x + 30) + sin (x — 30)

Solution:

(i) sin50+sin36

520430 56-30 ( — )
= Sin 7 COS 7 S osin P+ San = S1n B COS B

= 2sin40 cos O Ans.



(1i) sin 8 0 —sin 40

_ % 86+40 . 80-40 o (sinp s _9e P+Q . P—Q)

= 2 cos > sin > SsinP—sinQ = 2cos 5 sinT5
= 2cos 60 sin20 Ans.

(iif) cos60+cos30

60+30 60-360 P+ P -
=2COST cos ™ 5 ‘.'(cosP+cosQ=2cos 2Qcos QQ)
20 30
= 2¢0s 5 COs 5 ns.

(iv) cos70—-cos0 (Lahore Board 2009)
_ g 76+6 . 76-6 ( B O = s P+Q . P—Q)
= —2sinT 5 .sinT 5 S lcosP—cosQ = —2sin 5 sinT5
= —-2sin40sin30 Ans.

(v) cos 12° + cos 48° (Lahore Board 2010)
_ 3 12°+48°  12°-48°
= 2 cos > cos 5

60() 736()
= 2 cos 5 COs 5 (v cos(—0) = cosBO)

= 2 cos 30° cos 18" Ans.

(vi)  sin (x + 30°) + sin (x — 30°)

- e X + 30+ x —30° 1x+300—x+300
= Sin > cOS 2

i 2 g OO
= SIHZCOSZ

= 2 sin x cos 30° Ans.
Q.3  Prove the following identities
(i)

sin 3 x —sin x
coOSX—cos 3 x

= cot2x

(ii) sin 8 x + sin 2 x
ii
cos 8 x+cos2x

@ ne-smb o [“—_Ej cot (ﬁﬁ) (Lahore Board 2007)

sino+sinff 2

= tan5x




Solution:
sin 3 x —sin x

(1) CosX—cos3x cot 2 x
sin 3 X — sin x . . P+Q) | -Q
L.HS. = ~(cos3 x—cos X) ( sinP—sin Q = 2COS( 5 )sm( 3 D
) ‘3x+x‘, X —K
cos — 5 sin— 5 (PO 0
= T et B cos P —cos Q =—-2sin 5 )sin|{ T
—(—251n 5 sinT5 )
_2c052xsinx_c052x_ % = RHS
 2smn2xsinx  sin 2x a3, = RS
Hence proved.
. si118x+sin2x_t <
(1) cos§x+cos2x  AmoX
{ Y - sin 8 X + sin 2 x ( o g _ 5 (P+Q) _ (P—QD
Had = R b opE 2 s sin P+ sin Q = 2sin 5 sin{ 7>
5 i 8x + 2x 8x — 2x
Sin 5 cos T 5 P+Q 0
= 2 & T 8% — Ox v cos P+ cos Q=2cos 5 )Cos|(TH
2 Ccos 3 cos — 5
3 2sin5xc0s3x_sir15x_ Sx = RELS
T 2cosS5xcos3x ~ cosSx tan ox = K.H.S.
Hence proved.
sin o — sin o — o+
(iii) sinoc+sinl[?; = tan ZBcot 2 B (Lahore Board 2007)

i — p p_
LHS, - Sne—sinp ( sinP—sin Q = 2cos (—+Q) sin( QD

sin o + sin 3 2 2

a+p . a—P

2 cos sin
2 2 . ) . P+Q) (P— D
= o+ b a—p ( sin P+sin Q = 281[1[—2 cos {75

2 sin coS
2 P

o+ o—
= cot 5 . tan 2 = R.H.S.

Hence the proof.



Q.4 Prove that
(i) cos 20° + cos 100° + cos 140° = 0 (Lahore Board 2008)

(i) sin [ 9) sin (% +0 j = % cos 20 (Lahore Board 2005)

sin®+sin30+sin50+sin70
cosO+cos30+cos50+cos70

(i) = tan40

Solution:

(i) cos 20° + cos 100° + cos 140° = 0
L.H.S. = cos20° + cos 100° + cos 140°

, P+ P—
= [cos 140" + cos 20°] + cos 100’ ( cos P+cos Q = 2cos (TQ> cos ( 2 QD

140° + 20° 140° — 20° i
= 2 cos > cos 7 + cos 100

= 2 cos 80" cos 60° + cos 100°

s, |l
= 2 cos 80° 5 + cos 100°

= cos 80 + cos 100°

80° + 100° 80” — 100°
= 2 cos > CcoS >

= 2 cos 90° cos (— 10")
= 2x0Xxcos 10°
= = RH.S.

