Chapter 11

TRIGONOMETRIC FUNCTIONS
& THEIR GRAPHS

DOMAIN AND RNAGE OF TRIGONOMETRIC FUNCTION

Function Domain Range

y =sin X N —-l1=<y<]1
y =C0s X R —-l<y<1
y = tan X R

¥V x € R, but x # (2n+1)g,nez

y = cot X VXxeR, but x#nm nez N

V=580 K VXxeWM, but x#2n+1)n/2, nez y=21ory<—1
y = COSec X VxeR, but x#nm, ne”Z y>1 or y<—1
Period

Period of a trigonometric function is the smallest +ve number which, when added to the
original circular measure of the angle, given the same value of the function.

Formula to Find Period
f(x) = f(x+P)

Standard Periods
sinx = 27 tanx = T
COSX = 2§ COtx =T

secCX = 27

cosecx =27




EXERCISE 11.1

Find the periods of the following functions:

Q.1 sin3x (Lahore Board 2005)
Solution:

Given function is sin 3 x

Since period of sin is 2w

Therefore f(x) = f(x+P)

sin 3 x = sin (3x + 2m)

sin3x = sin3(x+2Tn)

Thus period of sin 3 x is 23—7[
Q.2 cos2x
Solution:

Given function is cos 2 x

Since period of cos is 2w

Therefore f(x) = f(x+P)

cos 2 x = cos (2x + 2m)

cos 2x = cos 2 (x + m)

Thus period of cos 2 x 1s m.
Q.3 tandx (Gujranwala Board 2007)
Solution:

Given function is tan 4 x
Since period of tan x is T
Therefore f(x) = f(x+P)

tan4 x = tan (4x + )

tan4d x = tan4(x+%)

Thus period of tan 4 x 1s Z :



X
Q4 cot 3

Solution:
. - . . X
Given function is cot 5
Since period of cot is ©
Therefore f(x) = f(x+P)

5 = cor34n)
co‘[2 cot 2+TE

X 1
cot 5 c0t2 (x+2m)

Thus period of cot% is 21

Q.5 sin % (Lahore Board 2006)

Solution:

) ) ) .o X
Given function is sin §

Since period of sin is 2 n
Therefore t(x) = f(x+ P)

X nl %40
sm3 Sin 3+ T

1
sin 3 (X + 6m)

Lo [ >

sin

X

Thus period of sin 3 is om

= |4

Q.6 cosec
Solution:
X

Given function 18 cosec Z

Since period of cosec is 27
Therefore f(x) = f(x + P)

% X )
cosec; = cosec| 7 +2m
4 -



X |
cosecy = cosecy (X + 8m)
: X .
Thus period of cosec 4 18 8T

Q.7 sin % (Lahore Board 2010)

Solution:

X

Given function 1s sin 5

Since period of sinx is 27

Therefore f(x) = f(x+P)
SR
sing = sin| 3+27

1
sin 5 (x + 10m)

sin

| <

Thus period of sins is 107

X
Q.8 cos 6

Solution:

- » . . X
Given function 18 cos 6

Since period of cosx is 27

f(x) =f(x+P)

X X |
Therefore cos 6 = Cos (6 +2 n) = Cos ¢ (X + 127)
. ; X .
Thus period of cos 6 18 127

Q.9 tan %
Solution:

X o X
Given function is tan 7

Since period of tan x is ©



F(x) =1(x+P)

Therefore tan 5 = (§ )
crerore td[l7 = tan 7+T[

IO ST
tan> = tan7(x+ )

Thus period of tan % s 7m

Q.10 cot8x
Solution:

Given function is cot 8 x
Since period of cotx is =«
f(x) = f(x+P)

Therefore cot 8 x = cot (8x + m)

cot8x = cot8(x+%)

Thus period of cot 8 X 1s %

Q.11 sec9x
Solution:

Given function is sec 9 x
Since period of secx is 2w
f(x) =f(x+P)

Therefore sec 9 x = sec (9x + 2m)

2
30X = sec9(x+?n)

2
Thus period of sec 9 x 1s 775

Q.12 cosec10x
Solution:

Given function 1s cosec 10 x

Since period of cosec x 18 27

f(x) = f(x+P)



Theretore cosec 10 x = cosec (10x + 27)

27
cosec 10 x = cosec 10(X+ﬁ)

e

Thus period of cosec 10 X 1s 5

Q.13 3sinx
Solution:

Given function is 3 sin x

Since period of sinx i1s 27

f(x) =f(x+P)

Therefore 3 sinx = 3 sin (x + 2n)
Thus period of 3 sinx is 2 m.

