Chapter 3
MATRICES AND DETERMINANTS

Matrix
A rectangular array of numbers enclosed by a pair of brackets such as:
2 30
[ 2 -2 3 J ] 1 2 5
-5 4 71 " 1279
4 1 2
(1) (i)

i1s called a matrix. The horizontal lines of numbers are called rows and the vertical lines
of numbers are called columns.

Order of a Matrix

If a matrix has m rows and n columns then its order is m X n.

In above, matrix (i) has order 2 X 3 and matrix (ii) has order 4 x 3.
Addition of Matrices

Two matrices A and B can be added if A and B have same order.

The sum of A and B, A + B can be obtained by adding their corresponding elements.
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o
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Subtraction of Matrices

For example if

_[2 1]
A= 3 9 and

B =
e avs < [2 )]
then + = 39+

A matrix B can be subtracted from a matrix A if A and B have same order.
Subtraction of B from A, A — B can be obtained by subtracting each element of matrix B
from the corresponding element of matrix A.



[\]
oo B

3 1
A:[g 7]zmdB: 9

3 1 2
A+B = o 7.7 019
B [32 | — 4} N 3]
N 9-9 7 -8 L0 1

Scalar Multiplication

then

47
8 _

It A is a matrix of order m X n and Kk is a scalar, then the product k and A, denoted
by KA, is the matrix formed by multiplying cach entry of A by k. and this process 1s called
scalar multiplication.

4 2
If A = [2 IJ and 2 R

7A—2[4 2] B [ZXLI ZXZJ
- 3 1] 2x3  2xI1

- [6 2]

Multiplication of Two Matrices

then

Two matrices A and B are said to be conformable for the product AB 1if
The number of columns of A = The number of rows of B.

Il A is amatrix ol order m xn and B is a matrix ol order n X p then we can [ind
AB = C (say) and order of matrix C will be m x p.

For example

It

then
AR = | 2 ]N 1 3}
- L3 4 2 4
@@+ 2+ 2) (2 ’»)+(1)<4)}
- L3O+ (4)( 3 (H+H 2 D) +H &

B 4+ 242 ()+4J_[5 4 l()]
- L6+4 348 9+16 10 11 25



Transpose of A Matrix

If A is a matrix of order m X n then an n x m matrix obtained by interchanging the
. . . .. t
rows and columns of A, is called the transpose of A and it is denoted by A'.

l"A—[] 2} h At—[] 3}
For example if =13 4 then =112 4

Determinant of 2 x 2 Matrix

We can associate a unique number with every square matrix A over R or C, this
number is known as the determinant of A.

For eif A = [a b}
Or exampel = c d
then

a
= ad — bc

det A = |A| = b{
et A = [A]| = d
Singular and Non—singular Matrices

A matrix A is singularif |A| = 0

A matrix A is non—singular if |A] = 0

Adjoint of 2 X 2 Matrix

a b
The adjoint of the matrix A = [ 2 d] is denoted by adj A and is defined as

. [ d b}
adj A = L
—¢c a

Inverse of 2 X 2 Matrix

Let A be a non—singular square matrix of order 2. If there exists a matrix B such that
I 0
AB = BA b, where L = [ 0 IJ’ then B is called the multiplicative inverse of A and 1is

usually denoted by A'ie. B=A"
= AA'=A'A=D

I ddl A
— Al



EXERCISE 3.1

2 3 1 7
Q1 If A=[1 5}and B=[6 4} then show that
(i) 4A-3A = A (i) 3B-3A =3(B-A)

Solution:
[ 2 3 } [ 1 7 J
A=l 5 B=le 4
(i) To show
4A -3A = A
L.H.S.

2 3 2 3
won= o2 2

[ (4)(2) (4)(3)J [m(z) (3>(3)]
T Lo »e ] Lem 36
R 12} [a 9}

L4 20 3 15

8-6 12— )J
B :4—3 20-15
_[2 ) a-ras
(i)  Toshow 3B-3A = 3(B—A)

L.H.S.

3B 3A = %[] 7] %[2 3}
WA= e 4] 7L s

(3 (3)(7)}[(3)(2) (3)(3)J
- LG @) (3 3O

3 m} [6 9}
=L 12]7L3 15

3-6 219}

= 18.3 12_15
m 3 12}
- 15 -3
RH.S.
L 77 [2 3
B —A) = 3([6 4}[1 5})

=306 1 4 3]
0 e g

~ [3 12}_ q
= | |5 _3|=RrRHS

- 3B - 3A =3B _A)



I

0
1 _iJ,ShOW that A = L.

Q.2 IfA:L

Solution:

10
To show that A* = I* where I, = [0 ]J

Take

A2 = AA.= | | O.N’ 0.]
1 —1 I —i

[ @O+ () (1) (0) +(0) (= 1) J
LD @O+ (D) + D0

[&+0 0—0}_[—1 0} o 81
“Li—i o+ ]7L 0 -1 r=-
Now
1 0 =1 0
4 42 42
A—A‘A—_O—J[o—J

DD +0)(0) (—1)(0)+(0)(*1)]
S LOED+HEDO) O O) + D (=D

1 OJ_I
N B

Hence proved.

Equal Matrices
Two matrices of the same order said to be equal if their corresponding elements are
equal.
Q.3 Find x and y if
) [ X +3 1 ] 3 [ 2 1i|
W | 3 3y-4]=[-3 2
. [ x+3 1 ] [y 1 :|
M | 3 3y-4]7 [ 3 2
Solution:

W [X—+33 3y]—4J:[—23 H

As the two matrices are equal so their corresponding elements are equal



=% x =2-3 and 3y =4+2
= x =-1 and 3y =6
y =2

[x+3 | J [y ]}
(1) ~3 3y-41-1-3 2x

As the two maltrices are equal so their corresponding elements are equal

SO
= X+3 =y (1) and dy—4 = 2x (1)
Put y = x+ 3 from equation (i) in equation (ii)
3(x+3) 4 =2x
= 3x+9-4 = 2x
— 3x+5 = 2x
= 3x+5-2x=0
=5 x+5 =0
= X = =5
Put this value in equation (i)
y=—-3+43=-2
= = —2
-1 2 3} |:0 3 2}
Q4 IfA_[l o 20°B=11 -1 2

find the following matrices.

(i) 4A-3B (ii) A+3(B-A)
Solution:
(1) tofind 4A —-3B

123 0 3 2

=3B = 4[ 10 2J3[1 o 2j
) [4 g 12} [0 9

=14 0 8] 13 -3

6

6
B [—4—0 89 12—6}__[—4 ~ 1 6}
4-3 0-(3 8617 L1 3 2



(11) A+3(B-A)
-1 2 3 0 3 2 -1 2 3
sobdfi-al = | 1 g 2}3([1 1 2][ 10 2D
=1 2 3] %_0#(—1) 3-2 23}
= L1 oo 2]l 1-1 —1-0 2-2
=1 2 37 2_1 1 1]
= L1oo 2JLo -1 0
-1 2 3] [3 3 —3}
= L1 o 2]"lo -3 0
_[=1+3 Z+3 3+(3)}
~ L I1+0 043 240
o [2°5 0]
L1 3 2
Q.5 Find x and y if
[2 0 X] 2[1 X y:|_|:4 -2 3:|
1y 317“Lo 2 1171 6 1
Solution:
Given
2 0 x| I x y}_|:4 -2 3}
_1y3_+2[02—1_1 6 1
2 0 x| [2 2x 2yJ_[4 -2 3}
1oy 3J7Lo 4 20701 6 1
2+2 0+2x x+2y]_[4 -2 3]
L1+0 y+4 3-2 1 L1 6 1
4 2x X+2y}_[4 -2 3]
L1 y+4 [ L1 6 1
As the two matrices are equal so their corresponding elements are equal.
= 2x = =2 , y+4 =6
= x = -1 , y=6-4=2
= x=—1 and |y= 2




Q.6 It A = [ayl, , show that
() A(EA) = ApWA (i) A+pA =AA+pA

(iii) AA-A=A-DA

Solution:
(1) To show A (LA) = (Ap) A
arj;  ap a3
Where, A = [aijj3x3 = | az ax a
az|]  az 433
Take L.H.S.
arp  ap 413
A(UA) = A W Az ax  ax
az;  az 433
Cpap pap pag
= A| Hap Max Has
L a3 paz Hdss
Auwap Apap Auas
= }\.M212| Kpa'ﬂ }L},lej;
pMaz; A lazs A Was;
Now take R.H.S.
arj;  ap a3
(AW A = (A)| ax;p axp  ax
a3;  az2 433
Away Apap Auaps
= A LL ang A L ano A uwazz | = L.H.S.
pazr A pazn A pass
= A (pA) = (A A
(ii) A+pA =AA+pA
Toshow (A+1WA =LA+ ULA
L.H.S.
dip a2 413
A+wWA = (A+u)| az; axp a3
a3] a3 433
(A+pa; (A+wap (A+pap
= | (A+way (A+pan A+paxn
(A+waszy (A+wan (A+p) ass



Aajp+pay Aap+papn Aa+pas
= | Aay+pay; Aaxp+paxp Aaxn+pan
hAayp+pas; Aazp+payp Aasz+ass

Now take R.H.S.

a1 a2 a3 arp a2 413
AA+ULA = Al ay; ax» a3 |[+u| ay axp axy
az;  azy  as3 az]  az  asz

[ han Aap Aap Lap pap papg

= | Aay Aax Aay |+| pay paxp pas

L Aaz Aan  Aass pas Hazp  pass

[ Lajp+payg Aap+papn Aap+pag

= 7L£12|+p£13] 7La122+pa22 7L'd23+p.2123

[ Aaz;+pay Aap+papn Aaz+pasp
= L.H.S.

= A+wWA=1A+1A

i) AA-A=A-DA

Toshow AA—-A = (AL-1A

aip 412 a3 ajp 412 ap3
LHS. = A| a2 a» a3 |—| ay; axpn azns
az;  azx  as az;  ax  az

[ hay hap Aagp aj; ap  ag

= | Aax; Aan Aax |—| ay a» an

LAaz Aap Aass a3; azp as

Aajp—ap hap—ap Aaj;z—aps
= | Aagr—a Aaxn—axn Adays-—an

L haz;—az Aazp—azp Aazz—as
Now take R.H.S.

aip dr2 a3
(l*]) dni ann ar3

(A 1)A

a3 a3y  as3
(A —Da; —Dap (A—1Daj
= | (A—Day (A—1Daxp (A-1)ax
L(A—1ay (A—1)azx (A—1)as;
Chaj—ap hap—ap hap—aps
= A dx|] — azj A d2o — doo A d23 — dng

L hazp—a3 Aap-an Aa - asn
= L.H.S.
—~ AM-A=A-DA



Q.7 If A = [ayl,, and B = [byl, , show that AA+B) = AA + AB.

Solution:
Given

ar;y  apz  a3

L d2]  d22 d23

by b2 bl.%jl
B = Ibil,, = L b2y by bas

To show that
LM(A+B) = ALA+AiB

Take L..H.S.

A,(A"'FB)—?\,([&H a1o 313}+|:bll bin bl3:|)
B ax)]  ax» axn ba; ba  boas
k|tal]+bll a2 +bpo 2113+b13}

a;+bar ax+bxn ax+bo

[ A +bi) Aan+bi) 7&(&13+b|3)J
~ LA(ay +ba) A(axn+bxn) A(ax+bxn)

_ _la11+lb|] 7L21|2+7Lb12 Ka13+7ub|3:|
B _7L212]+7Lb21 kagg+7k-b22 7\'&23+7xb23

Now R.H.S.
a a a b b b
YA +AB = ?u|: 11 12 13:|+?L|: 11 12 13}
a1 A 423 bar ba bos
C[han hap kang [lbll A b2 lbm}
- _7\.2121 7\‘&22 ?Lagg * 7\,b21 7\.]2)22 szg
_ _7L’d|1+?\.b]] 7L’c1|2+7\,b]2 7\.&]3+7\.b|3}
a _Ka21+kb21 7L‘d22+}ub22 }L2123+7\.b23
= L.H.S.

=% LMA+B) = AA+AB



8 IfA—[1 2} dAZ—[0 0:|f'dh | fb
Q. =4 p|an =l o o |fin the values of b.

Solution:

—

1
Q9 If A=[a

Given

A—[] 2}
~La b

A - A A = [1 2}[1 2}
- ' - a b a b

_ [(1)(1)+(2)(a) (1)(2)+(2)(b)J
L@+ @ (2)2)+ (D))

> | +2a 2+2b} 2_[0 0}
A _|:£l+ilb 4+ b° but AT = 0O 0

|:1+2a 2+2b}_[0 0}
a+ab 2a+b>] = L0 0

As the two matrices are equal so their corresponding elements are equal.
l1+2a =20 2+2b =0

|
a=— h=—1

: |
required values are |a = ) '

1 0
b } and A2=[0 1}, find values of a and b.

Solution:

VY

) 1 —1
Given Az[a bJ

Az—AA—[l —1}[1 —1}
N "7 La b a b

[(1)(1)+(—1)(a) (1)(—1)+(—1)(b)J
(@) () + ()@ (a1 +(b)(b)

4 _[ [ —g 'lbq}
“La+ab —a+b”
But it is given that
l-a —1-b 10
[a+ab a+b2J - [0 IJ
As the two matrices are equal so their corresponding elements are equal.

l—3 = 1 and —-1-b =20
a=2>0 b= —1

required values are and



10 lfA—[l - 2} dB—[23 0}
Q. =lo 3 1™ B=11 2

then show that (A + B)' = A'+ B'.
Solution:
To show (A + B)l - A'+ B

Take
4 . 1 -1 2} [2 3 O}
(A+B) = | 3 1]*[1 2 -1
B T +2 —1+3 2+0}
Lo+ 342 |
B 3 2 2}
— Ll 5 0
1 2 27 |31
(A+B) = [ 5 0l = A (1)
) 2 0
Now
A-—[l —1 2}
L0 3 1
10
Al=| -1 3
2 1
' _[2 3 O}
and B = [ 2
2 1
B'=|3 2
0 —1
Now
10 2 1
L 2 0 —1
1 +2 0+1 3 1
= ~1+3 3+2 =12 5| ... (2)
L 2+0 1-1 2 0

From (1) and (2), it is ¢clear that

(A+B) = A'+B'



1 1 3
Q.11 FindA3ifA={5 2 6}

Solution:

| | 3 | | 3
A=A A=|5 2 6 5 2 6
2 1 342 -1 -3

(HM+MHSH+G)E2) (HMH+M @)+ D (D) +)6)+ ) (=3)
G MH+2) 3 ©6)(=2) O (H+2)2)+6) 1) ) B)+(2)(6)+(6) (-3)
=2) (D+ED )+ (3) (2) C2) (D+EDEHE)ED) (2) B) + (=D (0)+(3).(3)

=| 5+10-12 5+44-6 15+12-18
L -2-54+46 -2-2+3 -6-6+9

0 0 0
= 3 3 9

-1 =1 =3

[ 1+5-6 1+2-3 3+6-9 }

Now
0O 0 0 11 3
AS=AZ A=l 3 3 9 5 2 6
=] ~&[] -9 -1 —5%

BM+B G+ AM+B@D+O) D BB +B)(0)+ () (-3)

{ O M+O®+@E2) O M+O)@)+O) D 0)3)+0)(6)+(0) (=3)
i (DM +EDO)+EB)E2) EDH M+ ED @)+ (E3)ED D G)+ (=D (6) +(3).(3)

3+15—-18 3+6—9 9+18-27
-1-5+6 —-1-24+43 -3-6+9

0 0 0
Al=10 0 0
0 0 0

{ 0+0-0 0+0-0 0+0-0 }



Q.12 Find matrix x if

o x[ 3 3]=15% 3

(i) [—52 ﬂx=[§ 110J

Solution:
. 5 2 e | e
(1) X[z IJ:[lz 3J
XA =B (say)

As

_ 1M1 2]
— 9L2 5
Put this value in equation (1)
x= [ 3lle 5]
R E
9oL 12 3

l[ D (M) +5)@2) (1)(2)+(5)(5)}
LU (H+B3)@2) (U2 (=2)+(3) (D)

l[ 1+ 10 2+25]
- 9L 1246 —24+15



9 27
9 9
= s
9 9

X:B —H

which is required matrix.

(i) [—52 ﬂx:[g 110J

[52 ﬂx - [? 11()}

AX = (say)
A'AXx=A'B
IX=A'B
X=A'B . (1)
To find A '
5 2
A‘[z 1]
5 2
IA| = ‘_2 ] ‘ =5 (H-(-2)(2)=5+4=9=20
1 -2
ad'A:[z 5]
AS
A]_ade_l[l 2}
= Al T9l2 s

Put this value in equation (1)

1 27002 1

| 2 SJ[S 10]

(1) (2)+(=2)(5) (1)(1)+(2)(10)J
L @)@+ 6)S) (2) (1) +(5) (10)

210 I—2OJ
4+25 2+50

[—8 —19}
29 32

57 1s required matrix.