Hence proved.

(ii) sm[ 9)5in(§+9]=%c0329

o sin(a— ) = sina cosP — cosa sin
LHS. = ﬁn(EG)ﬁn[%+9> ( (o0 —=P) B B]

4 sin(ot + ) = sina cosP + cosa sinf3
T T i T
= | sin;cos0 —cossinO]| sin7 cos O+ cos 7 sin O
( 4 4 ) ( 4 4
| |

= [\Ecos \/—smej(\/zcose+\/l—zsmej

1 .
= \/5 X \/E (cos B —sin 0) (cos O + sin 0)

1
=5 (cos2 0 sin” 0)

1
= 5 Cos 20 = R.H.S. Hence proved.



(i) cosO+cos30+cos50+cos70 40
LHS. — sinO+sin30+sin50+sin70 'Sinp+st=2Sin(
T T cos0+cos30+cos50+cos70 (P+Q) (
cosP + cosQ = 2cos 5 )cos
_ [sin 70 + sin O] + [sin 5 6 + sin 3 6]
" [cos 70 +cos 0] +[cos50+cos30]
. (706+0) 76-0 . 50+36 50-36
2 s1n > cos T + 2 sin > COs 3
T e 100 76-0 50+30 @ 50-30
COs — 5  COs— 5 +2cos > cos >
_ 2sin460cos30+2sin46cosB
 2cos40cos30+2cos40cos0
_ 2sin40(cos36+cosb)
~ 2c¢0s40 (cos30+cos0)
- 20 46 = RS
= cos4p - tan o
Hence proved.
Q.5 Prove that
(i) cos 20° cos 40° cos 60° cos 80° = 16
(Gujranawala Board 2004, Lahore Board 2008)
. .. 2n . 4n 3
(i) sin g sin —g~ sin 3'sin 7y~ = 7
1
(ili)  sin 10° sin 30° sin 50° sin 70° = 16 (Lahore Board 2011)
Solution:
1
(i) cos 20° cos 40° cos 60° cos 80° = 16

sin0+sin30+sin50+sin760

L.H.S. = cos 20° cos 40° cos 60° cos 80°

l O (¢ 0
= 5cos 40" cos 20" cos 80

1 0 (0] 0
= 5 [cos 40" cos 207 ] cos 80 ("0 2cosa. cosP = cos(o + P)+cos(a — )]




N[

2
[E cos40° C08200:| cos 80°
] QO (0] Q O (8]
X5 [cos (407 +207) + cos (40° —207)] cos 80

[cos 60° + cos 20°] cos 80"

]
5+ cos 20° J cos 80°

1
5 cos 80° + cos 80° cos 20° :| (o 2cosacosp = cos(a+ ) + cos(a — B))

1 2
5 cos 80° + 5 cos80° cos20°}

l 0 1 (8] (0] (0] (8]
5 cos 80 +§{cos(80 +20") + cos (80 —20)}
1

| 2
i | |
5 cos 80" + 5 cos 100° + z cos 60° ]

[cos 80 + cos 100° + cos 60°]
[cosB80° + cos (180° — 80°) + cos60°] (*.© cos(m— 0) = —cosO)

[cos 80° — cos80° + cos60°]

X0|— |— X|— X|— |— K[~ = K= K= BR= B N

= 5 [cos60°]
1L s
- 21 16
Hence proved.
2 4 3
(ii) singsinT‘msingsinTJI = 16 (Lahore Board 2011)
2 4
LHS. = T T .. 47

SIN & SIn —— Sin 5 SIn
0 9 3 9

T 27[3@_471

singsinj 5 sin g~

J3

sin 20° sin 40° sin 80°

o}

3 0o - (¢} - 5 B
lzﬂ [sin 40° sin 20°] sin 80° (.- —2 sina sinP = cos(a. + B) — cos(o — B))