Q.14 2cosx

Solution:
Given function 1s 2 cos x

Since period of cosx is 2w

f(x) =f(x+P)

Therefore 2 cos x = 2 cos (x + 2m)
Thus period of 2cosx 1s 2w

.

Q.15 3cos 5

(Lahore Board 2008)
Solution:

) . ) X
Given function is 3 cos 5

Since period of cos x 1s 27

f(x) = f(x+P)
X X
Therefore 30055 = 3cos(§+2n)

|

%
3(:055 = 30055(x+10n)

X
Thus period of 3 cos 5 is 10m.



(i) y = —sinx; x € [- 2%, 2n]
Solution:
Given function is y = —sin x

EXERCISE 11.2

Q.1 Draw the graph of each of the following equations for the intervals
mentioned against each:

We want to draw the graph of y = —sin x from — 360 to 360°.

Taking the sub—interval of 30°, we have the following table of values.

X -360° | =330° | =300° | —270° | =240° | =210° | —=180° | —=150° | —120° | —90° —60° 30"

y 0 —0.5 0.9 —1 —0.9 0.5 0 0.5 0.9 1 0.9 0.5

X 0° 30° 60° 90" 120° 150 180° 210° 240° 270° 300° 330° | 360°

y 0 -0.5 0.9 —1 —-0.9 —0.5 0 0.5 0.9 1 0.9 0.5 0
Pairs

(—360°, 0), (=330°,-0.5), (300°,—0.9), (=270°, — 1), (-240°,—-0.9)
(=210%, = 0.5), (=180°,0), (=150, 0.5), (~120°,0.9), (-90°, 1)
(-60°,0.9), (-30°,0.5), (0°,0), (30°,-0.5), (60°, -0.9)
(90°, 1), (120°,-0.9), (150°,—0.5), (180°, 0), (210°,0.5)
(240°,0.9), (270° 1), (300°,0.9), (330°,0.5), (360°, 0)

Scale:

1

One small square
One big square

10° = One small square

AY

Detail
Graph of y = — sinx
From -2n to + 2n

with sub-intervals of /6

9




(11) y = 2cosx; x e |0, 2r]
Solution:

Given functionis y = 2 cos X
We want to draw the graph of y = 2 cos x from 0 to 36.

Taking the sub—interval of 30°, we have the following table of values.

X 0" | 30° | 60° | 90° | 120° | 150 | 180" | 210 | 240° | 270° | 300" | 330" | 360°
y = COS X | 0.9 | 0.5 0 0.5 | =09 -1 |-09 |05 0 0.5 0.9 |
y =2cos X 2 1.8 | 0 -1 | -18| -2 |[—-18| —1 0 | 1.8 2
Pairs

(0°,2), (30°, 1.8), (60°, 1), (90°, 0), (120° —1), (150", —1.8), (180°, —2)
(210°,— 1.8), (240°, — 1), (270°, 0), (300°, 1), (330°, 1.8), (360°,2)