X =

I
O|— Cl— Ol— ol—



Q.13 Find the matrix A if

5 -1 3 -7
(i) O 0[A=]0 0
3 1 7 2

. 2 -1 0O -3 8
a | _y z]A=[3 3 —7}
Solution:

5 —1 3 -7
(1) 0O 0]A=]0 0

3 i T 2
Let

a b
A = l:::l d} is the required matrix.

(5 17 3 —7
= 0 OM‘l 3]:{0 0}
3 1]t 7 2
O @+D) S+ 1)) 3 -7
= (0) (a) + (0) (c) O D) +O) () | = 0
L (3) (@) + (1) () (3) (b) + (1) (d) 7 2
[ 5a—-c 5b-d 3 -7
I Ho 0}
. 3a+c¢c 3b+d 7 2

As the matrices are equal so their corresponding elements are equal.

1.e.

Sa-=e=3 0 cemass (1)
sb-d=-7 . (2)
a+c =7 L. (3)
3b+d=2 . (4)
Adding equation (1) and (3)
Sa—-c¢c =3
Ja+¢ =7
8a =10 = as= i = 2

8 4




5
Put a = 1 in equation (1)

(3) e

PR L2

470_ ﬁC—-4*
2512 13
= 4 T4
_ B
€=

Now add equation (2) and (4)

Sb—d = -7

3b+d =2

8b = -5 b = 2
= — = = —g

5
Put b = -3 in equation (2)

-
—%+7 =d
»258+56 _d
%:d = d:%1

A)
a b 4 8 . : :
a1=1 13 31 is the required matrix.



(ii)

As

IA =B'C
A=B'Cc .. (1)
To find B™
TkB——[z ‘IJ
KRB =| 1 g
2 ]

|B‘={] 2‘ =2)2) -1 1) =4-1=3#0
d.B_[z 1}
ME=11 2
B_l_'dd'!B

~ |B|
—1_1[2 IJ
B =311 »

Put this value in (1)
112 1 0 -3 8
A = 3[1 2}[3 3 7}
-3

[0+3 —6+3 16—7}
= L0o+6 -3+6 8- 14

L6 3 -6
"3 309
3 3 3

6 3 ¢
3 3 3

l[(2)(0)+(l)(3) 2)=3)+A)B) @@+ (DT
(MHO+@23) HEH+2G) (HE+PD)ETD

]



Q.14 Show that

[rcosd 0 —sin¢
0 r 0
L rsing 0 cos¢

cos ¢
0

Solution:
[ rcosd O —sing cos O
0 r 0 } { 0
Lrsing O cos¢ —1sin ¢

0
|
0

0
1

sin ¢

sin ¢

T Cos ¢

0

0 1‘13

—rsing 0 rcosd

|

rcos¢.cos 0+ 0.0+ (=sing)—rsing) rcosd.0+ 0.1+ (—sin ¢)
0.04+r.1+0.0

0.cosdp+r1r.0+0.(—rsin¢)
rsin¢.cos ¢+ 0.0+ cos ¢ (—rsin ¢)

rcos” ¢ +0+rsin’ ¢ 0+0+0
= 0+0-0 O+r+0
Lrsingpcosp+0—rsinpcosd 0+04+0
Cr(cos” g +sin"p) 0 -0
= 0 r 0
L 0 0 r(sin’ ¢ + cos” ¢)
r 0 0
=10 r 0}
LO O 1

1 0 0
—1‘|:0 | O:| :1‘13 = R.H.S.

0 0 1

Hence proved.

rsing.0+0.14+cos¢.0

rcos ¢ .sin ¢+ 0.0+ (—sin ) (r cos ¢)
0.sin¢ +r.0+0.rcos ¢
rsing.sind+0.0+cos¢.rcoso
rcos ¢ sin g +0—rcos ¢ sind
0+0+0 }
rsin” ¢ +0+r1cos” ¢

EXERCISE 3.2

Q.1 If A = [ajj|lsxs then show that

i Is A A (i) ALy = A
Solution:
Given

ap
Ao
ds|

di2 4p3

ds3

dig4
don
ds»

d34

2114}
d3q

d33

(1) Toshow I3 A = A where Iz

I

|, a

Take L.H.S.
1 0 O
|:O 10

0 1
0 O

rFa%y 1

djg
A2
asz

di2

do

dy3
dn;3
d33

dosg
ds2
fla

do4 i

;

I

0

S = O

= O O

|



l.'d]] + 0.212] + 0.5131
0.a|| + 1.32] + ().a3|
O.aH + ().32] + 1.213[

|

l.a;, + 0.4, + 0.a3,
0.3]2 + 1.2122 + 0.332
().a|2 + 0.322 + 1.2132

1.313 + (J.élzg, + 0.2133
O.a|3 + 1..':123 + 0.&33
().2113 + 0.3.23 + l.a;,;,

()

L1 tn W

1.2114 + 0.2124 + (_).'d34
0.a|4 + 1.824 + 0.834
0.3.14 + 0.?134 + 1.334

}

an+0+0 ap+0+0 ax3+0+0 au,+0+0
= 0+a,,+0 0+a»+0 O0+an+0 O+au+0
0+0+a3; 0+0+4+ap 0+0+axy 0+0+asy
i adp 413 ap
= doy  dxx  dp3z dyg = A = R.H.S.
dz;  dzx  dzz A3
i) Al = A
To show that
I 0 0 O
0O 1 0 0O
AL = A where 1 = 00 1 0
0O 0 0 1
L.H.S.
_ 1 0 0 0
ajp dpp djz a4 01 0 0
A ]4 = dop  dx dpz dyy 0 0 1 0
L as; a3 a3 axy () 0 0 1
fa;+0+0+0 O0O+ap,+0+0 0+0+a3+0 0+0+0+ay
=l a+0+0+0 0+a»+0+0 0+0+ax+0 0+0+0+ay
_213|+0+0+O 0+a33+0+0 0+O+'c133+0 O+O+O+'dg4
[a; ap a;z apy
= a; a» ax» ay | = A R.H.S.
L a3 d3x  d33  d3g
Q.2 Find inverse of the following matrices
. 3 =1 .. -2
M [2 1} B [—4
[Zi i} . [2
(ili) P (iv) 6
Solution:
. [% 1}
(1) o) 1
. T A_[s 1}
(1) et =1 5 1

}



(i)

(i1i)

Al # 0 = its inverse exists.

| |
[}

e Adj A
A
Lol
1[1 1] 5 5
-osl-2 3]7) 2 3
5 5

=(-2)O0)-(-43) =-10+12=2=%0

|A| # 0 = its inverse exists.

a-ld )
AdjA=1, 5
I_A_dJ'_A_l[

AL 2

9 9
\ |

— 9w
[

ol ron
|
P 1w
[l
 —
= W

21 1
i

Al = = Q) () - ) = -2 = -2~ =2+1=3

|A] # 0 = its inverse exists.



™ e 3
n-[2 1]

2 1 , ,
|A|:[6 3]2(2)(3)—(6)(1)26—6:0
As |Al = 0 = inverse does not exists.

Q.3  Solve the following system of linear equations.

oM e w
Solution:
(1) Given

2X1—3x2 = 5

5X1+ X2=4

In matrix form

EIEH

AX = (say)
X=A"'B . (1)
where
a=ls Te=la) <=0
L5 1 “la]l *Tlx
2 —3
IA| = ‘5 | ‘:(2)(1)—(5)(—3):2“5: 17 % 0
|A| # 0 = its inverse exists
Ad'A—[l 3}
JTA=1 5 2
As

A1 AdiA L[l 3}
-5

- oAl T 17 2

Put values in (1)

A= %[—15 ;]Lﬂ

3x-5x =

—2x+y



l‘mﬁnm@J
17 L(=5) 5+ (2) &)

_ 1T 5+12J

17 L -25+8
1T 17}
17 L-17
17
17 [l}
| 17T L
17
X |
[ :|=|: :|3X1=], Xz:_l
X2 — 1
(11) Given
4X]+3X2:5
31— X2 =7

In matrix form

5 llel=15)
Ax =10 (say)

X=A'B (D

where

Now
4 3
Al = ‘ 3 -1 ‘ = W ()=-(3)(3) =-4-9=-13 %0
|A| # 0 = its inverse exists.
. 1 -3
Ad] A = [3 x }

As Al = Adj A



_ L_(l)(5)+(3)(7)J
13L=3)() +&) ()
| [ =5 —32
- E_IS+28J
- -5l 5]
26 -
- |-l
—13
[ELJ:[~2IJ =[x =2] , [x2=-1

(111) Given
3x — Sy =1
—2Xx+y = -3

In matrix form

BN

)

AX =B (say)
X=A'B . (1)
where
RN N
2 1 ] 3] y
IA| = ‘_Z _15‘ =) (2)(35H=3-10=-7=#0
|A| # 0 = its inverse exists.
Now
agia=ly 3]
As
! Ad] A
A
_ A
B TL2 3



Putting values i equation (1)

x= 30 3]0
(D M+O) (—3)J
L(2)(D+(3)(3)

1 15}
L2 -9

= = = <] -

I Il
|
\ |
~J =l [ 1
} \
~N
1 L 1
 —
—
| —

HERN =

I

1 -1 27 2 1 -1
Q.4 IfA{s 2 5 ,B{l 3 4}
-1 0 4. -1 2 1
1 3 -2
and C=| -1 2 0:) then find
3 4 -1

i) A—-B (i) B-A (i) A-B)-C (iv) A-(B-0)
Solution:

(i) Given
1 -1 2 2 1 —1
A:{ 3 2 5} , B = |: I 3 4}
—1 0O 4 -1 2 |
12 —1-1 2-(1)
Then AB—{ 3-1 2—73 54:'
-1-(-1) 0-2 4 -1
-1 -2 3
AB:{Z —1 1}
0O -2 3
(i) B-A
[ 2 1 —1 1 -1 2
B—A = | 3 4}{ 3 2 5}
-1 2 | -1 0O 4

2—1 1-(-1) -1-2 1 & =3
= 1—3 3-2 4-5 | =|-2 1 -1

L—-1-(=1) 2-0 1-4 0o 2 -3



(A-B)-C

(111)

21_
| —
|
1
(o IR VST o
4.20

(A-B)-C

l=2
I 2-3
0-2

—1-(-1)

|

3 —(=2)

~2—3

2-(-D

12
|

3—(-1)

=3

A-(B-0)

(iv)

J

—1-(-2)

1 -3

3.2
3— i

40

=D

[ —(=1)

}

—2

4 -2 2

5

o]

0

A—(B-0)



Q.5 IfA=[

(i)
Solution:

(i)

i

1

2i
—1i

J -

2i

(AB) C = A (BC)

LH.S. = (AB)C

(AB) C

(AB) C

R.H.S.

A (BC)

(Li

-3

L2
F 3
L —1+2 2
[ =3)CD+GE-2)(=1)
(2 =) (2) + 2 ()

[ 6i—i+2i
| 4i+2i% -2
T4 (—1)
21 2(-1)
T4
2 +2i

To show (AB) C = A (BC)

2i] [—i
—iJ L 2i

252

() () +(20) (2D)
L (1) (1) + (=) ()
[—i%+ 40
[, 4
[—(=D+4 (1)
i—2(-1)

| i

i+2f}

1

i~2][ 2i
2 —1

2

3+

—2

2—21
31—2

-1 1

21 1

1+2 (1)

2i

S

1
iJandCzL

(ii)

21 -1
_i ; then show that

(A+B)C = AC + BC.

1)
Dwrormll i i

5

~ D)

']
'

])ZiJ
+ 31

1

EDED+M M

2i |[ (1) @)+ (1) (1)

1L @) D)+ 1) (1)
25 I —28# -4
L 47—
201 —2(-1)—i
dL4 =D -

1+1

i+

Il

2i —IJ
—1 1

-3 D+1G-2) (i)}
2-1)E=D+2) 0

Fm}
— 241421

3 +(—

)

(21) D) + (1) () J

mi&n]



1 21 2-1 21

L1 i}[?s 2ilJ

(1) (2 1)+ (20) (-3) (i)(2i)+(2i)(2i])}
LMD E-D+E) ) (DED+ () E2-1)

[ 2i — i’ — 6i 2f—m?—m}
En %2 %

[ 4i (1) 2(1)4(1)21

2+ 21 2142 (- 1) +1
[ —4di+ ] ZQiJ
L 2421 3i-2

= (AB)C = A (BO)
(ii) To show (A +B) C = AC + BC

L.H.S.

(A+B)C

Now R.H.S

(AC) + BC

(HIE )

i 2i+l}[2i —]J
L1421 -1+ -1 1

0 2i+1}[2i l}
L2141 0 -1 1

(0 2D+ (1T +2D) (=) (O) =D+ (1 +2i)i ]

LI +20 2+ O) (=) +2) 1) +(0) (1)

[ 0-2i% i 0+29+i}
42 4+2i4+0 -2i-1+0

C 2 1) i 2(1ynJ

= L4cn+2 0 21

[ 2 —2+i}

- L-4+21 -21-1

[i 31[32 1]J+[;; :J[EZ*?J
[ (1) (21) + (21) (1) (1) 1)+ (21) (1) J
(HED+EEDED (DHDEDED+ 1))

[ (= 1) 2D+ (1) (1)
(21) 21) + (1) (1)

=D D+ () M)
(2) () =D+ ) (1)

|



[ +2i° 21 i+2f} [29~i i +i }
= | 2 14827 AP —gaf

21+ 1
i 0 i+2(l)} [2(l)i 21 }
- L 2i4+(=1) —1—-(=1) + 4(-)—(=1) =21+(=1)

[ o in [2i 2 }

= 12i-1 0 17l -3 -—2i-1
[ 0+2—1i —i—2+2i}

= [ 2i-1-3 0-2i—1

[ 2 1—2}

= | —4+2i —2i—1

— (A+B)C = AC + BC

Hence proved.

Q.6 If A and B are square matrices of same order, then explain why in general.
i) (A+B)’ # A°+2AB+B’
(i) (A-B)> # A*-2AB+B’
(iii) (A+B)(A-B) # A’—B’
Solution:

Let A and B are square matrices of the same order.
(i) As (A+B) = (A+B).(A+B)

= AA+AB+BA+B.B
= A'"+AB+BA+B’

but in general AB # BA
= A.B+B.A # 2AB
= (A+B) 2 A*+2AB +B°
(i) (A-B)’ = (A-B)(A-B)

= AA-AB-BA+BB
= A°-AB-BA+B’

but in general AB # BA
=" - BA-BA # 2AB
- (A-B)* # A>—2AB + B’
(iii) (A+B)(A-B) = AA_AB+B.A B’

= A’-AB+B.A-B’

but in general AB # BA = —AB+BA # 0

= (A+B)(A-B) # A"~ B’



2 -1 3 0
Q7 IfA=|1 0 4 -2/, thenfind AA" and A'A.
- 5 2 -1
Solution:
2 1 3 0
A = 1 0O 4 -2
-3 5 2 1
2 1 -3
C | -1 0 5
Then A = 3 4 2
g =2 =1
2 -1 3 0 2_ L =4
i -1 0 5
AAY = 1 0 4 -2
-8 5 ¥ 7 34 2
- 0 -2 —1

(HDQ)+O)EH+BH B+ O (HM+O)O)+H D +(2) (2)
(-3)2)+O)EDH+2) B+ DO )M+ 0)+2) )+ 1) (=2)
2(:3)+CDHO)+3)2)+O) (1)
(DEH+ OGO +DH R+ (=2)(1)
3+ G+ )+ D) (1)
44 1+940 24+0+12-0 65+6+O}

{ 2 D+EDHED+G G+ O @)+ D O0)+3) (D) +(0) (-2)

= 2-0+12-0 1+0+16+4 —-34+0+8+2
L 6-5+6-0 —-3+0+8+2 9+25+4+1

(14 14 -5
= | 14 21 7}
L -5 7 39
| _21 {l) 53 2 -1 3 0
AA = 10 4 -2
54 203 5 2 -
Lo -2 147

~ 4+1+9 —-240-15 6+4-6 0-2+3

~240-15 1+0+25 —-3+0+10 0-0-5
- 6+4-6 -3+0+10 9+16+4 —-0-8-2
L 0-2+3 0+0-5 0-8-2 O0+4+1

14 17 4 1

- 17 26 7 =23
- 4 7 ad  —1
L1 -5 —-10 5




Q.8  Solve the following matrix equations for X:
2 3 -2 2 -3 1
(i) 3x—2A=BifA=[ },B:[ }

-1 1 5 5 4 -1

.. ) 1 -1 2 3 -1 0
(i) 2X—3A=BlfA=|:_2 4 5i|,B=[4 2 IJ
Solution:
(i) Given

_[2 32] _[23 1}

A=l 1 5] B=ls 4

3X-2A =B

3X = B+2A

X:%(B+2A)

Put values of A and B
X_lqz—_% 1}2[2 3—2})
=3 d =1]J%F%[ =1 1 3

5
4 -5 1}[4 64D
5 4 —11T[-2 2 10

I
0D |

_1[2+4 ~-3+6 14}
T 3L5-2 442 —-1+10
_1[6 3 —3}
~3L3 6 9
c6 3 3
3 3 3
13 6 9
L3 3 3
w2 1 —1}
L2 3

) | A—[]*‘ Q}B_[S—l OJ
(11) Given =l _2 4 5> =14 2 1

and
ZX—3A =B
2X = B +3A

1
X =35 (B+3A)



Put valuesof A and B

X

Il

5 (1
3
=232 U5 B 5l
=2\W4 2 1]7l-6 12 15
_l[3+3 ~1-8 ()+6}
T 21L4-6 2+12 1+15
_1[6 4 6]
=201-2 14 16
6 4 6
2 ~8 3
- 2 14 16
L T2 3 3
3 -2 3}
=l-1 7 8

Q.9 Solve the following matrix equation for A.