— s1n40° sin20oj sin80°

{ cos (40” +207) — cos (40° — 20" } sin 800]

l\-) l\J
b | =

{ cos 60 —cos 20} sin 80°]

(1
5 — COS20°} sinSOO}

sin80° — sin80° COS200j|

2
— = sin&0° cos2()°:|

sin80° >

1
[\JI—-

sin80° — 5 sin (80° + 20°) + sin (80° — ZOO)J

sIin80° —

N = =

|
sin100° — 5 sin()()o]

I
5 sin (180° — 800)— i}

)

] | 3
5 sin80° — 5 sin 80° — 34£ }

LB (L)

4

B
5 sin80° —

%%%%%%%%%%“ﬁ

oI~

—i—RHS
16

Hence proved.

1
111 Sin sin sin sin 5
(ii) in 10° 30° 50° 70° = 16
L.H.S. = sin 10" sin 30° sin 50 sin 70°
|
=5 sin 10° sin 50° sin 70°

= 357 | (- 2sin 10”sin 50°) . sin 70° |

—1 0 0 0 0 . 0
= T[{cos(l() +50%) —cos (10" -~ 50%) } sin 70° ]

—1
=7 | (cos 60° — cos 40”) sin 70" |



—1 O - (s} o - 0 ; : :
= 3 [ 2 cos 607 sin 70” — 2 cos 40” sin 70° | . 2cose sinp = sin(ow + p) — sin(o — B)

—1[ 1 :
= ?[ 27 sin 70° — { sin (40° + 70°) — sin (40° — 70°) }}

1 o .
< | sin70° = { sin 110° —sin (=30 } |
*1 . 0 . (@] - 0
= 3 [ sin 70° — { sin 110" + sin 30"} ]
—1 . 0 0 : 0 . 0
= 3 [ sin (180° — 110”) —sin 110” — sin 30" |
1 o
= 5 | sin 110° —sin 110° —sin 30" |

4

|
= T8 = R.H.S.

Hence proved.



TRIGONOMETRIC IDENTITIES

MULTIPLE CHOICE QUESTIONS

(1)

sin 2o =

2l . Y
(a) COS 0L — SN~
(c) 280 coso
cosda =

Y i )
(a) dcos’a — 3cosa

(c) 3cosa + 4cos'a
sec x =

(a) sec(x + 2m)

(c) Cos X

sinP + smnQ =

. P+Q P—Q
(a) 2sin—,  cos
. f P-Q
(c) 2cosT 5 .cosT 45
cos(aa — ) =
(a) cosa cosf + sma smfd
(c) sina cosP + cosa sinf

(b)

(d)

2sin‘a + 1

SINCL . COSKL

[Lahore Board 2005-08, Lahore Board 2015]

(b)
(d)

(b)
(d)

(b)

(d)

(b)
(d)

3cosa — 4cos’
None of these
[Lahore Board 2005]

sec(x ~ m)
sin X
[Lahore Board 2005]
. P+Q . P-Q
2sin 5 .sinT 5

None of these

[Lahore Board 2005]

cosa cosP} — sina sinf}
sina cosP — cosa sinf3
|Gujranwala Board 2005]



(7)

9)

(10)

cosec (m—a) =

(a) sina
(c) cota
1 +cos2a =
(a) cos’a
(c) sin“o

coS [% = B] =
(a) cosp
(¢) sinf3

2sina cosfp =
(a)  sin(a + )+ cos(a — B)
(¢)  sin(e +B)— sin(o — )

(a) cosecH
(c) secO

o 1 + cosa

A [LTCOSA

\\j 2

o

(a) cos
(c) tan >
sinda =
(a) 3sina + 4sin‘a
(c) 3sina — 4sin’o

(b)
(d)

(b)

(b)
(d)

(b)
(d)

(b)
(d)

(d)

(b)
(d)

cosa.
coseca
|Gujranwala Board 2005]
2cos o
2sina.
[Gujranwala Board 2005]
T
cos 5
—sinf}