N

Scale:
0.1 = One small square
1 = One big square

10 = One small square




(m) y=tan2x; xe€[-7, 7]
Solution:
Given functionis y = tan2 x
We want to draw the graph of y = tan 2 x from — 180" to + 180°.
Taking the sub—interval of 30°, we have the following table of values.
X S180° | -165° | -150° | -135° | -120° | -105° | -90° | -75° | -60° | -45° | -30° | -15° | O
2 x -360° | -330° | -300° | -270° | -240° | -210° | -180° | -150° | -125° | -90° | -60° | -30° | O
y =tan 2x 0 0.6 1.73 w | -173 | -06 0 0.6 1.7 x 17 | 06 | 0
X 15° 30° 45° 60" 75° 90° 105° 120° 1357 150" | 165" | 180°
2x 30° 60" 90" 120° 150° 180° 210° 240° 270 | 300" | 330" | 360"
y =tan 2x 0.6 1.7 0 -1.7 —0.6 0 0.6 1.7 o -1.7 | 0.6 0
Pairs
(— 180, 0), (—165° 0.6), (—150°,—300%), ..cocvvvnnenn, (— 15%, - 0.6)
0, 0), (15°,0.6), (30°,1.7). «coveeenani. (180°, 0)
o)
| ] |
| | l
1 |‘ | '
¢ ! / b
/ Fe 4 /
—— o—f—o-—-—&——.—&— 1F-"—o— i Tf-— ——t——— b.
f # / o
{ / f /
I‘ .'I | | ‘4‘
| ; ‘ | |
|
r
Scale: '

0.1 = One small square , 1 = One big square , 10° = One small square




(av) y =tanx; xe|-2mw 2x|
Solution:

Given function is y = tan x

We want to draw the graph of y = tan x from — 360" to + 360"

Taking the sub—interval of 30", we have the following table of values.

X -3607 | -330° | -300° | -270° | -240° | -210° | 180" | —150° | —120°
y= tanx 0 +0.6 +1.7 0 -1.7 —0.6 0 0.6 1.7
X 90" | -60” | -30° Sl 307 | 60" | 90° | 1207 | 150”7 | 1807 | 210" | 240° | 270° | 300°
y=lanx —o0 -1.7 -0.6 0 0.6 1.7 +a0 -1.7 -0.6 0 0.6 1.7 +a0 -1.7
X 330° | 360°

y=tanx | -0.6 0
Pairs

(— 3607, 0), (—330° 0.6), (—300°, L.7). evvruirennnn, (360°, 0)
Graphof y=tanx from —2m to 27 i

# ! - z‘l !
- F— 1y R » £ty >
/ f‘l
i : f

Scale: ¥

0.1 = One small square , 1 = One big square , 10° = One small square




(v) y=sin§; x € [0, 2 ]

Solution:
. s " . X
Given functionis y = sin )
We want to draw the graph of y = sinx from 0° to 360°.

Taking the sub—interval of 30°, we have the following table of values.
300° | 330° | 360°

X 0° | 30° | 60° | 90° | 120° | 150° | 180° | 2107 | 240° | 270°
X 0° | 15°30° | 45° | 60° | 75" | 90° | 105° | 120” | 135" | 150° | 165 | 180°
2
. x [ 0103105707 ] 0.8 |095 | 095| 08 | 0.7 | 05 | 03 0
y =siny
Pairs
(0% 0), (30° 0.3), (60° 0.5), (90°,0.7), (120°, 0.8), (150°, 0.95)
(180°, 1), (210°,0.95), (240°, 0.8), (270°, 0.7), (300°, 0.5), (330°, 0.3), (360°, 0)
s’
e T T S S e S
O X
Scale:
0.1 = One small square , 1 = One big square , 10° = One small square
X
X € |[-7, ]

(vi) 'y = cos 25

Solution:
. . X
Given functionis y = cos 3




We want to draw the graph of y = cos % from — 180° to 180°..

Taking the sub—interval of 30°, we have the following table of values.

X
y = cosy
X -180° | -150° | -120° | -90° | -60° | -30° | 0° | 30° | 60" | 90° | 120° | 150° | 180°
X -90° -75° -60° | -45° | -30° | -15° | O 15° | 30° | 45° | 60° | 75° | 90°
2
X 0 0.3 05 |07 08110951 1]095/08(07]| 05 1| 03 0
y=cos5
Pairs

Scale:

(—180° 0), (-150°, 0.3), (=120° 0.5), (-90°, 0.7), (- 60°, 0.8)
(—=30°,0.95), (0°, 1), (30°, 0.95), (60°,0.8), (90°, 0.7)

(120°,0.5), (150° 0.3), (180° 0)

0.1 = One small square , 1 = One big square , 10° = One small square

On the same axes and to the same scale, draw the graphs of the following

Q.2

equations.
(i) y =sinx and y = sin2x
Solution:

Given functions are 'y = sinx and y = sin 2 x

As complete period of sinx is 27



So we want to draw the graph of y = sin x from 0 to 360",

As complete period of sin2x i1s

So we want to draw the graph of y = sin 2 x from 0 to 180°.