@) [; ;}A‘[—Zl —32}=[_31 _64}

i a=13 3-3 H=lA Y

Solution:
(i) Given
"4 3"A [2 3}_[—1 —4J
2 2271 =2]1%L 3 6
4 3‘A_[1 4} [2 3}_[1+2 4+3}
2 20T 13 e ]fl-1 2071 3-1 6-2
C4 3] 1 1
B 2_A:[2 4]
BA = (say)
B 'BA=B 'C
A= B !C
A=B'c .. (1)



5 >
|B‘= 27 9 =4 2)-3)2)=8-6=2

As |B| # 0 = its inverse exists.
2 -3
AQGB = [—2 4 i]

y L _ AdB 1[2 %J

-~ Bl T2L-2 4

Putting this values in (1)

I[f 2 -3 I —1
A=3]_9 412 4J
(2 (D) +(3)(2) (2)(1)+(3)(4)J
LE2D)(H+@ Q) 2)EDH+@3 @)
2-6 212}
L -2+ 8 2+ 16
T4 14
Py
4 14

22{-2—7}
A=l 6 18 |TL 3 9

3 2

|
09 | —

|
0o | —

|
0| —

is the required matrix.

(iii) Given

3 17 [=1 2 20
Al g4 2_‘[3 1}:[1 5}
A‘3 1“_[2 0} [-1 2}
4 20701 51Tl 3 1
A’3 1] [2—1 0+2}

4 20T 1 +3 5+1

A‘3 1‘_[1 2}

4 21512 6

AB = C (say)

ABB ' = CB"'

Al = CB

A=CB' . (1)



where

PR B
B =={ i é f =3)Q)-H () =6-4=2

IB| # 0 = inverse of B exists.

| 2
A®E3=[4 %}
As

. AdjB 1[2 1}

- Bl T2L-4 3

Putting values in equation (1)
1 211 2 -1
B = [2 6J§[4 3]
11 2 2 -1
- 5[2 6J[4 3]
(D Q)+2) 4 (HEDH+2)3)

1
S 2LA@+ O A EEDH+(6) (3)}

- 2-8 1+6J
| 424 — 2418

-6 5]
L—-20 16

I
o | —

Il
] |-
|
g r [N
=l SIS

5
—-10 8

is the required matrix

DETERMINANT OF ORDER n = 3

Consider a square matrix of order 3.

such that

a1 a2 a)3
A= a; a»n an then

d3] 432 d33



aip ap  ans
det A = |A| = | az axn axp
a1 a3z 433

we can expand this determinant by R;

a2 a3 a1 dz3

Al

aj| —dj2

d2] a22|

ap a3 az] a3 azp  axp

= aj (axaszz —apsasy) —app (a21a33 —azjazs) + a3 (a21a32 — axas)
we can expand |A| by C; such that
ap a3

d32  d33

a2 ag3 a2 a3

a2 d23

Al

ap| —an| + a3

azx 433
= ay; (axasz —axzasy) —ay (ajpazs —ajsazn) + azy (ajpazs —ajzann)

Minor and Cofactor of an Element of A Matrix or Its Determinant

Consider a square matrix A of order 3. then the minor of an element aj;, denoted by

M;j; is the determinant of the (3 — 1) X (3 — 1) matrix formed by deleting the ith row and jth
column of A or |Al.

For example if
ajp ap a3

A =1|a; a»n an then
az; a3 433

: . axp  az
Minorof a;; = My =

a2 asj

. ax;  apz
Minor of a;p = Mp = and so on.

az;  asj

Cofactor of an element aj; denoted by Aj; is defined by
Ajj = (- l)i+j . Mj; where Mj; is the minor of aj;.

So in above matrix

D' My

Cofactor of aj;3 = A3 = (— 1)l 2 M3 and so on.

Cofactor of a;; = Aq

Note: In above matrix A

|A| = ap A+ apAp + aisAgs

Properties of Determinants

(1)
(2)

(3)
(4)
(5)

t
Al = |A.
If in a square matrix A, two rows or two columns are interchanged, the determinant of
the resulting matrix is — |A|.

For a square matrix A ,

If a square matrix A has two identical rows or two identical columns, then |A| = 0.

If all the entries of a row (or a column) of a square matrix A are zero, then |A| = 0.

It the entries of a row (or a column) in a square matrix A are multiplied by a number
k € R, then the determinant of the resulting matrix is k |A].



(6)

(7)

(8)

If each entry of a row (or a column) of a square matrix consists of two terms then its
determinant can be written as the sum of two determinants 1.e. if

ajp+byp ap
A = then
a1+ by ax

arp+bir o ap
Al - |

azi+by  axn

aj; ap } ‘ bir  an ‘
+
ax an by ax
If to each entry of a row (or a column) of a square matrix A is added a non-zero

multiple of the corresponding entry of another row (or column) then the determinant of
the resulting matrix is |A|.

If a matrix is in triangular form, then the value of its determinant is the product of the
entries on its main diagonal.

Adjoint and Inverse of a Square Matrix of Order n > 3

and

ar;p  arz a3
If A = | a; ax»n axn
az; azz  asjz

then the matrix of cofactors of A 1s

Al A Ag
= | A1 Axn A
A3z A Az

Al Ax Az
adj A =| Az An Axp
Az A Axp

Inverse of Square Matrix of Order n > 3

Let A be a non singular matrix of order n. If there exists a matrix B such that

AB = BA = 1, then B is called the multiplicative inverse of A and is denoted by

A_I, and order of A™is nxn. Thus A A = I, and AlA = I,. If A is a non singular
matrix, then



EXERCISE 3.3

Q.1  Evaluate the following determinants.

5 -2 -4 5 2 -3
(i) 3 =1 =3 (ii) 3 -1 1
-2 1 2 —2 1 —2
1 2 -3 a+!l] a-1[ a
Ggi) |[-1 3 4 (iv) a a+l a-I
-2 5 o6 a-—1 a a+l!
1 2 =2 2a a a
vy |-1 1 -3 (vi) b 2b b
2 4 -1 c c 2¢
Solution:
5 -2 -4
(i) 3 -1 -3
-2 1 2

Expanding the determinant by R;.

=9 ‘ 11 23 ‘ -2 } —32 23 } (=4 { —32 11 ‘
=502xED-IxEM+20Bx2-(3)xE2)-40Cx1-(=2)x (1))
=5(-24+3)+2(6-6)-4(3-2)

=5()+20)—4(1)

=540-4=1

5 2 -3

(ii) 3 -1 1
-2 1 =2

Expanding the determinant by R;.

—1

1 30 3
= 5‘ 1 “2}2 2‘+(“3)‘2 1{

=502xD-1x(1)-2(3)x === x(1)-3(B)x ()= (=2)x(-1)
52-1)-2+-6+2)-3(3-2)

S(H=-2(=4-3(1)

=5+8-3 =10



1 2 -3
(iii) -1 3 4
-2 5 6
Expanding the given determinant by R,
_ ‘3 43‘1 4_+(3)‘1 3‘
5 6 -2 6 ‘ -2 5

= 1(3)x6) ) xH) 2O x (== (=2)x @) =3 (= Hx(5)~(=2)x(3))

= 1(18-20)-2(-6+8)-3(-5+06)

= —Z -3 (-3 {1
3 =

= —2—4 9
a+/ a-1I a
(iv) a a+! a-1

a—1 a a+!
expanding the given determinant by R

a+/! a
a a+

d d

= (a+]) a—[/ a

a a+/’
a—i a

—(a+hta+hHa+Dh—-ata-NH]-(a-Dlata+D—(a—10D(a—D]

[ [

[N(a+l) Jr1‘-#—&
+al(a)(a)—(a=-"0a+1])]

= (a+1) [u2 val+la+lF —a+ al] —(a—1) [u2 +al — (Va2 —al —al + [2)]
+a Ia2 — (a2 +al—al - lz)l

= (a+1)[3al+ [2] —(a-10 [az + al — (u2 —2al + ]2)] + a [a2 - (a2 - 12)]

= (a+ ) |3al+ lzl —(a—1) [a2 +al — az +2al — lz)l +a [a2 —a2 +12)|

= (a+D)[Bal+ 1] (a—D[3al ] +all)]

= 3a’l+al’ + 3l + I — (Ga’l —al’ —3al’ + ') + al’

= 3321 + 4al2 + 13 - 32131 + a/2 + 3&]2 = l’% + alz

:931/2
2nd Method
a+/! a1 a
a a+! a—/
a—|[ a a+/
a+/+a—-/l+a a—1 a
= |a+a+l+a-1 a+l a-1 by Ci+C+Cy
a—[l+a+a+/ a a+/




(v)

(vi)

3a a1/ a
3a a+! a-1I
3a a a+/

Take common 3a from C;

1 a-/ a
= 32| 1 a+l a-1I
1 a a+/
| a—1| a R, R,
= 330 a+/-a+] a-[-a
0 a—a+/ a4l —a R3—R;
1 a-/ a
= 330 20 -1
0 [ [

expanding by C,

=3a[]‘3 4‘0{] 4+0 —1 3”
5 6 -2 6 -2 5
=3al2H D - EEDI-0+0
= 3a[2l + 1]
= 3a (30)
= 9a/”
1 2 -2
-1 1 -3
2 4 -1
Expanding the given determinant by R
_ 1 -3 5 -1 -3 +(2)‘~1 '1‘
4 —1 2 -1 2 4

=((MHED-BED)-2(EDEDH-2)(=3) -2 (=D EH-@2) (D)
= (-1+12)-2(1+6)-2(-4-2)

=11-2(7)-2(6)

=11-14+12 =9

2a a a
b 2b b
C ¢ 2c

Expanding the given determinant by R;
2b b b b b 2b
e 2 ¢ 2 c

2a ((2b) (2¢) — (b) (c)) —a ((b) (2¢) — (b) (¢)) +a ((b) (c) — (2b) (c))
2a (4bc —bce) —a (2Zbc —be) + a (bc— 2bc)
= 6Gabc — abc —abc = 4abc

= 2a +a




Q.2

Without expansion show that.

6 7 8
(i) 3 4 5| =0 (ii)
2 3 4
Solution:
L.H.S.
6 7 8
3 4 5
2 3 4
6 7-6 8 6 1 8
= |3 4-3 5| =13 1 5 C,-C,
2 3-2 4 2 1 4
6 1 8-6 6 1 2
3 1 5-3| =13 1 2 Cy;—C
2 1 4-2 2 1 2
Take common (2) from c3
6 1 1
=23 1 1
2 1 1
As C> and C3 are same so determinant will be zero.
= 2(0) = 0 = R.H.S.
2 3 -1
(i) 1 1 0] =0
2 -3 5
2 3 -1
LHS = |1 1 0
2 -3 5
2 3-1 -1
= ] ]‘I‘O O C2+C3
Z —3+5 3
2 2 -1
=1 1 0| =0=RHS.
2 2 5

As C; and C, are same so determinant will be zero.



1 2 3
(iii) 4 5 6‘ =0
7 8 9
L.H.S.
1 2 3
4 5 6
7 8 9
1 2-1 3-1
- |4 5-4 6-4 C-G
7 8-7 9-7 GG
1 1 2
=14 1 2
7 1 2
Take (2) common from Cj
I 1 1
-2 |4 1 1| =0=RHS.
7 1 1

As C» and Cs are same so determinant will be zero.

Q.3  Show that

a1 a2 a3+ o3 a1 A12 a3 a1 a1z 03
(1) azp axp ax;+o3| = | Ay ax axp|+ | axy ax 03
a3 a3z a3z + 033 a3 a3z as; a3 a3z 033
2 3 0 2 1 0
(i) 3 9 6| =9(1 1 2
2 15 1 2 5 1
a+l a a
(iii) a a+l a | =F@a+)
a a a+l
1 1 1 1 1 1
(iv) X y Z | =X Yy /4
YZ ZX XY X’ y2 7’
b+c a a
(v) b c+a b = 4abc
C c a+b
b -1 a
(vi) a b 0‘ = a’+b’
1 a b
rcos¢ 1 —sing
(vii) 0 1 0 =r
rsing 0 cos¢




Solution:

daii
az]
as|

(i)

L.H.S.

Expanding by R;

a2 a3+ o3 ai; a2 a3 a1 A2 013
dy; A3 + 03 = | az Q@ Qa3 |+ | a2 axp 023
az> a3z + 033 az; a3z azy 431 Az 033
ajp ap A+ dps
= | d21 dp A3+ 0xn
a3 dzp  dzz + O3
dp2 A3 + 023 az] a3 + 23 azp  az
= aj —ap + (a13 + a3)
a32 433 + 033 az] a3z + 033 a3} as2

ary laz (azz + 033) — asz (a3 + a3)] — a2 [az) (@33 + 033) — a3y (a3 + 023)]
+ (a13 + o3) [az) azp — azja;]
ayy [apasz + a3z — azags — azos]

— a2 [ag1a33 + az1033 — a31a3 — a3 03]

+ a3 [azjas; —azjagn]| + oz [agjaz —azja2] Ll (1)
Now take R.H.S.
djp dp 43 ajp dpp Gy3
Ay dpp Q3 | 4+ | A2 A O3
A3 d3 ds3 d3;  adzp 033
Expanding both by R;
a a3 dp; a3 ay;p A
= aj] —a + a3
d3>  da33 a3p 433 a3]  d3z2
axp  o23 ay 03 a|  ax
+ap | —ap + a3
a3y 033 a3 033 a3 as

= ay [axass + axpo3z — azany — ano

= a1 [axazz —aszzanz] — a2 [a21a33 — azzaz ] + ajz [axj1azx — axaz|

+ a1 [a22033 — a320003] — a12 [a21 033 — aozaz ] + o3 [ax1a32 — azzasz]
23] — a2 [az1a33 + a21033 — ax3az; — 0p3az; ]

+ a3 [az1a32 — agpaz | + o3 [ax1azp — azpas;|

from equation (1) and (2) L.H.S. = R.H.S.



2 3 0 2 1 0
(i) 3 9 6/ =91 1 2
2 15 1 2 5 1
2 3 0
L.H.S.—{S 9 6}
2 15 1

Take common (3) from C,

2 1 0
= 3/3 3 6
2 5 1

Take common (3) from R,

2 1 0
2 5 1
2 1 0
= 9| 1 |
2 5 |
= R.H.S.
a+l a a
(iii) a a+l a | =PF@a+)
a a a+l
a+/ a a
L.HS. = a a+/ a
a a a+!

at+/+a+a at+a+/+a at+at+a+!
= a a+{ a
a a a+/

R|+R3+R3

3a+! 3a+! 3a+!
= a a+/ a
a a a+!

(3a + /) common from R,

| | |
= 3a+/{)|a a+l a
a a a+/
| 0 | —1
= |a a+l-a a—a Szgl
a A —5 a+l—a 37l




0O 0
a [ 0
a 0 |/

= (3a+1)

Expanding by R

[ 0 a 0 a [
:(3"‘”)[1‘0 1{0 1‘*0 2 OH
= BGa+D)[1(F—0)—0+0]
= Ba+)) @)
= F@Ba+l) = RHS.
1 1 1 1 1 1
(iv) X y Z | =|X z
YZ ZIX Xy X y2 z
Solution:
111
L.HS. = X y z
yZ ZX Xy

Multiply C; by x, C; by y and C; by z

1 & Y, 72
o y z
XyzZ XyzZ = Xyz

Take (xyz) common from Rs.

i X y Z
_ XYZ X2 yz 72
Moo

Interchange R, and R;.