[Gujranwala Board 2005]

sin(a + ) + sinfa — )
None of these
|Gujranwala Board 2006]

—cosecH
None of these
[Gujranwala Board 2006]

o
S 7

None of these

[Gujranwala Board 2006]

4sina + 3sin‘a
3sina + 4sin‘a
[Lahore Board 2006]
|Gujranwala Board 2006]



(14)

(15)

(16)

(17)

(18)

(19)

Ifrcosd =3 | rsin® =4 then ris:

(a) 25

(c) 5

tan(180° + «) 1s equal to:

(a) tana

(c) cota

cos26 is equal to:

) | —tan0
(a) | +tan’®
R 2tand
© T+ tan

smb =

(a) 2 sinE

.0
(c) 2 cos” 5

“

co-ratio of cosine 1s:
(a) sec
(c) cosec

tan2a equals:

(@) tano.

a —

< | — tan‘a.

©) 2tana

c —_—
| — tan’a

tan(270° + 0) is equal to:

(a) cotd
(c) cotd

(b)
(d)

(b)
(d)

(b)

(d)

(b)
(d)

(b)
(d)

[Lahore Board 2006]

—tana
—cotu
[Lahore Board 2000]

| — tan"0
| —tan’®
| + tan’0
2tan0
[Gujranwala Board 2007]

: 0
sin 5. €0s 5

.0 0
2sin5 . cos 5

[Lahore Board 2007]

sine
cos
[Lahore Board 2008]

tan2a
| - tan’a
2tana
| + tan"a
[Gujranwala Board 2008]

tand
tan0

|Lahore Board 2014, Gujranwala Board 2009]|



(13)

(14)

(16)

(17)

(18)

(19)

Ifr cosB =3
(a) 25
(c) 5

tan(180° + «) 18 equal to:

(a) tana

(c) cota

cos26 is equal to:

) | — tan’0
(a) 1 + tan’0
2tand
© T tan
sinf) =
0
(a) 2siny
.0
(c) 2 cos” 5

co-ratio of cosine is:
(a) sec

(c) cosec

tan2a equals:

() tano.
a —
’ | —tan-«
©) 2tana
C —
: | —tano

tan(270° + 0) is equal to:

(a) coto
(c) cotO

, rsind =4 then r is:

(b)
(d)

(b)
(d)

(b)

(d)

(b)

(d)

(b)
(d)

(b)

(d)

(b)
(d)

-5
95
[Lahore Board 2006]
—tana
—cota
[Lahore Board 2006]
| — tan0
1 —tan’®
1 + tan’0
2tan(
[Gujranwala Board 2007]
. 0 0
siny . cosy
9] 0

2siny.cosy

[Lahore Board 2007]

sine
cos
[Lahore Board 2008]

tan2a

| — tan“a

| + tan’a,
[Gujranwala Board 2008]

tanf
tan0

|Lahore Board 2014, Gujranwala Board 2009



(20)

—
[R]
(]

—

(24)

(26)

a. .
tan 5 is equal to:

-
{1 = cosa
(a) =N
1+ cosa
—
L [1 = cosa

{.C) A ‘\\jl' 2

‘TE
COS 5
\2

(a) cosb
(c) sinB

2sin12°sin46° equals:
(a) c0s34° + cos58°
(c) sin34° + sin58°

sin [? 0 chuals:
(a) cost

(c) —cos0

2sino. cosfy equals:
(a) sin(fae + ) — sinfo. — )

(¢) sin(e + ) + sin(ec — )
sin l:_rt 6] =

(a) cosd

(c) sinf

2¢0s50 . sin30 =
(a) sin8&0 — sn20
(c) cos80 + cos20

(b)

(b)
(d)

(b)
(d)

(b)
(d)

(b)

(d)

(b)

(b)
(d)

[1+ cosa
, 1o
\‘-..,‘. 1 — cosa

I

[1 + cosa
.1 cosa
N, Ir' o)

\ L
N

[Gujranwala Board 2009]