Taking sub interval of 30°. We have the following tables of values.

y = sin X
y = C()S%
X 0° | 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
y=sinx [0 05[09| 1 |09 |05| 0 [-05]-09]| -1 |-09]-05]| 0
X 0° | 30° | 60° | 90° | 120° | 150° | 180°
2x 0 | 60° | 120° | 180° | 240° | 300° | 360°
y=sin2x | 0|08 09 | 0 |-09]|-08| 0
Pairs
(0°,0). (30°,0.8), (60°,0.9), (90°,0), (120°,0.9), (150°,0.8), (180°, 0)
el
v
y
Scale:

0.1 = One small square , 1 = One big square , 10° = One small square




(11) On the same axes and to the same scale, draw the graphs of the following
equations for their complete period.

y =cosx and y = cos2x

Solution:
Given functions are 'y = cosx and y = cos 2 x
Firstly, y = cos x, as complete period of cosx is 27
So. we want to draw the graph of y = cosx from 0° to 360°.
Secondly, y = cos 2 x, as complete period of cos2x is 7
So we want to draw the graph of y = cos 2 x from 0 to 180°.

Taking sub—interval of 30°, we have the following tables of values.

y = COS X
X 0° | 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360"
y=cosx |1 [09/05] 0 |-05|-09| -1 |-09|-05| 0 | 05|09 | I
Pairs
0% 1), (30°0.9), (60°.0.5). ...........(360°, 1)
X 0°]30° | 60° | 90 | 120 | 150° | 180°
2x 0 | 60° | 120° | 180° | 240° | 300° | 360°

y=cos2x| 1 |08 |-0.5 ] -051 05 |

Pairs
(0%, 1), (30, 0.5), (60°, —0.5), (120°,—-0.5), (150°, 300", (180°, 1)
4’
V‘H
Scale: ’

0.1 = One small square , 1 = One big square , 10° = One small square



Q.3  dSolve graphically

@) sin X = cos X;

Solution:

x € [0, ]

Given equation is sin X = co0s X

The solution of this equation will be the point of intersection of the graphs of

y = sinx and y = cos x

We want to draw the graph of y

= sinx and y = cosx from 0 to 180°.

Taking the sub-interval of 30°, we have the following table of values:

x | 0°]30°] 60° [ 90°| 120° | 150° | 180°
y=sinx | 0 (0509 1 | 09 | 05 | 0
y=cosx | 10905 0 |-05|-09| —1

The pairs for y = sin x are

(0°,0), (30°,0.5), (60°,0.9), (90°, 1), (120°,0.9), (150°,0.5), (180°, 0)

The pairs for y = cos x are

(0% 1), (30°,0.9), (60° 0.5), (90°,0), (120°,-0.5), (150°,—0.9), (180", — 1)

Scale:

— — e —— e — — —

S X

0.1 = One small square , |

From graph, the point

of intersection of y = sinx
and y = cosx 1S X = 45°

Thus solution set of equation
sinx = cosx is {m/4}. Ans.

One big square , 10° = One small square



(11) Solve graphically
sinx = x; xe€[0,n]
Solution:
Given equation is sin X = X
The solution of this equation will be the point of intersection of the graphs of
y =sinx and y = X
Here we want to draw the graph of y = sinx and y = x from 0° to 180°.