1 1 1
2 2 2
= — | X Yy Zz
X y z
1 | 1
= e Xy 7
X~y oz
1 1 1
= X y Z | = R.H.S.
2 2 2
Xy oz




b+c¢ a a

(v) b c+a b = dabc
c c a+b
b+c a a
L.H.S. = b c+a b
C C a+b
b+c¢ a—a a
= b a+a—h b C, - C;
C c—a—-b a+b
b+c 0 a
= b c+a-b b
C c—a—b a+b

expanding by R

b c¢c+a—b
c c—a-b

c+a—b
c—a-—>b

b
(b+rc¢) a+b{0+a

= (b+c)[(a+b)(c+a—-b)—b(c—a—-b)]+alb(c—a—-b)—c(c+a—Db)]

= (b+c)[ca+az—ab+bc+ba—b2—bc+ba+b2,]Jra[bc—ba—b2
—cz—ac+bc]

= (b+c)[ac+a2+ab]+a[2bc—ba—b2—cz—ac:]

= bac + ba’ + ab” + ac” + a’c + abc + 2abc — ba” —ab” —ac” — a’c

= abc + abc + 2abc

= 4abc = R.H.S.
b -1 a
(vi) a b 0| =a’+p’
1 a b
expanding this determinant by R,
b 0 a 0 a b
=b|, b‘(l)‘l b{+a 1 a

= bbb —0)+ 1 (ab—0)+a(a”—b)
= b(b)+ab+a(a —b)

= b'+ab+a’—ab

= a +b’

= R.H.S.



rcos¢ 1 —sing¢
(vii) 0 1 0
rsin¢g 0 cos¢

expanding this determinant by R,

‘ [l 0 } 1[ 0 0 J _ [ 0 IJ
reos¢ | cosdl “Lrsing cosd —sin¢ rsing 0
=rcos¢(cos¢—0)—1(0—-0)—sin¢ (0—r1sin )

2 . 2
= rcos ¢ +rsin” ¢

= 1 (cos’ b + sin” ¢)

Il
ﬁ

= r(l)
=1 = R.H.S.
a b+c a+b
(viii) b c¢+a b+c| =a’+b’+c’—3abe

¢ a+b c¢c+a

a b+c a+b
LHS. = |b c¢c+a b+c
¢ a+b c+a
a+b+c b+c a+b
= |b+c+a c¢c+a b+c
c+a+b a+b c+a

C|+C2

Take (a+ b+ c) common from ¢
I b+c¢c a+b

= (a+b+c¢c)| |l c+a b+c
l a+b c+a
1 b+c a+b R, R,
= (a+b+¢)| 0 c+a-b-¢c b+c—a-b Ri R
0 a+b—-b—-c¢c c+a—-a-b 3R

Il b+c a+b
(a+b+c¢) |0 a-b c—a
0 a—-e ¢c—b

Expanding by C;

a—-b c¢c-a
a—¢c c¢c—b
= (a+b+c¢)[(a—b)(c—b)—(c—a)(a——c)]

3 3 3
= (a+b+c¢)lac—ab—bc+b —ac+c¢c +a” —ac|

= (a+b+c). 1. —~0+0

:(a+b+c)m2+b;+8—ﬂb—bc—a®
= 2’ +b’ + ¢ = 3abc
= R.H.S.



a+A b C

(ix) a b+A ¢ | =A%@+b+c+)
a b c+A
a+ A b C
LH.S. = a b+ A C
a b cC+A
a+b+A+c b C
= |a+b+A+c b+i C Ci+(Cr+Cy)
a+b+c+r b cC+ A

Taking (a+b+c+A) common from C
I b 6

= (a+b+c+A) |1 Db+A C
1 b c+ A

| b C
= (a+b+c+1) |0 b+A-b c—c Ez_ﬁl
0 b-b c+r-cl > 7

(a+b+c+ i)

1
0
0
Expanding by C,

A0
= w+b+c+m[l‘0 K}0+OJ

(a+b+c+A) (A =0)
Kz(a+b+c+k)

= R.H.S.
1 1 1
() a b c¢|=(-b)b-c(c—a)
a> b
] ] ]
LHS. = a b C
2 2 3
a b c
| 0 0 C, C,
= a b—a g—a Ce
a> b —a’ c—a 5l
Expanding by R;
b—-a c—a
= ] 22 > 21 -0+0
b"—a c —a

(b-a) (¢ —a’) —(c—a) (b —a)
(b—a)(c—a)(c+a)—(c—a)(b—a)(b+a)



= (b—a)(c—a)|lc+a—(b+a)]
= (b—-a)(c—a)(c+a—-b—a)
= (b—-a)(c—a)(c—b)

= —(a-b)jc-a)(=DH(b-o0
= (a—b)(b—c)(c—a)

= R.H.S.

2
b+c¢c a a

(xi) c+a b b’| =(@+b+c)(a=b)(b-c)(c—a)
a+b ¢ ¢

b+c¢c a a2
LHS. = |¢+a b b2
a+b ¢ c2

b+c+a a a
= |c+a+b b b Ci+C
a+b+c ¢ ¢
Take (a+ b+ c¢) common from ¢
1 a az
= (a+b+c)| 1 b b”
1 ¢ c:2
1 a a”
R>» - R
= (a+b+c¢c)|1-1 b-a bz—a2 s !
2 2 R3 — R
1-1 c—-a ¢ —a
| a 212
= (a+b+¢)|] 0 b-a (b—a)(b+a)
0 ¢c—-a (c—a)(c+a)
Take common (b—a) from R», and (¢ —a) from Rj
2
1 a a
= (a+b+c¢)(b—a)(c—a)| 0 1 b+a
0 1 c+a
Expanding by C;
1 b+a a a’ a a’ }
:(a+b+c)(b—a)(c—a)[l{] c+al 1 c+a 1 b+a

= (a+b+c)(b—-a)(c—a)|c+a—(b+a)]
= (a+b+c)(b—a)(c—a)(c+a—b—a)



= (a+b+c)(b—a)(c—a)(c—Db)
= —(a+b+c)(a—b)(c—a)(c—b)

=D D@a+b+c)(a—b)(b—c)(c—a)

= (a+b+c)(a—b)(b—c¢c)(c—a)
= R.H.S.

1 2 -3
G IEA=|0 -2 0

Q4
-2 =2 1
Find A]g, Agz, A32, and |A|
5 -2 5
(ii) B=| 3 -1 4 | then
-2 1 =2
Find B:i, B2, B2z and |B|
Solution:
1 2 -3
(i) A= 0 =2 0
-2 =2 I
Ap = (D' Mps where
= (- 1)’ (0)
= {J
A = (1) M» where
= 1 5)
= (I)(=9)
= -5
Ay = (1)’ My where
= (- 10
=0
Now
1 o -
Al =] 0 -2 0
—3 =12 |

3§
(0) (1) = (=2)(0)

0

I

M DH-=2)3)
-6 =-5

-5

3 %]

(1) (0) = (= 3) (0)

0



(i)

Now

Expanding by R;

—2 O‘ 0 O‘ ‘
= 1] 5 +(—3)
= 1(-2(D)-
= (C2-0)-2(0-0)-3(0_4)
= 2-0-3(4)
= -2+12 = 10

5 -2 5§

B=| 3 -1 4

—2 1 —2

By = (1) My, where
= DD
=D =1

By, = (-1)** M» where
= 'O

= 0

By = (1% My where
= (1Y (1)
= (—D()
= = ]
5 -2 5
B = | 3 —1 4
21 2

Expanding by R

14
- 5) 2}(2)‘4

S5(-DHE2)—(H @) +2(3)

S5H2)+22)+5((1)
—10+4+5

(—2)(0) 2 (0) (1)~ (~2) () 3 ((0) (-~ 2)

0—2{

—(-2)(-2)

Ma = | ) )
= (=2)(=2)-(1) ()
= A% = =]
S
M»> —[ J
= 5 E=2)-0)2)
= 10410 =0
5 -2
Mas = [2 J
= 5)()—-(2)2)
= 54
= |
+s| 37
0% R B

-2)-2@)+5(3) (- DH(2)
52-4DH+2-6+8)y+5(3-2)



Q.5  Without expansion verily that

a B+y 1
(i) B y+a 1| =0 (i)
Yy a+p 1
2 A
1 a be
b
2 O _ .
(iii) 1 b — =0 (iv)
2 €
1 ¢ pon
be ca ab
1 1 1] .
(v) a b ¢ | =0 (vi)
a b £
2a 2b 2¢
(vii) a+b 2b b+c| =0
at+c b+ec 2¢
7 2 6 7 2 7
(vii) 6 3 2| = 6 3 5
-3 5 1 -3 5 -3
—-a 0 ¢
(ix) 0 a -b| =0
b -—c 0
Solution:
o P+y 1
LHS. = |[p vy+a |1
Yo oa+fp 1
a+pP+y P+ |
= |Bp+y+a y+a |1
v+a+p a+p 1

Take (o0 + B + ) common from C,

1 B+y 1
= (a+P+v) |l v+a 1

I a+p 1
= (a+P+7v).0

=0

1 2
2 3
3 5
a-b
b-c¢
c—a
mn
nl/
Im
2
3
-3 5

3x

6x = ()
9x

b-¢ c¢—a
c—a a-b
a—-b b-c
I 1
m m’| = |1
n n’ 1
-1

-3

4

C, and C; are same




(ii) 2 3 6x| =0
3 5 9x
1 2 3x
LHS. = |2 3 6x
3 5 9x

Take 3x common from C;

I 2 1
= 3|2 3 2

2 3 23
= 3x(0) =0

As C; and Cs is same so determinant will be zero.,

2 a4
1 a be
b
2 b _
(iii) 1 b ac =0
2 €
1 ¢ ab
I &
d bC
, b
LHS. = 1 b —=
ac
I > £
& ab

|2 a . abc
% bc
1 » b.abc
= he I b »
| , C.abc
% ab
] I a° a
S | D
I & &
=0

As Cr and C3 are same so determinant will be zero.



a-b b-c¢c c¢-a
(iv) b-¢ ¢—a a-b| =0
c—a a-b b-c
a-b b-c c—a
LHS. = |b-¢c c¢—a a-b
c—a a—-b b-c
a—-b+b-c+c—-a b-c¢c c—a
= |b-c+c—a+a-b c¢c—a a-b
c—a+a—-b+b-c a-b b-c
0 b-c c-a
= |0 ¢c—-a a-b| =0
0 a-b b-c
=0
bec ca ab
11 1
(v) a b ( =1
a b C
bc ca ab
11 1
LHS = o b "
a b C
multiplying R, by abc
bc ca ab
| abc abc abc
~ abc a b c
a b C
I bc ca ab
= — | bc ca ab
abc
a b C
=0
As R and R> are same so det will be zero.
mn [ P 1 r
(vi) nf m m|=|1 m m
Im n n’ 1 o n
mn [/ I
LHS. = | n/ m m
Im n n’

multiplying Ry by [ Ro by m, r; by n.

9 3
/mn [ /

I 2 3
= — |Imn m m

/mn 2 3
/mn n n

‘ C[+C2+C3

- Cy 1s zero.



Taking /mn common trom C,

Y S &
/mn 5 3
= I mﬁ m
| n- n’
lrr
— I m m
| > 3
n n
= R.H.S.

2a 2b 2¢
(vii) a+b 2b b+c| =0
a+c b+c 2c

2a 2b 2¢
LHS. = |a+b 2b b+c¢
a+c b+c 2e
2a 2b—2a 2c—2a C._C
= [a+b 2b-(a+b) b+c-—(a+b)| = -
a+c b+c—(a+c¢) 2c—(a+c¢) : :
2a 2(b—a) 2(c—a)
= |a+Dbh 2b—a-—>b b+c—a->b
a+c b+c—a-c 2c—a-c¢
2a 2(b—a) 2(c—a)
= |a+b b—a c—a
a+c¢ b—a c—a
Taking (b —a) common from C,, and (¢ — a) from C;.
2a 2 2
— (ba)(ca)|:a+b | ]:j
a+c | 1
= (b—a)(c—a)(0) C> and C;5 is same.
= 0 = RH.S.
7 2 6 7 2 7 7 2 —1
(viii) 6 3 2| = 6 3 S5 |+| 6 3 -3
-3 5 1 -3 5 -3 -3 5 4
7 2 6 7 2 T-1
LHS. = 6 3 2| = 6 3 5-3
-3 5 1 -3 5 -3+4
by using property of determinant
7 2 9 7 2 =1
= 6 3 5 |+]| 6 3 3‘
-3 5 -3 -3 5 4

I
7
T
g



Q.6

(i)

(ii)

(1ii)

-a 0 c
0 a —-b = 0

b —-¢ 0
-a 0 c
LHS = 0 a —b
b —-c¢c 0
—ab 0

I

= The 0 ac
ab —ac

Taking ab common from C,.
Taking ac common from C,.
Taking bc common from Cj.

-1 0 1
= abc 0 | |
1 -1 0
-1 1 0
= abc 0 1 -1
1 -1 0
0O 0 0
= abc 0O 1 -1
1 -1 0
= abc (0)
=0
= R.H.S
Find value of x if
3 1 x
-1 3 4| =_-_30
X 1 0
1 x—-1 3
-1 x+1 2| =0
2 -2 X
1 2 1
2 X 2 =0
I3 6 X

be

I
The (@b)ac)(be) | 01

1

bR,
CRQ
aR;

bc
0

1 0 1

-1 0

R, +R,

R|+R3

-, all elements of R, are zero.



Solution:

3 1 x
(i) -1 3 4| =-30
X 1 0
Expanding this determinant by R,
3 4} {l 4 — 1 3‘_ "
= 311 ol M x ol**| x 1|=-3
= 3B0O)-@E) M) -1(HO)-xE@)+x (D) 3) =30
— 3(—4) — 1(-4x) + x(-1 - 3x) = =30
= ~1244x —x—3x" = —30
- ~3x7+3x—12 = —30
=4 3T -x+4) =30
-3
= X x+4 = _—750 = 10
= X“—x+4-10= 0
= X—x—6=0
- X2 3x+2x—6 = 0
= X(x=-3)+2(x-3) =0
= x+2)(x—=3) =0
— x =-2,3
1 x—-1 3
(i) -1 x+1 2| =0
2 -2 X
Expanding this determinant by R;
x+1 2 -1 2 -1 x+1 _
2 x| &-D| +3}2 2 ‘:0
=  1xE+D-2@)-x-DEDE-@@)+3(-DE2)-2x+D) =0
= K+x+D)-(x-D(Ex-D+302-2x-2) =0
—5 X+ X+4-(xX—4x+x+4)+3(2x) =0
= XX +4+xX+4x—x—-4-6x = 0
— 2x*—2x = 0
= 2x(x—-1) =10
o 2x = 0 x—1 =0
— x =0 = 1



(iii)

= | |

~
-
S~

(iii)

1 2 1
2 x 2
3 6 x

Expanding this determinant by R

x 2 2]}2)(
6 x x| P13 6

(xX*—12)=2(2x—6)+(12-3x) = 0
T 12-4x+12+12-3x = 0
XX—7x+12 =0

XT—4x=3x+12 =0
x(x—-4)-3x-4) =0
(x-3)(x—4) =0

x—3 =20 x—4 =0

=0

I 2{2
713

X =23 x =4

=0

Evaluate the following determinants:

3 4 2 7
2 5 0 3
1 2 -3 5
4 1 -2 6

o
@ ~1 W &
|
[y
[y

Solution:

(i)

4 2 7
5 0 3
2
1

- W

-3 S5
-2 6

Interchange R; and R3
5

W —
— B w

" |
pa B2 4y

!
7
6

I~

(i)

(ST | I SN ()



1 2 -3

- R, 2R
__|2-2m 5-20 0-2(3) 3-209)| o0 o
T T 3-3() 4-3(12) 2-3(-3) 7-3(5 =
A—4(1) 1-4Q) —2-4(=3) 6-4(5 | Ra-4R
12 _3 5
B 0 5-4 046 3-10
=~ l0 4-6 2+9 7-15
0 1-8 —2+12 6-20
I 2 -3 5
B 0o 1 6 -7
=~ lo -2 11 -8
0 -7 10 —14
Expanding by C
16 -7
=/ 1/-2 11 -8 [ —-0+0-0
~7 10 -—14
1 6 -7
_ -2 11 -8
7 10 —14
Expanding by R
B [] |1 { ’2 — ‘ 7‘2 11 ]
= — 0 1417927 —141*tED 27 10

=-[(ADE1H-(10)=8))-6((=2) (14— 8))-T7[((=2)(10)~(11) (-7)]

(i)

= [-74-6(-28) -7 (57)]

= 305
2 3
4 0
5 2
3 -7

Interchange C; and Cj

1

2
B

2

1 -1
2 1
-1 6
2 =2
3 2 -1
0 4 1
2 5 6
—7 3 =2

[ 154 +80 -6 (28 -56) ~ 7 (— 20 +77)]



(i)

3

2-2(1) 0-2(3) 4-2(2)

—1+1 2+73 5+2

2-2(1) -7-23) 3-2(2)

1 3 2 -1

0 -6 0 3
- o 5 7 5

0 —13 -—1 0
Expanding by C;

6 0 3
= |1

5 7
-6 0 3

5
-13 -1 0
5 7 5

-13 -1 0
Expanding by R

—1
1-2(1)
6—1
—2—=2(—1)

7 5 5 7
:‘[‘6‘1 o}‘o”‘m 1”

= —[-6 (0= 1D 5)+3(BG) (=)= 13)(D)]

= —[-6(5)+3(=5+91)]

= —[-30+3(86)] = —228

-3 9 1 1
0o 3 -1 2
9 7 -1 1
-2 0 1 -1

Interchange C; and C3

1 9 =3 1

B -1 3 @ 2

-1 7 9 1

1 0 -2 ~1

1 9 —J I

~1+1 3+9 0-3 2+ 1
~1+1 749 9-3 1+ 1
1 -1 0-9 —-2+3 —1-
] 9 -3 1
0 12 -3 3
0 16 6 2
0 -9 ] =2

1

R> - 2R,
R3 — 3R
R4 —4R

R> — 2R
R3+R1
R4 — 2R,



Expanding by C;

12 -3
=116 6
-9 1

Expanding by R;

Il

Q.8 Show that

h—

Solution:
L.H.S.