—sint)
—cos6
[Lahore Board 2009]

sin34° — sin58°
c0s34° — cosS58°
|[Lahore Board 2009]

sinf
—s1nf

[Lahore Board 2009]

cos(a + ) + cos(a — )

cos(a + ) — cos(a — )

[Lahore Board 2009]
—cosd
—sind

[Lahore Board 2010]

sIn8O + sin20
sin46 — sinb
[Lahore Board 2010]



(29)

(30)

(31)

(33)

ey :
cos 5 is equal to:

| + cosa
(a) Ty
] + sina
) —TH
tan2a =
2tana
(a) ]7
— tan-o
(c tano.
©) | — tan“a.
cos(n—0) =
(a) sinf
(c) cosO
cos(m—0) =

(a) sin
(¢) cost
sin (=300%) =

/3
(a) -

e

. 2
(c) \ |'|§

by

(d)

(b)

(d)

(b)

(d)

Distance between the points A(3, 8) and B(5

(a) \/5

. 2
(L) 1'\." 2

(b)

Fundamental law of trigonometry is

(a) cos(a +p)
(b) cos(a — PB)
(¢) sin(a +3)
(d) sin(a = 3)

|l

cosa cosP — sina sinf3
cosa cosf} + sina. sinf
sina cosf3 + cosa sinfy
sinc cosf} — cosa sinfd

1 — cosu

7

/ 1 + cosa.
+ '\\\J -

2tana

1 + tan"a

tanc

| + tan“a

—sind

—cost

—sinb
—cosO

, 6)1s:

[Gujranwala Board 2010]

|Lahore Board 2012]

[Lahore Board 2012]

[Lahore Board 2013]

|Lahore Board 2013]

where o,  are any two angles:



(34)

(35)

(36)

(37)

(38)

(40)

(41)

(42)

-~
Ul
|
-

2 ';..a )
= e
mF =)

~1

—2

—Cos Y
s

sin

2

. | | -
sin“a + sin“3
3 “y
cos o + cosP

tan 54°
tan 37°

cosA
tanA

sinl00 — sin40
cos100 — cos40

28INX COSX
2s1n6x cosx

sin20

| —

L§

cos 75
(a) sz (b)
3+ 1

(c) \ﬁ (d)

sec (— 300%) =

(a) 1 (b)

(¢) 2 (d)

Ifa, B. y are angles of triangle then cos (o +3) =

(a)  cosy (b)

(c) sin vy (d)

sin(fae + B) . sinfo —f) =

(a) sin‘o — sin:‘B (b)

(c)  cos’a — cos™PB (d)

cosl1® +sinl1°

cosl1® —smll°

(a) tan 65° (b)

(c) tan 56° (d)
sinA +sin2A

1 + cosA + cos2A

(a) sinA (b)

(¢) COtA (d)

2sin70 cos30 =

(a) sinl 00 + sin40 (b)

(c) cos100 + cos40 (d)

sindSx +sin7x =

(a) 2sin3x cosx (b)

(c) 28Inx cosbx (d)

sin (% -0 l sin (% t H)

(a) % cos206 (b)

(c) % sinf coso (d)

2sin0 . cos20



(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

If x = y = 0 then point P(x, y) lies in quadrant:

(a) I (b)y 1I (c)
lan[—a + % - B) =
(a) tan(a + 3) (b)
(¢) cot(a +3) (d)
If cotor + cotd = O then o = ?
_ n ,
(a) 7~ 0 (b)
(c) n+0 (d)
2c0s0(1 - cos’0) sec’0 — |
It sin20 > 0 and tan“0 . cot0
(a) 1 (b)
(c) 111 (d)
sech #
f L
‘ 31+ cot®
(a) . (b)
cotl
(¢)  ~JcosecO — 1 (d)
hlvi
tan Pl
N o 1 — cosSa 1
(@) * W1+ cosSa (©)
. |1+ cosSa .
© = \\f | - cosSa (d)
+B -
cosa — 2cos % . COS G—QE + cospp =
(a) sinct. cosP (b)
(c) sin(oe — 3) + cosa (d)
The value of cos 315° is:
(a) 0 (b)
A3 _
(c) g (d)
cos 2o =
(a) 2 cos’a + 1 (b)
(c) 2 sin"o + 1 (d)