Taking the sub-interval of 30°, we have the following table of values:

X 0 | 30° | 60° | 90° | 120° | 150” | 180°

y =sin X 010509 1 0.9 | 05 0

x in radians | O |05 | 1.1 | 1.6 | 2.1 2.6 3.1

y=X 0105 1.1 1.6 2.1 | 2.6 | 3.1

Pairs for y = sin x are

(0°,0), (30°,0.5), (60° 0.9), (90°, 1), (120°, 0.9), (150°,0.5), (180", 0)
The pairs for y = x are

(0°,0), (30°,0.5), (60° 1.1), (90°, 1.6), (120°,2.1), (150°,2.6), (180°,— 1)

From graph, the point of intersection of the equations.
y =sinx and y = x 1s 0.

So solution set of the equation sinx = x i1s {0}.

T
Note: To convert degrees into radians, multiply then by 180

Y

L

11111
vvvvvv

O X

v

Scale:
0.1

One small square , 1 = One big square , 10° = One small square



TRIGONOMETRIC FUNCTIONS
AND THEIR GRAPHS

MULTIPLE CHOICE QUESTIONS

(1)

(4)

7

Period of 3 sin 3 1S:

(a) T (b)
(¢) In (d)

Range of 7 sin x 1s:

(a) -7, 7] (b)
(¢ [-1.1] (d)

Cotangent 1s periodic function of period:

(a) T (b)
(c) 3n (d)

Period of tanx is:
(a) 2n (b)
(¢) T (d)

om
[Lahore Board 2005]

(=7.7)
None of these

[Lahore Board 2005]

[Lahore Board 2005]

2nn .ne Z
None of these

[Gujranwala Board 2005]



(6)

(7)

(10)

Sine is periodic function whose period is:

(a) T (b) 2n

T
(¢) 3m d 3

[Gujranwala Board 2005]
The graph
= 1D

represents the function from —180 to +180
(a) sin X (b) cos X
(c) tan x (d) cot X

|Gujranwala Board 2005, Lahore Board 2015]

Range of'sin x 1s:
(a) = (b)  [-1.1]
(¢) R (d) None of these

|[Gujranwala Board 2005
The range of cos x is:
(a) [0, 1] (by R
(c) (-1, 1] (d) [-1.0]

|Gujranwala Board 2006]

Domam of cot 0 1s:
(a) Oe R but O znn,ne Z (b) Be RbutO=(2n+1) % ne 72

(c) 0z R (d) Neon of these
|Gujranwala Board 2006]

. . X.
The period of cos 5 18

.
(@ 10z b T
(c) 21 (d) None of these

[Gujranwala Board 2006]



(1T)

(13)

(14)

(15)

(16)

(17)

(18)

The period of cotrx is:
(a) 1

(c) =

Domain of cos x 1s:
(a) Z

(c) R

Period of y = sec x 1s:
(a) T

(c) 3n

Period of tan (% |is:
(a) T
(c) n

The period of tandx 1s:

T
(a) 4
(c) e
Period of sin3x is:
(a) 3n
o T
(c) 3

Domain of y = cos X 1s:
(a) —oo <X <+ oo

(c) 0<x<m

Period of sine function 1s:
(a) T
(c) 27

(b)
(d)

(b)
(d)

(b)

(d)

(b)
(d)

(b)
(d)

(b)
(d)

(b)
(d)

(b)
(d)

[

None
[Gujranwala Board 2006]

Q

None of these
[Lahore Board 2006]

2n
T
9
[Lahore Board 2006]
n
7
T+ 7
[Gujranwala Board 2007]
n
2
2n
[Gujranwala Board 2007]
2n
2n
3
[Lahore Board 2007]
—-1=Zy<l
—0 < X<
[Lahore Board 2008]
T
0

[Lahore Board 2008]



(19)

(20)

(24)

The period of cos x is:

(a) m (by 2n
. n
(c) 3n (d) 5
|[Gujranwala Board 2008]
Range of y = sin x equals:
(a) —l1<y<lI (by y=z=1ory=-I
() —w=y=x (d —l1=sy<l

[Gujranwala Board 2008]

Domain of cotd =

. o 2n+ 1)
(a) —o<0<w,0nt.,ne Z (b) -0 <6 < “f;'eeit 7 ,]Tf

(c) 1<0<1 (d) 0>1or 0<-1

[Lahore Board 2010]
The range of y = cosx 1s:
(a) —-1<x<1 (b) —m <X <+
(c) 1<y<1 (d) —0 <y<+o