1
X
L.HS. = 1

—_ e e

1

X+3
X+ 3
X+ 3
X+3

3
2

-2

— Ak

_ e

1
X
1
1

— ke

54 e e

X+ 1+1+1
I+x+1+1
I+1+x+1
l+1+1+x

1
1
X
1

2

2] 3 en| S Sl T
L2 2| 6D e o *3 9

C[12(-12-2)+3(-32+18) + 3 (16 + 54)]
12 (- 14) +3 (— 14) + 3 (70)]
~|-210+210] = 0

1

1 3
1 = x+3)(x-1)
X
1 1 1

1 1

i( X1 C|+C2+C3+C4
1 1 x

]

I

|

X

Take (x +3) common from C,

= (x+3)

= (x+3)

1
1
1
1

1

0
0
0

1
X
1
1

1
I 0 0 Ra=Ry
x—1 0 B3 — K
0 X — 1 R4—R

Visit for other book notes, past papers, tests papers and guess papers
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Expanding by C,

x—1 0 0
0 0 X — 1
Expanding by C,

(x+3)|:(xl)|:xol x?l}J

x+3)x-D(x=D x=1=(0) ()]
= (x+3)[x-Dx-Dx-D]
= x+3)x- 1)
= R H.S.

Q.9 Find |A A" and |A"A] if

3 4
_ IfA_[s 2 —1} N
(1) =12 1 3 (i) =11 1
2 3
Solution:
, '3 2 -1
) A=], 4 3}
3 2
At =| 2 1
13
_ 3 2
( 3 2 1}
AA =1, | 3 {2 1}
13

FBB+ Q)+ EDED) B @+ 2+ (=D (3) J
T LG+ @+ D @)+ ) (1) +(3)(3)
_—9+4+1 6+23J_[14 5}
T L6+2-3 4+1+91 L5 14

L

14 5
Now JAA| = [ } = (14)(14) - 5(5) = 196 25 = 171

5 14

3 2
3 2 -1
Now A'A = 2 1 [ J
Sl s

= @OQ3+MH@) OO+ @)D+ E3)
LED®)+G)Q) CDH)+0)M) EDHED+G)O)

FBBG+@ BQ+@M BAEH+@ (3)}



(ii)

[ 9+4 6+2 —-3+6
= 6+2 4+1 —-2+3
. -34+6 —2+3 1+9
13 8 3
- 8 5 1
L 3 1 10
13 8 3
|NA|: 8 5 |
3 1 10
Expanding by R
5 1 8 1 8 5
= 13}1 10"‘8} 3 10‘ +3‘ 3

= 13(50-1)-8(80-3)+3(8—-15)
= 1349 -8 +3T7)

= 637-616-21
= 637-637 =0

4
1
1
3

2 1 2}
1 1 3
3 4
{ 2 1 [3
ARa =4 114
2 3
9+16 6+4
6+4 4+1
3+4 2+1
L 6+12 4+3
25 10 7
10 5 3
7 3 2
18 7 5
25-3(7)
10
- 7
18 —2(7)
4 ]
10 5
- 7 3
]

3
2
1

2

3

L 4

[AA] =

1 2}
I 3
3+4 6+12
2+1 443
l+1 243
2+3 4+9
18
7
5
13
10-33) 7-3(2)
5 3
3 p)
—2(3) 5-2(2)
3
7
5
3

18- 3(5)
R, — 3R,
R, — 2R;
13-2(5)



As R; and R4 are same so det will be zero.

3 4
1[32]2]21
AA=1y 1 1 31 1

> 3

G+ @+ +(2)(2) (3)(4)+(2)(1)+(1)(1)+(2)(3)]
LA G+ Q)+ M+B3)2) HEH+M M+ M)+ B)

[ 9+4+1+4 12+2+l+6}
L124+2+1+6 16+1+1+9

T8 21}
= Ll21 27
Aal |18 2
WAL= 151 27

= (18)(27) - (21)(21) = 486 —-441 = 45
Q.10 If ‘A’ is a square matrix of order 3, then show that |KA| = K’ |A|

Solution:

dp| dip dps
Let A =| a3 ax» axn

az| A3 d33

l"\'d“ kﬂ.lg kam ]
kKA = {kag kay,  kass
ka3] ka32 kﬂ33 o
ka;,  ka, kaps
[kA| = | kay;  kaxn  kay
kas;  kazp  kas

Take ‘k common from R, R» and Rj3

djp A 43
do| dzp A3
d3)  d3 433

= k.k.k

lk Al = k' |A| = R.H.S.

Hence proved.



Q.11 Find value of ‘A’ if A and B are singular

(4 A 3
(i) A=|7 3 6
[ 2 3 1
5 1 2 0
. _ 8§ 2 5§ 1
@ B=13 2 ¢ 1
2 A -1 3
Solution:
4 A 3
(i) A=|7 3 6
2 3 1
As A issingularso |[A] = 0
4 A 3
- 7 3 6| =0
2 3 1
Expanding by R
3 6 N 7 6 %}7 3‘_
= Ay "Bz 1|¥2|z 3| =Y
— 43-18)—-2A(7T-12)+321-6) =0
=5 415 -2 (5+3(15 =0
= ~60+5A+45 =0
= ~ 15452 =0=2>50-3+1) =0
— —3+A=0=|A =3
5 1 2 0
.. B 8 2 B 1
w B=13 2 0 1
2 A -1 3
As “B7 isasingularso [B| = 0
5 1 2 0
8 2 5 1
= 3 2 0 1| =Y
2 A -1 3



Interchange C; and Cy4

o 1 2 5
1 2 5 8 _
= 1 2 0 3| =V
3 A —1 2
0 1 2 5
| 2 2 8 B R3; - R»
= -1 ) 0-5 3-8 =0 pe3ms
3-3(1) A-3@2) —-1-3(3) 2-3(8)
0 1 2 5
1 2 5 8 |
= 1o o -5 -5 [=V
0 A—6 —16 -22
Expanding by C;
1 2 5
— -bheDn| 0 =5 3| =0
A—6 —16 —22
Expanding by C;
-5 =35 _ 2 5
= ‘—16 —22‘(”0‘6)}—5 —5‘ =0
— (110 - 80) + (A — 6) (15) = 0
= 30+(A—-06)(15) =0
= 30+15A-90 = 0
=5 I5L—60 =0
=  150-4) =0
— A—-4=0=|A =4
Q.12 Which of the following matrices are singular and which of them are non-—
singular.
1 0 3 2 3 -1
(i) 3 1 -1 (ii) 1 1 0
0 2 4 2 -3 5

1 1 2 -1
1 2 -1 -3
(1ii) 2 3 1 2

3 -1 3 4




Solution:

(i)

(i)

(iii)

1 0 3
A=1]3 1 -1
0 2 4

Expanding by R
= 1 (4—-(-2))-0+3(6-0)
= 4+2+4+3(6) =6+18 =24 =0

A 1s non-singular.

2 3 -1
A=|1 1 0
2 -3 5

2 3 —I
Al=]1 1 0
2 -3 5

Expanding by R;
=205-0)-306-0)+(-1)(-3-2)
= 2(5)-3(0)-1(35)
= 10-15+5 =0 — A issingular.

1 1 2 -1
1 2 -1 -3

A=l 3 1 2
3 -1 3 4
[et
| 1 2 —1
Mo |12 -1 -3
Al=1, 3 | 3
3 1 3 4
| 1 2 —1
R> - R
B 1 —1 2 -1 —1-2 —-3—-(1) Ry 2R,

= l2-2() 3-2(1) 1-2() 2-2(-1)
3-3(1) ~1-3(1) 3-3@2) 4-3¢nl R

1 2 —1
0 1 -3 -2
=10 1 -3 4
0 -4 -3 7



Expanding by C,

] =8 =3
=1.l1 -3 4
4 -3 7

Expanding by R;

:1‘_2 ﬂ(ﬂ y ﬂz‘ 1 3
(=21 -(=12)+3(7-(-16))-2(-3-12)
=—-21+12+3(7+16)-2(-15)

= —-21+12+69+30

=90 = 0
= A is non-singular.-
2 1 0
Q.13 Findinverseof A =| 1 -1 3 |and show that A" A = L.
2 -4 1
Solution:
2 1 0
A =11 1 0
2 —3 2
o1 adj
As A Al e (1)
A—2(1 Ol l‘l O‘
Al=2]_53 5|-1|2 5[0

20-00-1(5-0)

= 10-5=5=%#0
Now
t
Al A A
AdjA =| Ay An Ax | L (2)
Azl A Ay
where
I +1 2 1 0
An=CD"" M = D7 5 g

5-0 =35



Expanding by C,

1 -3 -2
1.1 -3 4
—4 -3 7

Expanding by R;

R R A
(=21-12))+3(7-(-16))-2(-3-12)
= =21 + 124 3]+ 16) = 2{~ 15)

= —21 + 12469 + 30

l —3‘
4 -3

=90 =0
= A 1s non-singular.-
2 1 0
Q.13 Findinverseof A =| 1 —1 3 |andshow that A” A = L.
2 -4 1
Solution:
2 1 0
A =1 1 0
2 -3 5
ad]
As AV =22 I
~ 7\ I ()) ) I O‘ ;
Al=2]_53 5[-1]3 5[+€
= 2(3=U)=113=0)
= 10=5=5=40
Now
Al An AT
AdjA =| A An Ay | Ll (2)
Az An A
where
Ay =DMy = 13~1 O)
=01 o= D _3 5

[l
h
|
o
Il
n



0
2 0
o, 81
- 5 35
Toshow A A = 13
1 -1 0 ) | 0
-1 2 0 _
3 : 1 1 0
—1 5 3 2 -3 5

(D@2)+ DM HO0)2) (D) + D) +O)E3) (HO0) + (-1D)(0) + (0)5)
D)+ @) +0)2)  EDHM + @D+ O0)=3)  DH0) +(2)(0) + (0)5)

2+ (HJw+Ee com+FHo+Fe coo+Fo-+E)s

I 0 0
0O 1 O
0 0 1

= Iz

Q.14 Verify that (AB)" = B . A" if
, 1 2 -3 1
M A=[—1 OJ B=[4 —1}

w -3 2] e-[t ]

Solution:
[ 277-3 1
AB:[I 0:\[4 J
] HEBH+HD@ (l)(|)+(2)(*l)J
CLEDE3)HO) G D) +0) D
__—3+8 12]
=1 340 -1-0
T5
- 13 J
As
. adi (AB
(AB)" :373% ......... (1)
det (AB) = |AB| = }_é _15‘ = _5-(3) =—5+3=—2

woww [



Now

Now

Put values i equation (1)

SR
A 1[1 1} |2 2
(AB) " =-3]_3 5] = 3 5
2 2
-0
Z 2
|3 5
2 2.
ad|B
Bl._Wér ......... (2)
-3 1
B = ! 4 ‘ =CHEH-A) =3

-1 -1
s[4 1]

Put values in equation (2)

Bq__L[Il}_[l q
=1L -4 -31714 3

2 e
1 0 —(0)“)*(~)(*1)=-—-

0 -2
adJ:[] IJ

put values 1 equation (3)

Al = |

0 -2

. 1[0 2} 2 72
ArEalr T
> 2

—4

—1



_ 0 —1
11
B'A" = 1 1
5]y
B | | o |
(1)(0)+(1)[§) (l)(—1)+(1)(§)
| /1
I (4)(0)+(3)(5) (4)(1)+(3)(§)

1

1 1
5 —1+3
|3 3
| 2 473
11
> T2
=13 S| (I
|2 T2

From (1) & (IT)
AB)' =B ' A" proved.

Q.15 Verify that (AB)' = B'A" and if

1 1
Az[(ll _31 ﬂ B:{s 2}
0 -1
Solution:
Given that
1 1
S RN
0 —1
_ ] |
1 -1 2
(AB) = }{% 2}
Lo 3 1)y

MM+ 3)+(2)(0) (1)(1)+(1)(2)+(2)(1)}
L O M+B)B+MO) O (DH+C) Q)+ 1)

13 1422} _[2 3}
“Llo+o 61 JTL9 s




Now

10
B A = } z OJ ~1 3
- 2 1

(DM +BED+OM Q) (DO +3) )+ (0) (D) }
LD+ EDH+EDE) (HO)+@2)G)+ DD

1-3 9 }
T L1-2-2 -1

-2 9
= |: 3 5:| ......... (b)
From (a) & (b)
(AB)' = B'A'
2 -1
Q.16 Verify that (A™)' = (AY ' if A = [ s 1 }
Solution:
Given that
_ [2 —1 J
A=l3
—1 ad] A
= ‘A' ......... ( 1 )

2 -1
Al= 13 || =2-63-=

I 1
AdJ A =[3 2]
Put values in (1)
11
A _l[ 1 1}_ 5 5
- 5L-3 21 3 2
5 5



Now

Q.17 If A and B are non-singular matrices, then show that
(i) (AB)' = B'A™ (ii) AH!T = A
Solution:
(i) (AB)! = B'A!
We know that.
AATY = 1
BB' = 1
(ABYAB) =1 ......... (1)
We take
(ABYB'A™hYy =1 ... (2)
LHS = (AB)(B'A™Y
ABB H A
=  AIA™
= AA’
= 1
= R.H.S
From equations (1) and (2), we have (AB)_I = B'A™
—
B'A7 isinverse of AB.
=]
(AB)' = B'A"'
(ii) AhH'=A
As AA ' =1 and A'A =1
f—
A isinverse of A
SO iy = A Hence proved.

i
(A = dleA(.’f‘) ......... 2)
-3
adj At = “ 9 ]
l 2 3
|A|“ ! 1‘:2‘(‘3):5
- -3 ‘
Adj A = ) 2
Put values in (2)
i l[l ~37
Ay =501 2]
1 3
5 5
= ! ol (B)
5 5
From (a) & (b)
(A = Ay

Hence proved.



Symmetric Matrix

A square matrix A = [aj]y»n 1s called symmetric if Al = A,
Skew Symmetric Matrix

A square matrix A = [ajj]yx o 18 called skew symmetric matrix if A= A
Hermitian Matrix

A square matrix A = [ajj]y xn with complex entries is called Hermitian matrix if (K)tzA
Skew Hermitian Matrix

A square matrix A = [ajj]ly x n with complex enteries 1s called skew Hermitian if
(A) =-A
Echelon Form of a Matrix

A matrix A is called in (row) echelon form if

(1) in each successive non—zero row, the number of zeros before the leading entry is greater
than the number of such zeros in the preceding row,
(i1) the first non—zero entry (or leading entry) in each row is 1.

For example

O 1 -2 4
0 0 1 2 |isinechelon form.

0 0 0 0

Reduced Echelon Form of a Matrix
A matrix A is in reduced echelon form if it is in echelon form and if the first non—zero
entry in R; lies in C; then all other entries of C; are zero.

0O 1 0 4

=5 0 0 I 2| isinreduced echelon form.
0O 0 0 0

Rank of a Matrix

If a matrix A is in reduced echelon form then the number of non—zero rows of matrix A
1s called the rank of the matrix A.