111 (d) v

tan(a — 3)
cot(ae — )

-0
None of these

< 0 then "0 lies in the quadrant:

11
IV

|
/1 = sin’0
cosecH

~Jcosec’® — 1

Sa

[ —cos 5

T T 5y
\ Sa

Y \fl | + Cos 5~

None of these

0

cosa . cosp
|

1

N ﬁ

2 costa — |
2 sin"d - 1



(1) C (2) a (3) a (4) a (3) a
(6) d (7) b (8) C (9 b (10) b
(11) a (12) ¢ (13) ¢ (14) da (15) a
(16) d (17) b (18) C (19) C (20) a
(21) b (22) d (23) a (24) C (25) b
26) a (27) d (28) a (29) d (30) d
(31) b (32) b (33) b (34) d (35) ¢
(36) d (37) C (38) C (39) d (40) a
(41) d (42) a (43) a (44) ¢ (45) b
(46) b (47) ¢ (48) a (49 b (50) d
(51) b




—

{__ SOLUTION

— -

Q.6

Q.7

Q.8

Q.13

Q.14

Q.15

1 |

~ sin(m — o) "~ $INTT oSOl — COST sina
I S
0 - (~1) sina
1
= - = coseco
sina.
As, cos2a. = 2cos’o — |
| +cos2o = 2cos’a
!/
cos L% -B ]
= cos % cos 3 + sin % . sinf
= 0+ (1)smnp
= sinf
rcost = 3 , rsinf= 4
rcos’0= 9 ... (1) rsin®0 =16 ... (2)
Adding (1) and (2).
rrcos0 +risinfd = 9+ 16
r’(cos’® =sin'B) = 25
= 25
r = 5

tan(180° + «)
= tan (m + )
= tana

cos20

= ¢c0s’0 — sin’0

cos’® — sin’d
|



—

{__ SOLUTION

— -

Q.6

Q.7

Q.8

Q.13

Q.14

Q.15

1 |

~ sin(m — o) "~ $INTT oSOl — COST sina
I S
0 - (~1) sina
1
= - = coseco
sina.
As, cos2a. = 2cos’o — |
| +cos2o = 2cos’a
!/
cos L% -B ]
= cos % cos 3 + sin % . sinf
= 0+ (1)smnp
= sinf
rcost = 3 , rsinf= 4
rcos’0= 9 ... (1) rsin®0 =16 ... (2)
Adding (1) and (2).
rrcos0 +risinfd = 9+ 16
r’(cos’® =sin'B) = 25
= 25
r = 5

tan(180° + «)
= tan (m + )
= tana

cos20

= ¢c0s’0 — sin’0

cos’® — sin’d
|



Q.32 €os 5
no_o® 180
2 -1 —b
T

cos 5 = cosl5®

= cos (45° - 30°)

= cos45° . cos30° + sm4d5° sin30°

IR E |
ﬁ 2 \ﬁz "2
3 N |
S22 22
y3+1
- 2'\}5
Q.33 sec(—300%)

]
cos(—300°)

]
c0s(300°)
1
cos(360° — 60°)
|

M "'[
cost?.n—i)
o
n 1
cos3 )

Q34 As, ofp+y = 180°
ot+p = 180° -y
= cos(a + )
= cos(180° —vy)

= —Cosy



Q.35

Q.36

Q.37

sin(a + p)

csin(a —PB)

(sinc. cosPp + cosa sinP )(sina cosP — cosa sinf)
(sinct cosP )’ — (cosa sinB)?

sin“a cos’P — cos’a sin’B

sin“a (1 = sin’B) — (1 = sin“a) sin"B

sin“oL — sin‘o sin:ﬁ o sin:[_’: + sin“a sin:[_’)

sin“o — sin“f

As,
S6° — tan(45° + 11°)  — sin(45° +11°)
tand6° = tan(45 ) = cos(d5° + 11°)
_sind5° cosl1? + cos45° sinl1°
cos45° cosl1? — sind5° sinl 1°
1 1 .
—=.cosll1® +—7=smll"
‘JZ \/r’_.Z
a L A,] IO L . 110
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