[Lahore Board 2010]
The smallest positive integer P for which f{(P + x) = f(x) is called:

(a) Domain (b) Range
(c) Co-domain (d) Period

[Gujranwala Board 2010]
The domain of sin x is:

(SR =]
(6]

=
L—— 1

(a)  [=1,1] (b) [—

(c) R (d Q
[Lahore Board 2011]

The graphs of trigonometric functions, within their domains are:

(a) Continuous (b) Discontinuous

(c) Co-terminal (d) None of these

Domain of y = cos X is:

(a] —w<x<w (b) —l<x<lI
() R-ixx=nrjnez (d)  R-{xx=2nm}nez

[Lahore Board 2012]



(27)

(28)

(29)

(30)

(31)

(34)

(36)

. Y X.
The period of tan = 1s:

7
(a) s (b) n
(c) % (d) n+7 [Lahore Board 2012]
: . - X.
The period of tan 3 1s:
(a) T (b) 2n
(c) 3in (d) None of these
[Lahore Board 2013]

Period of 3 sin 3x is:

2n
(a) 27 (b) 3

, in _

(c) Bl (d) n [Lahore Board 2013]
In the graphs of tanx ; the dashes lines are:
(a) Horizontal asymptotes (b) Lines
(c) Vertical asymptotes (d) Periodic
Point (30° , 0.87) lies on:
(a) Y = COSX (b) y = sinx
(c) y = tanx (d) None of' these
Trigonometric function y = cosec X meet x-axis at x =
(a) 30° (b) 60°
(c) 9(° (d) None
All the trigonometric functions repeat their value. This behaviour is called:
(a) Period (b) Periodicity
(¢) Continuity (d) None of these
sin (2n +x) =
(a) sin(x + 4m) (b) sin(x + 3m)
(c) cos(2m + x) (d) cos(3m + x)

. ) X
Period of cos y =

(a) T (b) 2n
(c) 4n (d) 6n [Lahore Board 2014]
Period of sin % 18:

(a) T (b) 3n
2 |
© 5 ) on [Lahore Board 2014]



[Ch.11] Trigonometric Functions & their Graphs 162 Objective Mathematics-|

Anawers

(1) d (2) a (3) a (4) C (3) b
(6) a (7) C (8) b (9) a (10) a
(11) a (12) C (13) b (14) C (15) a
(16) d (17) a (18) C (19) b (20) d
(21) a (22) C (23) d (24) C (25) a
(26) a (27) b (28) C (29) b (30) C
(31) a (32) d (33) b (34) a (33) ¢
(36) d




.

( SOLUTION )

Q.1  Asperiod of sin x 1s 2.

. X . (X
= 3siny = 3sin L_ + 27
3 3 ;
|
3sin 3 (x + 6m)
= Period of 3sin :; 18 O,

Q.2 Asrange ofsinx s [-1, 1]
= range of 7sinx is [-7, 7]

Q.10  As period of cosx 1s 2.

X X N ‘J
C0s T = cos|=+ 2
= cos g cos | 5 n
= cosg(x +10m)
. . X .
= Period of cos 58 107,

Q.11 The period of cotr x 18 7.
= Cotn x = cot(nx +m)
= cotm(x+ 1)
Period of cotmt x 15 1.
Q.29 Put, (30°,0.87)iny=cosx

= 0.87 = cos30°
= 0.87 = 0.87 (Satisty)
= (30°, 0.87) lies on y = cos x

Q.30 The trigonometric function y = coseex does not meet x-axis at any point.
Q.32 As period of sinx 1s 27,
= sin(2m + x)

sin(x + 2w)

= sin(x + 2w + 2n)

= sin(x + 4m)



Q.35

Q.36

As period of cos x 1s 27t

cos X = cos(2m +x)

= cos%(x +4m)

Period is 4.

As period of sin x is 2.

S = '(§+2)
sm3—sm3 I

I

1
sin 3 (x + 6m)

Period is 6m.