EXERCISE 3.4
1 -2 5 -3 1 -2
Q1 ItA=(-2 3 -1|,B=|1 0 -1
5 -1 0 -2 -1 2
then show that (A + B) is symmetric.
Solution:
1 -2 5 -3 1 -2
A+B =|-2 3 —1}4{1 0 —l}
L5 -1 0 -2 -1 2

[ 1-3 —-2+1 53— -2 =1 3
= | —2+1 3+0 —1-1 = —1 3 -2
5-2 —-1-1 0+2 3 -2 2



3 -2 2
-2 -1 3
3 -2 2
— A + B is a symmetric matrix.
1 2 0
Q2 ItA=|3 2 -1]|showthat
-1 3 2
(i) A+A'is symmetric (ii) A—A" is skew symmetric
Solution:
] 20 ]
A=| 3 2 —1
-1 3 2 .
1 3 1]
Al=2 2 3
0 —1 2
12 0 1 3 -1
A+A" = | 3 2 -1 |4]2 2 3
L-1 3 2 0 —1 2
1+ 1 2+3 0-1 2 5 —1
= 342 2+2 —143 | = ) 4 2
L-1+4+0 3-1 242 -1 2 4
T2 05 —17
A+AY =] 5 4 2
L-1 2 4 ]
2 5 —17
= 5 4 2 :A—}—Al
-1 2 4 ]

=  (A+AY) = (A+A)

— A+ A s symmetric.
[ 1 2 0
(iii) A=| 3 2 -1
-1 3 2

13 1

Al=]2 2 3

0o -1 2




(A—A

1 2
302
-1 3
R
3—3
L 1-0
0 -1
{1 :
-1 4
0 1
{1 0
1 4

0 I3 -1
1} 2z 2 3
2 g —~1 2
2 3 0+1
2—2 13}:
3-(-1) 2-2
lt
4}
0
-1
1
0
-1 1
4}:(AN>
0

0
10
1 4

(A — At) 1s a skew symmetric.
If A is any square matrix of order 3, show that
A+A'is symmetric
(A—AY is skew—symmetric.

ap a3

ay> a3 | is a square matrix of order 3, then

az2  asj

dz|  az]

dry  az2

d23 433

arpy ap aps ajp  a; asy

ap] axp a3 | +| a2 az as2

a3 a32  as3 aj3 a3 ass

ajp +ap;r  ap+az  apzt+as

a1 +dj2 ax +ax 43 +4as

az1 +aj3  asz +4dx3z  asz +4d3s

[ ap +an ap+as «‘:113+a3ﬂt
A1 a2 axp +ax» ax+az

L da31 +4a13 asz +an a33+a33J

[ aj +a; atap a31+alﬂ
ap+ay an+an ap+an | = A+A

L a3+ az;  ax3+az 333+333J

—
Q3
(1)
(ii)
Solution:
(i) Let
aj|
A = ag
a3y
arg
Al = d|2
313_
A+A =
(A + AY'
= A+AY = A+ A
p—

f = .
A+ A 1s symmetric.




(11) Let

A =] ax ax» a3 | isasquare matrix of order 3, then

Al = d|2 d»22  dz»
413 423 433
_an a2 d13 dj|p azp  dasg
A—A" = | ay an axn |-| anp an an
L a3 432 a33 aj3 a2y as3
Caj —ap ap—ay a3 —as)
= d>] —dj2 dpp—dy dxz3—am
L a3 —dj3 d3z2 —dp3  d3z3z — d33

B ml

app—ap; a2 —4dy a3 —az
t § i
(A-—A) = | a—ap ap—4ax» a3-—an

L a3] —4day3  d32 —d23  d33 —4d33

app —4dpp a2 — 42 d3p —dg3

= | a2—ay 4axp—axp az —aa

L aj3 —4a3; a3 —4a3z a3z —asz3

ajp—ap;  ajp—azp 413 —agy
= —| az—aj2 4ax—axp a3 —amp
az] —aj3 a3z —az a3 —asj

= (A-AY = —(A-AY

=% A—A' isaskew symmetric matrix.

Q.4  If the matrices A and B are symmetricand AB = BA, show that AB is
symmetric.

Solution:
If the matrices A and B are symmetric then
A=A (1)

and B =B .. (2)

also AB =BA .. (3)

To show that AB is symmetric

We will prove that (AB)' = AB

Now take (AB)l = B'A by delinition
= BA from (1) and (2)
= AB from (3)

= (AB)' = AB

— AB is symmetric.



Q.5

Show that AA'

Solution:

Now

Consider a matrix A of order 2 X 3 such that

ap 2 Nl O
a=|
d2; Ay Ax3
dj doj
t
A =] ap a»
a3 a3
- dpg do|
t a;p dpp ap )
AA = dpp aAx
L doj d2» d23
diz axn
[ ap.an +apadan +asan ady + ap.aasn + a5a.ds
© Lagiay +an.ap+ana;s  ay.ay + an.an + ax;3.ax3
r 2 2 2
ajp +ap + a3 ap1ay + apdxn + ajsdn;
= 2 2 2
L d21a) + dxndjy + a2383 Ay + Ay + o3
2 3 2
t.t ajp +ap + a3 dojdy) + axpapy + axzd ;3
(A A ) = 2 2 2
ajjdy + appaz + aj3dr; o + Az + Ay
(.t t
(AA) = AA
. .
A A" is symmetric.
[ djg doj
t g d;2 di3
AA=|a>r an
do; dp2 d23
L a;3 dn3
[ apa+anay  apaptanan  apapatasans
= | Qpajtaxpdy; apdptdrpdrn  apdjztardn
L ajza +dozdor;  apzdpptardry  ajzdz+ards;
2 2
dip + Ay djjdpptazidyy  apdpztasans
{ 2 2
A A = | apa +ana, a;p + anm adj2a3+adndr;
2 2
ajzapt+axzaz;  apzdptanszdn a;3 + ax
2 2
aj + ay Apdy + a»dsr agzd; + axany
t ot 2 2
(A"A) =] ajap+azan dip + axn adjzdio + dozdao
2 2
ajjapztazdry  apags + aran dj3 + a3
tat t
(A"A) = (A A)

A'A) is symmetric.

and A'A are symmetric for any matrix of order

|

2x3.



i 1+
A = |: }, show that

1 -1
i) A+(A) is Hermitian (ii)
Solution:
. i 1+i
(i) A=[1 —1}
_[i 11}
il B (R
{ —1 |
(A) :[lll l}
— 1 | +1 —1 |
Ay ‘[1 1 J*[Iﬁl ~IJ
_[ i—1 l+i+l]
l+1 -1 —1-1
— 1 0 2 +1
NS
— 0 2—1
A+(A) _[2+1 ZJ
1
— .t 0 2+1
(A+(A)):[2—i —2]
{
(_—_I] ot
A+(A) ) =A+(A)
_t
= A+ ( A) isHermitian.
. i 1+
w a[lt

A — (K)t is skew Hermitian.



A=
A=A =11 1 J7Li-i -1

i) l+i—lJ
S l1-(=i) —1-(1)

i+ 1 J[ﬁ i}
L1 -1+1 —1+1 1 —21

SIS ML

B [O i ]
— Li 0
t
1 —
(A+(A) ) =-(A-(A))
= A— (1&)L 1s skew Hermitian.
Q.7 If A issymmetric or skew symmetric show that A s symmetric.
Solution:
Let A is symmetric
= A=A .. (1)

To show that A” is symmetric, we will show that(AZ)t = A°

=9 Take
(A = (A.A) = A" A'= A.A=A" from(l)
( Az)l _ A2

= A’ is symmetric.

Now let A is skew symmetric
t

-  A'=-A (2)
To show that (A%)' = A’
Take
(A) = (AA) = A" A'= A A = A from(2)
=  (AY) = A°
= A” is symmetric.



1
Q8 If A= 1TiiMdA(K)ﬂ

Solution:

1
A=|1+1
L1

o
A(A) = li}n =i —i]
| i
(D) (1) () (1 -1) (1) (1)
LA+ A+ —i) (1+1) ()
L (D (1) (1 -1 (i) (—1)
1 | .

1 —1 —1
= | 1+i 1-i —i-i

i 4 .2
1 1—1 —1

o i i
S S I (e i(I)}
i i) (D
D D e T
_lr+i 2 IJ
T L B

Q.9 Find the inverse of the following matrices. Also find their inverses by using
row and column operations.

1 2 -3 1 2 -1 1 -3 2
(i) 0 -2 0 i) |0 -1 3 Gii) [2 1 0
-3 -3 23 1 0 2 0 -1 1

Solution:
(i) By Adjoint Method

1 2 -3
Let A=| 0 =2 9

]

[}®]

2 2 2
I 2 -3
Al = |0 —2 0
2 -2 2
‘—2 0‘ ‘0 0‘ { 0 -2
=1l_2 22122 2| 3|22 -2

1(-2)(2)-0)-2(0)(2) (-2 ) 30 (2)(-2)(2)
—4-20)-30-4)



= —4-3(-4)=-4+12=8 =10

Al =20 = A exists.

Now

-2 0 >
Ay = D' \ 5 2\ =CD(EDQ-ME2) =) (4+0) = -4

5 0 0
Ap =D S 5 =EDN0-0) =0
a0 =2 ,

An=ED" L Sl =0 0--2-2) = -4
_ 241 2 =3 _ 3 _ _
Ay = (- 1) o, =EE-0=-1(2 =2

L |1 =3 ;
Ap =1, S| =6Dte-6) =-4
. 1 2 s
Ay =D | 5 S =2+ = () = -2
]2 =3 ,
Av =D S G = EDT0-6) = 1(-6) -6
A I
Ay = (1) 0 ()}:(—USM—U):O
+3 1 2 i}
Ay = (-1 {0 2\ = 1)'2-0)=1(2) = -2
ad] A
Al =
Al
0 A Ap Apl
= m Avl Agg Azz,
Azl Az Az
-4 0 47
= é 2 4 2
-6 0 -2
-4 2 6]
= g 0 *4 O
—4 -2 -2
4 2 67
8 8 8
o 4 0
- g8 8 8
4 2 2
8 8§ 8




e

1137
2 4 4
0 1 0
- 32
11 1
L 2 4 4.
To find A™' by row operations:
| 2 -3 : 1 0 0
o -2 0 = 0 1 0
-2 =2 2 0 0 1
1 2 -3 : 1 0 0
R 0 2 0 : 0 1 0 R1+2R,
-2+2(1) —2+2@2) —-2+2(-3) O0+2(1) 0+20) 1+2(0)
! 2 -3 1 0 0
Rio -2 0o : 0 1 o0
L 0 2 -4 2 0 I
1 2 -3 10 0
I 1
Rtbo 10 = o0 -5 0 |By -5 R
L0 2 -4 20 1
1+(2)0) 2+(2)(1) -3+(2)(0) [ +(-2) (0) 0+(72)f% 0+(2)(0) |
0 I 0 0 % 0 Ry H—290
R3+(*2)R2
0+(DO 24(D0) —A4DO) 1 24O 0402 (-3) 14O
1 0 -3 1 1 0
1
R| ¢ 1
R1o 1 0 0 -5 0
0 0 -4 2 1 |
1 0 -3 : 1 1 0 7
1
0 1 0 0 -5 0 ]
13 2 By—ZR;
00 1 L
- 2 4 4
i 0 3+3(1 1 %(l) 1 ’%(l) 0 3[ l)—
-3+3(1) +3(-3 +3( 7 +3( -3
R 1
) 0 1 0 0 *5 0 By R + 3Rz
0 0 1 z L L
- 2 4 4 —



Thus

t A

Al =

1
0 0O )
1 0 0
0 1 1
-2
11 37
T2 4 4
1
0 —7 0
11 1
2 4 4 _

B —
S W

Bl— 1O—

FNg-
|

" ) , ;
To find A~ by using column operations.

Takine Iz as
& i

10

N Q!

1

1

2+ (=2)(D)
—2+(=2)(0)
—2+(=2)(=2)
0+(=2)(1)
I+ (=2) )
0+(—2)(0)
0 0]
-2 0
2 -4

—3+3(1) ]
0+ 3(0)
2+4+3(0)
0+3(1)
0+ 3(0)

| +3(0) -

By
G, +(-2)C,
Cs + 3C,



Thus

(i)

Ul

— 0 0 7
0 ] 0
-2 -1 1
C 3
0 L 0
-3 1
B 0 0 7
— 1 0
0 |
—2+2(1) — 1+ 1
3 3
C = =
- l+2( 4) ] 4
|
0+2(0) —§+O
1 1
_0+2[—4) 07
— 1 0 0 7
0 ] 0
0 0 |
c| L 1 3
- 2 4 4
1
0 ) 0
1 1
- 2 4 4
— 11 37
T2 4 4
| 0 l 0
AT = “g
1 1
2 4 4.
1 2 -1
0O -1 3
1 0 2

1 2 -1
A=|0 -1 3
1 0 2

By C, +2G;
C,+ G,

Al =12-0)+1(6-1) =-2+5=3 %0
Al = # 0 = inverse of A exists.



Now

-1

An= DT S = CD 20 = -2
L |0 3
Ap= (D" 2\ =D'0-3)=-3) =3
+3 0 -1 - :
As= D" g = DO+ =
2
Ay =D g S =D @0 = -4
P I ;
An= D, =@ =3
bes |1
AZBZ(_l)_ i | O‘ :(—1)5(0—2):2
3+1 2 —1 4
Ay = (1) ] 3‘=(—1) 6-1)=1(05) =5
o |11 :
A,%zz(_l)J : 0 2 } =(_1)3(3_0):_3
. +3 2 4
An = (D' | l\=(1>f’(lo>=1
adl A
Al =
Al
| Al A A
= m Ax Ax Ans
Az Ap Az
(-2 03 : ([-2 -4
=3|-4 3 2|=33 3 -3
L8 =3 -1 L1 8 =1
2 4 57
3 T3 3
Al 1 |-
12 1
| 3 3 T3

To find A’ by using row operations. Take I3 as

I 2 -1 | 1 0 0
{0 -1 3 | 0 1 0
I 0 2 | 0 0 1
I 2 -1

B{ 0 -1 30
1-1 0-2 2+1 |

1 0

}

0-1 0-0

0
0

j| By R; —R;
1 -0



12 -1 | 1 0 0
Rio -1 3 ] 0 1 0
0O -2 3 | -1 0 1
12 —1 | 1 0 0
R1o 1 =31 0 1 01 By (DR
L0 -2 3 | -1 0 1
2-2(H —1-2(3) | 1-20) 0-2(1) 02«»} R, 2R,
| -3 | 0 — 1 0 By
“242(1) 342(=3) | —142(0) 0+42(1) 1+2(0) R3+2R;
10 s | 1 2 0
Rio 1 -3 0 -1 0
0O 0 -3 | -1 -2 1
1l 0 5 1 2 0
R 0 1 -3 0 -1 0 1
- By | -3 |R3
2z 1 3
00 3 3 3
[ | g 1% ]
I 0 5-5(D 1—5(5) 2—5(5) 0_5(5)
R 0 1 3+3(1) 0+3 < 1 +3 2 0+3 1 B R —5R3
T o '(3)"‘(3) ‘(W) Y R, + 3Ry
[ 0 0 1 % % ,% |
(10 0 -2 -7 2]
"3 73 3
R_1o 1 0 I (R
0 0 |1 L8 2
L 33 3
2 4 57
3 73 3
Al=| 1 1 -1
12 1
3 3 T3
To find A™' by using column operations.
Taking I3 as
— 1 2 17 L 2-2(1) —1+17
0o -1 3 0 —1-2(0) 3+0
I 0 2 I 0-2(1) 2+1 By
o - Cl - —- e C,+(-2)C,
I 0 0 I 0=-2(1) O+1 Oy 4 €
0 1 0 0 1-20) 0+0
0 0o 14 L1 0-2000 1+(0)-



@

e

@

0 0™
—1 3
-2 3
— 2 1
l 0
0 | =
0 07
| 3
2 3
By (1)
2 |
-1 0
0 ]
0 0 ]
| 3—-3(1)
2 3-3(2)
—— e By C3-3C;
2 1 -3(2)
-1 0-3(C1)
0 1 —3(0) =
0 4 SO
| 0
2 =3
2 -5
-1 3
0 ] -
0 —
0
1
5 By [l)Cz
3 3
—1
1
=N



— 1 0 0 7
0 1 0
11 2-2(1) 1
S an(3) 3 | oo
3 77\3) 3 L2k
0+1 —-1-2(-1) -1
1 (l) 1
| U+g 0-2{-F) -5 |
— 0 0 7]
0 1 0
0 0 |
Cl 2 4 5
3 % 3
I 1 -1
2z 1
3 3 34
Thus
[ 2 4 5]
3 3 3
Al =] 1 I -1
2z 1
L. 3 3
1 -3 2
i) A=[2 1 0
0o -1 1
To find inverse by adjoint method
I —3 2
Let A=]2 1 0
0 -1 1
1 -3 2
Al=12 1 0
0 —1 1
=1(1-0+32-0)+2(-2-0=1+6-4=3=0
— |A| # 0 = inverse of A exists.
Now

1 0 2
A= (D } BT } =D 1-0) =1



. 0
Ap = (D' 1’ =1De-0=-2
An= ()| ﬁﬂ\:(lf(zmzz
An = 2| T3 f}=(n3<3+2>=1
U )
An= |y T = entaco =
243 | 1 —3 5
An= 0§ T s eye-0 =

3 2
Ap = I 0} —nto-2)=-2

3+2 1 2 13V
Ay = (1) 5 0‘ =(-1D(0-4) =4
Ay = (1) é 1\:@Wu+®=7
As
1 AdJ A
ATy
| [An Ap Al 1{1 -2 2]
= Twr1 AZ] A22 A?_3 = 1 1 1
A 3
Azl Ap Al -2 4 7
1127
33 3
| : L =4 2 1 4
==|-2 1 4| = -3 5 3
3 517 3 3 3
2 17
3 3 3
2 4 57
3 3 3
Al= 1 1 -1
12 1
[ 3 5 T3
To find A’ by using row operations.
Take I3 as
1 -3 2 1 0 0
|:2 I 0 : 0 1 0
O -1 1 : 0 0 1
2 1 0 0

| -3 i
8{22(1) 1-2(3) 0-22) : 0-2(1) 1-2() 0-2(0) | By R, 2R,
0 -1 1 : 0 0 1



0

0

0

0

 c
" o
+ 7
o ~~
>
an
[ |
£
= o
ag ) +
+ —
=
P
—_ |~
5 s — |~
ory T +
+ =
e
TN
o~
f ol e~
— =
ing o
+
TN
<t I~
| <t |~
/{\A,_. o~ f
o i
+
ol
P
1(1\ —
ag) +
+ —
o f
f
— = S

(o]

(2

TN

~|on

~—

>

an)
[ | | |
) ) — = o ~lcn
N~ —|~ — |~ enlc~ —I~ —len

™l ol

Y L T D

~ -

ol e~ 4: on |~ ol ~ 4: —
o — o) o — -
— o ) — < <
| | | |
2 =l

R3

TN
e~ <TIr~
S

_

v

)

lT
ol

e
aa)

TN TN

~|ecn
~|cn | en
o~ i~ o~len
| +
= =
TN TN
—len —len
N N S
A~ <~ —len
| +
Nt —|r~
2N
Qi Al
| (2_3
e~ S
e~
o
AT y—
— —"
st~
o~ —
_ +
o~ <t | >~

2__3 ~+len t~|en

—len —len —|en

cllen 2_3

|




Thus

Al =

|

LD | =

Wb

RIS

To find A~ by using column operations:

Take I3 as

@

!

)

“3+3(1)
[ +3(2)
1 +3(0)
0+3 (1)
1 +3(0)
0+ 3 (0)

0 0
7 -4

o

2-2(1)
0-2(2)
1 —2(0)
0-2(1)
0-2(0)

1 2(0) -

~[—
S
®!
(RS

C+3C

BY ¢, _2¢



[ | L o
o
ﬁﬂ_ |_| W Ry
|+ f +
—_ (o]
U @) o
By
M &
_ _ [ |
—_—TTTN TN FLE
=~ s 08 “ oo — | T S s
<t | f/l|\/I\(\ 4 |
- S <+ 3 AT
+
z | H = cllen 7 % 7 5
o — =N i —is o] | | B AL S S
p—
| e . _ oA |~ | T~ o
RN I — oo~ 7 G en ~len
TN — _ | _
7 \]/3_7 TN ST N
SRR - S P Iots
s | S 2 4t = | Al =~ S © — I e =~ © — | /(\mff_rab
s . ol _ | | — o Al |~ all>
f f | | _ | e~ f L
o | S - T o~ f ol e~ |
o — N i LE Bt L SR = e ~ T e
—It~
l | | | | | ] |
)
) U Ut U



1
12”)}By1§3&

— 1 0 0 7
0 1 0
0 0 1
c|l 1 1 2
~| 3 3 73
2 1 4
"3 3 3
2 1 7
"3 3 3
Thus
1 1 27
33 3
- 2 1 4
A =g § 3
2 1 7
3 3 3 _|
Q.10 Find the rank of the following matrices
1 -1 2 1 ; :g
(i) 2 -6 5 1 i [ 7 _3
3 5 4 -3 3 7
3 -1 3 0 -1
. 1 2 -1 -3 -2
i 15 3 4 2 5
.2 5 -2 -3 3
Solution:
1 -1 2 1
(i) 2 -6 5 1
| 3 5 4 -3
T — 1 2
Rioz22() -6-2¢1 5-20
L3-3(1) 5-3(6) 4-3(5 -3-
-1 2]
Rio —4 1 —1
L0 8 -2 -6
1 -1 2 1
[ — 1
R LI -1
" 0 | - 4 4 By ( 4 ) Rz
N K — 2 A

= W=

3(1)



since

—

(i)

| — 1 2 1
0 I L .
S 4 4 By R; 8R;
1 1
|0 8-8(D) —2—8[—4) —6—8(4)_
1 -1 2 1
1
R L1
*lo 1 -4 g
L0 0 0 -8
B 41 B~ [+ |
—aT “4 1tz
R 1 1 By R; +R
= 1 1 Yy R+ Ko
0 | — q
L0 0 0 ~F .
_ 2 -
1 0 7 7
o N |
4 4
L0 0 0 -84
There are three non—zero rows
Rank = 3
1 -4 -7
2 -5 1
1 -2 3
3 -7 4
! —d ~7
R|2-2(0 =5-2¢4) 1267 | %_2151
~F 1-1 ~2+4 347 YR3_%R‘
L3-3(1) —7-3(-4) 4-3(17) L
C 1 -4 -7
R| 0O 3 IS
~10 2 10
L0 5 25
| —4 -7
Rl O 1 5 (1)
o 2 10]|BY\3)R
0 5 25



—4+4(l) =7+40)

|
R, + 4R,
0 1 5
o 220 10-26 ByRR»“lel}
0 5-5(1) 25-5(5) o
I 0 13
rlo 1 s
=10 0 0
0 0 0

Since there are two non—zero rows
=2 Rank = 2
3 -1 3 0 -1
1 2 -1 -3 -2
@ 5 3 4 2 3
2 5 -2 -3 3

-1 2 -1 -3 -2
RI3 -1 3 0 1], _
~ 1 2 3 4 ) 5 interchanging R, & R;
2 5 -2 -3 3
] 2 —1 -3 _2
R|3-3() ~1-3(2) 3-3¢1) 0-3¢3) -1-3¢2) | gz‘jRRl
~1 2-2() 3-212) 4-2(-1 2-2(3) 5-2(2) YR-"QR'
| Z—2(1) 5-2(2) -2-2{1) -3-2(3 3I-2[D o
— 1 2 -1 -3 -27]
RO -7 6 9 5
~10 -1 6 8 9
Lo I 0 3 7
1 2 -1 =3 =27
o 1 0 3 7
Ij 0 —1 6 3 9 Interchanging R, & Ry
L0 -7 6 9 5
1 2-2{1] —~1-2@ -3-2{3 —~2-2[D By = T
R| O 1 0 3 7
5 By R;+ R,
0 —-1+1 6+0 8+ 3 9+7 R. 4+ TR
L0 —7+7() 6470 9+73) 353+7(D A 1
—1 0 -1 -9 —16
RO 1 0 3 7
~10 0 6 Il 16
L0 0 6 30 34




10 -1 =9 —106]
RO 1 0 3 7
~10 0 6 30 54
O 0 6 I 16
L0 19 167
R| O 10 3T | (l)R
~lo 0o 1 5 9 Yie /™
Lo 0 6 11 16
“1 0 —141  —945  —16+49
RO 1 0 3 7 o Ri+R;
~1 0 0 1 5 9 Y R.—6R;y

L0 0 6-06(1) 11-6(5) 16-6()

1 0 0 -4 -7
Rl O 1 0 3 7
~1 0 0 1 5 g

L0 0 0 —-19 —38

L0 0 —4 -7
0 1 0 3 7 " [ —L)R
O 0 1 5 9 Y\ 719 )+
Lo 0 0 1 2

TL0 0 —4+4(l) —T+4(2)

1R

Ry +4R
RO 10 33 7302 o
2 By R>— 3Ry
0O 0 1 5=5(I) 9-5(2)
Lo 0 0 1 > R3—5Ry
1 0 0 0 |
RO 1 0 0
~1 0 0 1 0 [
L0 0 0 | 2
There are four non—zero rows
Rank = 4
EXERCISE 3.5
Solve the following systems of linear equations by Cramer rule.
(i) 2x+2y+z = 13 (ii) 2X1—X2+X3 = 5
Ix—-2y-2z =1 4x;+2x>+3x3 = 8
S5x+y—-3z =2 X —4x,—x3 = 3

(lll) 2X1 — Xy + X3 = 8
Xy + 2X2 + 2X3 =6
X| — 2X2 — X3 = 1



Solution:
(1) Given system of linear equations is
2x+2y+z =13
3x—2y-2z = 1
Ix+y—3z = 2
In matrix form

2 2 I
A=|3 -2 -2
5 1 -3

Let

2 2 ]
Al =3 -2 =2| =206+2)-2-9+10)-1(3+10)
5 1 -3

= 16-2+13) =27 # 0
As |A| # 0 = solution exists.
Now by Cramer’s rule.

302 1
] =% 4
7 1 -3
= 27
3(6+2)-2(-3+dhH+1(1+4)
= 27
24-2+5 27
=" 7 =a7°=1
2 3 1
3 1 =2
5 2 -3
y = 27
23+ -39+10)+1(6-5)
= 27
2-3+1 0
=~y =Expp=l
2 2 3
3 -2 1
5 1 2
L= 27
2(-4-1)-2(6-5+303+10)
- 27
-10-2+39 27
- ] 99 =

Thus x=1 , y=0 , z=1



(11) Given system of linear equations 1s
2X| —X>+ X3 = 5
A+ 2%+ 3x3 = 8
3x) —4x,— X3 = 3
In matrix form

Let
2 1 1
A :{4 2 ’%}
3 —4 -]
2 1 1
Al = |4 2 3 =2CF2412)+1(=4-9+1(16-06)
3 -4 =1
=20-13-22=-15# 0
As |Al # 0
= solution exists.
Now by Cramer’s rule.
5 -1 |
8 2 3
3 —4 -1
1= ~15
5E2+12)+1(-8-9+1(-32-6)
- ~ 15
5017 —38 =5 1
- —15 - 1573
2 5 1
4 8 3
3 3 1
x2 = —15
2(-8-9)-5(-4-9+1(12-24)
- ~15
~34+65-12 19 19
- ~15 =15 " I5
2 -1 5
4 2 8
3 -4 3
X3 = —15
264+32)+1(12-24)+5(—-16-6)
- —15
76 -12-110 46
- —15 ~ 15
19 46

1
So X1 =3, X2=-735 ,» X3=T73



(imm)  Given system of linear equations 1s
2X — X2+ X3 = 8
X+ 2% +2X3 = 6
X —2Xo—X3 = 1
In matrix form

Let
2 -1 1 X 8
R
1 -2 -1 X3 1
2 -1 1
A:{l 2 2}
1 -2 -1
2 =1 1
Al=|1 2 2| =224+44)+1-2)+(-2-2)=4-3-4=-3%0
1 -2 -1
As |A| # 0 = solution exists.
Now by Cramer’s rule
8§ —1 1
6 2 2
| -2 -1
X| = —3
82+ +1(-6-2)+1(-12-2)
- -3
16-8-14 -6
=T 3 T3%°?
2 8
1 6 2
I 1 -1
Xy = 3
2-6-2)—8(=1-2)+1(1-6)
- -3
—-16+24-5 3
== 3 =31
2 -1 8
1 2 6
1 -2 1
X3 = 3
22+12)+1(1-6)+8(=2-2)
- -3
28—5-32 -9
=T 3 =377

So Xxi=2 , X»2=-1 , x3=3.



Q.2

Use matrices to solve the following system:

(i) Xx—-2y+ z = -1 (i) 2X1+x2+3x3 = 3
3x+y-2z = 4 X;+X2—2x3 = 0
y—-z=1 —3x —X2+2x3 = — 4
(i) X+ y =2
2x— z =1
2y -3z = -1
Solution:
(i) Given system is

where

Now

x=2y+ z = -1
3x+y—-2z =4
y— z =1

In matrix form

HEEHE

AX =B
X=A'B .. (1)
1 -2 1 X — 1
A: 3 | *2 ,X: Yy ,B: |
0 1 —1 z 1
1 -2 1
A=13 | )
0 1 -1
1T+ +2(-3-0)+1(3-0)
=1-64+3=-2%0
|A| # 0 = inverse of A exists.
1 -2
Ay = (—1)‘“}1 1‘ =D (C1+2) =1
1 +2 3 —3 3
Ap=(D" 0 (=030 =3

(say)



As

.13
_ 1+3 >
Al) - (71) O
5 —~32
Ay = (*1)~+I 1
D 4:2 l
An = D77
|
— - “+‘
Ag, - ( ]) ()
5 —2
Ay = DTN
eg | A
Ap = 1) £
5 1
= F43
Aa - ( ]) 3
Al adj A
— Al
| Ay
= ——2 Az]
[ DAy
= _? A]2
LA

Put values in (1)

I | —1
X:_E 3 -1

} ‘ = D'3-0) =3

I 3

oyl =EDe-n =-1
| )
J=cntcio=
-2 , 5 &
=D E-0) =~

1 4

Ll =EDtE-n =3

1 5
. =(-1)y=2-3)=>5
s 6

] =1 +6)=7
Apn Al
A Ans
Az Az
Ar Aj | 1 —1 3
A32 Agz :_2 3 1 5
Arz Az 3 =3 7



(1) Given system 1s
2X;+ X+ 3x3 = 3
Xi+X—2x3 =0
-3x;—X2+2x3 = -4

In matrix form

2 1 3 X 3
1 ] -2 X2 = 0
-3 -1 2 X3 -4

AX =B (say)
X=A'B
where
2 13 X, 3
A = 1 1 — 2 , X = X2 . B = 0
3 -1 2 X3 4
2 13
Al = |1 1 -2
~% -1 3
=202-2)-1Q2-6)+3(-1+3) =0+4+6 =10 # 0
Al # 0 = A exists.
Now
a1 =2
A= S = e - =0
L1 -2
An= D" 5 S =EDT2-6) =4
Sl
A= D" S = ED T+ =2
a1 3
Asy = PN 2} = 1'@2+3) = -5
L2 3
An = 1)*2| 2} = D'4+9) = 13
2
An = (D] _1{ = (-1 (-2+3) = -
I3
Ay = D _2\ = (-1*(-2-3) = -5
2 3
Ap = 1) ] _2‘ = (1Y (=4-3) =7
2 1 .
an= |7 = cre-n =




=]
AT A
[ (AL A Al
= m Az Apn Ax
Azl Az Azz
1 C AL Aa Az
= W A An Axp
L A3 Az Aszz
]{0 -5 —5:|
= —| 4 13 7
10 b |

Put values in (1)

l 0 -5 =5 3
X = 10 4 13 7 0
2 -] 1 —4

| {00+20} | {20}
= = [ 12+0-28 | = | - 16
10| < o2 0],

— 20 7] _ _

10 %

) 16 -3

X2 | = 10 =

X3 2 l
10 | 5 _
8 ]
= Xp =2, X2=-%5 , 3=%

(iii)  Given system is

x4+ y= 2
2%— % = ]
2y —37 = — 1

In matrix form

I 1 0 X
{z : ﬁM
0 2 -3 z
11 0 X 2
where A=|:2 0 —l},x=|:y},8={l}
0 2 =3 z — 1
0

10+2)-1(-6-0) #0(4-0) =24+6+0=8 %0




Al # 0 = A ' exists.

0 —1
Ay o= (D! ’ _3‘2(—U2m+2)=2
L2 =1 o
A= (D" _3\ =16 =6
12 0
A = (D' 2\ =D'@-0) =4
l10
Ay = (1) ) 3‘ :(—1)3(—3—0):3
Lol 10
Ay = (1) 0 3‘=(U4(30)=3
2+3 I ] 5
Aoz = (-1) 0 2‘ =+-1)2-0) =-2
_ 341 ! l _ 4 _
Az = (-1 o 1| =D E1-0) = -1
_ 3+2 1 _ 5 _
Az = (-1) y 1| = EFEL=-0=1
3+3 1 I 0]
Ay = (-1) 2 O‘Z(U 0-2) =-2
-1 ad] A
A= Tl B
| Air A Az
= m Axl Axp Az
LAz A Aszz
| Al Azl Az
= m A A»n Ay
LAz Az Ajzz

| 2 3 -1
_g{é -3 l}
4 -2 -2
Put values in (1)
B
X:g 6 -3 1 1
4 -2 —21L-1
X | 4+3+1 | 8 1
Yy :g 12-3-1 :g 8 = 1
7 8—2+2 8 ]

1
o 0 X
e - ]
Il
o|ce XX k|oC




Solve the following systems by reducing their augmented matrices into
echelon or reduced echelon from
1 (i) X+2y+ z =2

2x+ y+2z = -1

2x+3y— z =9

(l) X1—2X2—2X3 = —
2X1+3X2+ X3 = 1
5X1—4X2—3X3 =1

(lll) X + 4X2 + 2X3 = Z
2x; + X2—2X3 =9
3X1 + 2X2 — 2X3 = 12

Solution:

(1) Given system 1s
X —2x0—2x3 = — 1
2X 1+ 3x0+ x3 = 1

5X;—4x%x;—3x3 = 1
Augmented matrix is
1 -2 -2 : =1
Ab:{Z 3 l . I:l
5 -4 -3 1
Method 1: By Echelon Form:
1 —4 =3 ! ~1
Riz2_2(1) 3-2-2 1-2(=2 12(1)}3y i’-‘é};‘
L5—8{1] —d4-5(-2) —3-52 : 1-5¢t1) : :
1 -2 =3 3z =]
Ribo 7 5 %}
L0 6 7 6
~1 =2 -2 : =1
5 3 |
Rlo 1 3 > | By (7)1%2
L0 6 7 6
! 3 —7 : —1 7]
0 | 2 3
}3 7 7 By R3—6R>
0 6-6(1) 76(;) 66(%)
—] —-2 =3 -1 7
o 1 32
19 24
003 7 _
-1 -2 -2 —1 7]
0 1 2 2 7
R 7 7 | By (1—9>R;
24
¥ v 19 |




Now the Augumented matrix 1s in row echelon form

It can be written as

—2X2—2X3 =-1 (1)
5 3
2t Xa =7 (2)
24
X3 = E ......... (3)

24
Put x5 = 19 In (2)

(2.2
Xo + 19 =y

120 3
X2+7133 = 7

3 120 57120 -63 -9
X2=7 71337 133 T 133 T 19

-9 24
Put X2 = g and X?,—_m(])

() a(E) -

18 48
O TR T

18 —48
= X| + 19 = =]
30
— X]—E = —
30 3019
= X| = 1_9*] = 19
11
> X] = E
Thus required solution is
11 9 24
X|:1_93x2=~]_93X3=1_9

Method 2: By Reduced Echelon Form
Here we reduce the matrix.

-1 -2 -2 : =17
o5 3
A to reduced echelon form
.24
& o1 = 35




(i)

-1 -2 -2 —T1
0 1 = =
7 7
24
0O 0 | B
— 5
I —24+2(1) 2+2(7)
5
[} 0 1 7
0 0 |
_1 0 3 4 ]
7 7
5 3
R = o
= 0 1 7 7
24
0 0 1 19
T AL L4
aCALL IR Bl ha-
5 5 3 5
R 2 2 J 2
~| 9 1 =g 7 7(
24
0O 0 | 19
_ 11 =
1 0 0 ]—9
0
R1 0 1 0 -15
24
0O 0 1 19
It can be written as
_ i 9 _ 24
S CER N T

| 2[3)_
TEL T
3
c By R; +2R>
24
19 i
) R1+7Rq
) Hy 5
R2—7R2

Which is required solution by reduced echelon form.

Given system is

X+2y+ z = 2

2x+ y+2z = —1

2x+3y—- z=9
Augmented matrix is given by

1 2 | 2
A, =12 1 2 2 =1
2 3 -1 9



Method 1I: By Echelon form

1 2 1 : 2
2 1 2 = -1
2 3 -1 9
o 2 1 : 2
Ri2-2(1) 1-2@ 2-2() I—1—2(2):|By ]};Z:zzg'
L 2-2(1) 3-2(2) —1-2(1) : 9-2(2) . !
1 2 ] i 2
Riop -3 0 : -5
Lo -1 -3 : 5
12 1 2
5 I
Rio 1 0 3 |By (—g)Rz
L0 -1 -3 5
~ 1 2 I 2 ]
5
0 1 0 - E
B 3 By R3+R»
5
0O —-I1+1 -3+0 5+§
12 1 2
5
RO 1 0 3
20
|0 0 -3 -5 |
12 2 7]
5
0 1 0 = I
R 3| By (;)Rz
0 0 1 = ‘
L 9

Now it is in echelon form so it can be written as

X+2y+z=2 L. (1)
5

y=3 (2)
20

Z= 00 s (3)

Put (2) and (3) 1n equation (1)

c2(2)4(-2) -



10 20

_,_ 10 20 _18-30+20
*=eT3T9 7 9

_ B
T
Thus sflons @ = & o ¥ = o
USSOL1IIOHISX—9,}/_3 , =T

Method 2: By Reduced Echelon Form:

Here
— 1 2 1 2 7]
0O 1 0 2
We reduce the matrix 3 in reduced echelon form.
20
0 0 1 —5
1 2 2 7]
5
0O 1 0 >
S0 3
20
_O 0 1 -9 |
_ 5\
1 2-2(1) 1-2(0) 2—2(5)
5
R 9 | 0 ¥ By R;—2R,
20
[0 0 ! R
_1 | -
0 -3
S
R D
- 0O 1 O 3
0O 0 1 20
| 9 _
— 4 2077
1 0 1-1 3+9
R 5
R 0 1 0 3 By R; —Rj
0O 0 1 20
| 9 _]




7
&
o
o W |h NOICo

l
o
|

Now

It can be written as

8 5 20)
X9 ¥YT3. 2779
which is the required solution.

(1ii))  Given system is

X +4% 4+ 2x3 = 2
2X1+ X2—2X3 = 9
3X| + 2X2*2X3 = .2
Augmented matrix is given by

1 4 2 s 2
Ab:{Z I —% : 9}
3.2 -2 12
Method 1 : By Echelon form
14 2 = 2
{2 1 -2 9}
3 2 -2 : 12
1 4 2 : 2
Rio_2() 1-2(4) -2-(2) 9—2(2)}133, I;ngl
[ 3-3(1) 2-3@&) -2-3(2) : 12-3(2) b~ ol
14 2 02
Rto -7 -6 5}
L0 —10 -8 : 6
-1 4 2 02
6 5
Rlo 1 5 7 By*(—i)Rz
L0 —10 -8 6
1 4 2 2 .
0 | 6 ]
7 7 7 By Rs+ 10R>
0 —10+10(1) —8+]O(g) : 6+10(—§)
1 4 2 27
6 ]
R 0 1 3 -5
4 8
@0 5 -5




| 2 2
6 5 7
R = 2 LA
0O 0 1 -2
The Augumented matrix is n echelon form it can be written as
X +4x+2x =2 L. (1)
6 _ 3 ,
Xg+7 X3 = N L ( )
X3 =-—-2 . (3)
Put x; = —2 in equation (2)
6 S
X2 + 7 (*2) = *7
n_ s
N7 T
_l2 5 _12-5 7 _
=97 7 T 7
Put x» = 1 and x; = —2 1inequation (1)

X +4()+2(2) =2
X, =2+4-4=2

X1 = 2
so required solution is
X = 2 ., X2 = | , X3 = — 2
Method 2 By Reduced Echelon Form:
1 4 2 2
6 5 1. )
Now we reduce| 0 |1 7 —5 | in reduced form
0 0 1 -2
1 4 2 2
0 1 b E
So 7 —5
0 0 1 —g
_ 6 5N -
1 4-4(1) 2—4(7) 2—4(—7)
R 6 5
b 1 7 -7
| 0 0 ] —2 _




L0 —= 7
R 6 5
0 1 3 7
L0 0 1 —
B 10 10 34 10
10—+ (1) i el
R 6 6 5 6
0 1 7-7 —7-7(2)
L0 0 1
10 0 : 2
Rio 1 0 1
L0 0 )

It can be written as

xi=2, =1, x3=-2

R1 + 7 R3
By 6
Ry —5R;3

which is the required solution by Reduced Echelon form.

Solve the following systems of homogeneous linear equations.

Q4
(i) X+2y—-2z =0
2x+y+5z2 =0
5x+4y+8z = 0
i) x1—-2x2—- x3 =0
X1+X2+5x3 =0
2xX1—x2+4x;3 = 0
Solution:
(1) Given system is

2 =2
where A =] 2 1 5
4

x+2y-22=0 ..
2x+ y+5%2 =0 ..
Sx+4y+82 =0 ..

In matrix form, it can be written as

HSHEH

AX =B
X=A B

[

(i)

X1 + 4X2 + 2X3 = 0
2X1 + X5 — 3X3 =0
3X1 + 2X2 — 4X3 = 0

(say)



U

U

(i1)

1 2 —2
Al= |2 1 5
5 4 8
= 1(8-20)-2(16-25-2(8-5)
= 12+18-6 =0
Al =0

we cannot find A~
given system has a non—trivial solution.
Now we sole the system such that from equation (1) and (2)
X +4X2+2X3 =0
2X] +X2f3X3 = I

X1 B — X2 B X3
}4 2)_}1 2)_)1 4{

1 -3 2 - 2 1

X1 B — X2 B X3

-12-2  -3-4 " 1-8

X
E:t:>><1:2t

X» = —1 , X3 =1t

The system has infinite many solutions depending upon the value of t.

Given system is

X +2y-22z=0 ... (1)
2Xx+y+52 =0 ... (2)
5x+4y+82 =0 . (3)

In matrix form, we have

HRigH

AX=8B
X =A

(say)



Where

1 2 -2
A=1]2 1 5
5 4 8

1 2 -2
Al= 12 1 5
5 4 8
= 1(8-20)-2(16-25)-2(8-5)
Al =0

we cannot find A~

given system has a non—trivial solution.

Now we solve the system such that from equation (1) and (2)
X¥2y-2z = ()

2Xx+y+52 =0

X 3 —y _ v

‘2—2‘_}]—2}_)1 2‘
1 5 2 5 2 1
X -y z

2 _-¥_ I
12 — - -3

multiplying by (— 3)

X, =¥ & _
_4_3—1—t(sa)’)
X - 4
y _ _
3—t:>y—3t

and z =t
X =4t , y =3t, z =t isthesolution of the system.

The system has infinite many solutions depending upon the value of t.



(im)  Given system 1s

X1*2X2* X3 = o (])
X1 +X2+5X3 = aessees (2)
2X] — X7 + 4X3 =8 0 easirem (3)

In matrix form, we have

1 -2 -1 X] 0
] 1 5 X2 — 0
2 -1 4 | x 0

AX=DB (say)
X=A'B
where
] —2Z =1
A =11 | 5
2 =] 4
1 -2 —1
|A| = | | 5
Z —1 4
= 14+5+24-10)-1(-1-2)
= 0-12+3 =0
|A] = 0
= we cannot find A !
= system has non—trivial solution.

Now we find the solution such that from equation (1) and (2)
X{—2X2—x3 = 0
X|+X2+5X3 =0
X] _ — X _ X3

}2 I‘_}l l‘_{l 2}

1 5 | .- 1 1

X] X2 X3
—10+1  5+1  1+2




Multiplying by + 3

X1 X2 X3
__3:__2:T:t (say)

X]
— 3t = x= — 3t
X2
p— D =1 = X = — 2t
— X3 =t
— X] = =3t , x2=-2t , x3 =t isthesolution of the system.

The system has infinite many solutions depending upon the value of t.

Q.5 Find the value of A for which the following systems has a non-—trivial
solution. Also solve the system for the value of a

(i) X+y+z =0 (i) X1 +4x;+Ax3 = 0
2x+y—-Az = 0 2X1+x2—-3x3 = 0
X+2y—-2z =0 X1 +Axo—4x3 = 0
Solution:
(i) The given system is
x+y+z=0 (1)
2xX+y—-rz =0 . (2)
Ee2v=2% = 0  esmesses (3)

In matrix form, we have

AX=B (say)
It is given that the system has non—trivial solution.
= Al = 0
=
11 I
2 1 -A| =0
1 2 -2

12420 -1 (=4+0)+14-1) =0
2h-24+4-2+3 =0



(i)

Uy U

A+d3=40 = A= -3
Take equation(1) and (2)

X+y+z =90

2Xx+y+52 =0 H A =5
% -y z

‘1 1{—}1 1{—‘1 I)

1 5 2 5 2 1

X1 _ -V _ Z

5-1  5-2 1-2

a8l —¥ &

4 = 3 7 -1

multiplying by (—1)

X z

j=‘§'=7=t (say)

— = =4

74—«t:>X~—t

£ =

3—t:>y—3t

and z =1

x =—4t, y = 3t, z =t isthesolution of the system.

Given system is
Xi+4x,+Ax3 = 0
2X1+ X —3x3 =0
3+ AXs—4x3 = 0

In matrix form, we have

| 4 A X1 0
2 ] -3 X2 = 0
3 A —4 X3 0

AX=8B
As it 1s given that the system has non—trivial solution.
Al =0

1 4 X

2 1 -3 =0

3 A -4

1 (-4+30) 4(-8+9+A(2L-3) =0
Th—d—d3ME-3 = 0

278 =0

AP—4=0

(say)



M=4 = A=+2
When A = 2

equation(1) and (2) becomes
X1 +4x0+2x3 = 0
2X1+X2—3x3 = 0

X1 — X2 X3

}4 2):}1 2}:)1 4{
I 2 2]
X1 — X2 X3

=13=3 = =%=4" ]=8

X1 _;)(2_)(3
14 = -7 = =7

multiplying by (—7)

X "X X3

p =71 =1 =t ay)
X

5=[:> % = 2t

— X

TZZ‘[ = X2 = —1t
and x5 = 1
When A = -2

equation(1) and (2) becomes
X1 +4x>—2x3 = 0

2X1 +X2—3X3 =0

I = X3
-2 } 1 -2 } 1 4{
2 -3 2 1

X
}
1

X _ — X2 X3
—-12+2 ° -34+4 " 1-8

X1 _ X2 X3

— 10 1 =7



Multiplying by (—7)

Xy TX2 X3 y
0 =1 =1 ="' Gy
RIN _ 10
= 10—t:>X]—7t
X2 _ 1
= 1—t:>X2—7t
and X3 =t

is required solution.

Q.6  Find the value of A for which the following system does not possess a unique
solution. Also solve the system for value of A.

X1 +4x2+Ax3 = 2

2x1+ x>, —2x3 = 11

3x; +2x,—2x3 = 16
Solution:

Given system 1s

X +4X,+ AX3 = 2

2X+ X0 —2x3 = 11

3%+ 2%, — 2x3 = 16

In matrix form, we have

14 ][ x 2
2 1 2| x| =11
3 2 -2]|xs 16

A X =8B (say)

It is given that the system does not possess a unique solution.

= Al = 0
1 4 A

— 2 1 =21 =0
3 2 =2

= 1(=244)-4(-4+6)+r(4-3) =0



=B+ =0

A-6=0 = L=26

Put A = 6 in the given system it becomes
X| + 4%+ 06x3 = 2

2X1+ X0 —2x3 = 11

3X)+ 2%, —2x3 = 16

The augumented matrix of this system is

1 4 6 : 2
Ay =12 1 =2 = 11
302 -2 16
we reduce this matrix to reduced echelon form, 1.e.
I 4 6 : 2
2 1 =2 11
3 2 -2 = 16
1 4 6 : 2
Ri2-2() 1-24) —-2-2(6) 112(2)J3y Eziﬁ‘
L 3-3(1) 2-34) —-2-3(6) : 16-3(2) 3T ORI
1 4 6 27
Rbo -7 —14 7
L0 —10 —20 : 10_
1 4 6 27 |
Rio 1 2 : —1|By [_7)112
L0 —10 —20 : 10_
| 4-4(1) 6—4(2) .2 41 R _ AR
R0 1 2 : = Ble—IOR_
L0 —10+10(1) —20+10(2) : 10+10(-1) 3 2
10 -2 : 6
Rio 1 2 = -1
L0 O 0 : 0
It can be written as
X1 +OX2—2X3: 6 . (1)
X2+2X3:—1 ......... (2)

Ox3 =0

Let x3 = t (arbitrary value)



Putin (2)

X0+ 2t = -1

X = =2t —1

Put x3 =t in (1)

X1—2t =6
X] = 2t+6
X] =2t+6 , Xop=-2t—1 , X3 =1t

This system has infinitely many solutions depending upon the value of t.



